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Combinatorial Laplacian of a network

» The Laplacian Operator of a network [ = (V, E, c)

L(u)(x) = Y elx:y)(u(x) = u(y))

yev

» The Combinatorial Laplacian of TV = {x1,x2,...,Xn}

k(x1) coo —c(x1,%n) n

L= : : , E c(xi, xj)
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Effective resistance

Combinatorial Laplacian of a network

» The Laplacian Operator of a network [ = (V, E, c)

L(u)(x) = Y elx:y)(u(x) = u(y))

yev
» The Combinatorial Laplacian of TV = {x1,x2,...,Xn}
k(Xl) T _C(Xla X,,) n
L= : : , Z c(xi, xj)
_C(Xn7X]_) PPN k(Xn) j:1

» L is singular, positive semi—definite and £(v) = 0 iff v = const.
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equation L(u) = f such that (u,1) =0
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» If (f,1) =0, then u = G(f) is the only solution of the Poisson's
equation L(u) = f such that (u,1) =0

» For a given f, then u = G(f) is the only solution of the
Poisson’s equation

1
L(u)=1Ff——=(f,1)
n
such that (u,1) =0
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Green operator G. Green kernel G(x,y)

» If (f,1) =0, then u = G(f) is the only solution of the Poisson's
equation L(u) = f such that (u,1) =0

» For a given f, then u = G(f) is the only solution of the
Poisson’s equation

1
Lu)=f——{f,1)
n
such that (u,1) =0
»GolL=LoG=T-1( 1)=G=LI
G is singular, self-adjoint and positive semidefinite on C(V') and

G(u) = 0 iff u = const.
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Definition
Let 0., = ex — €, be a dipole.
The effective resistance R(x, y) is the only solution of

L(u) = 0xy
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Introduction
Effective resistance

Effective resistance

Definition
Let 0., = ex — €, be a dipole.
The effective resistance R(x, y) is the only solution of

L(u) = 0xy

Properties
> R(xi,x;) = G(x;, %) + G(x;, %) — 2G(x;, %)
> R defines a distance
> R(xi,xk)+ R(xk,xj) = R(xi,x;), if xx disconnects x; and x;

> R(thj) S dC(Xl'uxj)
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Introduction
Effective resistance

Kirchhoff index

Definition
The Kirchhoff index of T is

k:% Z R(X,y):nz G(x, x)

x,yeVv xeVv

If V={x1,....,xp} and 0 = A1 < A2 <... <\, eigenvalues of L
n
1
k= l
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Generalized linear chains Linear Chains

2n—path P

c'zu LCQ” 2 O

Ton Ton—1 Ton+1-k Tnt2  Tptl
» The Green function
min{ij}—1 — max{i,j}—1
G o) = 1 minli=t , N 2”21 k2 " onk
DT A2 Ci . Ci . Ck
k=1 k=max{ij} k=min{ij}

—Spectra of Graphs, Belgrade, May 18-20, 2016

M. Mitjana The Kirchhoff index of some molecular graphs



Generalized linear chains Linear Chains

2n—path P

» The Green function
1 min{/ij}—1 2 2n—1 (2n—k)? max{ij}—1 K(2n—K)
G(X"X/) = m kzl ka —'I_ Z B Cx - . o Ck
= k=max{ij} k=min{ij}
» The Effective resistance. » The Kirchhoff index
max{i j}—1 2n—1
k(2n—k
Rii)= > & k=3«
k=min{i,j} k=1
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Generalized linear chains Linear Chains

Linear Chains

The class of linear chains supported by the 2n—path P consists of
all connected networks whose conductance satisfies
Ci = C(X,',X,'+1) > 0 for i = 1,...,2n—1, a; = C(X,',X2n+1,,') >0
forany i=1,...,n—1and c(x, x;) = 0 otherwise.

T T2 T Tn-1 Tn
&1 Ca Cp—1
[T Ajy_y | Ay, Cn
Con-1 Con—2
Ton Top-1 Toant+1-k Tn+2 Tnt1
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Generalized linear chains Linear Chains

Linear Chains

Theorem
Gh = G — (M(r —vi), (r = vj));
RE = Ry — ((ui — uj), (vi — v)));
2n
k" =k + 4n?(Mr,r) —2n Z<Ujavj>'
j=1
where,

M= (I + /\)_1 and /\jk = ﬁﬁR(Xmax{y,ik} X2n+1—max{ij,ik})'
a

k .
® Vi = 5 [R2n+lfikj*Rikj]7 k:].,...,s, le,...,2n
1 2n
e u; = My;. .r:ZZVJ'
j=1
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Generalized linear chains Linear Chains

Naphtalene. s =2

M:(l—'—/\)il: @C c53
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Generalized linear chains Linear Chains

Naphtalene. s =2

M:(I—H\)*l:[ 5a

_ 33 5a(44a+25¢)

K==
2c  c(c? + l4ca+ 20a?)
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Generalized linear chains Linear Chains

Computing M = (/ +A)"1 s >3
> A=(G(0k);0m) = vary/am R(Xmax{ix,im} X2n+1—max{ic.im})

| D_l(l + /\)D_1 = D2 +R, D= (v/3i> - - - +/3i;) diagonal matrix

—Spectra of Graphs, Belgrade, May 18-20, 2016

M. Mitjana The Kirchhoff index of some molecular graphs



Generalized linear chains Linear Chains

Computing M = (/ +A)"1 s >3
> A=(G(0k);0m) = vary/am R(Xmax{ix,im} X2n+1—max{ic.im})

| D_l(l + /\)D_1 = D2 + R, D = (/@ --,+/3;,) diagonal matrix

[R(xi,, xon+1—iy) R(Xip, X2n41-iy) -+ R(Xi;, X2n+1-i,)

R(xiy, Xont1-iy)  R(Xips Xont1-i) -+ R(Xi, Xont1-i,)

| R(xXi,, Xont1—i,)  R(Xiy, Xony1-i) -+ R(Xi;, Xont1—-i) ]
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Generalized linear chains Linear Chains

Computing M = (/ +A)"1 s >3
> A=(G(0k);0m) = vary/am R(Xmax{ix,im} X2n+1—max{ic.im})

| D_l(l + /\)D_1 = D2 + R, D = (/@ --,+/3;,) diagonal matrix

[R(xi,, xon+1—iy) R(Xip, X2n41-iy) -+ R(Xi;, X2n+1-i,)

R(xiy, Xont1-iy)  R(Xips Xont1-i) -+ R(Xi, Xont1-i,)

| R(xXi,, Xont1—i,)  R(Xiy, Xony1-i) -+ R(Xi;, Xont1—-i) ]

» R is a flypped type D-matrix = R™! is a tridiagonal and
invertible M—matrix
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Generalized linear chains Linear Chains

Computing M = (/ +A)"1 s >3
> A=(G(0k);0m) = vary/am R(Xmax{ix,im} X2n+1—max{ic.im})

| D_l(l + /\)D_1 = D2 + R, D = (/@ --,+/3;,) diagonal matrix

[R(xi,, xon+1—iy) R(Xip, X2n41-iy) -+ R(Xi;, X2n+1-i,)

R(xiy, Xont1-iy)  R(Xips Xont1-i) -+ R(Xi, Xont1-i,)
R —
| R(xi,, xon+1-i.)  R(xi;, xent1-i.) -+  R(Xi., Xent1-i,)
» M=D(—-(R1+D?) DD ! =I-D(R!+D?)ID
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

Computing (1 +A)71, s >3

> (I+A)t=/—D(R 1+ DD
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Periodic Linear Chains

The Difference Equation Biperiodic Linear Chains

Computing (1 +A)71, s >3

> (I+A)t=/—D(R 1+ DD

» R14+D%2=
P2+ -M 0
-1 Mt ntr —n

P§_1 + Ys—2 +¥s—1 —Ys—1
—Ys—1 P24 vs—1+ s
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Periodic Linear Chains

The Difference Equation Biperiodic Linear Chains

Computing (1 +A)71, s >3

> (I+A)t=/—D(R 1+ DD

» R14+D%2=
P2+ -M 0
-1 Mt ntr —n

P§_1 + Ys—2 +¥s—1 —Ys—1
—Ys—1 P24 vs—1+ s

(P2 4 k=1 + Vk)Zk — Vk—1Zk—1 — VkZk4+1 = O
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

The Difference Equation
Proposition
IfM = (bjj) and {uj}i_;, {vj};_; are the solutions of
(PF+7ic1+71)zi =iz —izign =0, i=2,...,s—1

®u; =, U2:P%+’Yl§ .stlng“"')/s"i"}/s—la Vg = Vs—1.
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Periodic Linear Chains

Biperiodic Linear Chains

The Difference Equation

The Difference Equation
Proposition
IfM = (bjj) and {uj}i_;, {vj};_; are the solutions of
(PF+7ic1+71)zi =iz —izign =0, i=2,...,s—1

®u; =, U2:P%+’Yl§ .stlng“"')/s"i"}/s—la Vg = Vs—1.

Pip;
1 ((P2 +71)v1 — 112

Then, bij = (5,1 —

) Umin{i,j} Ymax{ij}

pj:\/afj7 ihj=1,...,s,.
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

Periodic Linear Chains

A periodic linear chain with period p and h holes is a linear chain
with n=ph+1, and iy = p({ — 1) + 1, (=1,... h

Figure: A periodic linear chain, n=9,p=2

Homogeneous: ¢;=c¢ >0and a,, 1)1 =a>0.

—Spectra of Graphs, Belgrade, May 18-20, 2016

M. Mitjana The Kirchhoff index of some molecular graphs



Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

Effective resistance and Kirchhoff index

i—j a
Rl — M - — [(u,-,v,-) + <uj,Vj> + 2(Ui7Vj> ,

" c 4c?
n(4n® —1)  na <
k' = T 3. 2 (uj, vj).
j=1
where
2(n—i)—|—1, 1<m<¢;
®Vim= ® U, = MVi.
2(n—p(m—1)) =1, £<m<h,
eM=(I+N)"1L i=p(l—1)+1+kforl<l<h0<k<p-—1
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

Computing M = (/ +A)™!

The difference equation becomes

2qzj — zi-1 — ziy1 =0, i=2,...,h—1
g=1+c "ap
boundary conditions
. 4p+1)c
swm=gums=atgi o cw=at =g
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

Computing M = (/ + A)~

The difference equation becomes

2qzj — zi-1 — ziy1 =0, i=2,...,h—1
g=1+c
boundary conditions
°U1=§7U2=3+i? ovh,1:a+72(:(’;;1+)15)7v :i
— v =
uj = 2p i-1(q); Vj 5 (2p+1)Qh -i(q)-
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

The solution of the difference equation

Proposition
Let M = (bj;), then

bii = 5 — anin{i,j}fl(q)thmax{i,j}(q) ij=1 h
T cThl@) talp+1)Una(q) | T T

where,
Vi(q) = Uk(q) — Uk-1(9q);
k €Z,

Qr(q) = (2p + 1) Uk(q) — Uk-1(q),

T«(q), Uc(q) are the k—th Chebyshev polynomial of first and second kind.
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

The Kirchhoff index of a periodic linear chain

Theorem

Given p,h € IN* and a,c > 0,

([ _ Ph(ph+1)(ph +2) (ph+1) [Fl Th(q) + F2 Uh—l(q)}
N 3¢ 3c(ap + 2¢)[cTh(q) + a(p + 1) Un-1(q)]

where
F1 = 3c(ap + 2¢) + he(p + 1)(ap? + 3cp — a),
F, = 2a(a— c)p® 4+ c(8a—3c)p” + (a(a— c) + 9¢%)p
+ ac+ hp(ap + 2c)(ap® + 3cp — a).
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

The Kirchhoff index

Corollary

Among all the periodic linear chains with a fixed number of
vertices, the Kirchhoff index is minimum when p = 1 and
maximum for h = 1.

Example

h holes | p period | k ‘ ITTITITTITIT] wovnee
12 1 829.9 m p=2hms
6 2 907.0
e | 5 e | XYY e
3 4 1029.6
2 6 1141.4 m P
1 12 1462.5 I I p=12,h=1
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

Biperiodic Chains
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

The difference equation
C C

YR 2 = ~
20" 27 2,
bc

- 2bpy + ¢’

» Parameters: p =+/a, 71 =

Yoix1 =1, Y2i =72 and 7o,
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ic Linear Chains
Biperiodic Linear Chains

The Difference Equation

The difference equation
C Cc

YR 2 = ~
20" 27 2,
bc

- 2bpy + ¢’

» Parameters: p =+/a, 71 =
Y2i+1 =71 Y2i =72 and 7o,
» Two type of equations: ax = zk, Bk = Zok—1

(0 + 71 +72)ok — 1Bk — V2Bk41 =0, k=1,...,r—1

(P2 + 71 +72)Bk — 2ak—1 — V10441 =0, k=2,...,r—1

—Spectra of Graphs, Belgrade, May 18-20, 2016
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The Difference Equation

The difference equation
C Cc

YR 2 = ~
20" 27 2,
bc

- 2bpy + ¢’

» Parameters: p =+/a, 71 =
Y2i+1 =71 Y2i =72 and 7o,
» Two type of equations: ax = zk, Bk = Zok—1

(0 + 71 +72)ok — 1Bk — V2Bk41 =0, k=1,...,r—1

(P2 + 71 +72)Bk — 2ak—1 — V10441 =0, k=2,...,r—1
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

The difference equation
C Cc

= 5 2 = ~
20" 27 2,
bc

2bpy + ¢’

» Parameters: p =+/a, 7
Y2i+1 =715 Y2i =72 and 2 =

» Two type of equations: ax = zk, Bk = Zok—1

(Pz +v+ 7)ok — 1Pk —7128k+1 =0, k=1,...,r—1

(P2 + 71 +72)Bk — 2ak—1 —Y10k+1 =0, k=2,...,r—1

Become
1

TPt
((P* +m +72)% =91 —73) ok — y20k-1 — M2k 11 = 0

Bk (V20k—1 + 7100k)

2q()ék - (’kal - (,Yk+]_ == 0.} —Spectra of Graphs, Belgrade, May 18-20, 2016
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

The difference equation

»Boundary conditions
car =p? + 71 a2 =2q(p* + 1) — N

e a,_1 =271+ Yor + g((f)z +71)(v2r) —72); alr)=m
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The Difference Equation

The difference equation

»Boundary conditions
car =p? + 71 a2 =2q(p* + 1) — N

e a,_1 =271+ Yor + g((f)z +71)(v2r) —72); alr)=m

—Spectra of Graphs, Belgrade, May 18-20, 2016

M. Mitjana The Kirchhoff index of some molecular graphs



Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

The difference equation

»Boundary conditions
car =p? + 71 a2 =2q(p* + 1) — N

e a,_1 =271+ Yor + g((f)z +71)(v2r) —72); alr)=m
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

The difference equation

»Boundary conditions
car =p? + 71 a2 =2q(p* + 1) — N

1
° a1 =2q71 +Y2r + g((f)z +71)(v2r) —72); afr) =m
uj = (p* +71)Uj-1(q) — 1 Uj-2(q)

vi = 1Ur—j(q) + ( : (P* +71)(v2r — 72) +72r) Ur—j-1(q)

7
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

Computing M = (/ +A)7!

1

Be= 5
P? 4+ 71+ 72

(7206k71 + 71Oék)
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Periodic Linear Chains
Biperiodic Linear Chains

The Difference Equation

Computing M = (/ +A)™!

1

Bk = —5—
P2+ 71+ 72

(v20—1 4+ 7104)

U =nUji—1(q9) — (P* + 1) Uj—2(q),

Vi = (P* + 1+ 72r)Ur—i(q) + —=(v2r — 12)Ur—j-1(q)

2y
72
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Periodic Linear Chains
The Difference Equation Hpeitle L dietis

a
b; = 6; — _ e
J ’ 71((p% + ’71)V1 — 'Ylvl) min{i,j} Ymax{ij}

V2i = Vi,
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