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m
a
p

t
h
e

In honor of Dragos Cvetković
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Combinatorial Laplacian of a network

I The Laplacian Operator of a network Γ = (V ,E , c)

L(u)(x) =
∑
y∈V

c(x , y)
(
u(x)− u(y)

)

I The Combinatorial Laplacian of Γ V = {x1, x2, . . . , xn}

L =

 k(x1) · · · −c(x1, xn)
...

. . .
...

−c(xn, x1) · · · k(xn)

 , k(xi ) =
n∑

j=1

c(xi , xj)

I L is singular, positive semi–definite and L(v) = 0 iff v = const.
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Effective resistance

Green operator G. Green kernel G (x , y)

I If 〈f , 1〉 = 0, then u = G(f ) is the only solution of the Poisson’s
equation L(u) = f such that 〈u, 1〉 = 0

I For a given f , then u = G(f ) is the only solution of the
Poisson’s equation

L(u) = f − 1

n
〈f , 1〉

such that 〈u, 1〉 = 0

I G ◦ L = L ◦ G = I − 1
n 〈·, 1〉 =⇒ G = L†

I G is singular, self–adjoint and positive semidefinite on C(V ) and
I G(u) = 0 iff u = const.
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Effective resistance

Definition

Let σxy = εx − εy be a dipole.
The effective resistance R(x , y) is the only solution of

L(u) = σxy
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Effective resistance

Definition

Let σxy = εx − εy be a dipole.
The effective resistance R(x , y) is the only solution of

L(u) = σxy

Properties

I R(xi , xj) = G (xi , xi ) + G (xj , xj)− 2G (xi , xj)

I R defines a distance

I R(xi , xk) +R(xk , xj) = R(xi , xj), if xk disconnects xi and xj

I R(xi , xj) ≤ dc(xi , xj)
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Effective resistance

Kirchhoff index

Definition

The Kirchhoff index of Γ is

k =
1

2

∑
x ,y∈V

R(x , y) = n
∑
x∈V

G (x , x)

If V = {x1, . . . , xn} and 0 = λ1 < λ2 ≤ . . . ≤ λn eigenvalues of L

k = n
n∑

i=2

1

λi
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Linear Chains

2n–path P
x1 x2

x2n x2n−1

c1 c2

c2n−1 c2n−2

xk xn−1 xn

x2n+1−k xn+2 xn+1

cn

cn−1

I The Green function

G (xi , xj) =
1

4n2

[
min{i ,j}−1∑

k=1

k2

ck
+

2n−1∑
k=max{i ,j}

(2n−k)2

ck
−

max{i ,j}−1∑
k=min{i ,j}

k(2n−k)
ck

]

I The Effective resistance. IThe Kirchhoff index

R(xi , xj) =
max{i ,j}−1∑
k=min{i ,j}

1
ck

k =
2n−1∑
k=1

k(2n−k)
ck
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Linear Chains

The class of linear chains supported by the 2n–path P consists of
all connected networks whose conductance satisfies
ci = c(xi , xi+1) > 0 for i = 1, . . . , 2n − 1, ai = c(xi , x2n+1−i ) ≥ 0
for any i = 1, . . . , n − 1 and c(xi , xj) = 0 otherwise.

x1 x2

x2n x2n−1

c1 c2

c2n−1 c2n−2

ai1

xk

x2n+1−k

aihaih−1

xn−1 xn

xn+2 xn+1

cn

cn−1
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Linear Chains

Theorem
GΓ
ij = Gij − 〈M(r − vi ), (r − vj)〉;

RΓ
ij = Rij − 〈(ui − uj), (vi − vj)〉;

kΓ = k + 4n2〈Mr, r〉 − 2n
2n∑
j=1

〈uj , vj〉.

where,
• M = (I + Λ)−1 and Λjk =

√
aj
√
akR(xmax{ij ,ik} x2n+1−max{ij ,ik}).

• vjk =

√
ak
2

[
R2n+1−ik j − Rik j

]
, k = 1, . . . , s, j = 1, . . . , 2n

• uj = Mvj . • r =
1

2n

2n∑
j=1

vj .
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Naphtalene. s = 2

M = (I + Λ)−1 =

[
1 + 9a

c
5a
c

5a
c

1 + 5a
c

]−1
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Naphtalene. s = 2

M = (I + Λ)−1 =

[
1 + 9a

c
5a
c

5a
c

1 + 5a
c

]−1

a

c c

c

cc

x4

x5

x6

x7

a

c c

cc

x1

x2

x3

x8
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x10

kΓ =
33

2c
− 5a(44a + 25c)

c(c2 + 14ca + 20a2)
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Linear Chains

Computing M = (I + Λ)−1, s ≥ 3

I Λ = 〈G
(
σk
)
, σm〉 =

√
ak
√
am R(xmax{ik ,im}, x2n+1−max{ik ,im})

I D−1(I + Λ)D−1 = D−2 + R, D = (
√
ai1 , . . . ,

√
ais ) diagonal matrix
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(
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)
, σm〉 =

√
ak
√
am R(xmax{ik ,im}, x2n+1−max{ik ,im})

I D−1(I + Λ)D−1 = D−2 + R, D = (
√
ai1 , . . . ,

√
ais ) diagonal matrix

R =


R(xi1 , x2n+1−i1) R(xi2 , x2n+1−i2) · · · R(xis , x2n+1−is )

R(xi2 , x2n+1−i2) R(xi2 , x2n+1−i2) · · · R(xis , x2n+1−is )

...
...

. . .
...

R(xis , x2n+1−is ) R(xis , x2n+1−is ) · · · R(xis , x2n+1−is )

 .
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I R is a flypped type D-matrix ⇒ R−1 is a tridiagonal and
invertible M–matrix
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Biperiodic Linear Chains

Computing (I + Λ)−1, s ≥ 3

I (I + Λ)−1 = I − D(R−1 + D2)−1D
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Computing (I + Λ)−1, s ≥ 3

I (I + Λ)−1 = I − D(R−1 + D2)−1D

I R−1 + D2 =
ρ2

1 + γ1 −γ1 0 · · · 0

−γ1 ρ2
2 + γ1 + γ2 −γ2 · · · 0

...
...

. . .
. . .

...

0 0 · · · ρ2
s−1 + γs−2 + γs−1 −γs−1

0 0 · · · −γs−1 ρ2
s + γs−1 + γs


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Computing (I + Λ)−1, s ≥ 3

I (I + Λ)−1 = I − D(R−1 + D2)−1D

I R−1 + D2 =
ρ2

1 + γ1 −γ1 0 · · · 0

−γ1 ρ2
2 + γ1 + γ2 −γ2 · · · 0

...
...

. . .
. . .

...

0 0 · · · ρ2
s−1 + γs−2 + γs−1 −γs−1

0 0 · · · −γs−1 ρ2
s + γs−1 + γs


(ρ2

k + γk−1 + γk)zk − γk−1zk−1 − γkzk+1 = 0
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The Difference Equation

Proposition

If M =
(
bij
)

and {uj}sj=1, {vj}sj=1 are the solutions of(
ρ2
i + γi−1 + γi

)
zi − γi−1zi−1 − γizi+1 = 0, i = 2, . . . , s − 1

• u1 = γ1, u2 = ρ2
1 +γ1; • vs−1 = ρ2

s +γs +γs−1, vs = γs−1.

Then, bij = δij −
ρiρj

γ1

(
(ρ2

1 + γ1)v1 − γ1v2

) umin{i,j}vmax{i,j}

ρj =
√

aij , i , j = 1, . . . , s, .
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Biperiodic Linear Chains

Periodic Linear Chains

A periodic linear chain with period p and h holes is a linear chain
with n = ph + 1, and i` = p(`− 1) + 1, ` = 1, . . . , h.

Figure: A periodic linear chain, n = 9, p = 2

Homogeneous: ci = c > 0 and ap(`−1)+1 = a > 0.
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Periodic Linear Chains
Biperiodic Linear Chains

Effective resistance and Kirchhoff index

RΓ
i j =

|i − j |
c
− a

4c2

[
〈ui , vi 〉+ 〈uj , vj〉 ∓ 2〈ui , vj〉

]
,

kΓ =
n(4n2 − 1)

3c
− na

c2

n∑
j=1

〈uj , vj〉.

where

• vi ,m =

{
2
(
n − i

)
+ 1, 1 ≤ m ≤ `;

2
(
n − p(m − 1)

)
− 1, ` < m ≤ h,

• ui = Mvi.

• M = (I + Λ)−1. i = p(`− 1) + 1 + k; for 1 ≤ ` ≤ h; 0 ≤ k ≤ p − 1

M. Mitjana The Kirchhoff index of some molecular graphs



–Spectra of Graphs, Belgrade, May 18-20, 2016

Introduction
Generalized linear chains
The Difference Equation
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Computing M = (I + Λ)−1

Λij =
a

c

(
2
(
n − p max{j − 1, i − 1}

)
− 1

)
The difference equation becomes

2qzi − zi−1 − zi+1 = 0, i = 2, . . . , h − 1

q = 1 + c−1ap

boundary conditions
• u1 = c

2p ,u2 = a + c
2p ; • vh−1 = a + (4p+1)c

2p(2p+1) , vh = c
2p
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Computing M = (I + Λ)−1

Λij =
a

c

(
2
(
n − p max{j − 1, i − 1}

)
− 1

)
The difference equation becomes

2qzi − zi−1 − zi+1 = 0, i = 2, . . . , h − 1

q = 1 + c−1ap

boundary conditions
• u1 = c

2p ,u2 = a + c
2p ; • vh−1 = a + (4p+1)c

2p(2p+1) , vh = c
2p

uj =
c

2p
Vj−1(q); vj =

c

2p(2p + 1)
Qh−j(q).
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The solution of the difference equation

Proposition

Let M = (bij), then

bij = δij −
aVmin{i ,j}−1(q)Qh−max{i ,j}(q)

cTh(q) + a(p + 1)Uh−1(q)
, i , j = 1, . . . , h.

where,
Vk(q) = Uk(q)− Uk−1(q);

Qk(q) = (2p + 1)Uk(q)− Uk−1(q),
k ∈ Z,

Tk(q),Uk(q) are the k–th Chebyshev polynomial of first and second kind.
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The Kirchhoff index of a periodic linear chain

Theorem

Given p, h ∈ IN∗ and a, c > 0,

kΓ =
ph(ph + 1)(ph + 2)

3c
+

(ph + 1)
[
F1Th(q) + F2Uh−1(q)

]
3c(ap + 2c)

[
cTh(q) + a(p + 1)Uh−1(q)

]
where

F1 = 3c(ap + 2c) + hc(p + 1)(ap2 + 3cp − a),

F2 = 2a(a− c)p3 + c(8a− 3c)p2 +
(
a(a− c) + 9c2

)
p

+ ac + hp(ap + 2c)(ap2 + 3cp − a).
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The Kirchhoff index

Corollary

Among all the periodic linear chains with a fixed number of
vertices, the Kirchhoff index is minimum when p = 1 and
maximum for h = 1.

Example

h holes p period k

12 1 829.9
6 2 907.0
4 3 970.7
3 4 1029.6
2 6 1141.4
1 12 1462.5

p = 2, h = 6

p = 3, h = 4

p = 4, h = 3

p = 1, h = 12

p = 12, h = 1
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The difference equation

I Parameters: ρ =
√
a, γ1 =

c

2p1
, γ2 =

c

2p2

γ2i+1 = γ1; γ2i = γ2 and γ2r =
bc

2bp2 + c
.
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I Parameters: ρ =
√
a, γ1 =

c

2p1
, γ2 =

c

2p2

γ2i+1 = γ1; γ2i = γ2 and γ2r =
bc

2bp2 + c
.

ITwo type of equations: αk = z2k , βk = z2k−1

(ρ2 + γ1 + γ2)αk − γ1βk − γ2βk+1 = 0, k = 1, . . . , r − 1

(ρ2 + γ1 + γ2)βk − γ2αk−1 − γ1αk+1 = 0, k = 2, . . . , r − 1
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The difference equation

I Parameters: ρ =
√
a, γ1 =

c

2p1
, γ2 =

c

2p2

γ2i+1 = γ1; γ2i = γ2 and γ2r =
bc

2bp2 + c
.

ITwo type of equations: αk = z2k , βk = z2k−1

(ρ2 + γ1 + γ2)αk − γ1βk − γ2βk+1 = 0, k = 1, . . . , r − 1

(ρ2 + γ1 + γ2)βk − γ2αk−1 − γ1αk+1 = 0, k = 2, . . . , r − 1

Become

βk =
1

ρ2 + γ1 + γ2

(
γ2αk−1 + γ1αk

)
(
(ρ2 + γ1 + γ2)2 − γ1

1 − γ2
2

)
αk − γ1γ2αk−1 − γ1γ2αk+1 = 0

2qαk − αk−1 − αk+1 = 0,

q =
1

2γ1γ2

(
(ρ2 + γ1 + γ2)2 − γ2

1 − γ2
2

)
; for k = 2, . . . , r − 1.M. Mitjana The Kirchhoff index of some molecular graphs
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The difference equation

IBoundary conditions
•α1 = ρ2 + γ1; α2 = 2q(ρ2 + γ1)− γ1

• αr−1 = 2qγ1 + γ2r +
1

γ2
((ρ2 + γ1)(γ2r )− γ2); α(r) = γ1
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The difference equation

IBoundary conditions
•α1 = ρ2 + γ1; α2 = 2q(ρ2 + γ1)− γ1

• αr−1 = 2qγ1 + γ2r +
1

γ2
((ρ2 + γ1)(γ2r )− γ2); α(r) = γ1

uj = (ρ2 + γ1)Uj−1(q)− γ1Uj−2(q)

vj = γ1Ur−j(q) +
( 1

γ2
(ρ2 + γ1)(γ2r − γ2) + γ2r

)
Ur−j−1(q)
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Computing M = (I + Λ)−1

βk =
1

ρ2 + γ1 + γ2

(
γ2αk−1 + γ1αk

)
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Computing M = (I + Λ)−1

βk =
1

ρ2 + γ1 + γ2

(
γ2αk−1 + γ1αk

)
uj = γ1Uj−1(q)− (ρ2 + γ1)Uj−2(q),

vj = (ρ2 + γ1 + γ2r )Ur−j(q) +
γ1

γ2
(γ2r − γ2)Ur−j−1(q)
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M = (bij)

bij = δij −
a

γ1

(
(ρ2

1 + γ1)v1 − γ1v1

) ûmin{i,j}v̂max{i,j}

û2i = ui , û2i−1 = ui ,

v̂2i = vi , v̂2i−1 = v i .
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