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» Abstract. The geometric-arithmetic indexA(G) of a graph
Is defined as sum of weights of all edges of graph. The weight
of one edge Is quotient of the geometric and arithmetic méan o

degrees of its end verticé&s%. The predictive power of GA

for physico-chemical properties is somewhat better than th
predictive power of other connectivity indices. L@&tk,n) be

the set of connected simple n-vertex graphs with minimum
vertex degreé. \We give a conjecture about lower bounds and
structure of extremal graphs of this index fewertex graphs
with given minimum degreeé.
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Introduction to the Geometric-Arithmetic index

» G = G(k,n)—simple connected-vertex graphs with
6(G) = k.
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» G = G(k,n)—simple connected-vertex graphs with
6(G) = k.

» u-avertex ofG, d(u) - the degree of this vertexuv) -an edge
whose endpoints are the verticeandv.

17 D. Vukicevic, B. Furtula,lopological index based on the
ratios of geometrical and arithmetical means of end -vertex
degrees of edges, Journal of Mathematical Chemistry, Vol. 46,

Issue 2 (2009), 1369-1376.
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» G = G(k,n)—simple connected-vertex graphs with
6(G) = k.

» u -avertex ofG, d(u) - the degree of this vertexuv) -an edge
whose endpoints are the verticeandv.

17 D. Vukicevic, B. Furtula,lopological index based on the
ratios of geometrical and arithmetical means of end -vertex
degrees of edges, Journal of Mathematical Chemistry, Vol. 46,
Issue 2 (2009), 1369-1376.

» The Geometric-Arithmetic IS:

2+/d,d,
GAG) = >, 3 +d,’
weFk(G) “ v

where the summation goes over all edge®f G.
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Introduction to the Geometric-Arithmetic index

Fig. 1. GA(G) = 2244 4 /16 | 2V22 4 2v23
2v/2:6 | 2v/3-4 2\/_ 21/4-6
+3 + + + =0
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NN ESENSRSRRER,

» In fact, this index belongs to wider class of so-called
geometric-arithmetic general topological indices. A class of
geometric-arithmetic general topological indices is dedim

[9]

GA l 2 V QUQ’U
genera E ,
’LL’UEE Qu _|_ Q’U

where(),, Is some quantity that (in a unique manner) can be
associated with the vertexof the graphG.

It IS easy to recognize th&t A is the first representative of this
class obtained by setting,, = d,.
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» In fact, this index belongs to wider class of so-called
geometric-arithmetic general topological indices. A class of
geometric-arithmetic general topological indices is dedim

[9]

GA l 2 V QUQ’U
genera E ,
U’UEE Qu _|_ QU

where(),, Is some quantity that (in a unique manner) can be
associated with the vertexof the graphG.

It IS easy to recognize th&t A is the first representative of this
class obtained by setting,, = d,.

» [9] G. Fath-Tabar, B. Furtula, I. Gutman, new
geometric-arithmetic index, Journal of Mathematical
Chemistry, Vol. 47, Issue 1 (2010), 477-486.
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Introduction to the Geometric-Arithmetic index

» The second member of this class was considered by Fath-Taba
et al. [9] by setting?,, to be the number,, of vertices ofG

lying closer to the vertex than to the vertex for the edgewv
of the graph’".

GA(G) = Y 2yl

Ny + N
weE(G) v
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» The second member of this class was considered by Fath-Taba
et al. [9] by setting?,, to be the number,, of vertices ofG
lying closer to the vertex than to the vertex for the edgeuv
of the graph’".

GA(G) = Y 2yl

Ty, + 1
uwweE(G) b v

» In [9] the main properties aff A, were established, including
lower and upper bounds.
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» The second member of this class was considered by Fath-Taba
et al. [9] by setting?,, to be the number,, of vertices ofG
lying closer to the vertex than to the vertex for the edgeuv
of the graph’".

GA(G) = Y 2yl

Ty, + 1
uwweE(G) b v

» In [9] the main properties aff A, were established, including
lower and upper bounds.

» Zhou et al. [19] proposed a third member of the class of
G Agenerar DY sSettingl),, to be the numben,, of the edges of
(7, lying closer to vertex; than to vertex.

CONFEREN CcE 2016 — P. 6/35



» Itis noted in [17] that the predictive power 6fA for
physico-chemical properties ( boiling point, entropy,heipy
and standard enthalpy of vaporisation, enthalpy of foromati
acentric factor ) is somewhat better than the predictivegsow

of the Randt connectivity index.
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acentric factor ) is somewhat better than the predictivegsow
of the Randt connectivity index.

» In[17] VukiCevic and Furtula gave the lower and upper bounds
for the G A, identified the trees with the minimum and the
maximumdG A indices, which are the star and the path
respectively.
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» Itis noted in [17] that the predictive power 6fA for
physico-chemical properties ( boiling point, entropy,heipy
and standard enthalpy of vaporisation, enthalpy of foromati
acentric factor ) is somewhat better than the predictivegsow
of the Randt connectivity index.

» In[17] VukiCevic and Furtula gave the lower and upper bounds
for the G A, identified the trees with the minimum and the
maximumdG A indices, which are the star and the path
respectively.

» In[18] Yuan, Yhou and Trinajgigave the lower and upper
bounds forG A index of molecular graphs using the numbers of
vertices and edges. They also determineditvertex
molecular trees with the first, second and third minimum and
maximumGA indices. o
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» The Randt connectivity index was studied by chemists and
mathematicians and there are a lot of papers about it. Severa
books are devoted to the Randindex. Recently, the
geometric-arithmetic index attracted attention of
mathematicians also, but there are few papers about it,
dedicated to molecular graphs ([8], [12]).
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» In[5],K. Das, |. Gutman, B. Furtula§urvey on Geometric -
Arithmetic Indices of Graphs, MATCH-Communications in
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» The Randt connectivity index was studied by chemists and
mathematicians and there are a lot of papers about it. Severa
books are devoted to the Randindex. Recently, the
geometric-arithmetic index attracted attention of
mathematicians also, but there are few papers about it,
dedicated to molecular graphs ([8], [12]).

» In[5],K. Das, |. Gutman, B. Furtula§urvey on Geometric -
Arithmetic Indices of Graphs, MATCH-Communications in
Mathematical and in Computer Chemistry, 65 (2011), 595-644
authors are collected all obtained results on class GA asdic

» In[6] T. Divnic, M. Milivojevic, Lj. Pavlovt, Extremal
graphs for the geometric-arithmetic index with given
minimum degree, Discrete Applied Mathematics, Vol. 162,
2014, 386-390, authors found extremal graphs for GA index

for come anen miniMmMiim dedree CONFERENGE 9016 — b /35



Conjecture about the extremal graphs

» Denote byf, (k) = (”_”2(’“_’5) + 2 kai_tt)t(n —t)for0 <t <k,
k < ko and byk,; € [0, ky| a unique root of equation

Jer1i— Je = 0.
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Conjecture about the extremal graphs

» Denote byf,(k) = (”‘t;(k_t) 42 kig:t)t(n —t)for0 <t <k,
k < ko and byk,; € [0, ky| a unique root of equation

Jer1i— Je = 0.

» Conjecture. If G is a connected simple n vertex graphs
with mintmum verter degree k, then
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Conjecture about the extremal graph

» GA>

( %7 _ko_ S k
L&D (- 1), [k k< ko),
oosn WM Ty o < k< L)
n—3)(k—3 24/ k(n—3) B

. ( )2( )_|_ — 3(7@—3)7 kg < k < _k2_7
n— _ 24/ k(n—t
( t)2(k 0 k+7(7,—t)t(n_t)’ (k) < kb < |k,

24/ k(n—k)
\ k+n—k k(n_k)’ ks ka_lj.
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Conjecture about the extremal graphs

» Remark. If [ki(n)] <k < |ki_1(n)| and (n—1t)(k —1) is
even, the lower bound is attained on graphs Gy ,—y which
have ny =n —t, np_y =t, Tppt = t(n —t),

Th e = (n_t);k_t) and all other z;; = 0.
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Conjecture about the extremal graphs

» Remark. If [ki(n)] <k < |k_1(n)] and (n —t)(k —t) is
even, the lower bound is attained on graphs Gy ,—y which

have ny =n —t, np_y =t, Tppt = t(n —t),

Tpp = (n_t);k_t) and all other z;; = 0.

» FExtremal graph Gy ,— 1s complete join G + G of graphs
G1 and Gy. Gy 1s reqular graph on n — t vertices with
degree k —t and Go is graph on t isolated vertices (with
degree 0). The complete join of two graphs is their graph
union with all the edges that connect the vertices of the
first graph with the vertices of the second graph.
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A quadratic programming model of the problem

min GA(G) = Z @x -

k<i<n—1
1<j<n-—1

20k + Tkgtr T+ Tkpo1 = Eny,

Tk k1 + 2Tks1 k41 + 0 + Thrino1 = (k4 1)ngyq,
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» A quadratic programming model of the problem

Wt
min GA(G) = Z VY,

k<i<n-—1

> i<j<n—1

20k + Tkgtr T+ Tkpo1 = Eny,

Tk k1 + 2Tks1 k41 + 0 + Thrino1 = (k4 1)ngyq,

Thn-1+ Thtin-1 + - +2Tp_1n-1=(n—1)n,_1,

nk+nk+1—|—~-—|—nn_1:n,
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> Ng +Ng1 + -+ N1 = N,

inng’ni’nj, k§2<]§n—1,
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min GA(G) = Z VY,

k<i<n-—1

> i<j<n—1

20k + Tkgtr T+ Tkpo1 = Eny,

Tk k1 + 2Tks1 k41 + 0 + Thrino1 = (k4 1)ngyq,

> Ng +Ng1 + -+ N1 = N,

> inng’ni’nj, k§2<]§n—1,

Tii < (77;)7 E<i<n-—1,
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» A quadratic programming model of the problem

9 —
E<i<n-—1 t —I_‘]
> i<j<n—1

2Wrr + Tpr+1 +00+ Tppo1 = Eny,
Tk k+1 T 2513k+1,k+1 + o+ Tppip—1 = (k + 1)nk+1,

Thn-1+ Thiin-1 + - +20p-10-1= (N —1)ny_1,
> Nk + Ngy1 + -+ N = N,
> ri; <nn;, kE<i<j<n-—1,
. vii < (%), k<i<n—1,

r;j, n; are non-negative integers, far<i: <j; <n — 1.

CONFERENCE 2016 — P. 12/35



» [he main results

» Theorem 1. If k > [ky|, where kg = qo(n — 1), qo ~ 0.088
1 the unique positive root of equation

q+/q+q+3/q—1=0 and if G € G(k,n), then

kn

GA(G) = =

If k or n are even, this value is attained by reqular graphs
of degree k.
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Extremal graph fok > [k |

frizz

Fig. 1. Shape of extremal graph fbr= 4.
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Proof

» We will consider the problem of linear programming

min GA(G) = ) Mm

]
: k<i<n—1 L+
subject to i<j<n—1
2Wrr + Tpr+1 +00t+ Tppo1 = Eny,

Tkl + 2Tki1 k41 T + Tht1n-1 = (K + 1)ngya,

Thn-1+ Thtin-1 + -+ +22p-10-1 = (n— )Ny,
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Proof

» We will consider the problem of linear programming

min GA(G) = ) Mm

]
: k<i<n—1 L+
subject to i<j<n—1
2Wrr + Tpr+1 +00t+ Tppo1 = Eny,

Tkl + 2Tki1 k41 T + Tht1n-1 = (K + 1)ngya,

Thn1+ Thtin-1 + +22p_1n-1=(n—1)n,_1,

> Ng + Nkl + -+ N1 =N,

r,; >0, k<1<j7<n-1, n, >0, k<i<n—1.
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Proof

» The basic variables arg, k£ <i<n —1andzy.

"  Tpi e F 20+ Tin
i = :

C k+1<:<n-—1.
?

CONFERENCE 2016 — P. 16/35



» Proof

» The basic variables arg, k£ <i<n —1andzy.

"  Tpi e F 20+ Tin
i = :

n—1
N =mn — Z %x;” — Z (% + 1) X j-

i=k+1 k+1<i<j<n—1 J
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» Proof

» Then
kn X (ovEki Ok /1 1
GAG) = 5+ 2 <k+2<k+>>x
i=k+1
2./i7 k(1 1
> (i+j_§<5+5>>%°

k+1<i<j<n—1

CONFERENCE 2016 — P. 17/35



» Since alla; ; > 0for k <: < j <n—1, we conclude that

geometric-arithmetic index will attains its minimum vall%géif
we putz; ; = 0forall k <i < j <n —1, exceptforry .

Thus, we have proved
k
GA(G) > 7”

Geometric-arithmetic index attains minimum va@eif k orn

are even, on graphs faf, , = %, n, = n and all otherr; ; = 0
andn, = 0.
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Casen, =n — 1

» Theorem 2. Ifny=n—1 and k < |ky|, where
ko = qo(n — 1), qo =~ 0.0874 is the unique positive root of
equation ¢° + 5¢*> + 11qg — 1 = 0, then

(n—1)(k—=1) 2(n—1)k(n—1)
GA 2 2 i k+n—1 B

fi.

If (n — 1)(k — 1) is even, the lower bound attains on graph
Gin—1 wWhich has n,—1 =1, Tpp1 =n —1,

Thp = (n_l)Q(k_l) and all others xz;; = 0.
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Extremal graph fon, =n — 1

Fig. 2. Shape of extremal graph fbr= 5.
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Proof of Casey, = n — 1

» Inthis casey. .1 + - -+ n,_1 = 1, which implies that exists
k+1<j5<n-—1,suchthat,; = 1. If n, =n — 1, then

Th > nk(nk;n—kk) _ (n—l)g(k—l)- PUtQZ’k,k _ (n—1)2(k—1) 4 Uk ke

2513]@]{ +  Tg; = kng,
ZEk,j + 2513]'7]' — ]nj.
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Proof of Casey, = n — 1

» Inthis casey. .1 + - -+ n,_1 = 1, which implies that exists
k+1<j5<n-—1,suchthat,; = 1. If n, =n — 1, then

Thp > nk(nkQ—n—Fk) _ (n—l)Q(k—l)- PUtZIfk,k _ (n—1)2(k—1) 4 Uk ke

20k, + Ty = kny,
Lk j + 2513]'7]' —  Jn;.

» After substitution ofry i, and sincer; ; = 0, n; = 1, we get

DO
<
>
7

+

=
kS
.

|

(.n R 1)7

=

5

<.
]
<

We havey, , = 2= andxzy;, = :
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Proof of Casey, = n — 1

» Geometric-arithmetic index is:

—1)(k—1 —1—7 29vkj
Gy (=DE=1) n-1-j 2VE
2 2 k+
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Proof of Casey, = n — 1

» Geometric-arithmetic index is:

Gy (=DE=1) n-1-j 2VE
2 2 k+

= Since%%“ <0, GA(j) is concave function fof > k and

attains its minimum value fof =n — 1 orj = k,

GA(n—1) = (”_1)2(k—1) +2(”;1szn//f_(q—1)

:f17
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Proof of Casey, = n — 1

—(n—1+4+k)*+4(n—1)\/k(n—1)
2(k+n—1) |

Si—Jo=
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Proof of Casey, = n — 1

—(n—1+4+k)*+4(n—1)\/k(n—1)
2(k +n —1) '

fi=fo=

> f1— fo<0if k < |kyl, wherekq = qo(n — 1), qo =~ 0.0874 is
the unique positive root of equatign + 5¢° + 11¢g — 1 = 0,
thatis of ¢\/q +q+3.,/q —1=0.
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Caseny, = n — 2

» Theorem 3. Ifny=n—2 and k < | k1|, where ky, is the
unique positive root of equation fo — f1 =0, then

s =2k =2) 2n— 2)\/k(n—1)

= > frn_a 2=l

If (n —2)(k — 2) is even, the lower bound attains on graph
Gin—2 which has

Ny =2, Tkpo=2(Nn—2), Tpp= (n_2)2(k_2) and all
others x;; = 0.
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Extremal graph fon, =n — 2

Fig. 3. Shape of extremal graph fbr= 4



Sketch of the proof of Theorem 3

» We consider three cases) n,,_; = 2, b) n,_, = 1 and
c) ny_1 = 0.
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Sketch of the proof of Theorem 3

» We consider three casesin, =2, b)n,_; = 1 and
) Nyp—1 = 0.

» 2a. In this case we have
T = D) 1 =2(n—2), Tp_1m1 = 1. We get

(-2(k-2)  2/ER=T)
GAy = 5 + P— 2(n —2) + 1.
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Sketch of the proof of Theorem 3

» 2b. InthiscasethereiB+1 < 57 <n — 2, suchthat; = 1.

—2)(k—2
Thena:k,k — )2( ) + Yk ky Thn—1 = NEMNp—1 =

n — 2, L — O, Lin—1 — NyjNp_1 = 1.
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Sketch of the proof of Theorem 3

» 2b. Inthiscasethereis+1 < j <n —2,suchthat; = 1.

—2)(k—2
Thenxk,k = (n )2( ) T Ykks Thin—1 = NgNp—1 =

n — 2, L — O, Lin—1 — NyjNp_1 = 1.

» Similarly as in the case;, = n — 1, GA attains minimum value
GAi(k)forj=korGAy(n—2)forj=n—2.

G%Nmzjn—nw—1y+%m—n¢mn—n

2 Frn—1 v
(n—2)(k—2) 1 2yk(n—2)

GAi(n—2) = ; 5+ — (n — 3)
2¢/k(n —1) 2¢/(n —2)(n — 1)
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Sketch of the proof of Theorem 3

» 2c. We solve the next problem of linear programming

>

min —
1+ ]

Zlfij
k<i<j<n—2

20k + Thg+1 +o + Tpa—2 = 2(n—2),
Tkl + 2Tki1 k41 T + Tht1n2 = (K+ 1)ngy,

Lk n—2 + Lk4+1,n—2 + 0 23377,—2 n—2 — (n _ 2)”7@—27

Y

NEi1 +nk+2 -+ - +nn_2 —
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Sketch of the proof of Theorem 3

» We get

(n—2)(k—2) 2yk(n—2)
GA 2 2 * k+n—2
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Sketch of the proof of Theorem 3

» We get

(n—2)(k—2) 2yk(n—2)
GA 2 2 i k+n—2

» Sincefy < GA,, fo < fiandfs < GAi(n — 2), we get thatf;
IS minimum value of GA index in this case.
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