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Abstract

A new proof is given of the analogue of Béhm’s Theorem in the typed lambda calculus with
functional types.
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1 Introduction

We give a new proof of the analogue of Béhm’s Theorem in the typed lambda calculus with only
functional types. This result was already established in [11] (Theorem 2), without mentioning
Bohm’s Theorem. Statman has even a semantic notion of consistent extension, rather than a
syntactic notion, such as we have, following Bohm. (The two notions happen to be equivalent,
however.) Our analogue of Béhm’s Theorem in the typed lambda calculus is closer to standard
formulations of this theorem, and our proof is different from Statman’s, which relies on the type-
reducing result of [10] (Theorem 3). Our approach provides an alternative proof of this type-
reducing result. We rely on a different result from the same paper [10] (Theorem 2), proved
previously in [9] (Theorem 2), which is a finite-model property for the typed lambda calculus.
There are, however, some analogies in the general spirit of these proofs. In order to use the finite
model property for the typed lambda calculus, we define the sets of P-functionals starting from
a finite set P, with the help of exponentiation (B is the set of all functions from A to B). We
show that they are all lambda-definable in the sense that for two lambda terms a and b whose
interpretations in a finite model based on P are not equal, there is a syntactical procedure deriving
[m] = [n] from some type instance a = b, where [m] and [n] are Church numerals for m # n. We
hope that our method might shed some new light on the matter.

The possibility of proceeding as we do is indicated briefly in [8] (last paragraph of section 5).
Simpson says: “It is an interesting fact that an alternative direct proof of Theorem 3 is possible
using a typed version of the Béhm-out technique [1] (Chapter 10). The details are beyond the
scope of this paper.” We don’t know what Béhm-out technique Simpson had in mind, but he
assured us his approach is different from ours. Anyway, we couldn’t find such a technique by
imitating [1]. Our technique has some intrinsic difficulties, but presumably not more than the



technique of [11]. Our presentation takes a little bit more space because we have tried to help
the reader by going into more details. These details, which were beyond the scope of Simpson’s
paper, fall exactly within the scope of ours.

2 Bohm’s Theorem

Bohm’s Theorem in the untyped lambda calculus says that if @ and b are two different lambda
terms in 7 normal form, and ¢ and d are arbitrary lambda terms, then one can construct terms
hi,...,hy, n >0, and find variables 1, ..., Z,,, m > 0, such that

()‘éh...mma)h] ... h, = c,

are provable in the 8 lambda calculus (see [1], Chapter 10, §4, Theorem 10.4.2; [4], Chapter 11F,
§8, Theorem 5; [6], Chapitre V, Théoreme 2; we know the original paper of Béhm [3] only from
references). As a corollary of this theorem one obtains that if ¢ and b are two lambda terms
having a normal form such that a = b is not provable in the $7n lambda calculus and this calculus
is extended with a = b, then one can prove every equality in the extended calculus.

Here we demonstrate the analogue of Bohm’s Theorem in the typed lambda calculus with only
functional types. The standard proof of Bohm’s Theorem, which may be found for example in [1],
cannot be transferred to the typed case. At crucial places it introduces lambda terms that cannot
be appropriately typed. For example, for A\y,zy and Azyz(zy) (i.e., the Church numerals for 1
and 2) with z of type p — p and y of type p there is no appropriate permutator of type p — p
with whose help these two terms can be transformed into terms with a head original head normal
form (see [1], Chapter 10, §3). A more involved example is given with the terms Az, (z\.y) and
AzTAy(xA,z) with z of type (p — p) — p and y and z of type p (we deal with these two typed
terms in the Example of Section 6).

One cannot deduce our analogue of Bohm’s Theorem for the typed lambda calculus from
Béhm’s Theorem for the untyped lambda calculus. The typed calculus has a more restricted
language and does not allow everything permitted in the untyped case. Conversely, one cannot
deduce Béhm’s Theorem for the untyped lambda calculus from our typed version of this theorem.
Our result covers only cases where a and b are typable by the same type.

3 The typed lambda calculus

The formulation of the typed lambda calculus with only functional types we rely on is rather
standard (see, for example, [1], Appendix 1, or [5]). However, we sketch this formulation briefly,
to fix notation and terminology.

Types are defined inductively by a nonempty set of atomic types and the clause “if A and B
are types, then (A — B) is a type”. For atomic types we use the schematic letters p, ¢, r, ..., p1,
..., and for all types we use the schematic letters A, B, C, ..., Ay, ... We write A% for the result
of substituting B for p in A. (Substitution means as usual uniform replacement.)

Terms are defined inductively in a standard manner. We have infinitely many wariables of
each type, for which we use the schematic letters x, y, 2z, ..., x1, ... For arbitrary terms we
use the schematic letters a, b, ¢, ..., a1, ... That a term a is of type A is expressed by a : A.
However, for easier reading, we will not write types inside terms, but will specify the types of
variables separately. For application we use the standard notation, with the standard omitting of
parentheses. For lambda abstraction we will write A\, with subscripted z, instead of Az (this way
we can do without dots in Az, which is otherwise written Ax.z). We abbreviate Ay, ... A, a by
Azi.. 2,0, as usual. We write af for the result of substituting b for = in a, provided b is free for x
in a.

If a is a term, let a type-instance of a be obtained by substituting some types for the atomic
types in the variables of a.



A formula of the typed lambda calculus A is of the form a = b where a and b are terms of the
same type.
The calculus A of 87 equality is axiomatized with the usual axioms

(B) (Aga)b=af, provided b is free for x in a,
(n) A0z = a, provided z is not free in a,

and the axioms and rules for equality, i.e. @ = a and the rule of replacement of equals. It is
not usually noted that the equality of o conversion can be proved from the remaining axioms as
follows:

)\za = )\y(>\xa)y7 by (77)7
= Aya;7 by (6),

where y is a variable not occurring in a.

4 Lambda terms for P-functionals

Let P be a finite ordinal. In what follows an interesting P will be greater than or equal to the
ordinal 2. The set of P-types is defined inductively by specifying that P is a P-type and that if
A and B are P-types, then A — B, i.e. the set of all functions with domain A and codomain B,
is a P-type. Symbols for P-types are types with a single atomic type P. It is clear that for P
nonempty a P-type cannot be named by two different P-type symbols.

An element of a P-type is called a P-functional. It is clear that every P-functional is finite
(i.e., its graph is a finite set of ordered pairs) and that in every P-type there are only finitely many
P-functionals. For P-functionals we use the Greek letters o, ¥, ..., p1, ...

Our aim is to define for every P-functional a closed term defining it, in a sense to be made
precise. But before that we must introduce a series of preliminary definitions. In these definitions
we take that the calculus A is built over types with a single atomic type, which we call p.

Let the type Ag be p and let the type A,4+1 be A,, = A,. For i > 0, let the type N; be A;12,

Let 2°(y) be y and let 2" T1(y) be z(z"(y)). The terms [n];, called Church numerals of type
N;, are defined by

[0]i =aes Ay (v)

for z: A;y1 and y : A;.
For x, y and z all of type N;, u: A;41, and v and w of type A;, let

Ci =def )\xyzuvl‘()\wzuv)(yuv).
These are conditional function combinators, because in the calculus A one can prove

a ifn=0

Cilnliab = { b oifn 40
For x : N;y1, y and z of type A; 11, and v and v of type A;, let
Ri =gef Aayx(Azuy(zu))(Ayv).
These combinators reduce the types of numerals; namely, in A one can prove
Ri[n]is1 = [n]i.
For x and y of type N;11, let the exponentiation combinators be defined by

Ei =gey Aayx(Riy).



In A one can prove
Eiln)iyi[m]izr = [m"]i.
For F;ab we use the abbreviation b®.

For z and y of type N;, z: A;11 and u : A;, let the addition and multiplication combinators
be defined by
Si —def A:ryzuxz(yzu)7

M; =def )\xyzux(yz)u
In A one can prove

Si[n]i[m}i = [’I”L—Fm]“

Mi[n)i[m]; = [n-m];.

For M;ab we use the abbreviation a-b.

For z, y and z of type IV;, and u : N;41, let the pairing and projection combinators be defined
by
Hi —def Aryzcizxy;

T ~def )\UU[O},',

7'('142 =def )\uu[l]i.
In A one can prove
7} (I;ab) = a,
7 (Il;ab) = b

For  : N;y; and y : N;43, let
Ti =daef  AILi(Si[l]i(mjx)) (7)),
Hi =gey  AyyTi(11;[0];[0]5),
P =gy Myi(Hyy).

The terms T; and H; are auxiliary, while the terms P; are predecessor combinators, because, for
n > 1, one can prove in A
Pilnlits = [n—1];,

Pi[0]iy3 = [0];.

Typed terms corresponding to all the terms C;, R;, up to P;, may be found in [2] (cf. [7]).
For z and y of type N;, z : A;+1, and u and v of type A;, let

Zi+1 =def Axyzu‘r()‘vyzu)(zu)
These combinators raise the types of numerals for 0 and 1; namely, in A one can prove
Zi1[0]; = [0]i41,

Zig1[1]i = [ig1-

The equality (n) is essential to prove this.
For x : N;, let
D} =gy AxCiz[0]i[1];

and for k£ > 1 and ¢ > 3k let

DY =gey M\Ciz[1];2(Zi-1(Zi—2(D} =3 (Pi—s)))).



These combinators check whether a numeral stands for k; namely, for n > 0, one can prove in A

0], ifn=k
Dﬂ"]i:{ [, ifn k.

For every P-type symbol A, let A be the type obtained from A by substituting N; for P. Now
we are ready to define for every P-functional ¢ € A a closed term ¢* : A°.

Take a P-functional ¢ € A, where Ais By — (... — (B — P)...). By induction on the
complexity of the P-type symbol A we define a natural number x(p) and for every i > k(p) we
define a term ¢* : A’

If Ais P, then ¢ is an ordinal n in P. Then x(n) = 0 and n* : N; is [n]; for every i > 0.

Suppose k > 1 and B; is B — (C — P). It is enough to consider this case, which gives
the gist of the proof. When B; is C; — (Cy — ...(C; — P)...) for [ different from 2 we

proceed analogously, but with more notational complications if I > 3. For B = {f1,...,0m}
and C' = {v1,...,7}, by the induction hypotheses, we have defined (81), ..., k(Bm), £(11), - -,
k(7y), for every i > k(1) we have defined 37, and analogously for B2, ..., Bm, Y1, - -+ Yr. For

By ={¢1,...,¢%q}, let (¢j) =& € Bo = (... = (B, — P)...). (Note that ¢ is not necessarily
one-one.) By the induction hypothesis, we have defined k(&1),...,k(&,), for every i > k(&) we
have defined ¢7, and analogously for &, ..., &,.

Let now
W1(B1)) () =di€P,  (¥1(B2)) (1) =drr1€P, ... (¥1(Bm))(M) =dm-1)r41EP
W1(B1))(v2) =d2€P,  (¥1(B2))(v2) =dr42€P, ... (¥1(Bm))(v2) = d(m—1)r42€P
W1(B) () = dr P, (61(B2)(3r) = dar €P, oo ($1(B)) () = dyur €P
Let ny = 2% . 342 . . pdmrwhere p,,, is the mr-th prime number. Analogously, we obtain the
natural numbers no, ..., ng, all different, that correspond to v»s,...,v¢q.

We can now define k() as
maz{3 - maz{ni,...,ng} + 1, k(51),...,£(Bm), (M), .., £(7), k(&1), ., k(&) T
For every i > r(p) and for o1 : Bi, let the term ¢ be defined as
m?’lﬂ?%‘ _ [3];1715f‘%\ - [pmr]flﬂ%%% N,
For o : BY,...,x) : BL, let
Q1 =dey Ci(Zi(D 1)) (22 - . . 1) Q2,
Q2 =dey Ci(Zi(D}2 1)) (E32 ... 21,)Qs,

Qq—l =def Cz(Zt(Dznfilt))(ﬁé‘_lxg R l‘k)(ﬁé‘xg e l‘k).

We can now, finally, define <p/\ as Mgy ..z, @1-

Next we define by induction on the complexity of the P-type symbol A, when a P-functional
@ € A is i-defined by a term a : A°.

We say that a closed term a : N; i-defines an ordinal n € P iff in A we can prove a = [n];.

For a P-functional ¢ € B — C we say that a : B® — C* i-defines ¢ iff, for every 1 € B and
every b: B, if b i-defines 1, then ab : C i-defines ¢(¢) € C.

We can now prove the following lemma.

Lemma 4.1  For every i > k(p), the P-functional @ € A is i-defined by o : A’

Proof: We proceed by induction on the complexity of the P-type symbol A. The case when A
is P is trivial.



Let now A be of the form By — (... = (By — P)...) for k > 1, let By = {¢1,...,%4}, and
let everything else be as in the inductive step of the definition of ¢*. Suppose by : B} i-defines 1.
We have to check that ¢ b i-defines ¢(1)1) = &;.

By the induction hypothesis we have that B7, ..., B), ¥, ... v, &, ..., fé‘ i-define
Biseo s Bma My Yrs €1,y -+, &g, Tespectively. Then we have
01 = ey CiZi( D2 )) (E2ws - 21) Q2) b

For the closed term tfll we have

- b A b A A b T))\’LT)’\
= PO g,

It follows by the induction hypothesis that b;377; i-defines d;, which means that in A we can
prove b1 837 = [d1];. We proceed analogously with the other exponents. So in A we can prove
tfll = [n1];—1. Hence in A we have D?jltzll = [0};—1, and we conclude that

@Abl = Aa;kafi\le’k
= &, by (n).

So g0>‘b1 i-defines & .
Suppose now by : B i-defines 15. Then in A we have

9 b2 = Aoy, Ci(Zi(DP21 83 ) (€ w2 . xn) (Ci Zi(DP215)) (w2 - 21) (@)

. . T n T
Since in A we can prove t;} = [n2];—1, we can also prove D;"!,#;" = [1];—1, and we conclude that

O s = Ngy 2, Ci(Z;(DI2 [n2)i—1)) (&322 . .. 1) (Q3)y, -

Finally, we obtain as above that (*by i-defines &. We proceed analogously for s, . .. g O

This lemma does not mean that we can i-define all P-functionals simultaneously for some 1.
But we can always find such an ¢ for finitely many P-functionals.

5 P-models

A model based on P = {0,...,h— 1}, with h > 2, for the calculus A built over types with a single
atomic type p will be defined as in [5].

An assignment is a function f assigning to a variable x : A of A a functional f(z) in the P-type
A%, where A%, is obtained from A by substituting P for p. For an assignment f and a variable y,
the assignment f¥ is defined by

i) =4 @ ifrisy
2@ ={ S

if x is not y.

If F is the set of all P-functionals, then the P-model is a pair (F, V) such that V maps the
pairs (a, f), with a a term and f an assignment, into F. We write V,_  instead of V(a, f). The
function V' must satisfy the conditions

Vw7f = f($>7
Vab,f = Vaﬁf(%,f)v
forz: Aand a: A%, Vi,ar(a) = Vo e



There is exactly one such function V.

Let a : A be a term such that x1 : Ay,...,x, : A, are all the variables, both free and bound,
occurring in a. Let f be an assignment, and for every j € {1,...,n} let b; i-define f(z;). Finally,
let a be the type-instance of a obtained by substituting N; for p. The type of a is (A%)". Then
we can prove the following lemma.

Lemma 5.1 The term g%ll a b&" i-defines Vg 5.

The proof proceeds by a straightforward induction on the complexity of the term a.

Of course, when a is closed, V; ¢ does not depend on f, and has the same value for all assign-
ments f. So, for closed terms a, we can write V, instead of V, ¢, and we shall do so from now
on.

As an immediate corollary of Lemma 5.1 we obtain the following lemma.

Lemma 5.2 Ifa is closed, then a i-defines V,.

6 Bohm’s Theorem with types

We are now ready to prove our analogue of Béhm’s Theorem for the typed lambda calculus A,
which is not necessarily built over types with a single atomic type.

Theorem 6.1 Ifa and b are of the same type and a = b is not provable in A, then for every two
terms ¢ and d of the same type one can construct type-instances a' and b’ of a and b, respectively,
and terms hy,...,hy, n >0, and also find variables x1, ..., Ty, m >0, such that

<)\ZE1...wma/)h1 ce hn =c,
(Awl.,,mmb/)hl e hn = d

are provable in A.

Proof: Let a; and b; be type-instances of a and b, respectively, obtained by substituting p for
all atomic types. It is easy to see that a = b is provable in A iff a; = by is provable in A.

Let x1, ..., %, be all the free variables in a; or b;. Then since a; = by is not provable in A, the
equality Ay, . a1 = Ag,...z,,b1 is not provable in A. Let as be A\, 5, a1 and let by be Ay, . 2, b1

It follows from a theorem of [9] (Theorem 2, p. 187) and [10] (Theorem 2, p. 21) that if az = b
is not provable in A, then there exists a P-model (F,V) such that V,, # V4,. Soloviev’s and
Statman’s theorem doesn’t mention exactly P-models, which are based on the full type structure
built over an ordinal P, but instead it mentions completely analogous models based on the full
type structure built over a finite set .S.

We can always name the elements of S by ordinals so that S becomes an ordinal P. Moreover,
for every two distinct elements s; and sy of S we can always name the elements of S so that s; is
named by 0 and s, is named by 1. This means that the elements of S can always be named by
elements of P so that in the P-model (F, V') above there are P-functionals ¢1, ..., ¢k, k > 0, such
that

T

(Vay (1)) (2)) - .- (px) = 0,

(Vi (01))(02)) - - (1) = 1.

Take an even i > maz{k(¢1),...,k(pr)}. By Lemma 4.1, the closed terms ¢7, ..., ¢} i-define
©1,. .., Pk, respectively. By Lemma 5.2, the term a, i-defines V,, and b, i-defines V;,. It follows
that in A we can prove a,¢7 ... ¢p = [0]; and byp? ... 3 = [1;.

For x : A;, y: A;—1 and z : A;_5 we can prove in A

[O]z(/\zyzyz) ()‘yzz) = [O]i—Z;

[1]i(Aayzy2) (Ayz2) = [1]i-2.



So there are closed terms c1,...,c¢; such that in A we can prove

tapi\ . @201 ...¢; = (0],

bzgai‘ e gp?cl co.ci = [1o.

Let the left-hand sides of these two equalities be a3 and b3, respectively.
Take now ¢ and d of type A and take the type-instances a4 and b4 of a3 and b3, respectively,
obtained by substituting A for p. For u : A we can prove in A

aq(Ayd)e = ¢,

ba(Aud)c = d.

The terms a4 and by are of the form (Ag, . 5, a" )1 ... hgyi and (Mg, 2, 0 )he .. hppg. IE (V)Y is
obtained by substituting A for p in N;, then a’ is a type-instance of a obtained by substituting
(N;)%, for every atomic type. O

Since the procedure for constructing hq,...,h, in the proof of Theorem 6.1 can be pretty
involved, it may be useful to illustrate this procedure with an example. For this example we take
two terms unequal in A that we mentioned in Section 2 (this is the more involved of the examples
given there).

Example: Let a and b be Az, (zA,y) and Mgz, (z\.2), respectively, with = : (p — p) — p,
y :p and z : p. Since all the atomic types of a and b are already p, and since these two terms are
closed, we have that as is a and by is b.

The P-model falsifying a = b has P = {0,1} and P — P = {41, ¥2, 93, %4}, where

¥1(0) = ¢1(1) =0,
P2(0) = a(1) =1,
¥3(0) =0, ¥s3(1) =1,
$P4(0) =1, hy(1) = 0.

For ¢ € (P — P) — P defined by

e(1) =1, p(2) = (¥3) = p(va) =0

we have V,(¢) =0 and Vj(p) = 1.
Then
ny =2°-3%°=1 corresponds to v,
ng =2'-3' =6 corresponds to 1,
n3 =2°-3'=3 corresponds to 3,
ng =2'-3°=2 corresponds to vy,

and k(p) = 19. For every ¢ > 19 and for ;7 : N; — N,;, the term ¢ is defined as
[2]301[0]1' : [3]1331[1]1 : N;_1. The term ¢” is defined as
X, Ci( Zi(Di_11))[1]:(Ci( Zi(DF_ 1)) [0]:(Ci(Zi (D} 11))[0]:[0)2)).

The terms a and b are like a and b with x : (Nog — Nag) — Nag, y : Nog and z : Nag, and let
i in ¢©* be 20. Then in A we can prove ag* = [0]o0 and bp> = [1]z9. The remaining steps in the
construction of ag and bz are straightforward, and we shall not pursue this example further.

By taking that for x and y of the same type the term c is A;,x and d is A;yy, we obtain the
following refinement of Theorem 6.1.

Theorem 6.2 Ifa and b are of the same type and a = b is not provable in A, then for every two



terms e and [ of the same type one can construct type-instances a’ and b’ of a and b, respectively,
and closed terms hy,...,h;, 1 >0, and also find variables x1,...,xy, m >0, such that

May.oz, @)y hef = e,

Mayoa V)1 hef = f

are provable in A.

It is clear that if @ and b are closed, we need not mention in this theorem the variables x4, ..., x,,
and we can omit the A\-abstraction Az, 4, -

Although our proof of Theorem 6.1 relies on the equality (1) at some key steps (as we noted
in connection with the combinator Z;1), it is possible to derive a strengthening of this theorem,
as well as of Theorem 6.2, where A is replaced by Ag, which is A minus (n) and plus the equality
of a conversion. We learned how to obtain this strengthening from Alex Simpson.

First note that if a term a is in both contracted and expanded 7 normal form, and ¢ = b in
A, then a = b in Ag. For if a = b in A, then, since a is in contracted Sn normal form, there is a
term a’ such that b S-reduces to a’ and a’ n-reduces by contractions to a. But then, since a is also
in expanded On normal form, o’ must be the same term as a. So a = b in Ag.

Then, as we did to derive Theorem 6.2, take in Theorem 6.1 that c is Ayyx and d is A,y for =
and y of atomic type p. The terms ¢ and d are then in both contracted and expanded 87 normal
form, and hence it is easy to infer Simpson’s strengthening mentioned above by instantiating p
with an arbitrary type.

To formulate below a corollary of Theorem 6.1 we must explain what it means to extend A with
a new axiom. Let a and b be of type A, and let @’ and I’ be type-instances of a and b respectively.
Then assuming a = b as a new axiom in A means assuming also a’ = b’. In other words, a = b is
assumed as an axiom schema, atomic types being understood as schematic letters. The postulate
(8) and (n) are also assumed as axiom schemata, in the same sense. We could as well add to A
a new rule of substitution for atomic types. The calculus A is closed under this substitution rule
(i.e., this rule is admissible, though not derivable from the other rules). And any extension of A
we envisage should be closed under this rule. The rule of substitution of types says that atomic
types are variables.

We can now state the following corollary of Theorem 6.1.

Corollary  If a = b is not provable in A, then in A extended with a = b we can prove every
formula ¢ = d.
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