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Preface

This is a book in categorial (or categorical) proof theory, a field of general
proof theory at the border between logic and category theory. In this field
the language, more than the methods, of category theory is applied to proof-
theoretical problems. Propositions are construed as objects in a category,
proofs as arrows between these objects, and equations between arrows, i.e.
commuting diagrams of arrows, are found to have proof-theoretical mean-
ing. They provide a reasonable notion of identity of proofs by equating
derivations that are reduced to each other in a cut-elimination or normal-
ization procedure, or they may be involved in finding a unique normal form
for derivations.

To enter into categorial proof theory one crosses what should be the
watershed between proof theory and the rest of logic. We are not interested
any more in provability only—mamely, in the existence of proofs—which
corresponds to a consequence relation between premises and conclusions.
We have instead a consequence graph, where there may be more than one
different proof with the same premise and the same conclusion. We describe
these apparently different proofs, code them by terms for arrows, and find
that some descriptions stand for the same proof, i.e. the same arrow, while
others do not. Our consequence graph is a category, often of a kind that
categorists have found important for their own reasons.

On the other hand, in categorial proof theory proof-theoretical, syntac-
tical, methods are applied to problems of category theory. These are mainly
methods of normalizing in the style of Gentzen or of the lambda calculus.
(In this book, confluence techniques like those in the lambda calculus domi-
nate in the first part, while cut elimination dominates in the second, bigger,
part.) This syntactical standpoint is something that many categorists do
not favour. Instead of dealing with language, they prefer to work as if
they dealt with the things themselves. We find that for some problems of
category theory, and in particular for so-called coherence problems, which
make the subject matter of this book, paying attention to language is of
great help.

The term “coherence” covers in category theory what from a logical
point of view would be called problems of completeness, axiomatizability
and decidability. Different authors put stress on different things. For our
own purposes we will fix a particular notion of coherence, which agrees
completely with Mac Lane’s usage of the term in [99], the primordial paper
on coherence.

In the 1960’s, at the same time when coherence started being investi-
gated in category theory, the connection between category theory and logic
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was established, mainly through Lawvere’s ideas (see [94]). The roots of
categorial proof theory date from the same years—they can be found in a
series of papers by Lambek: [84], [85], [86] and [87]. Lambek introduced
Gentzen’s proof-theoretical methods in category theory, which Mac Lane
and Kelly exploited in [81] to solve a major coherence problem (see also
[101]).

There are not many books in categorial proof theory. The early attempt
to present matters in [127] has shortcomings. Proofs are not systematically
coded by terms for arrows; only the sources and targets of arrows are men-
tioned most of the time, and too much work is left to the reader. Some
claims are excessively difficult to verify, and some are not correct (see [69],
[12], Section 3, and [14], Section 1). Lambek’s and Scott’s book [90] is
only partly about categorial proof theory and coherence, understood as a
decidability problem for equality of arrows in cartesian closed categories.
(Just a short chapter of [128], Chapter 8, touches upon this topic.) The
only remaining book in categorial proof theory we know about, [38], is de-
voted to showing that cut elimination characterizes fundamental notions of
category theory, in particular the notion of adjunction. Some parts of that
book (Sections 4.10 and 5.9) are about coherence.

Papers in categorial logic often touch upon this or that point of catego-
rial proof theory, but are not very often specifically within the field. And
even when they are within this field, some authors prefer to advertise their
work as “semantical”. It should be clear, however, that this is not seman-
tics in the established model-theoretical sense—the sense in which the word
was used in logic in the twentieth century. We find this semantics of proofs
more proof-theoretical than model-theoretical.

We will try to cover with the references in our book not the whole liter-
ature of categorial proof theory, but only papers relevant to the problems
treated. To acknowledge more direct influences, we would like, however, to
mention at the outset a few authors with whom we have been in contact,
and whose ideas are more or less close to ours.

First, Jim Lambek’s pioneering and more recent work has been for us, as
for many others, a source of inspiration. Max Kelly’s papers on coherence
(see [77], [78], [54] and [79]) are less influenced by logic, though logical
matters are implicit in them. Sergei Soloviev’s contributions to categorial
proof theory (see [118], [119] and [120]) and Djordje Cubrié’s (see [28], [29]
and [30]) are close to our general concerns, though they do not deal exactly
with the subject matter of this book; the same applies to some work of
Alex Simpson (in particular, [117]).

We extend Robert Seely’s and Robin Cockett’s categorial presentation
of a fragment of linear logic, based upon what they call linear, alias weak,
distribution (see [22]; other papers will be cited in the body of the book),
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which we call dissociativity. This is an associativity principle involving two
operations, which in the context of lattices delivers distribution. While
Cockett and Seely are concerned with dissociativity as it occurs in linear
logic, and envisage also applications in the study of intuitionistic logic, we
have been oriented towards the categorification of classical propositional
logic. The subtitle of our book could be “General proof theory of classical
propositional logic”. We would have put this subtitle were it not that
a great part of the book is about fragments of this proof theory, which
are fragments of the proof theory of other logics too, and are also of an
independent interest for category theory. Besides that, we are not sure our
treatment of negation in the last chapter is as conclusive as what precedes
it. (We also prefer a shorter and handier title.)

Proofs in the conjunctive-disjunctive fragment of logic, which is related
to distributive lattices, may, but need not, be taken to be the same in clas-
sical and intuitionistic logic, and they are better not taken to be the same.
Classical proof theory should be based on plural (multiple-conclusion) se-
quents, while intuitionistic proof theory, though it may be presented with
such sequents, is more often, and more naturally, presented with singular
(single-conclusion) sequents. By extending Cockett’s and Seely’s categorial
treatment of dissociativity, we present in the central part of the book a
categorification, i.e. a generalization in category theory, of the notion of
distributive lattice, which gives a plausible notion of identity of proofs in
classical conjunctive-disjunctive logic. This notion is related to Gentzen’s
cut-elimination procedure in a plural-sequent system. By building further
on that, at the end of the book we provide a plausible categorification of
the notion of Boolean algebra, which gives a nontrivial notion of identity
of proofs for classical propositional logic, also related to Gentzen.

It is usually considered that it is hopeless to try to categorify the notion
of Boolean algebra, because all plausible candidates based on the notion
of bicartesian closed category (i.e. cartesian closed category with finite co-
products) led up to now to equating all proofs with the same premises and
conclusions. In our Boolean categories, which are built on another base, this
is not the case. The place where in our presentation of the matter classical
and intuitionistic proof theory part ways is in understanding distribution.
In intuitionistic proof theory distribution of conjunction over disjunction is
an isomorphism, while distribution of disjunction over conjunction is not.
This is how matters stand in bicartesian closed categories. We take that in
classical proof theory neither of these distributions is an isomorphism, and
restore symmetry, typical for Boolean notions.

We reach our notion of Boolean category very gradually. This grad-
ual approach enables us to shorten calculations at latter stages. More-
over, along the way we prove coherence for various more general notions
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of category, entering into the notion of Boolean category or related to it.
Coherence is understood in our book as the existence of a faithful structure-
preserving functor from a freely generated category, built out of syntactical
material, into the category whose arrows are relations between finite ordi-
nals. This is a limited notion of coherence, and our goal is to explore the
limits of this particular notion within the realm of classical propositional
logic. We are aware that other notions of coherence exist, and that even
our notion can be generalized by taking another category instead of the
category whose arrows are relations between finite ordinals. These other
notions and these generalizations are, however, outside the confines of our
book, and we will mention them only occasionally (see, in particular, §12.5
and §14.3)

Mac Lane’s primordial coherence results for monoidal and symmetric
monoidal categories in [99] are perfectly covered by our notion of coher-
ence. When the image of the faithful functor is a discrete subcategory of
the category whose arrows are relations between finite ordinals, coherence
amounts to showing that the syntactical category is a preordering relation,
i.e. that “all diagrams commute”. This is the case sometimes, but not al-
ways, and not in the most interesting cases. Mac Lane’s coherence results
are scrutinized in our book, and new aspects of the matter are made mani-
fest. We also generalize previous results of [72] (Section 1) on strictification,
i.e. on producing equivalent categories where some isomorphisms are turned
into identity arrows. Our strictification is useful, because it facilitates the
recording of lengthy calculations.

For categories with dissociativity, which cover proofs in the multiplica-
tive conjunctive-disjunctive fragment of linear logic, and also proofs in the
conjunctive-disjunctive fragment of classical logic, we provide new coher-
ence results, and we prove coherence for our Boolean categories. These
coherence theorems, which are the main results of the book, yield a simple
decision procedure for the problem whether a diagram of canonical arrows
commutes, i.e. for the problem whether two proofs are identical.

The most original contribution of our book may be that we take into
account union, or addition, of proofs in classical logic. This operation on
proofs with the same premise and same conclusion is related to the mix
principle of linear logic. It plays an important role in our Boolean cate-
gories, and brings them close to linear algebra. Taking union of proofs into
account saves Gentzen’s cut-elimination procedure for classical logic from
falling into triviality, as far as identity of proofs is concerned. This modi-
fied cut elimination is the cornerstone of the proof of our main coherence
theorem for classical propositional logic.

We take into account also the notion of zero proof, a notion related to
union of proofs—a kind of dual of it. With union of proofs hom-sets become
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semilattices with unit, but we envisage also that they be just commutative
monoids, as in additive and abelian categories. Zero proofs, which are like
a leap from any premise to any conclusion, are mapped into the empty
relation in establishing coherence. Although they enable us to prove any-
thing as far as provability is concerned, they are conservative with respect
to the previously established identity of proofs in logic. We will show that
envisaging zero proofs is useful. It brings logic closer to linear algebra, and
facilitates calculations. We find also that the notion of zero proof may be
present in logic even when we do not allow passing from any premise to any
conclusion, but restrict ourselves to the types of the acceptable deductions
connecting premises and conclusions, i.e. stick to provability in classical
logic. Negation may be tied to such restricted zero proofs.

Zero proofs resemble what Hilbert called ideal mathematical objects,
like imaginary numbers or points at infinity. If our concern is not with
provability, but with proofs—namely, identity of proofs—zero proofs are
useful and harmless. We don’t think we have exhausted the advantages
of taking them into account in general proof theory. We believe, however,
we have fulfilled to a great extent the promises made in the programmatic
survey [40] (summarized up to a point in the first chapter of the book),
which provides further details about the context of our research.

We suppose our principal public should be a public of logicians, such as
we are, but we would like no less to have categorists as readers. So we have
strived to make our exposition self-contained, both on the logical and on
the categorial side. This is why we go into details that logicians would take
for granted, and into other details that categorists would take for granted.
Only for the introductory first chapter, whose purpose is to give motivation,
and for some asides, in particular at the very end, we rely on notions not
defined in the book, but in the standard logical and categorial literature.

We suppose that the results of this book should be interesting not only
for logic and category theory, but also for theoretical computer science. We
do not control very well, however, the quickly growing literature in this
field, and we will refrain from entering into it. We do not pretend to be
experts in that area. Some of the investigations of proofs of classical logic
that appeared since 1990 in connection with modal translations into linear
logic or with the lambda-mu calculus, in which the motivation, the style
and the jargon of computer science dominate, seem to be concerned with
identity of proofs, but it is not clear to us how exactly these concerns are
related to ours. We leave for others to judge.

This is more a research monograph than a textbook, but the text could
serve nevertheless as the base for a graduate course in categorial proof
theory. We provide after the final chapter a list of problems left open. To
assist the reader, we also provide at the end of the book a list of axioms
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and definitions, and a list of categories treated in the book (which are
quite numerous), together with charts for these categories indicating the
subcategory relations established by our coherence results.

We would like to thank in particular Alex Simpson and Sergei Soloviev
for encouraging and useful comments on the preprint of this book, which
was distributed since May 2004. We would like to thank also other col-
leagues who read this preprint and gave compliments on it, or helped us in
another manner.

Dov Gabbay was extremely kind to take care of the publishing of the
book. We are very grateful to him and to Jane Spurr for their efforts and
efficiency.

The results of this book were announced previously in a plenary lecture
at the Logic Colloguium in Miinster in August 2002, and in a talk at the
International Congress MASSEE in Borovets in September 2003, with the
support of the Alexander von Humboldt Foundation. We are indebted to
Slobodan Vujosevi¢ and Milojica Ja¢imovié for the invitation to address the
Eleventh Congress of the Mathematicians of Serbia and Montenegro, held
in Petrovac in September 2004, with a talk introducing matters treated in
the book. We had the occasion to give such introductory talks also at the
Logic Seminar in Belgrade in the last two years and, thanks to Mariangiola
Dezani-Ciancaglini and the Types project of the European Union, at the
Types conference in Jouy-en-Josas in December 2004.

We would like to thank warmly the Mathematical Institute of the Ser-
bian Academy of Sciences and Arts in Belgrade and the Faculty of Phi-
losophy of the University of Belgrade for providing conditions in which we
could write this book. Our work was generously supported by a project of
the Ministry of Science of Serbia (1630: Representation of Proofs).

Belgrade, December 2004
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Chapter 1

Introduction

In this introductory chapter we provide in an informal manner motivation
for the main themes of the book, without giving an exhaustive summary of
its content (such summaries are provided at the beginning of every chapter).
A great deal of the chapter (§§1.3-6) is based on the survey [40].

While in the body of the book, starting from the next chapter, our
exposition, except for some asides, will be self-contained, both from a logical
and from a categorial point of view, here we rely on some acquaintance with
proof theory (which the reader may have acquired in classic texts like [60],
[111] and [82], Chapter 15, or in the more recent textbook [128]), and on
some notions of category theory (which may be found in [100] and [90]).
Many, but not all, of the notions we need for this introduction will be
defined later in the book.

To have read the present chapter is not essential for reading the rest of
the book. A reader impatient for more precision can move to Chapter 2,

where the book really starts, and return to this introduction later on.

§1.1. Coherence

It seems that what categorists call coherence logicians would, roughly speak-
ing, call completeness. This is the question whether we have assumed
for a particular brand of categories all the equations between arrows we
should have assumed. Completeness need not be understood here as com-

pleteness with respect to models. We may have a syntactical notion of
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completeness—something akin to the Post completeness of the classical
propositional calculus—but often some sort of model-theoretical complete-
ness is implicit in coherence questions. Matters are made more complicated
by the fact that categorists do not like to talk about syntax, and do not
perceive the problem as being one of finding a match between syntax and
semantics. They do not talk of formal systems, axioms and models.

Moreover, questions that logicians would consider to be questions of
decidability, which is not the same as completeness, are involved in what
categorists call coherence. A coherence problem often involves the question
of deciding whether two terms designate the same arrow, i.e. whether a
diagram of arrows commutes—we will call this the commuting problem—
and sometimes it may involve the question of deciding whether there is in
a category an arrow of a given type, i.e. with a given source and target—
we will call this the theoremhood problem (cf. [38], Sections 0.2 and 4.6.1).
Coherence is understood mostly as solving the commuting problem in [90]
(see p. 117, which mentions [84] and [85] as the origin of this understanding).
The commuting problem seems to be involved also in the understanding of
coherence of [79] (Section 10).

Completeness and decidability, though distinct, are, of course, not for-
eign to each other. A completeness proof with respect to a manageable
model may provide, more or less immediately, tools to solve decision prob-
lems. For example, the completeness proof for the classical propositional
calculus with respect to the two-element Boolean algebra provides imme-
diately a decision procedure for theoremhood.

The simplest coherence questions are those where it is intended that all
arrows of the same type should be equal, i.e. where the category envisaged
is a preorder. The oldest coherence problem is of that kind. This problem
has to do with monoidal categories, and was solved by Mac Lane in [99]
(where early related work by Stasheff and D.B.A. Epstein is mentioned; see
[122] for historical notes, and also [123], Appendix B, co-authored with S.
Shnider). The monoidal category freely generated by a set of objects is a
preorder. So Mac Lane could claim that showing coherence is showing that
“all diagrams commute”. We provide in Chapter 4 a detailed analysis of
Mac Lane’s coherence result for monoidal categories.

In cases where coherence amounts to showing preorder, i.e. showing that
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from a given set of equations, assumed as axioms, we can derive all equa-
tions (provided the equated terms are of the same type), from a logical
point of view we have to do with aziomatizability. We want to show that
a decidable set of axioms (and we wish this set to be as simple as possible,
preferably given by a finite number of axiom schemata) delivers all the in-
tended equations. If preorder is intended, then all equations are intended.
Axiomatizability is in general connected with logical questions of complete-
ness, and a standard logical notion of completeness is completeness of a set
of axioms. Where all diagrams should commute, coherence does not seem
to be a question of model-theoretical completeness, but even in such cases
it may be conceived that the model involved is a discrete category (cf. the
end of §2.9).

Categorists are interested in axiomatizations that permit extensions.
These extensions are in a new language, with new axioms, and such ex-
tensions of the axioms of monoidal categories need not yield preorders any
more. Categorists are also interested, when they look for axiomatizations,
in finding the combinatorial building blocks of the matter. The axioms are
such building blocks, as in knot theory the Reidemeister moves are the com-
binatorial building blocks of knot and link equivalence (see [97], Chapter 1,
or any other textbook in knot theory).

In Mac Lane’s second coherence result of [99], which has to do with
symmetric monoidal categories, it is not intended that all equations be-
tween arrows of the same type should hold. What Mac Lane does can be
described in logical terms in the following manner. On the one hand, he
has an axiomatization, and, on the other hand, he has a model category
where arrows are permutations; then he shows that his axiomatization is
complete with respect to this model. It is no wonder that his coherence
problem reduces to the completeness problem for the usual axiomatization
of symmetric groups.

Algebraists do not speak of axiomatizations, but of presentations by gen-
erators and relations. All the axiomatizations in this book will be purely
equational axiomatizations, as in algebraic varieties. Such were the axiom-
atizations of [99]. Categories are algebras with partial operations, and we
are here interested in the equational theories of these algebras.

In Mac Lane’s coherence results for monoidal and symmetric monoidal
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categories one has to deal only with natural isomorphisms. Coherence ques-
tions in the area of n-categories are usually restricted likewise to natural
isomorphisms (see [96]). However, in the coherence result for symmetric
monoidal closed categories of [81] there are already natural and dinatural
transformations that are not isomorphisms.

A natural transformation is tied to a relation between the argument-
places of the functor in the source and the argument-places of the functor in
the target. This relation corresponds to a relation between finite ordinals,
and in composing natural transformations we compose these relations (see
§2.4 and §2.9). With dinatural transformations the matter is more compli-
cated, and composition poses particular problems (see [109]). In this book
we deal with natural transformations, and envisage only in some comments
coherence for situations where we do not have natural transformations. Our
general notion of coherence does not, however, presuppose naturality and
dinaturality.

Our notion of coherence result is one that covers Mac Lane’s and Kelly’s
coherence results mentioned up to now, but it is more general. We call
coherence a result that tells us that there is a faithful functor G from a cat-
egory S freely generated in a certain class of categories to a “manageable”
category M. This calls for some explanation.

It is desirable, though perhaps not absolutely necessary, that the func-
tor G be structure-preserving, which means that it preserves structure at
least up to isomorphism (see §1.7 below, and, in particular, §2.8). In all
coherence results we will consider, the functor G will preserve structure
strictly, i.e. “on the nose”. The categories S and M will be in the same
class of categories, and G will be obtained by extending in a unique way a
map from the generators of S into M.

The category M is manageable when equations of arrows, i.e. commuting
diagrams of arrows, are easier to consider in it than in §. The best is if the
commuting problem is obviously decidable in M, while it was not obvious
that it is such in S.

With our approach to coherence we are oriented towards solving the
commuting problem, and we are less interested in the theoremhood prob-
lem. In this book, we deal with the latter problem only occasionally, mostly

when we need to solve it in order to deal with the commuting problem (see
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84.2, §7.1, §§7.3-5, §88.2-3 and §11.4). This should be stressed because
other authors may give a more prominent place to the theoremhood prob-
lem. We find that the spirit of the theoremhood problem is not particularly
categorial: this problem can be solved by considering only categories that
are preorders. And ordinary, or perhaps less ordinary, logical methods for
showing decidability of theoremhood are here more useful than categorial
methods. For the categories in this book, the decidability of the theorem-
hood problem is shown by syntactical or semantical logical tools. Among
the latter we also have sometimes simply truth tables. We have used on
purpose the not very precise term “manageable” for the category M to leave
room for modifications of our notion of coherence, which would be oriented
towards solving another problem than the commuting problem. Besides the
theoremhood problem, one may perhaps also envisage something else, but
our official notion of coherence is oriented towards the commuting problem.

In this book, the manageable category M will be the category Rel with
arrows being relations between finite ordinals, whose connection with natu-
ral transformations we have mentioned above. The commuting problem in
Rel is obviously decidable. We do, however, consider briefly categories that
may replace Rel—in particular, the category whose arrows are matrices (see
§12.5).

The freely generated category S will be the monoidal category freely
generated by a set of objects, or the symmetric monoidal category freely
generated by a set of objects, or many others of that kind. The generating
set of objects may be conceived as a discrete category. In our understand-
ing of coherence, replacing this discrete generating category by an arbitrary
category would prevent us to solve coherence—simply because the commut-
ing problem in the arbitrary generating category may be undecidable. Far
from having more general, stronger, results if the generating category is
arbitrary, we may end up by having no result at all.

The categories S in this book are built ultimately out of syntactic mate-
rial, as logical systems are built. Categorists are not inclined to formulate
their coherence results in the way we do—in particular, they do not deal
often with syntactically built categories (but cf. [131], which comes close to
that). If, however, more involved and more abstract formulations of coher-

ence that may be found in the literature (for early references on this matter
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see [80]) have practical consequences for solving the commuting problem,
our way of formulating coherence has these consequences as well.

That there is a faithful structure-preserving functor G from the syntac-
tical category S to the manageable category M means that for all arrows

f and g of S with the same source and the same target we have
f=9ginS iff Gf =Ggin M.

The direction from left to right in this equivalence is contained in the func-
toriality of G, while the direction from right to left is faithfulness proper.

If S is conceived as a syntactical system, while M is a model, the
faithfulness equivalence we have just stated is like a completeness result in
logic. The left-to-right direction, i.e. functoriality, is soundness, while the
right-to-left direction, i.e. faithfulness, is completeness proper.

In this book we will systematically separate coherence results involving
special objects (such as unit objects, terminal objects and initial objects)
from those not involving them. These objects tend to cause difficulties,
and the statements and proofs of the coherence results gain by having these
difficulties kept apart. When coherence is obtained both in the absence and

in the presence of special objects, our results become sharper.

8§1.2. Categorification

By categorification one can understand, very generally, presenting a math-
ematical notion in a categorial setting, which usually involves generalizing
the notion and making finer distinctions. In this book, however, we have
something more specific in mind. We say that we have a categorification of
the notion of algebraic structure in which there is a preordering, i.e. reflex-
ive and transitive, relation R when we replace R with arrows in a category,
and obtain thereby a more general categorial notion instead of the initial
algebraic notion. If the initial algebraic structure is a completely free alge-
bra of terms, like the algebra of formulae of a propositional language, the
elements of the algebra just become objects in a free category in the class
of categories resulting from the categorification. Otherwise, some splitting

of the objects is involved in categorification.
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Categorification is not a technical notion we will rely on later, and so
we will not try to define it more precisely. What we have in mind should
be clear from the following examples.

By categorifying the algebra of formulae of conjunctive logic with the
constant true proposition, where the preordering relation R is induced by
implication, we may end up with the notion of cartesian category. We
may end up with the same notion by categorifying the notion of semilattice
with unit, where the relation R is the partial ordering of the semilattice.
A semilattice with unit is a cartesian category that is a partial order, i.e.
in which whenever we have arrows from a to b and vice versa, then a and
b are the same object. In the same sense, the notion of monoidal category
is a categorification of the notion of monoid, and the notion of symmet-
ric monoidal category is a categorification of the notion of commutative
monoid, the preordering relation R in these two cases being equality.

There are other conceptions of categorification except that one. One
may categorify an algebra by taking its objects to be arrows of a category.
The notion of category is a categorification in this sense of the notion of
monoid, monoids being categories with a single object. In that direction,
one obtains more involved notions of categorification in the n-categorial
setting (see [2] and [27]).

The motivation for categorification may be internal to category theory,
but it may come from other areas of mathematics, like algebraic topol-
ogy and mathematical physics—in particular, quantum field theory (many
references are given in [2]). Our motivation comes from proof theory, as
we will explain in latter sections of this introduction. We are replacing a
consequence relation, which is a preordering relation, by a category, where
arrows stand for proofs. In comparing our approach to others, note that
the slogan “Replace equality by isomorphisms!”, which is sometimes heard
in connection with categorification, does not describe exactly what we are
doing. Our slogan “Replace preorder by arrows!” implies, however, the
other one, and so the same categorial notions, like, for example, the notion
of monoidal category, may turn up under both slogans.

In this book one may find, in particular, categorifications, in our re-
stricted sense, of the notions of distributive lattice and Boolean algebra. Al-

ternatively, these may be taken as categorifications of conjunctive-disjunctive



8 CHAPTER 1. INTRODUCTION

logic, or of the classical propositional calculus. Previously, a categorification
of the notion of distributive lattice was obtained with so-called distributive
categories, i.e. bicartesian categories with distribution arrows from aA(bVe)
to (aAb)V (aAc) that are isomorphisms (see [95], pp. 222-223 and Session
26, and [20]). Bicartesian closed categories, i.e. cartesian closed categories
with finite coproducts (see [90], Section 1.8), are distributive categories in
this sense.

In our categorification of the notion of distributive lattice, distribution
arrows of the type above need not be isomorphisms. This rejection of
isomorphism is imposed by our wish to have coherence with respect to the
category Rel of the preceding section, since the relation underlying the

following diagram:

(anb)v(anc)
an(bvVve)
(anb)v(anc)

namely the relation underlying the diagram on the left-hand side below, is
not the identity relation underlying the diagram on the right-hand side:

(%ﬁ!gngC) (anbd)v(anc)
(anb)v(anc) (anb)Vv(anc)

Our categorification of the notion of distributive lattice is based on
arrows from a A (bV ¢) to (a A b) V ¢, which Cockett and Seely studied in
their categorial treatment of a fragment of linear logic (see [22]; further
references are given in §7.1 and §7.9). At first, they called the principle
underlying these arrows weak distribution, and then changed this to linear
distribution in [25]. Since this is a principle that delivers distribution in the
context of lattices, but is in fact an associativity involving two operations,
we have coined the name dissociativity for it, to prevent confusion with

what is usually called distribution. Cockett and Seely were concerned with
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establishing some sort of coherence for dissociativity with respect to proof
nets.

Before appearing in proof nets and in categories, dissociativity was pre-
figured in universal algebra and logic (see §7.1 for references). Dissociativ-
ity is related to the modularity law of lattices (see §7.1), and we will see
in §11.3 how in a context that is a categorification of the notion of lattice
this two-sorted associativity delivers distribution arrows of the usual types,
from a A (bVe) to (aAD)V (aAc)and from (aVb)A(aVe)toaV (bAc)
(the arrows of the converse types are there anyway), of which neither need
to be an isomorphism. The arrows from (a VvV b) A (a V) to aV (bA c) need
not be isomorphisms in bicartesian closed categories too.

The categorification of the notion of Boolean algebra is usually deemed
to be a hopeless task (see §14.3), because it is assumed this categorifica-
tion should be based on the notion of bicartesian closed category. In that
notion, as we said above, we have arrows corresponding to distribution of
conjunction over disjunction that are isomorphisms. Natural assumptions
in this context lead to triviality, i.e. to categories that are preorders. Our
categorification of the notion of Boolean algebra is not trivial in this sense.
It incorporates the notion of bicartesian category (i.e. category with finite
products and coproducts), but does not admit cartesian closure. Its essen-
tial ingredient is our categorification of distributive lattices, in which the
arrows corresponding to distribution of conjunction over disjunction are not
isomorphisms.

We think it is a prejudice to assume that there must be an isomorphism
behind distribution of conjunction over disjunction. It would likewise be
a prejudice to assume that behind the idempotency law a A a = a or the
absorption law a A (a V b) = a of lattices we must have isomorphisms. The
categorification of the notion of lattice in bicartesian categories is not under
the spell of the latter two assumptions, but the isomorphism correspond-
ing to distribution of conjunction over disjunction is usually presupposed.
This is presumably because in the category Set of sets with functions—the
central category there is—distribution of cartesian product over disjoint
union is an isomorphism. In the categorification of the notion of distribu-
tive lattice with distributive categories, where a A (b V ¢) is isomorphic
to (a Ab)V (a A c), it is not required that a V (b A ¢) be isomorphic to
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(aVb) A(aV c), presumably because the latter isomorphism need not exist
in Set. We assume neither of these isomorphisms in our categorification of

the notion of distributive lattice.

81.3. The Normalization Conjecture in general proof
theory

Categorification is interesting for us because of its connection with general
proof theory. The question “What is a proof?” was considered by Prawitz
in [112] (Section I) to be the first question of general proof theory. To
keep up with the tradition, we speak of “proof”, though we could as well
replace this term by the more precise term “deduction”, since we have in
mind deductive proofs from assumptions (including the empty collection
of assumptions). Together with the question “What is a proof?”, Prawitz
envisaged the following as one of the first questions to be considered in

general proof theory (see [112], p. 237):

In the same way as one asks when two formulas define the same
set or two sentences express the same proposition, one asks when
two derivations represent the same proof; in other words, one
asks for identity criteria for proofs or for a “synonymity” (or

equivalence) relation between derivations.

An answer to the question of identity criteria for proofs might lead to
an answer to the basic question “What is a proof?”. A proof would be the
equivalence class of a derivation. The related question “What is an algo-
rithm?” could be answered by an analogous factoring through an equiv-
alence relation on representations of algorithms. (Moschovakis stressed in
[107], Section 8, the fundamental interest of identity criteria for algorithms.)
Prawitz did not only formulate the question of identity criteria for proofs
very clearly, but also proposed a precise mathematical answer to it.

Prawitz considered derivations in natural deduction systems and the
equivalence relation between derivations that is the reflexive, transitive and
symmetric closure of the immediate-reducibility relation between deriva-
tions. Of course, only derivations with the same premises and the same

conclusion may be equivalent. Prawitz’s immediate-reducibility relation is
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the one involved in reducing a derivation to normal form—a matter he
studied previously in [111]. As it is well known, the idea of this reduc-
tion stems from Gentzen’s thesis [60]. A derivation reduces immediately
to another derivation (see [112], Section II.3.3) when the latter is obtained
from the former either by removing a mazimum formula (i.e. a formula
with a connective a that is the conclusion of an introduction of o and the
major premise of an elimination of «), or by performing one of the permuta-
tive reductions tied to the eliminations of disjunction and of the existential
quantifier, which enables us to remove what Prawitz calls mazimum seg-
ments. There are some further reductions, which Prawitz called immediate
simplifications; they consist in removing eliminations of disjunction where
no hypothesis is discharged, and there are similar immediate simplifica-
tions involving the existential quantifier, and “redundant” applications of
the classical absurdity rule. Prawitz also envisaged reductions he called
immediate expansions, which lead to the expanded normal form where all
the minimum formulae are atomic (minimum formulae are those that are
conclusions of eliminations and premises of introductions).

Prawitz formulates in [112] (Section I1.3.5.6) the following conjecture,
for which he gives credit (in Section I1.5.2) to Martin-Lof, and acknowledges
influence by ideas of Tait:

Conjecture. Two derivations represent the same proof if and

only if they are equivalent.

We call this conjecture the Normalization Conjecture.

This conjecture, together with another conjecture, which will be con-
sidered in the next section, was examined in the survey [40]. The present
section and the next three sections give an updated, somewhere shortened
and somewhere expanded, variant of that survey, to which we refer for fur-
ther, especially historical and philosophical, remarks. (Some other bits of
that survey are in §14.3, where a mistaken statement is also corrected at
the end of the section.)

The normalization underlying the Normalization Conjecture need not
be understood always in the precise sense envisaged by Prawitz. For intu-
itionistic logic Prawitz’s understanding of normalization, which is derived

from Gentzen, is perhaps optimal. There are, however, other logics, and,
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in particular, there is classical logic, to which natural deduction is not so
closely tied, and for which we may still have a notion of normalization,
perhaps related to Prawitz’s, but different. What comes to mind immedi-
ately for classical logic is Gentzen’s plural, i.e. multiple-conclusion, sequent
systems (see below) and cut elimination for them.

Presumably, the notion of normalization we can envisage in the Nor-
malization Conjecture cannot be based on an arbitrary notion of normal
form. It is desirable that this normal form be unique, at least up to some
superficial transformations (like alpha conversion in the lambda calculus).
But uniqueness should not be enough. This normal form and the lan-
guage for which it is formulated must be significant, where it is difficult to
say what “significant” means exactly. The normal form and the language
for which it is formulated should not be just a technical device, but they
must be deeply tied to the logic, and exhibit its essential features. In the
case of Prawitz’s normal form for derivations in intuitionistic natural de-
duction, besides philosophical reasons having to do with the meaning of
logical connectives, there are important ties with independently introduced
mathematical structures.

The Normalization Conjecture was formulated by Prawitz at the time
when the Curry-Howard correspondence between derivations in natural de-
duction and typed lambda terms started being recognized more and more
(though the label “Curry-Howard” was not yet canonized). Prawitz’s equiv-
alence relation between derivations corresponds to beta-eta equality be-
tween typed lambda terms, if immediate expansions are taken into account,
and to beta equality otherwise.

Besides derivations in natural deduction and typed lambda terms, where
according to the Curry-Howard correspondence the latter can be conceived
just as codes for the former, there are other, more remote, formal repre-
sentations of proofs. There are first Gentzen’s sequent systems, which are
related to natural deduction, but are nevertheless different, and there are
also representations of proofs as arrows in categories. The sources and
targets of arrows are taken to be premises and conclusions respectively,
and equality of arrows with the same source and target, i.e. commuting
diagrams of arrows, should now correspond to identity of proofs via a con-

jecture analogous to the Normalization Conjecture.
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The fact proved by Lambek (see [87] and [90], Part I; see also [39],
[37] and [43]) that the category of typed lambda calculuses with functional
types and finite product types, based on beta-eta equality, is equivalent to
the category of cartesian closed categories, and that hence equality of typed
lambda terms amounts to equality between arrows in cartesian closed cat-
egories, lends additional support to the Normalization Conjecture. Equal-
ity of arrows in bicartesian closed categories corresponds to equivalence of
derivations in Prawitz’s sense in full intuitionistic propositional logic (see
[109], Section 3, for a detailed demonstration that the equations of bicarte-
sian closed categories deliver cut elimination for intuitionistic propositional
logic). The notion of bicartesian closed category is a categorification in the
sense of the preceding section of the notion of Heyting algebra. The partial

order of Heyting algebras is replaced by arrows in this categorification.

In category theory, the Normalization Conjecture is tied to Lawvere’s
characterization of the connectives of intuitionistic logic by adjoint situa-
tions. Prawitz’s equivalence of derivations, in its beta-eta version, corre-
sponds to equality of arrows in various adjunctions tied to logical connec-
tives (see [94], [38], Section 0.3.3, [41] and [39]). Adjunction is the unifying

concept for the reductions envisaged by Prawitz.

The fact that equality between lambda terms, as well as equality of
arrows in cartesian closed categories, were first conceived for reasons inde-
pendent of proofs is remarkable. This tells us that we are in the presence
of a solid mathematical structure, which may be illuminated from many

sides.

Prawitz formulated the Normalization Conjecture having in mind nat-
ural deduction, and so mainly intuitionistic logic. For classical logic we
envisage something else. Our categorification of the notion of Boolean al-
gebra, as the categorification of the notion of Heyting algebra with bicarte-
sian closed categories, covers a notion of identity of proofs suggested by
normalization via cut elimination in a plural-sequent system (see Chapters
11 and 14). This is in spite of the fact that for us distribution of conjunc-
tion over disjunction does not give rise to isomorphisms, as in bicartesian
closed categories. This disagreement over the isomorphism of distribution

may be explained as follows.
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Classical and intuitionistic logic do not differ with respect to the conse-
quence relation between formulae in the conjunction-disjunction fragment
of propositional logic. In other words, they do not differ with respect to
provable sequents of the form A - B where A and B are formulae of the
conjunction-disjunction fragment. But, though these two logics do not
differ with respect to provability, they may differ with respect to proofs.
The standard sequent formulation of classical logic, the formulation that
imposes itself by its symmetry and regularity, is based on plural sequents
I'F A, where A may be a collection with more than one formula, whereas
the standard sequent formulation of intuitionistic logic is based on singular,
i.e. single-conclusion, sequents I' = A, where A cannot have more than one
formula, while I' can. There are presentations of intuitionistic logic with
plural sequents (see [103] and [32], Section 5C4, with detailed historical
remarks on pp. 249-250; cf. also [31], where the idea is already present),
but they are not standard, and they do not correspond to natural deduc-
tion, as those with singular sequents do. Moreover, in these plural-sequent
formulations of intuitionistic logic, a restriction based on singularity is kept
for introduction of implication on the right-hand side, which corresponds
to the deduction theorem. The deduction theorem enables the deductive
metalogic to be mirrored with the help of implication in the object lan-
guage, and when it comes to this mirroring, plural-sequent formulations of
intuitionistic logic avow that their deductive metalogic is based on singular

sequents.

The connection of intuitionistic logic with natural deduction, where
there are possibly several premises, but never more than one conclusion,
goes very deep. There are many reasons to hold that the meaning of intu-
itionistic connectives is explained in the framework of natural deduction,
as suggested by Gentzen (see [60], Section I1.5.13). Singular sequents are
asymmetric, i.e. they have a plurality of premises versus a single conclusion.
The asymmetries of intuitionistic logic, and, in particular, the asymmetry
between conjunction and disjunction, can be explained by the asymmetry of
singular sequents that underly this logic. One can suppose that the asym-
metry of bicartesian closed categories, which consists in having a A (b V ¢)
isomorphic to (a A b) V (a A ¢) without having a V (b A ¢) isomorphic to
(aVb) A(aV c), has the same roots.
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The dissociativity principle of the arrow that goes from a A (b V ¢) to
(aAb) Ve (see §1.2 and §7.1) delivers arrows that go from a A (b V ¢) to
(anb)V (aAc)and from (aVb)A(aVe)toaV (bAc) (see §11.3; we have
arrows of the converse types without assuming distribution), but neither
of these arrows need to be isomorphisms. So symmetry, which is typical
for Boolean notions, is restored. (Another possibility to restore symmetry
would be to take that aA(bV¢) is isomorphic to (aAb)V (aAc) and aV (bAc)
is isomorphic to (a V b) A (a V ¢), which is not the case in Set, but we will
not explore that possibility in this book.)

The dissociativity principle, which is an essential ingredient of our cat-
egorification of the notions of distributive lattice and Boolean algebra, is
built into the plural-sequent formulation of classical logic. It is tied to the
cut rule of plural sequents (see §11.1, and also §7.7).

Prawitz envisaged the Normalization Conjecture for classical logic, but
in a natural deduction formulation, i.e. with singular sequents. This is not

the same as considering this conjecture with plural sequents.

§1.4. The Generality Conjecture

At the same time when Prawitz formulated the Normalization Conjecture,
in a series of papers ([84], [85], [86] and [87]) Lambek was engaged in a
project where arrows in various sorts of categories were construed as repre-
senting proofs. The source of an arrow corresponds to the premise, and the
target to the conclusion. (Proofs where there is a finite number of premises
different from one are represented by proofs with a single premise with
the help of connectives like conjunction and the constant true proposition.)
With this series of papers Lambek inaugurated the field of categorial proof
theory.

The categories Lambek considered in [84] and [85] are first those that
correspond to his substructural syntactic calculus of categorial grammar
(these are monoidal categories where the functors a ® ... and ... ® a have
right adjoints). Next, he considered monads, which besides being funda-
mental for category theory, cover proofs in modal logics of the S4 kind. In
[86] and [87], Lambek dealt with cartesian closed categories, which cover

proofs in the conjunction-implication fragment of intuitionistic logic. He
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also envisaged bicartesian closed categories, which cover the whole of intu-
itionistic propositional logic.

Lambek’s insight is that equations between arrows in categories, i.e.
commuting diagrams of arrows, guarantee cut elimination, i.e. composition
elimination, in an appropriate language for naming arrows. (In [38] it is
established that for some basic notions of category theory, and in particular
for the notion of adjunction, the equations assumed are necessary and suf-
ficient for composition elimination.) Since cut elimination is closely related
to Prawitz’s normalization of derivations, the equivalence relation envis-
aged by Lambek should be related to Prawitz’s. (An early presentation of
the connection between Prawitz and Lambek is in [105].)

The normalization of cut elimination does not involve only eliminating
cuts, but also equations between cut-free terms for arrows, which may guar-
antee their uniqueness. (This is like adding the eta equations to the beta

equations in the typed lambda calculus and natural deduction.)

Lambek’s work is interesting not only because he worked with an equiva-
lence relation between derivations amounting to Prawitz’s, but also because
he envisaged another kind of equivalence relation. Lambek’s idea is best
conveyed by considering the following example. In [86] (p. 65) he says that
the first projection arrow 1211,71,: p A pF p and the second projection arrow

N

k2 ,: p Apt p, which correspond to two derivations of conjunction elimina-
tion, have different generality, because they generalize to k} ,: pAqF p and
k2 ,: p A\ qF g respectively, and the latter two arrows do not have the same

target; on the other hand, lAg}D’q: pAqF pand ]g?z,p: g A pt p do not have the
same source. The idea of generality may be explained roughly as follows.
We consider generalizations of derivations that diversify variables without
changing the rules of inference. Two derivations have the same generality
when every generalization of one of them leads to a generalization of the
other, so that in the two generalizations we have the same premise and
conclusion (see [84], p. 257). In the example above, this is not the case.
Generality induces an equivalence relation between derivations. Two
derivations are equivalent if and only if they have the same generality.
Lambek does not formulate so clearly as Prawitz a conjecture concerning

identity criteria for proofs, but he suggests that two derivations represent
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the same proof if and only if they are equivalent in the new sense. We will
call this conjecture the Generality Conjecture.

Lambek’s own attempts at making the notion of generality precise (see
[84], p. 316, where the term “scope” is used instead of “generality”, and
[85], pp. 89, 100) need not detain us here. In [86] (p. 65) he finds that these
attempts were faulty.

The simplest way to understand generality is to use graphs whose ver-
tices are occurrences of propositional letters in the premise and the con-
clusion of a derivation. We connect by an edge occurrences of letters that
must remain occurrences of the same letter after generalizing, and do not
connect those that may become occurrences of different letters. So for the

first and second projection above we would have the two graphs

P NP P AN D
A A
kzlnp \ k%,p /
p p

When the propositional letter p is replaced by an arbitrary formula A we
have an edge for each occurrence of propositional letter in A.

The generality of a derivation is such a graph. According to the Gener-
ality Conjecture, the first and second projection derivations from p A p to
p represent different proofs because their generalities differ.

One defines an associative composition of such graphs, and there is also
an obvious identity graph with straight parallel edges, so that graphs make
a category, which we call the graphical category. If on the other hand it
is taken for granted that proofs also make a category, which we will call
the syntactical category, with composition of arrows being composition of
proofs, and identity arrows being identity proofs (an identity proof com-
posed with any other proof, either on the side of the premise or on the side
of the conclusion, is equal to this other proof), then the Generality Con-
jecture may be rephrased as the assertion that there is a faithful functor
from the syntactical category to the graphical category. So the Generality
Conjecture is analogous to a coherence theorem of category theory. The
manageable category is a graphical category.

The coherence result of [81] proves the Generality Conjecture for the
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multiplicative conjunction-implication fragment of intuitionistic linear logic
(modulo a condition concerning the multiplicative constant true proposi-
tion, i.e. the unit with respect to multiplicative conjunction), and, inspired
by Lambek, it does so via a cut-elimination proof. The syntactical category
in this case is a free symmetric monoidal closed category, and the graphical
category is of a kind studied in [54]. The graphs of this graphical category
are closely related to the tangles of knot theory. In tangles, as in braids, we
distinguish between two kinds of crossings, but here we need just one kind,
in which it is not distinguished which of the two crossed edges is above
the other. (For categories of tangles see [134], [129] and [73], Chapter 12.)
Tangles with this single kind of crossing are like graphs one encounters in

Brauer algebras (see [15] and [132]). Here is an example of such a tangle:

(p - 9)® pP) P

N O

P @ el =>r)els = )

Tangles without crossings at all serve in [38] (Section 4.10; see also [42])
to obtain a coherence result for the general notion of adjunction, which
according to Lawvere’s Thesis underlies all the connectives of intuitionistic
logic, as we mentioned in the preceding section. In terms of combinatorial
low-dimensional topology, the mathematical content of the general notion
of adjunction is caught by the Reidemeister moves of planar ambient iso-
topy. An analogous coherence result for self-adjunctions, where a single
endofunctor is adjoint to itself, is proved in [49]. Through this latter result
we reach the theory of Temperley-Lieb algebras, which play a prominent
role in knot theory and low-dimensional topology, due to Jones’ represen-
tation of Artin’s braid groups in these algebras (see [74], [97], [110] and
references therein).

In [49] one finds also coherence results for self-adjunctions where the
graphical category is the category of matrices, i.e. the skeleton of the cate-

gory of finite-dimensional vector spaces over a fixed field with linear trans-
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formations as arrows. Tangles without crossings may be faithfully repre-
sented in matrices by a representation derived from the orthogonal group
case of Brauer’s representation of Brauer algebras (see also [132], Section 3,
and [70], Section 3). This representation is based on the fact that the
Kronecker product of matrices gives rise to a self-adjoint functor in the cat-
egory of matrices, and this self-adjointness is related to the fact that in this
category, as well as in the category Rel, whose arrows are binary relations

between finite ordinals, finite products and coproducts are isomorphic.

Graphs like graphs of the tangle type were tied to sequent derivations of
classical logic in [18] and [19], but without referring to categories, coherence

or the question of identity criteria for proofs.

In [108] there are several coherence results, which extend [99], for the
multiplicative-conjunction fragments of substructural logics. But less us

concentrate now on coherence results for classical and intuitionistic logic.

The Normalization Conjecture and the Generality Conjecture agree only
for limited fragments of these two logics. They agree for purely conjunctive
logic, with or without the constant true proposition T (see [46] and §§9.1-2
below). Proofs in conjunctive logic are the same for classical and intu-
itionistic logic. Here the Normalization Conjecture is taken in its beta-eta
version. By duality, the two conjectures agree for purely disjunctive logic,
with or without the constant absurd proposition L. If we have both con-
junction and disjunction, but do not yet have distribution, and have neither
T nor L, then the two conjectures still agree for both logics, provided the
graphical category is the category Rel whose arrows are relations between
finite ordinals (see [48] and §9.4). And here it seems we have reached the
limits of agreement as far as intuitionistic logic is concerned. With more
sophisticated notions of graphs, matters may stand differently, and the area
of agreement for the two conjectures may perhaps be wider, but it can be

even narrower, as we will see below.

It may be questioned whether the intuitive idea of generality is caught by
the category Rel in the case of conjunctive-disjunctive logic. The problem is
that if @,: p - pAp is a component of the diagonal natural transformation,

Vv
and k} ,: ¢ qVpis a first injection, then in categories with finite products
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and coproducts we have

1 — 1
q,p 4,pA\p>

where the left-hand side cannot be further generalized, but the right-hand

1
q,pAT*

require that in UAJPS p = pAp we should not have only a relation between the

\2
side can be generalized to k The intuitive idea of generality seems to
domain and the codomain, as on the left-hand side below, but an equiv-
alence relation on the union of the domain and the codomain, as on the
right-hand side:

AN

(see [50], and also [51]). With such equivalence relations, we can still get co-
herence for conjunctive logic, and for disjunctive logic, taken separately, but
for conjunctive-disjunctive logic the left-to-right direction, i.e. the sound-
ness part, of coherence would fail (see §14.3). So for conjunctive-disjunctive
logic the idea of generality with which we have coherence is not quite the
intuitive idea suggested by Lambek, but only something close to it, which
involves the categorial notion of natural transformation (cf. the end of
§14.3).

Even when we stay within the confines of the category Rel, our un-
derstanding of generality does not match exactly the intuitive notion of
generality for conjunctive-disjunctive logic. Intuitively, the relations R of
Rel corresponding to generality should satisfy difunctionality in the sense of
[114]; namely, we should have R R~! o R C R. But this requirement is not
satisfied for our images in Rel under G of proofs in conjunctive-disjunctive
logic, even in the absence of distribution (see the end of §14.3). Generality
is caught by Rel only for fragments of logic. Altogether, generality serves
only as a loose motivation for taking Rel as our graphical category. Real
grounds for Rel are in the notion of natural transformation, which has to
do with permuting rules in derivations.

The Normalization Conjecture and the Generality Conjecture agree nei-

ther for the conjunction-disjunction fragment of intuitionistic logic with T
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and L (see [47] and §9.6), nor for the conjunction-implication fragment of
this logic. We do not have coherence for cartesian closed categories if the
graphs in the graphical category are taken to be of the tangle type Kelly
and Mac Lane had for symmetric monoidal closed categories combined with
the graphs we have in Rel for cartesian categories—both the soundness part
and the completeness part of coherence fail (for soundness see a counterex-
ample in §14.3, with —p V p replaced by p — p, and for completeness see
[125]). The soundness part of coherence fails also for distributive bicartesian
categories, and a fortiori for bicartesian closed categories. The problem is
that in these categories distribution of conjunction over disjunction is taken
to be an isomorphism, and Rel does not deliver that, as we have seen in
§1.2.

The problem with the soundness part of coherence for cartesian closed
categories may be illustrated with typed lambda terms in the following
manner. By beta conversion and alpha conversion, we have the following

equation:
Az <$» x>)‘yy = O‘yya )\ZZ>

for y and z of type p, and z of type pP (which corresponds to p — p). The
closed terms on the two sides of this equation are both of type pP x pP. The
type of the term on the left-hand side cannot be further generalized, but
the type of the term (\,y, A, z), can be generalized to pP x ¢4. The problem
noted here does not depend essentially on the presence of surjective pairing
(_,_) and of product types; it arises also with purely functional types. This
problem depends essentially on the multiple binding of variables, which we
have in A\, (z,z); that is, it depends on the structural rule of contraction.
This throws some doubt on the right-to-left direction of the Normalization
Conjecture, which Prawitz found relatively unproblematic. It might be
considered strange that two derivations represent the same proof if, without
changing inference rules, one can be generalized in a manner in which the
other cannot be generalized.

The area of agreement between the Normalization Conjecture and the
Generality Conjecture may be wider for classical logic, provided normaliza-
tion is understood in the sense of cut elimination for plural sequent systems

and generality is understood in the sense of the category Rel. It extends
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first to conjunctive-disjunctive logic without distribution (see [48] and §9.4
below). Next, in conjunctive-disjunctive logic with distribution, with or
without T and L, the agreement also holds (see Chapter 11). And it covers
also the whole classical propositional calculus, with a particular way of un-
derstanding normalization involving zero proofs (see §1.6 and §§14.2-3). We
do not pretend this particular way of understanding normalization in the
presence of negation is the only possible one, but in the absence of negation
we feel pretty secure, and the match between the two conjectures is indeed
very good. Gentzen’s cut elimination procedure for plural-sequent systems
needs only to be modified in a natural way by admitting union of proofs, a
rule that in this context amounts to the mix rule of linear logic (see Chap-
ters 8 and 10). Admitting union of proofs saves Gentzen’s cut-elimination
procedure from falling into preorder and triviality. Our cut-elimination pro-
cedure differs also from Gentzen’s in the way how it treats the structural
rule of contraction, but in this respect it is more in the spirit of Gentzen.
(We will point down at appropriate places in §§11.1-2 how our procedure

is related to Gentzen’s.)

Zero proofs (which were mentioned already in the preface) come up with
negation. Their appearance is imposed by our wish to have coherence with
respect to Rel. With other graphical categories they may disappear, but at
the cost of many problems (which we discuss in §14.3). In particular, the
match between the Normalization and the Generality Conjectures would
be impaired (see §14.3). The price we have to pay with our categorification
of the notion of Boolean algebra is that not all connectives will be tied
to adjoint functors, as required by Lawvere. Conjunction and disjunction
are tied to the usual adjunctions with the diagonal functor (the product
bifunctor is right-adjoint to the diagonal functor, and the coproduct bifunc-
tor is left-adjoint to the diagonal functor), but distribution is an additional
matter, not delivered by these adjunctions, and classical negation and impli-
cation do not come with the usual adjunctions. (There are perhaps hidden
adjunctions of some kind here.) Another price we have to pay with zero
proofs is that all theorems, i.e. all propositions proved without hypotheses,
will have zero proofs. So the theorems of classical propositional logic, in
contradistinction to their intuitionistic counterparts, do not serve to encode

the deductive metatheory of classical propositional logic. This metatheory
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exists, nevertheless, and its categorification is not given by categories that
are preorders.

When we compare the two conjectures we should say something about
their computational aspects. With the Normalization Conjecture we have
to rely in intuitionistic logic on reduction to a unique normal form in
the typed lambda calculus in order to check equivalence of derivations in
the conjunction-implication fragment of intuitionistic propositional logic.
Nothing more practical than that is known, and such syntactical methods
may be tiresome. Outside of the conjunction-implication fragment, in the
presence of disjunction and negation, such methods become uncertain.

Methods for checking equivalence of derivations in accordance with the
Generality Conjecture, i.e. methods suggested by coherence results, often
have a clear advantage. This is like the advantage truth tables have over
syntactical methods of reduction to normal form in order to check tauto-
logicality. However, the semantical methods delivered by coherence results
have this advantage only if the graphical category is simple enough, as our
category Rel is. When we enter into categories suggested by knot the-
ory, this simplicity may be lost. Then, on the contrary, syntax may help
us to decide equality in the graphical category. The Normalization Con-
jecture has made a foray in theoretical computer science, in the area of
typed programming languages. It is not clear whether one could expect the
Generality Conjecture to play a similar role.

The reflexive and transitive closure of the immediate-reducibility rela-
tion involved in normalization may be deemed more important than the
equivalence relation engendered by immediate reducibility, which we have
considered up to now. This matter leads outside our topic, which is identity
of proofs, but it is worth mentioning. We may “categorify” the identity re-
lation between proofs, and consider not only other relations between proofs,
but maps between proofs. The proper framework for doing that seems to
be the framework of weak 2-categories, where we have 2-arrows between
arrows; or we could even go to n-categories, where we have n+1-arrows be-
tween n-arrows (one usually speaks of cells in this context). Composition of
l-arrows is associative only up to a 2-arrow isomorphism, and analogously
for other equations between l-arrows. Identity of 1-arrows is replaced by

2-arrows satisfying certain coherence conditions. In the context of the Gen-
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erality Conjecture, we may also find it natural to consider 2-arrows instead
of identity. The orientation would here be given by passing from a graph
with various “detours” to a graph that is more “straight”, which need not
be taken any more as equal to the original graph.

With all this we would enter into a very lively field of category theory,
interacting with other disciplines, mainly topology (see [96] and papers cited
therein). The field looks very promising for general proof theory, both from
Prawitz’s and from Lambek’s point of view, but, as far as we know, it has

not yet yielded to proof theory much more than promises.

81.5. Maximality

The fragments of logic mentioned in the preceding section where the Nor-
malization Conjecture and the Generality Conjecture agree for intuitionistic
logic all possess a property called mazimality. Let us say a few words about
this important property.

For the whole field of general proof theory to make sense, and in partic-
ular for considering the question of identity criteria for proofs, we should
not have that any two derivations with the same premise and conclusion
are equivalent. Otherwise, our field would be trivial.

Now, categories with finite nonempty products, cartesian categories and
categories with finite nonempty products and coproducts have the following
property. Take, for example, cartesian categories, and take any equation in
the language of free cartesian categories that does not hold in free cartesian
categories. If a cartesian category satisfies this equation, then this category
is a preorder. We have an exactly analogous property with the other sorts
of categories we mentioned (see §9.3 and §9.5). This property is a kind of
syntactical completeness, analogous to the Post completeness of the usual
axiomatizations of the classical propositional calculus. Any extension of
the equations postulated leads to collapse.

Translated into logical language, this means that Prawitz’s equivalence
relation for derivations in conjunctive logic, disjunctive logic and conjunctive-
disjunctive logic without distribution and without T and 1, which in all
these cases agrees with our equivalence relation defined via generality in

the sense of Rel, is maximal. Any strengthening, any addition, would yield
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that any two derivations with the same premise and the same conclusion
are equivalent.

If the right-to-left direction of the Normalization Conjecture holds, with
maximality we can efficiently justify the left-to-right direction, which Pra-
witz found problematic in [112], and about which Kreisel was thinking
in [83]. In the footnote on p. 165 of that paper Kreisel mentions that
Barendregt suggested this justification via maximality. Suppose the right-
to-left direction of the Normalization Conjecture holds, suppose that for
some premise and conclusion there is more than one proof, and suppose
the equivalence relation is maximal. Then if two derivations represent the
same proof, they are equivalent. Because if they were not equivalent, we
would never have more than one proof with a given premise and a given
conclusion. Nothing can be missing from our equivalence relation, because
whatever is missing, by maximality, leads to collapse on the side of the
equivalence relation, and, by the right-to-left direction of the conjecture, it
also leads to collapse on the side of identity of proofs.

Prawitz in [112] found it difficult to justify the left-to-right direction of
the Normalization Conjecture, and Kreisel was looking for mathematical
means that would provide this justification. Maximality is one such means.

Establishing the left-to-right direction of the Normalization Conjecture
via maximality is like proving the completeness of the classical propositional
calculus with respect to any kind of nontrivial model via Post completeness
(which is proved syntactically by reduction to conjunctive normal form).
Actually, the first proof of this completeness with respect to tautologies was
given by Bernays and Hilbert exactly in this manner (see [135], Sections
2.4 and 2.5; see also [66], Section 1.13, and §9.3 below).

Maximality for the sort of categories mentioned above is proved with the
help of coherence in [46] and [48] (which is established proof-theoretically,
by normalization, cut elimination and similar methods; see Chapter 9).
Coherence is helpful in proving maximality, but maximality can also be
proved by other means, as this is done for cartesian closed categories via a
typed version of Bohm’s theorem in [121], [117] and [45]. This justifies the
left-to-right direction of the Normalization Conjecture also for the impli-
cational and the conjunction-implication fragments of intuitionistic logic.

The maximality of bicartesian closed categories, which would justify the
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left-to-right direction of the Normalization Conjecture for the whole of in-
tuitionistic propositional logic is, as far as we know, an open problem. (A
use for maximality similar to that propounded here and in [45] and [46] is
envisaged in [133].)

In [38] (Section 4.11) it is proved that the general notion of adjunction is
also maximal in some sense. The maximality we encountered above, which
involves connectives tied to particular adjunctions, cannot be derived from
the maximality of the general notion of adjunction, but these matters should
not be foreign to each other.

Since we find maximality an interesting property, we pay attention to
it in this book where we could establish it with the help of our coherence
results, and where it is not a trivial property. Besides the maximality results
from Chapter 9, mentioned above, there are analogous results in §12.3, §12.5
and §13.3. We also pay attention to maximality in cases where it cannot
be established (see §10.3 and §11.5). In some cases where it does not hold,
we still have relative maximality results (see §9.7, §11.5 and §12.5).

§1.6. Union of proofs and zero proofs

Gentzen’s plural-sequent system for classical logic has implicitly a rule of

union, or addition, of derivations, which is derived as follows:

f+AFB g:AFB
0Ef: A+ B,C 0Lg: C, A+ B
cut(08f,0L9): A, A+ B, B
fUg: A+ B

contractions

Here F)g f and G(L;g are obtained from f and g respectively by thinning on
the right and thinning on the left, and cut(0Zf,0Lg) may be conceived as
obtained by applying to f and g a limit case of Gentzen’s multiple-cut rule
miz, where the collection of mix formulae is empty. A related principle was
considered under the name miz in linear logic (see §8.1).

In a cut-elimination procedure like Gentzen’s, f U g is reduced either
to f or to g (see [60], Sections 111.3.113.1-2). If we have fUg = f and
fUg = g, then we get immediately f = g, that is collapse and triviality.
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In [64] (Appendix B.1 by Y. Lafont; see also [67], Section 1) this is taken
as sufficient ground to conclude that cut elimination in the plural-sequent
system for classical logic must lead to preorder and collapse. (In [64], the
inevitability of this collapse is compared to the argument presented after
Proposition 1 of §14.3, which shows that a plausible assumption about clas-
sical negation added to bicartesian closed categories leads to preorder, but
these are different matters.) To evade collapse we may try keeping only one
of the equations fUg = f and fUg = g, and reject the other; then we must
also reject the commutativity of U, but it seems such decisions would be
arbitrary. (For similar reasons, even without assuming the commutativity
of U, the assumptions of [127], p. 232, C.12, lead to preorder.) There is,
however, a way to evade collapse here that is not arbitrary. The modifica-
tion of Gentzen’s cut-elimination procedure expounded in Chapter 11 (see
also §12.5) and our coherence results (more precisely, the easy, soundness,
i.e. functoriality, parts of these results) testify to that.

The Generality Conjecture tells us that we should have neither fUg = f
nor fUg = g. The union of two graphs may well produce a graph differing
from each of the graphs entering into the union. It also tells us that union
of proofs should be associative and commutative. The idempotency law
fUf = fisimposed by Rel, but it stands apart, and with another graphical
category, we may do without it (see §12.5). Without idempotency, union of
proofs is rather addition of proofs. Our way out of the problematic situation
Gentzen found himself in is to take into account union or addition of proofs.
(Besides [40], section 7, the paper [5], which deals with cut elimination in
affine logic, also makes a similar suggestion.)

If we have union of proofs, it is natural to assume that we also have
for every formula A and every formula B a zero proof 04 p: AF B, with
an empty graph, which with union of proofs makes at least a commutative
monoid; with idempotency, it gives the unit of a semilattice. We may
envisage having zero proofs 04, 5: A - B only for those A and B where
there is also a nonzero proof from A to B, as we do in our categorification of
the notion of Boolean algebra, but the more sweeping assumption involving
every A and every B makes sense too.

We should immediately face the complaint that with such zero proofs we

have entered into inconsistency, since everything is provable. That is true,
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but not all proofs have been made identical, and we are here not interested
in what is provable, but in what proofs are identical. If it happens—and
with the Generality Conjecture it will happen indeed—that introducing
zero proofs is conservative with respect to identity of proofs that do not
involve zero proofs, then it is legitimate to introduce zero proofs, provided it
is useful for some purpose. This is like extending our mathematical theories
with what Hilbert called ideal objects; like extending the positive integers
with zero, or like extending the reals with imaginary numbers.

The use of union of proofs is that it saves the agreement between the
Normalization and Generality Conjectures in the presence of distribution,
as we said in §1.4. The use of zero proofs is that it does the same in
the presence of negation. The idempotency of union is essential in the
absence of zero proofs, but not in their presence. Without idempotency
our graphical category in the case of conjunctive-disjunctive logic turns up
to be a category whose arrows are matrices, rather than the category Rel.
Composition becomes matrix multiplication, and union is matrix addition.
And in the presence of zero matrices, we obtain a unique normal form like
in linear algebra: every matrix is the sum of matrices with a single 1 entry.

A number of logicians have sought a link between logic and linear alge-
bra, and here is such a link. We have it not for an alternative logic, but for
classical logic. We have it, however, not at the level of provability, but at
the level of identity of proofs.

The unique normal form suggested by linear algebra is not unrelated
to cut elimination. In the graphical category of matrices the result of
cut elimination is obtained by multiplying matrices, and the equations of
this category yield a cut-elimination procedure. They yield it even in the
absence of zero proofs, provided we have 14+1 = 1. Unlike Gentzen’s
cut-elimination procedures for classical logic, the new procedure admits a
commutative addition or union of proofs without collapse. So, in classical
logic, the Generality Conjecture is not foreign to cut elimination, and hence
it is not foreign to the Normalization Conjecture, provided we understand
the equivalence relation involved in this conjecture in a manner different
from Prawitz’s.

This need not exhaust the advantages of having zero proofs. They may

be used also to analyze disjunction elimination. Without pursuing this
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topic very far, let us note that passing from A V B to A involves a zero
proof from B to A, and passing from AV B to B involves a zero proof from
A to B. If next we are able to reach C both from A and from B, we may
add our two proofs from AV B to C, and so to speak “cancel” the two zero
proofs.

Logicians were, and still are, interested mostly in provability, and not
in proofs. This is so even in proof theory. When we address the question
of identity of proofs we have certainly left the realm of provability, and
entered into the realm of proofs. This should become clear in particular

when we introduce zero proofs.

81.7. Strictification

Strictification is inverse to categorification. While categorification usually
(but not always) involves splitting objects, strictification involves identify-
ing objects. Factoring a set through an equivalence relation, i.e. replacing
the objects of a set by equivalence classes of objects of this set, is a simple
example of strictification. Logicians are very used to a kind of strictifi-
cation that may be called “lindenbaumization”, by which the algebra of
formulae of conjunctive logic is replaced by a freely generated semilattice,
or the algebra of formulae of intuitionistic propositional logic is replaced by
a freely generated Heyting algebra, or the algebra of formulae of classical
propositional logic is replaced by a freely generated Boolean algebra. The
equivalence relation involved in these strictifications is mutual implication.

In this book we are, however, interested in strictification of categories.
Precise notions of strictification, which we need for our work, will be intro-
duced in Chapter 3. Let us say for the time being that the simpler of these
notions is a kind of partial skeletization of a category. An equivalence rela-
tion, induced by a subcategory that is a groupoid and a preorder, is used to
replace the objects of the category by equivalence classes of objects. In the
other, more general and more involved notion, the partial skeletization is
applied to a category generated out of a given category. (We are aware this
preliminary rough description of the matter cannot be very informative.)
After strictification, objects are replaced by equivalence classes, which may

correspond to sequences, or multisets, or sets, or structures of that kind.
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The idea is to obtain a strictified category equivalent to the initially
given category in which computations are easier to record, because some
arrows that were not identity arrows, like, typically, associativity isomor-
phisms, are replaced by identity arrows (see Chapters 5-8 and 11). This
equivalence of categories is not meant to be any equivalence, but an equiv-
alence via functors that preserve a particular categorial structure at least
up to isomorphism. For that we will define precisely what it means for a
functor to preserve a structure, such as interests us, up to isomorphism (see
§2.8).

We were inspired by previous attempts to define this notion of functor
for monoidal categories, and by the ensuing strictification results of Joyal
and Street in [72] (Section 1) and of Mac Lane in [102] (Sections XI.2-
3). We do not, however, find these definitions and results sufficient for
our purposes, even when only the monoidal structure is strictified. We
need something more general. We envisage strictifying structures other
than just monoidal, and we will have occasion in this book to strictify also
with respect to symmetry (see §6.5, §7.6 and §8.4). Another limitation of
previous strictification results for monoidal categories is that they do not
take into account that the monoidal structure may be just a part of a more
complex ambient structure, and that the functors involved in equivalence
should preserve this ambient, not strictified, structure up to isomorphism.
To have just the monoidal structure preserved is rather useless from our
point of view (see §3.1).

Our results on strictification will be much more general, but they are
not such that they could not be further generalized. In particular, in defin-
ing the categorial structure preserved by our functors up to isomorphism
we have presupposed that this structure is defined only with covariant bi-
nary endofunctors. A natural generalization is to take here into account
also endofunctors of arbitrary arity, covariant in some argument-places and
contravariant in others. We suppose that our results can be extended to
cover such situations too. For the applications we need it was, however,
enough to cover the simpler situation, excluding contravariance, and we
did just that. We were afraid of complicating further a matter already full
of details, to prove results for which we have no immediate application. (As

Mac Lane says in [100], p. 103: “... good general theory does not search
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for the maximum generality, but for the right generality.”)

So our notion of logical system in the next chapter involves only con-
junction and disjunction as binary connectives, together with the constants
T and L. Implication is excluded, and negation is left for the end of the
book. To cover these other connectives, we would need to extend our no-
tion of logical structure to permit contravariance. We assume this can be
done in a straightforward manner at the cost of complicating notation. We
refrain, however, from doing so in this book, whose central piece is about
conjunctive-disjunctive logic, and where negation appears only at the end.
Anyway, as far as strictification goes, this limited notion of logical system
is sufficient for our purposes.

Classical implication, defined in the usual way in terms of disjunction
and negation, does not come out as a very important connective in our
proof-theoretical perspective. It is not much of an implication, if the role of
implication is to help in mirroring the deductive metatheory in the object
language. Intuitionistic implication plays that role better.

Our results on strictification are still somewhat more general than what
we strictly need. In strictifying a binary connective like conjunction, purely
conjunctive formulae may be replaced by equivalence classes that corre-
spond to sequences, or multisets, or sets, of the atomic formulae joined by
conjunction. For our purposes, we could have stuck to the first two stric-
tifications, but with our general treatment we cover also the third. With
that, we stay within the limits of covariance.

Strictification, though an interesting topic on its own, is not absolutely
essential for our main topic—coherence. It is for us just a tool, we could
have dispensed with in principle. That would, however, be at the cost of
making already pretty long records even longer. So strictification is for us
a rather useful tool.

It is a tool more useful for recording computations than for discovering
how they should be done. Blurring distinctions may sometimes hinder this
discovery.

It is remarkable that the general notion of strictification may be found
implicit in Gentzen’s sequent systems, as we will try to explain in §11.1, in
the central chapter of the book.






Chapter 2

Syntactical Categories

In this chapter, which is of a preliminary character, we define the notions of
syntactical categories needed for our work. In particular, we introduce the
notion of logical category (which should not be confused with the homony-
mous notion of [104], Section 3.4). Logical categories are obtained from
logical systems in a propositional language by replacing derivations with
equivalence classes of derivations. The equivalence producing these classes
is of general mathematical interest, but it has also proof-theoretical mean-
ing, so that the equivalence classes may be identified with proofs. This
presupposes some notions of logic and category theory, which will be duly
defined.

Many of these notions are quite standard, and we go over them just
to fix terminology. Something less standard may be found in the section
on definable connectives, where some intricacies inherent in this notion are
made manifest. A new matter is also detailed definitions of notions of
functors preserving the structure of a logical category. We are interested
in particular in those of these functors that preserve the structure up to
isomorphism. These definitions prepare the ground for Chapter 3. We treat
these matters in generality greater than we strictly need after that chapter.
It is not essential to master all the details we go into in order to follow the
exposition later on.

After these syntactical matters, we introduce at the end of the chapter
a category that will serve as the main model of our logical categories. This

model, which is in the realm of a semantics of proofs, and not in the realm
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of the usual semantics of propositions, is the category whose arrows are
relations between finite ordinals—a category tied to the notion of natural
transformation. This category will serve for our coherence results. Our
syntax is linked to this model by functors that preserve the structure “on

the nose”, i.e. up to an isomorphism that is identity.

§2.1. Languages

A language is a set of words, each word being a finite (possibly empty)
sequence of symbols. A symbol is a mathematical object of any kind. The
length of a word is the number of occurrences of symbols in it, and this
is the most standard measure of the complexity of a word. In particular
cases, however, we may rely on various other measures of complexity, like,
for example, the number of occurrences of some particular kind of symbol.

We introduce first several languages of the kind logicians call propo-
sitional languages. Such languages are generated from a set P of symbols
called letters; logicians would call them propositional letters or propositional
variables. Sometimes we require that P be infinite (see the end of §2.8),
but P can also be finite, and even empty. Since nothing in particular is
assumed about P, the symbols of P can be arbitrary mathematical objects,
and the definitions of notions built on P (such as that of logical system and
logical category; see §§2.6-7 below) do not depend on the particular P that
was chosen.

Let 7 be a symbol of the kind called in logic n-ary connective, for n > 0.
A 0-ary, i.e. nullary, connective is more commonly known as a propositional
constant; 1-ary are unary connectives and 2-ary connectives are binary con-
nectives. We assume, as usual, that P is disjoint from the set of connectives.
Then a language £ such as we need is built up with inductive clauses of the
following kind:

(P) PCL,
(1) if Ay,..., A, € L, then 7A;... A, € L.

It is assumed here that 7 is an n-ary connective. If n = 0, then A;... A, is

the empty sequence, and ™ € £. We have an analogous convention for all
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sorts of sequences that will appear in this work: if n = 0, then z;...z, or
T1,...,Ty is the empty sequence, and {z1,...,x,} is the empty set (.

The elements of £ are called formulae; logicians would say propositional
formulae. We use p, q, ..., sometimes with indices, as variables for letters,
i.e. elements of P, and A, B, ..., sometimes with indices, as variables for
formulae. The elements of P and nullary connectives are called atomic
formulae. The letter length of a formula is the number of occurrences of
letters in it.

We reserve ¢ for nullary connectives and ¢ for binary connectives. The
formula £€pgp, which is in the Polish, prefix, notation, is more commonly
written ((p¢q) ¢ p), and we will favour this common, infiz, notation for
binary connectives. Polish notation is handy for dealing with n-ary con-
nectives where n > 3, but in the greatest part of this work we will have just
nullary and binary connectives. A unary connective appears in Chapter 14.
(Notation for unary connectives that would not be Polish, like Hilbert’s
negation A, is uncommon in propositional logic; for nullary connectives
there is no alternative.) We assume that we have as auxiliary symbols the
right parenthesis ) and the left parenthesis (, which are neither letters nor

connectives, with whose help we formulate the clause
if A,Be€ L, then (A¢ B) € L.

This clause replaces () for binary connectives. As usual, we take the
outermost parentheses of formulae for granted, and omit them.

Consider a binary relation 7" on a set of elements called nodes such that
when 2Ty we say x is the predecessor of y, or y is the successor of x. A path
from a node = to a node y is a sequence xi...xT,, with n > 1, such that x
is #1 and y is x,,, while for every i € {1,...,n—1} we have z;Tx;11. A root
is a node without predecessors, and a leaf a node without successors. We
say that a node is of n-ary branching, with n > 0, when it has n successors.
So leaves are of nullary branching.

A finite tree is such a relation T where the set of nodes is finite, there is
exactly one root and every node except the root has exactly one predecessor.
It is clear that in every finite tree there is exactly one path from the root

to each node.
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The height of a node in a finite tree is the number of nodes in the path
from the root to this node. A finite tree is planar when all nodes of the same
height n > 1 are linearly ordered by a relation <,, such that if ;T2 and
y1Ty2 and x1 <,, Y1, then x9 <, 41 y2. When for two nodes x and y of the
same height we have x <, y with this linear order, we say that = is on the
left-hand side of y. Every formula of a language corresponds to a planar
finite tree whose leaves are labelled with letters and nullary connectives,
and whose remaining nodes are labelled with n-ary connectives for n > 1.

The language Lr, .. r, has exactly m1,...,7,, as connectives. We are
in particular interested in the languages where ¢ € {A,V} and ¢ € {T, L}.
These are the languages La, Ly, LA T, Ly, 1, Loy and Loy T,1-

We use the word subword as usual: every word is a subword of itself,
and if wiws is a subword of a word w, then w; and wy are subwords of
w. A proper subword of a word w is a subword of w different from w. A
subformula of a formula is a subword that is a formula. The subformulae A
and B are the main conjuncts of A A B, and the main disjuncts of AV B.

Let w(A) be the word obtained by deleting all parentheses in a formula
A of a language £. We say that the formulae A and B of £ are comparable
when w(A) and w(B) are the same word.

A place in A is a subword w’ of w(A). There is an obvious deleting map
0 from subwords of A to places in A. We say that a subword v of A is at a
place w' when 6(v) = w’. (Note that different subwords of A can be at the
same place.) For A and B comparable, a subword w; of A and a subword
wq of B are at the same place when 6(wy) = 6(ws).

We say, as usual, that an occurrence y of a symbol is within the scope of
an occurrence x of an n-ary connective in a formula A when in A we have a
subformula of the form xA;... A,, with y being in A; for one i € {1,...,n}.
We say that y is within the immediate scope of x when y is within the scope
of z and there is no occurrence of a connective z within the scope of z such
that y is within the scope of z.

§2.2. Syntactical systems

A graph is a pair of functions, called the source function and the target

function, from a set of elements called arrows to a set of elements called
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objects. We use f, g,..., sometimes with indices, as variables for arrows
and a, b, . . ., sometimes with indices, as variables for objects. In many cases
in this work, objects will be formulae of a language such as we introduced
in the preceding section, but we also need the more general notion.

The expression f: a F b means that the source function assigns a to f
and the target function assigns b to f; we call a and b the source and target
of f, respectively. In category theory, F is usually written —, but we keep
— for other purposes (for functions and implication), and we stress with
the logical turnstile symbol F the proof-theoretical interpretation of our
work. We call a - b, which is just a peculiar notation for the ordered pair
(a,b), the type of f: at b. A hom-set in a graph is the set of all arrows
of the same type for a given type. A graph where for every f,g: a F b we
have f = g, i.e. where hom-sets are either empty or singletons, amounts to
a binary relation R on the set of its objects such that (a,b) € R iff there is
an arrow of type a - b in the graph.

For a given graph G, the dual graph G°P is defined by interchanging the
source and target functions; namely, the source function of G is the target
function of G, and the target function of G°P is the source function of G,
while the sets of objects and arrows are the same. An object b in a graph
G is terminal when for every object a in G there is a unique arrow of G of
a type a b, and b is initial in G when it is terminal in G°.

A deductive system (in the sense of [90], Section I.1) is a graph that
must have for every object a an identity arrow 1,: a F a, and whose arrows

are closed under the partial operation of composition:

f:akb g:bkc
gefirakec

This fractional notation, taken over from the notation for rules in logic,
conveys that if f: a b b and g: b F ¢ are in the deductive system, then
go f:at cisin the deductive system. We use an analogous notation in
other cases.

A deductive system is discrete when all of its arrows are identity ar-
rows. A deductive system is a preorder when for every f,g: a - b in this
deductive system we have f = g. A deductive system that is a preorder

amounts to a preordering, i.e. reflexive and transitive, relation on the set
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of its objects. A preorder is a partial order when the preordering relation is
antisymmetric. Every discrete deductive system is a preorder, but not vice
versa. In principle, one can envisage the empty deductive system, with an
empty set of arrows and an empty set of objects, but we have no interest
in it for our work, and we will exclude it.

The notion of deductive system is a generalization of the notion of cat-
egory. A category is a deductive system in which the following equations,

called categorial equations, hold between arrows:
(catl) foly=1pof=f:aktb,
(cat2) he(gef)=(heog)e-f.

This notion of category covers only small categories, but in this work, where
we have no foundational ambitions, we have no need for categories whose
collections of objects or arrows are bigger than sets. When we speak oc-
casionally of the category Set of sets with functions, we assume that the
collection of objects of this category is the domain of a model of first-order
axiomatic set theory, and hence it is a set. The functions between the ele-
ments of this domain also make a set. We make an analogous assumption
for other categories mentioned in this book that seem not to be small.

A syntactical system is a particular kind of deductive system where
arrows make an inductively defined language, whose members are called
arrow terms. Arrow terms are words defined inductively out of primitive
arrow terms with the help of symbols tied to partial or total finite operations
on arrow terms and the auxiliary symbols of right and left parentheses. A
subterm of a term is a subword that is a term.

Among the primitive arrow terms we must have the identity arrow
terms, which make the identity arrows of the deductive system (so we must
have them for every object), and among the symbols for operations on

arrow terms we must have one tied to composition:
frakFb g:bkc
(gof)iakc

(As we said above, this is read: “If f of type a - b and g of type b - ¢ are

arrow terms, then the word (go f) is an arrow term of type a F ¢.”) So,

officially, parentheses in arrow terms involving o are compulsory; but, as
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usual, we will omit outermost parentheses, and other parentheses if this can
be done without engendering ambiguity. Note that here - is just a symbol.
The operation of composition tied to this symbol is the operation assigning
to the pair of words (f,g), of the types a - b and b F ¢ respectively, the
word (go f), of type a I c.

We say that a graph G; is a subgraph of a graph G, when the objects
and arrows of G; are included respectively in the objects and arrows of Gs
and the arrows of G; have in G; the same source and target as in Gs.

A deductive system D; is a subsystem of a deductive system Dy when
D, is a subgraph of D5, the identity arrows of D; are identity arrows in Dy
and for every pair of arrows (f: at b, g: bt ¢) of Dy their composition in
D; is equal to their composition in Ds. A subcategory is a subsystem of a
category. A subcategory must be a category.

An arrow f in a deductive system is mono when for every g and h the
equation fog = foh implies ¢ = h, and f is epi when for every g and h
the equation go f = ho f implies g = h.

An arrow f: a F b in a deductive system D is an isomorphism when
there is an arrow ¢g: b+ a in D such that go f = 1, and fog = 1. The
arrows f and g are here inverses of each other. Isomorphisms in categories
are mono and epi. A category in which every arrow is an isomorphism is a
groupoid. If there is an isomorphism of type a - b, then a and b are said to
be isomorphic.

A subsystem D; of a deductive system Ds is full when for every arrow
f:at bof Dy if the objects a and b are in Dy, then f is in D;. The partial
skeleton A’ of a category A is a full subcategory of A such that for every
object a of A there is in A" an object a’ isomorphic to a in A. (So every
category is a partial skeleton of itself.) If in this definition we require that
the object a’ be unique, then A’ is called simply a skeleton. A skeleton is
unique up to isomorphism of categories (see §2.4); so it is usual to speak
about the skeleton of a category.

§2.3. Equational systems

An equation in a syntactical system S is a word f = g where f and g are

arrow terms of S of the same type. An equational system £ in S is a set of
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equations in § such that the following conditions are satisfied:

(re) f= fisin & for every arrow term f of S;

(sy) if f=gisin &, then g = f isin &;

)
)

(tr) if f=gand g=h arein &, then f =hisin &;
)

(co) if f1=g1,-..,fn =gn for n > 1 are in &, then ofy... f, = 0g1...9n
is in £, where ofi... f,, and 0g;...g, are arrow terms of S produced

by an n-ary operation o on arrow terms.

For the congruence condition (co) to make sense, the operation o must be
such that if f; is of the same type as g;, for i € {1,...,n}, then of;... f, is
of the same type as 0¢;...¢g,. We envisage only operations of this kind.

As in propositional languages above, when the arity of o is not greater
than 2, we favour the infix notation with parentheses; so we write fio0fo
(with outermost parentheses omitted) instead of of fa.

Consider the smallest relation = on the arrow terms of S that satisfies
f=gif f=gisin &, which happens to be the equivalence relation = on
the arrow terms of S such that f =g iff f =g is in £. With the help of =
we build a deductive system called S/E. The objects of S/ are the objects
of §, and its arrows are equivalence classes [f] of the arrow terms f of S
with respect to =. The identity arrows of S/€ are the equivalence classes
of the identity arrow terms of S, and for every n-ary operation o of S,
including in particular composition, we define an operation on equivalence

classes by
O[fl] s [fn] =df [0f1~ . fn]

The condition (co) above guarantees the correctness of this definition.
Most often, we do not write concrete equations, but equations with
variables, like the categorial equations in the preceding section, where f, g
and h are variables for arrows, while a and b are variables for objects. As
usual, we call equations with variables simply equations. We say that such
an equation belongs to an equational system £ in S when every instance of
it, with arrow terms of S substituted for variables for arrows and names
of objects of S substituted for variables for objects, is an element of &£.

In producing these instances we, of course, pay attention to types. For
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example, in instances of the categorial equation (cat 1) we have that a is
the source of f, while b is its target, and in instances of (cat 2) we have
that f, g and h have types that permit composition.

We say that an equation with variables holds in a graph G when every
substitution instance of it holds in G. (That such an instance holds in G
means, of course, that the names on the two sides of the equation sign
= name the same thing.) It is quite common to understand holding of
equations with variables in this universal manner, and that is how we will
understand it, unless stated otherwise. That is how we understood holding
for the categorial equations in the definition of category. Instead of saying
that an equation holds in G, we may say, synonymously, that it is satisfied
in G, or, simply, that we have it in G.

To name the arrows of S/&, we use the arrow terms of S, so that an
arrow term names the equivalence class to which it belongs. Synonyms of
name are designate, denote and stand for. Then every equation of & will
hold in §/€. We say that the arrow terms f; and fy of S are equal in §/&
when f; = f holds in §/&, which is equivalent with the equation f; = f,
belonging to £.

If the categorial equations belong to £, then S/ is a category, and, since
such categories arise out of syntactical systems, we call them syntactical
categories. We say that the category S/€ is in the system S. If only
instances of f = f are in &, then §/€ is S itself.

A set of axioms Az of an equational system £ is a proper subset of the
set of equations £ such that £ may be generated from Az by closing under
the rules (sy), (tr) and (co). The set of axioms need not be finite, and it
will usually be infinite in this work. Every equation of £ is either an axiom
in Az or derived from previously obtained equations by applying one of the
rules. More formally, a derivation is a finite tree of equations whose leaves
are axioms, and where each node that is not a leaf is obtained from its
successors, i.e. from nodes immediately above, by applying the rules. The
root of the tree is the equation derived.

Instead of saying that an equation holds in §/& because we can derive
it in £, we will sometimes say more simply that we can derive the equation
for S/E. This way of speaking will often prove handier later in the book,

and should not cause confusion.
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§2.4. Functors and natural transformations

A graph-morphism F from a graph G; to a graph G5 is a pair of maps, both
denoted by F, from the objects of G; to the objects of Go and from the
arrows of G; to the arrows of G, respectively, such that for every arrow
f:at bof Gi the type of the arrow F'f of Go is Fa - Fb.

A graph-morphism F' from a graph G; to a graph G is faithful when,
for every pair (f,g) of arrows of Gy of the same type, if F'f = Fg in Go,
then f =g in G;.

A functor F from a deductive system D; to a deductive system Ds is
a graph-morphism from D; to D5 such that in Dy the following equations
hold:

(fun 1) F1,=1p,,
(fun2) F(gef)=Fg-Ff.

Note that this definition of functor is more general than the usual one,
which envisages only functors between categories. Otherwise, it is the same
definition. We generalize similarly other notions introduced below.

The product D1 x D4 of the deductive systems D; and D5 is the deductive
system whose objects are pairs (a1, as) such that a; is an object of Dy and
as an object of Dy, and analogously for arrows. The identity arrows of
Dy x Dy are of the form (1,,,1,,), and composition is defined by

(91,92)° (f1, f2) =df (g1 f1,92° f2).

A functor B from Dy x Dy to D is called a bifunctor; for bifunctors,

(fun 1) and (fun 2) amount to the following equations respectively:

(bif1) B(1a,1p) = 1p(ap),
(bif 2)  B(g1e f1,92° f2) = B(g1,92) e B(f1, f2),

which we call the bifunctorial equations.

Let D° be the trivial deductive system with a single object * and a
single arrow 1, : *  %. (This deductive system is a category.) Let D™'!
be D" x D. It is clear that D! is isomorphic to D. A functor from D" to
D will be called an n-endofunctor in D. An object of D may be identified
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with a 0-endofunctor. We call a 1-endofunctor also just endofunctor, and a
2-endofunctor biendofunctor.

The identity functor I of D is the endofunctor in D for which we have
Ia =aand If = f. A functor from D; to Do is called a contravariant
functor from D; to Ds.

A natural transformation from a functor Fy from Dy to Ds to a functor
F; from Dy to Do is a family 7 of arrows of D5 indexed by objects of D,
such that 7, is of the type Fia I Fya, and the following equations hold in
Dy for f:at b an arrow of Dy:

Eyfory=mpo Fif.

Consider now an m-endofunctor M and an n-endofunctor N in D, and
two functions p: {1,...,m} — {1,...,k} and v: {1,...,n} — {1,...,k}
where m,n > 0 and k& > 0 (if m = 0, then {1,...,m} = (; if &k = 0, then
we must have m = n = 0). Then M* defined by

M”(:L’l, e 'axk) :dfM(xu(l)a v 7xu(m))

and N” defined analogously are k-endofunctors in D. (If m = 0, then
M(fi,..., fm) is M(1,).)

A family « of arrows of D such that for every sequence aq,...,ax
of objects of D there is an arrow g, .4, of the type M*(a1,...,a;) F
N¥(ay,...,ax) is called a transformation of D of arity k. We say that the
arrows f1,..., fr of D, such that for i € {1,...,k} the arrow f; is of the
type a; F b;, flow through o in D when the following equation holds in D:

(a na't) Ny(fla ceey fk) °Qqay,...,ap, = Qby,... by OM“(fla . '7f/€)'

By the definition of natural transformation, a transformation « is a natural
transformation from the k-endofunctor M* of D to the k-endofunctor N¥
of D when every k-tuple of arrows of D flows through a in D. We say
that o, a, is natural in aq,...,a; when it is a member of a natural
transformation. The equations (« nat) will be called naturality equations.

A natural transformation 7 in a deductive system D is a natural isomor-

phism when each member of the family 7 is an isomorphism. Two functors
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are naturally isomorphic when there is a natural isomorphism from one to
the other.

We say that the deductive systems D; and Ds are equivalent via a
functor F5 from D; to Dy and a functor F; from Dy to D; when the
composite functor F} Fy is naturally isomorphic to the identity endofunctor
of Dy and the composite functor F5 F is naturally isomorphic to the identity
endofunctor of D,. It is easy to conclude that the functors via which two
categories are equivalent are faithful functors.

The deductive systems D; and D5 are isomorphic via a functor F5 from
Dy to Dy and a functor F; from Dy to Dy when the composite functor
Iy F; is equal to the identity endofunctor of D; and the composite functor
F>Fy is equal to the identity endofunctor of Dy. Two deductive systems
are said to be equivalent when there is a pair of functors via which they are
equivalent, and analogously for isomorphic deductive systems.

Suppose we have two syntactical systems S;, for i € {1,2}, together
with the equational systems &£; in §;. A graph-morphism F' from &7 to
Sy induces an obvious graph-morphism from S;/€; to S3/€2, such that
F[f] = [Ff], provided f = g in & implies F'f = Fg in €. (We do not
write [f] usually, but use the arrow term f to designate [f].) When F' from
81 to Sy is a functor, then F is a functor from 81/ to Sa/Es.

When we have the graph-morphisms F; from S, to S and F, from Sy
to Sy such that §1/€; and Sa/E5 are isomorphic deductive systems via
functors induced by F; and F5, we say that S; and Sy are synonymous up
to €1 and &, via Fy and F5. A stronger notion of synonymity of syntactical
systems, which we will usually encounter, is when F; and F5 are functors

between S and So, and not any graph-morphisms.

§2.5. Definable connectives

Let £ stand for one of the languages Ln, Ly, LA, 1, Ly, 1, Loy and La v 7,1
of §2.1, generated by an arbitrary set of letters P, and let £” stand for the
language with the same connectives as £ generated by the set of letters
{O}. We use M, N,..., sometimes with indices, for elements of £". Let
|M| = m > 0 be the number of occurrences of O in M, and let wy, ..., wy,

be a sequence of m arbitrary words. Later on in this work, these words will
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denote either the objects or the arrows of a category. Then M (w1, ..., w.y,)
is the word obtained by putting w;, where i € {1,...,m}, for the i-th
occurrence of O in M, counting from the left.

Let £°°" be a set of pairs (M, u), which we abbreviate by M*, where
M € £7 and |[M| = m > 0, while p is a function from {1,...,m} to
{1,...,k} for some k > 0. The arity of M* is k. We define M* (w1, ..., wg)
as M(wy(1y,- - > Wy(my) (cf. the definition of M* in the preceding section).

When wq,...,wy are formulae of £, the elements of L™ stand for
the definable connectives of L. Let us consider some examples of defin-
able connectives. A primitive connective ¢ € {A,V} of L is represented
in £°" by the definable connective (0¢0)"(*2} where 7y 9y is the iden-
tity function on {1,2}, while ¢ € {T, L} is represented by ¢*® where ¢y is
the identity function on @), which is the empty function (the only possible
function from 0 to 0). If t1y is the identity function on {1} (the only
possible function from {1} to {1}), then O} is the identity unary con-
nective, for which we have 013 (A) = A. If p is the function from {1,2}
to {1,2} such that u(z) = 3—x, then for the definable connective (Og0)*
we have (O¢0)*(A,B) = (0¢O)(B,A) = B¢ A. If p1 is the only possible
function from {1,2} to {1}, then for the definable connective (J¢0)* we
have (OeO)*(A) = (Oem) (A, A) = A¢ A. If p is the constant function with
value 1 from {1} to {1,2}, then for the definable connective O* we have
o*(A,B)=0(A) = A.

For M*, N{*,...,N.* elements of L", we want to define the element
MH(NYY, ..., NF) of L™ resulting from the substitution of Ni*, ..., N/*
within M*. In other words, we want to define generalized composition
of elements of £°". This notion is rather simple when p is an identity
function, but in the general case we have the following, more involved,
definition.

Let M* be of arity k such that |M| = m, and let N, fori € {1,...,k},
be of arity I; with |[N;| = n;. To define the element M*(N7*,..., N.*) of
L™ of arity

>l

1<j<k

we must first define what it means to substitute the functions vq,..., s
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within the function u.
Let

(@)= > i), Ai)= > 1,

1<j<i 1<5<i

and let 8: {1,...,7(m)} — {1,...,m} be defined by

B(z) =g min{i | z < 7(7)}.

Next we define the function p(vy,...,vg): {1,....,7(m)} — {1,..., A(k)}
by

pvrs ) (@) =ap Vup(ay) (2 =7 (B(2) = 1)) + Mp(B(z)) ~1).

With the help of p(vq,...,v;) we define MH(N*,...,N/*) as
MH“(Ny, ..., Nj)*v) which is equal to M (N1, - - - N#(m))“(l’l""”’k).
The definition of u(v1,...,v,) is pretty opaque, and we must make a

)

few comments on it. We will consider as an example a simple case of
w(ve, ..., vg), which covers most of our needs in this book.

Let the function v1 +v5: {1,...,n1 +na} = {1,...,11 + l2} be defined
by

(1 +v2)(z) =4 { va(z—n1)+ 1 if x> n.

Then one can check that when m = k and p is the identity function on

{1,...,m} we have

w(vr, .., vg) =vi+ ..+ v

The complications of the general definition of u(vy,...,v;) above come
from the fact that we want to substitute within the function p the functions
Vi,...,v so that for every ordered pair (z,y) in p we have a copy of
vy. These complications are not essential for many of the latter parts
of our work. In many cases, we will have for M* € L£" that p is the
identity function gy, .,y on {1,...,m}. We introduce the convention that
M*H1.--m} is abbreviated by M. With that in mind, the reader can forget
about the indices p in M* in many places. We have preferred, however, to

state our results later on in greater generality.
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§2.6. Logical systems

We will consider in this work a particular kind of syntactical system called
logical system. A logical system C has as objects the formulae of a language
L, as in the preceding section. We say that such a logical system C is in L.
The primitive arrow terms of C come in families a. The members of « are
indexed by sequences A1, ..., A, with k£ > 0, of objects of C. With every
family a we associate two elements M and N of £, such that |M| = m and
|N| = n, and two functions p: {1,...,m} — {1,...,k}andv: {1,...,n} —
{1,...,k}. The type of a4, . . a4, is M¥(A1,...,Ar) F NY(A41,..., Ak). So
an « is a transformation in C.

In Table 1 we present most of the transformations o we need for our
work. In this table, () denotes the empty function from the empty set. The
types of the members of « are as in Table 2. In the leftmost column of
that table we write down the name of the union of the families o on the
right-hand side. So the b family includes the families, i.e. transformations,
b—, b+, b and b—. Within the family b we have the subfamily b, which
includes b~ and ?)“, and the subfamily lv), which includes b+ and b—.
We have, analogously, the subfamilies 5-6 and 8- of the §-0 family, and
analogously in other cases.

Of course, an o from £, may be found also in a wider language L, v .
In practice, one of p and v will be the identity function, as in the trans-
formations in Table 1, but we allow for greater generality. For the sake
of uniformity, we decided to take always p as the identity function in the
transformations with £, and L+, and v as the identity function in the
transformations with £, and £, but for ¢ and ¢ we could have done
otherwise. The difference in indexing ¢ A,B and ¢ B,A sometimes requires
additional care when passing from matters involving A to matters involving
V, but it helps to enhance the duality underlying A and V.

The labels b, ¢, w and k are borrowed from the combinators B, C, W
and K of combinatory logic, d comes from “dissociativity” (see §1.2) and
m from “mix” (see §8.1). The Greek labels ¢, o and & involve T and L.

As every syntactical system, a logical system C will have the family 1
from Tables 1 and 2, which delivers its identity arrow terms. If we work
with a language in which we have ¢ € {A,V}, then for building the arrow



48 CHAPTER 2. SYNTACTICAL CATEGORIES
| Z o [ k] M \ N m | n] p) [ vz |
L b~ | 3 oA(oAD) | (mAO)AO | 3 |3 x x
L be |3 (oAnD)AD | OA(ODAD) | 3 |3 x x
Ly b~ | 3 ov(ovo) | (ovo)vo | 3|3 x x
Ly be | 3 (ovo)vo |ov(ovo) | 3|3 x x
Lot | 0~ | 1| oaT 0 1]1] = x
Lot | 8¢ |1 o OAT 11| = x
LrT | 0= |1 TAD 0 1|1 T T
Lot | 0« |1 O TADO 111 x x
Lyo | 6= 1| vl 0 101 2 x
Lyo | 0+ |1 O ovi 11| = .
Ly, | o= |1 1Lvo 0 1|1 T T
Lyl | o« |1 | 1lvo 1|1 T T
L ¢ |2 OoAO OAD 2 |2 T 3—x
Ly ¢ 2 ovo ovo 2 12| 3—=z x
L w o] 1 | OAD 1|2 T 1
Ly wo| 1 oV o 0 2 |1 1 T
Lr | B 2] oA 0 2 11| 2 1
Ly | k2 |2 oao 0 2 1| = 2
Ly SE O ovo 112 1 x
L, | k2 |2 O ovo 1]2] 2 x
Lt ko1 0 T 10| =z |v=0
L) k|1 1 O 0|1 |pu=0 T
Lrv | d¥ 3] oA(ovo) | (@AO)vOo ] 3 |3 T T
Lry | dF 3] (ovo)ao |ov(@oaD) | 33 T T
Layv | m |2 oAO ovo 2|2 x x
Loy | m 1 ]2 ovo OAD 2 |2 x x
any 1 1 O O 1|1 T T

TABLE 1
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b | b7 poi ANBAC) F (AAB)AC | b7 5 ot AV(BVC) F (AVB)VC
b .ot (AAB) AC H ANBAC) | b 5 ot (AVB)VC F AV(BVO)
5o | 07 AATHA 07 AV LFA
04 AR ANT S5 AR AV L
QZ:T/\AI—A cva:J_\/A}—A
QZ:AFT/\A &X:AFJ_\/A
¢ | ¢apiANBFBAA ¢pa:AVBFBVA
wk | ha: AFANA Wa: AVAF A
Mg ANBF A Iy AFAVB
k24, ANBF B k24 5 BFAVB
K ha:AFT Ka:lFA
d di pc: ANBVO)F(AANB)VC
df p 4: (CVB)NAECV (BAA)
map: ANBF AVB
my'z: AVBEAANB
]_AZAFA

TABLE 2
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terms of C we have the following clause corresponding to a total operation

on arrow terms:

f:AED g:BFE
feg:A¢eBED¢FE

together with the clause corresponding to the partial operation of compo-
sition mentioned in §1.2, with a, b and ¢ replaced by A, B and C. This
concludes our definition of logical system.

If 8 is one of the families of primitive arrow terms we have introduced,
except the family 1, then we call 3-terms the set of arrow terms introduced
inductively as follows: every member of 3 is a S-term; if f is a S-term, then
for every A in £ we have that 14 ¢ f and f ¢ 14 are S-terms.

In every -term there is exactly one subterm that belongs to 3, which is
called the head of the S-term in question. For example, the head of the ¢-
term 14 A(Cp.c V1p)is ¢p,c. An analogous definition where 3 is 1, yields
arrow terms called complez identities (which are headless). Every complex
identity is equal to an identity arrow term in the presence of bifunctorial
equations.

If we build a language £(B) with the same connectives as £ but with
the generating set P replaced by a set B of the same cardinality as P, then
we obtain an isomorphic copy of L. If B is not of the same cardinality
as P, then £(B) and L are not isomorphic, but one can be isomorphically
embedded into the other. So we have a function that assigns to B the
language L£(B), and we call L(P) simply L.

Our notion of logical system is such that for a logical system C in £
we have a logical system C(B) in £(B). The logical system C(B) will be
isomorphic to C if P and B are of the same cardinality. The possibility to
build C(B) is ensured by requiring that the transformations a be indexed
by all k-tuples of objects of C or C(B).

So what we have really defined with C in £ is not a single logical system,
but a function that assigns to an arbitrary generating set P a logical system
C(P) in L(P), which we have chosen to denote by C and L, respectively,
not mentioning P. Applied to a different generating set B of letters this
function gives the logical system C(B) in L(B).
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§2.7. Logical categories

For an equational system £ in a logical system C in £, we assume whatever
we have assumed for equational systems in a syntactical system, namely
the conditions (re), (sy), (¢r) and (co), plus an additional condition. For
an arrow term f: A+ B of C, let f?: A, b Bf, be the arrow term of C
obtained by uniformly replacing every occurrence of a letter p of P in f
and in its type A = B by the formula C of £. Then we assume closure of

& under substitution; namely,
su) if f=gisin &, then f& = g% isin &.
c c

Closure under (su) means that the letters of £ behave like variables for
objects.

The equations of £ will be introduced by axiomatic equations with vari-
ables in which letters of P do not occur. So we can assume these equations
for an arbitrary set P. This will also guarantee that € is closed under (su).

When the categorial equations belong to the equational systems £ in
a logical system C, so that C/€ is a category, and, moreover, for every
¢ € {A,V} in the language L of C we have in £ the bifunctorial equations
(bif 1) and (bif 2) of §2.4 with B instantiated by ¢; namely, the following

equations:

(61) 1aglp=14¢p,
(€2) (g1°f1)€(g2¢f2) = (g1€92)°(f1€f2),

so that C/€ has the biendofunctor ¢, we call the syntactical category C/E
a logical category. We say that a logical category C/€ is in L when C is
in the language £, and we also say that the category C/€ is in the logical
system C.

If for the families o of C the naturality equations (« nat) of §2.4 with
ai,...ap and by, ... b replaced by Aq,..., Ay and By,..., By, respectively,
belong to £, then in a logical category C/€ we will have the natural trans-
formations « from the k-endofunctor M* to the k-endofunctor N* in C/€.
That M* and N¥ are k-endofunctors in C/€ is guaranteed by the bifuncto-
rial equations. When the naturality equations belong to £ for every « of C

and C/€ is a logical category we say that C/€ is a natural logical category.
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We separate naturality from bifunctoriality in our definition of logical
category because there are reasons to envisage logical categories that need
not be natural (cf. §14.3), though in this book bifunctoriality and naturality
will go hand in hand. (We do not envisage rejecting bifunctoriality for
logical categories, as some authors do; see §14.3.)

Here are the naturality equations for the transformations « in the tables
of the preceding section, with f: A- D, g: B FEand h: C+ F:

(b= nat) ((fAGAR)bFpc=bppre(fA(gAR)),
(b= nat) (fFA(GAR) b pc=bhpr((fAg) Ah),
(b= mat) ((fVg)Vh)ebipco=b5pp(fV(gVh)),
(b= mat) (fV(gVh)ebipc=0b5pp((fVg) Vh),
(0= nat) fod7 =05 «(fALr), (0= nat) fod7 =07 «(fV1y),
(0« nat) (fFALr)ed5 =085 cf, (3« nat) (fV11)eds =05 «f,
(6— nat) foéjzégo(l-r/\f), (60— nat) foéZzéB’ o(1LV f),
(0 nat) (1T/\f)08§:8<5 of, (o« nat) (llvf)ofsz&g of,
¢ nat) (gAf)eéap=¢pme(fAg),
¢nat) (gV f)eépa=<cepe(fVyg),
(0 nat) (fAf)eda=1wp-f, ( nat) fowa=1wp-e(fVf),
(k' nat) fokl p=kppeo(fAg), (k' nat) (gV f)ekps=kppeg,
(k2 nat) go k% p=Fkh po(fAg), (k2 nat) (gV f)ekp s=kEpeof
(

(d* nat) ((fAg)Vh)edipo=1dp pre(fA(gVh)),
o ((hV

(d® nat) (hV (g f))e dg,B,A = d?,E,D ((hVvag)Nf),
(mnat)  (fVg)emap=mpr-(fAg),
(m~" nat) (fAg)emyly =mpipe(fVg),

(1 nat) folyp=1pof.

One side of the equations (% nat) and (k nat) can, of course, be shortened

by using the categorial equations (cat 1), and (1 nat) is contained in (cat 1).



§2.8.  C-functors 53

An arrow term of the form f,o ... f;, where n > 1, with parenthe-
ses tied to o associated arbitrarily, such that for every i € {1,...,n} we
have that f; is composition-free is called factorized. In a factorized arrow
term f, o ... f; the arrow terms f; are called factors. A factorized ar-
row term f, o ... f1 is developed when f; is of the form 14 and for every
i €{2,...,n} we have that f; is a S-term for some £.

Then by using the categorial and bifunctorial equations we can eas-
ily prove by induction on the length of f the following lemma for logical
categories C/€E.

DEVELOPMENT LEMMA. For every arrow term f there is a developed arrow
term f' such that f = f'.

Note that for a logical category C/€ our way of introducing £ by ax-
iomatic equations with variables in which letters of the generating set P do
not occur is such that when P is replaced by another generating set B we
have instructions for building another logical category C/£(B) in the logical
system C(B) in the language £(B). This logical category C/E(B) will be
isomorphic to C/€ if P and B are of the same cardinality. The axiomatic
equations with variables assumed for £ are applied to the arrow terms of
C(B). We have really defined a function that assigns to an arbitrary gen-
erating set B a logical category C/E(B), the logical category C/E(P) being
denoted simply by C/E (cf. the end of the preceding section).

When the equational system £ of a logical category C/€ has as axioms
the elements of a set Az of equations, and we speak of derivations of equa-
tions of &, we need not count (su) among the rules of derivation if Az is
closed under (su). When later we produce sets of axioms, we always assume
that they are closed under (su ), so that the rules of derivation are just (sy),
(tr) and (co). Hence, in general, Az will be an infinite set of equations,
though these equations are instances of a finite number of equations with

variables.

§2.8. (C-functors

Let C be a logical system in £. Deductive systems that have
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an operation ¢ on objects and an operation ¢ on arrows for every ¢
of £ such that for f:adand g:bF e we have f¢g:acbldce,

an object ¢ for every ¢ of £, and

a transformation a for every a of C

are called deductive systems of the C kind. A bifunctorial category of the
C kind is a category of the C kind in which the bifunctorial equations hold
for every ¢ of C.

Let A; and Ay be bifunctorial categories of the C kind. The operations
¢, the objects ¢ and the transformations o are indexed by ' and 2 when
they are in A; and A, respectively. The type of where i € {1, 2},
is M (a1,...,ax) F NY (a1, ..., ax).

A C-functor from A; to Ay is made of

sy k7

a functor F from A; to As,

for every ¢ of C a family ™" of arrows of A, indexed by objects of

A, whose members are

Y50 Fag? Fb+ F(ag'b),

for every ¢ of C an arrow ¢°: ¢2 - F¢! of As.

In practice, when we refer to a C-functor, we mention only F', taking the
families ¢ for granted. They will be mentioned explicitly when this is
required.

A dual C-functor from A; to As is obtained from the definition of C-
functor by replacing 13~ by

G250 F(ag! b) F Fag? Fb

and ¢ by 1¢: F¢l F ¢2.
For every C-functor from A; to Ay and every M* € L7 (see §2.5),
we define in A the family of arrows 1»™" by induction, with the following

clauses:
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(wM“ 1) w(? = 1Faa
(@M 2) MY o (g e ),

where @ and b stand for aq,...,a, and by, ...,b, respectively,
M M — M
(l/} 3) djal,...,ak T Tau )0 (m)

We have a dual definition of »M" for dual C-functors, where the clauses
(™" 1) and (»M" 3) have just 9 replaced by 1), while the clause (™" 2)
is replaced by

TMEN __ (M TN T0e0
wdj; - (¢d’ 52 w,; )”/)M((;),N(g)-

We say that the members of 1/M" are 1)-arrows.

Let M} be obtained from M* by replacing ¢ and ¢ by ¢ and ¢’ respec-
tively. From the bifunctoriality of ¢* in A; we can deduce that M/} defines
a k-endofunctor in A;. The word O¢‘0O stands for the 2-endofunctor &%,
the word O for the identity 1-endofunctor of A;, and the word ¢ for the
0-endofunctor ¢* of A;.

From the inductive definition of " we can deduce the following equa-

tion of Ay for every C-functor:

H M#(LYY . LyF) w M Lk
WM) gy TR =N MY@WE )

A - Ap o, oy ©
L7t (a1),, L% (k) 2

where a; stands for a sequence by, ...,b;, with [ > 0, of objects of A;, and
the L) from the indices of ¥™" on the right-hand side are also from A, .
It is easier to derive (z/JM“) when the functions u, A1,..., A\; are all identity
functions, and this easier equation is then used in the derivation of the
general (") equation.

We say that a C-functor from A; to Ay preserves an M* of C (i.e. an
M* of L7, for C in £) when 9"

this means that the following equation holds in As:

.y, 18 natural in ay, ..., a; (see §2.4);

(1/) na’t) FMlﬂ(fla"'afk)o (szlfiu,ak = %[}é\f,ﬁf..’bk OM;(Ffla'--aka)'

It can be checked that it is enough to assume the following instance of
(¢ nat) for every ¢ in M*:
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(7 mat)  F(fre* fa) o, = iy, ° (Ff1€2 F f)

to derive by induction that F' preserves M#. The following instances of
(¢ nat):
Flaogp =19 o1,
Ffothg =y o Ff
follow from the functoriality of F' and categorial equations.
We say that a C-functor from A; to As preserves an « of C when the
following equation holds in As:

(o) Faleyd" =y ea2,

Fa

where if d is aq, ..., ak, then Fa is Fay,...,Fa;. We apply an analogous
convention concerning @ and Fa also later.

We say that a C-functor is partial when it preserves every M* and every
a of C.

We say that a C-functor from A; to As is fluent in an « of C when every
k-tuple of 1) arrows flows through « in Ay (see §2.4).

For every C-functor from A; to Ay that preserves a and is fluent in «
we have the following equation in Ajs:
. MH(LYY L LYR)
LYY(A1)see LR (d) 1 Goee Gk

NY(LIY, L)

wai,...,a% ° LY (Fay),..., L% (Fay,)

where the Lf‘ in the indices of a! are from A;, while those in the indices of
o? are from Ay. To derive (al) we just apply ("), (o) and fluency
in a. The equation (a) is the instance of (YaL) where every L is O,
that is O*(1}.

We are aware that the condition (L), with its multiple indexing, may
look forbidding. Fortunately, in cases we deal with in this book, it will be
equivalent to the simpler fluency in « condition, as we will see in a moment.

A C-functor is called total when it preserves every M* of C and (yal)
holds for every « of C. Every total C-functor is a partial C-functor. It
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can be verified that the composition of two partial C-functors is a partial
C-functor, and the composition of two total C-functors is a total C-functor.
The arrow g3 tied to the functor F3Fy is defined as F31/)2Sfbu o 77213?;253’ Fabs
and the arrow 1¢ tied to the functor F3Fs as Fyh2* o ¢3¢,

We say that a C-functor is groupoidal when it is a C-functor and a dual
C-functor with wéw " and z/jéw " being inverses of each other. For C-functors
where the ™" arrows are mono, (vaL) implies fluency in «, so that for
groupoidal partial C-functors, (¥al) is equivalent to fluency in «. The
composition of two groupoidal C-functors is a groupoidal C-functor.

Let us call maps from the set of letters P into the objects of a deductive
system D; of the C kind waluations into D;. A valuation v; into D; is
extended to two maps, both called v;, from the objects and arrow terms of
C to the objects and arrows, respectively, of D; with the obvious clauses

vi(A ¢ B) =v;(A4) ¢ vi(B),

vi(¢) = ¢,

V(@A AL) = (AL, 0 (Ar)s
vi(f € g) = vi(f) €vi(g),
vi(ge f) = vi(g) e vi(f)-

We can prove the following.

PROPOSITION. Let Ay and As be bifunctorial categories of the C kind.
If F is a total C-functor from A; to As, then for every arrow term f :
M(p1,...,pm) F N(qg1,...,qn) of C, for every valuation vi into Ay and for

every valuation ve into Ag such that va(p) = Fui(p), in Ay we have

M _ N
(wt) Fuy (f) owvl(pl),,,,,vl(p,,n) = %l(ql),,,m(q”) ° UQ(f)-

PROOF. We proceed by induction on the length of f. If f is

QLY 1), Lk )
then we use (Yal). If fis f1¢€ fo, then we use (¢ nat), the bifunctorial

equations for ¢ and the induction hypothesis. If f is foo f1, then we use
(fun 2) for F' and the induction hypothesis. -

Only a C-functor that satisfies (¢t) may be said to preserve the C-
structure properly, up to . But not everything in the definition of total
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C-functor is a consequence of (1t). In particular, (¢ nat) with fi,..., fi
foreign to the C-structure is not such a consequence.

A groupoidal total C-functor is called strong. A C-functor F from A,
to Ay is called strict when Fa¢? Fb= F(ag!b), ¢2 = F¢t and 37 and ¢
are identity arrows of Ay. Every strict C-functor is, of course, strong.

For a strict C-functor F the equations (1 nat) and (¥t) become

FMM (i o) = ME(Ffs. . F ),
Fui(f) = va(f), where va(p) = Fui(p),

while (¢»aL) is an easy consequence of (1«). Strict C-functors preserve the
C structure on the nose . (The expression “on the nose” is used in other
analogous situations, when a structure is homomorphically preserved in an
obvious manner.)

According to what we have said above about the composition of total
C-functors and groupoidal C-functors, the composition of two strong C-
functors is a strong C-functor. The composition of two strict C-functors is,
of course, a strict C-functor.

These definitions are on the lines of Mac Lane’s definition of monoidal
functor of [102] (cf. [7]). For example, with « being IA)H, the equation (Ya)
and the inductive clauses for ¥™ yield the following equation:

2 oAO 2 OAD oAD OAD 52 2
Fb:b,c Owa,b/\lco (1F@ A wb,c ) = '(/}a/\lb,co (wa,b A 1FC) ° bFa,Fb,Fc’

which is used in [102] (Section XI.2) to define monoidal functors. Fluency
is, however, only implicit for Mac Lane. Besides that, our definition, which
does not presuppose as Mac Lane’s that monoidal functors are between
monoidal categories only, will enable us later to define monoidal categories
via monoidal functors (see §4.6). We have analogous definitions via strict
C-functors for other sorts of categories too.

When every valuation into a bifunctorial category A of the C kind can
be extended to a strict C-functor from a logical category C/E to A we say
that A is a C/E-category relative to P. The logical system C is here a logical
system in the language £ generated by the set of letters P.

If something is a C/E-category relative to an infinite set of letters P,
then it must be a C/E(B)-category relative to any other generating set
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B. (Depending on the number of different variables for formulae in the
axiomatic equations with variables assumed for £, we could do here with
a finite set P of at least a certain cardinality instead of an infinite set P,
but, assuming uniformly that P is infinite, we are on the safe side.) A C/&-
category relative to an infinite set P is then called simply a C/E-category.

If C/€ is a natural logical category, then a C/E-category A is a natural
C/E-category when for every « in C the naturality equations hold in .A.
The bifunctorial equations for every ¢ of C are guaranteed in every C/E-
category, and fluency in every « of C is guaranteed for every C-functor into
a natural C/&-category.

When for f and g arrow terms of C of the same type we say that the
equation f = g holds in a deductive system A of the C kind, we understand
the letters p, g, ... of L as variables for objects. If A is a C/E-category, then
that f = ¢ holds in A amounts to saying that F'f = Fg holds for every
strict C-functor F' from C/€ to A. Every equation of £ holds in this sense
in a C/&-category A, but additional equations f = ¢, not in £, may hold
in A too.

82.9. The category Rel and coherence

The objects of the category Rel are finite ordinals (we have 0 = @ and
n+1=nU{n}), and its arrows are relations between finite ordinals. We
write either (x,y) € R or xRy, as usual. In this category, 1,: n F n is the
identity relation, i.e. identity function, on n. If n = 0, then 1y: § - 0 is the
empty relation (), with domain () and codomain (.

For Ryi:nF m (that is, Ry Cn xm) and Ro: m b k, the set of ordered
pairs of the composition Ry o Ry: n b kis{(z,y) | 3z(xR1z and zR2y)}. For
Ri:ntF mand Ry: k F [, let the set of ordered pairs of R1+Ro: n+k F m+I
be

Ry U{(z+n,y+m) | (2,y) € Ry}

With addition on objects, this operation on arrows gives a biendofunctor
in Rel.
The category Rel is a category of the C kind for every logical system

C whose families o« are from Tables 1 and 2 of §2.6, and, moreover, the
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appropriate bifunctorial and naturality equations will hold in Rel. The
biendofunctor ¢ for every ¢ € {A,V} is +, and the object ¢ for every
¢ € {T,L}is 0. The natural transformation « for every « included in the
families b, d-0, d, m, m~! or 1 is the family 1 of Rel. In other cases, we

have the following:

(r,y) € Cnm It (y,2) € épm iff (z+m =y or x=y+n);
(z,y) € Wy, iff  (y,z) €y iff ==y (mod n);
(@y) €kl it (yo)eki, if z=y
(@y) €k2,, iff (yo)ekd, if z=y+n;
the relations ky: n - 0 and £,: 0 - n are the empty relations.

It is not difficult to check that all these families o in Rel are natural
transformations. This is clear from the diagrammatical representation of
relations in Rel. Here are a few examples of such diagrammatical represen-

tations, with domains written at the top and codomains at the bottom:

0 1 2 3 4

AN Vv
C2.3 C23
0 1 2 3 4 0 1 2 3 4
0 1 2 0 1
A\ Vv
mwg “’1
0 1 2 3 4 5 0
0 1 2 3 4 0 1 2
AN W
1 1
k2,3 k3,2
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0o 1 2
A Vv
2 2
ks \\\kgs
0 1 2 o 1 2 3 4 5

0o 1 2 0
A Vv
K3 K2
0 0 i

For the identity relation, i.e. the identity function, 1,, we have, of course,

0 1 n—1

0 1 n—1

Such diagrams are composed in an obvious manner by putting them one

below another; for example,

0o 1 2 3 4 0o 1 2 3 4

N

1
ki

v v v A
Wo Ci1 0wy o kj
\Y4
C1,1

0 1 0 1

The equation

(W nat) (fAf)od, =Wy o f,
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which is an instance of (« nat), and which we take as an example, is justified

in the following manner via diagrams:

We can now define a function G from the objects of C to the objects of
Rel such that for p e P, ¢ € {T, L} and ¢ € {A,V} we have

Gp =1,
Gec=0,
G(A¢B)=GA+GB.

Hence GA is just the letter length of A.
We can also define a function, called G too, from the arrow terms of C

to the arrow terms of Rel such that

Gaa,,.. A, = OGA,,...GAp»
G(feg) =Gf + Gy,
G(gof)=Gg-Gf.

It is easy to check that for f: A+ B we have that Gf is of type GA+ GB.
It is also easy to check that if for f: A+ B we have (z,y) € Gf, then the
(z+1)-th occurrence of letter in A, counting from the left, and the (y+1)-th
occurrence of letter in B are occurrences of the same letter.

For many logical categories C/E considered in this work, the two func-
tions G we have just defined induce a strict C-functor G from C/€ to Rel
such that G[f] = Gf (see the penultimate paragraph of §2.4). Whenever
G is such a functor, it is straightforward to show that fact just by checking
that Rel satisfies the equations of £ (with A, B, ... replaced by n,m,...),
and we will not dwell on the proof of that.

The greatest part of our work consists in demonstrating the faithfulness
of such functors G. We call these faithfulness results coherence theorems,
and say that C/€ is coherent.
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If the image of C/€ under the functor G is a discrete subcategory of Rel,
which is the case when we exclude ¢, w, k and k, then C/€ is coherent iff
C/€ is a preorder. So, in such cases, our coherence theorems will state that
C/€ is a preorder (which is the narrow sense in which Mac Lane understood
coherence originally in [99]).

Tt is clear that if C/£ is coherent in the sense just specified, then it is
decidable whether arrow terms of C are equal in C/E. In logical terms,
one would say that the coherence of C/E implies the decidability of the
equational system &. This is because equality of arrows is clearly decidable
in Rel. So, in the terminology of §1.1, coherence here implies a solution to
the commuting problem.






Chapter 3

Strictification

This chapter is devoted to strictification (a topic announced in §1.7). Our
results are about categories that have as a subcategory a groupoid that
is a preorder. For such a category we find an equivalent strictified cate-
gory where the arrows of the groupoid are collapsed into identity arrows.
The functors on which this equivalence of categories is based are functors
that preserve structure up to isomorphism. The interest of strictification
is that it shortens the coding of arrows, and facilitates the recording of

computations.

83.1. Strictification in general

We will prove a general theorem concerning the possibility of finding for a
C/E-category B a C/E-category BY equivalent to B via strong C-functors
such that some isomorphisms of the C/€ structure of B, which make a
subcategory G of C/€, become identity arrows in BY, and may hence be
omitted according to the equation (cat 1) (see Chapter 11). So, instead of
computing in B we can pass to BY, where computations become shorter,
and their recording is simplified. The category BY is here called strict with
respect to the isomorphisms that have become identity arrows, and the
procedure of passing from B to BY is called strictification.

Our theorem will generalize considerably analogous strictification results
of Joyal and Street in [72] (Section 1) and of Mac Lane in [102] (Section

X1.3). First, we strictify with respect to wider classes of isomorphisms

65



66 CHAPTER 3. STRICTIFICATION

G, such as we will encounter in our work, and not only with respect to
monoidal isomorphisms (for monoidal categories see §4.6). Secondly, even
when we strictify only with respect to monoidal isomorphisms—i.e. when G
is a free monoidal category—our C-functors may preserve a wider structure,
and not just the monoidal structure. They are not just monoidal functors.

As suggested by [72] and [102], strictification opens the way to alter-
native proofs of coherence results, in the sense of results about certain
categories being preorders. (Some authors go so far as to call strictification
results coherence results, but we believe this usage is confusing.) We will
obtain such alternative proofs of coherence in some cases, but in general
we favour the direct approach to proofs of coherence, in the style of [99]
and [100] (Section VII.2), which is not more difficult. (The alternative
proofs of coherence via strictification may look shorter when their presen-
tation is sketchy.) The prime reason why we deal with strictification is not
the production of alternative proofs of coherence—this is only an occasional
byproduct. Our prime reason is a handy recording of lengthy computations,
as mentioned above. Strictification enables us to have shorter records after
coherence has been proved.

We formulate our strictification results with respect to a language £ such
as we specified at the beginning of §2.5, because it is mainly in this context
that we mean to apply them. It will be clear, however, that analogous
results hold also for contexts with richer languages.

Let £ be a language such as in §2.5, and let the following condition be
satisfied:

(IB) B is a category that for every connective ¢ and ¢ of £ has, re-
spectively, a binary and a nullary operation on objects, denoted
by ¢ and ¢.

Let £(B,y) be the language with the same connectives as £ generated by
the set B, of the objects of B instead of P. The elements of L£(B,,) are
also formulae. To distinguish the ¢ and ¢ of £(Byp) from those of B, we
write ¢9 and ¢9 for the connectives ¢ and ¢ of L(Byy). The connectives ¢9
and ¢9 are new connectives, not to be confused with the operations ¢ and
¢ involved in the objects of B.

Let =Y be an equivalence relation on £(B,;) such that if a and b are
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objects of B we have a =Y b only if a is the same object as b. We call such
an equivalence relation generatively discrete. Let [A] be the equivalence
class of the formula A of £(B,) with respect to =Y.

Out of B we build a category BY in the following manner. The objects
of BY are all the classes [A] for A € L(Bop). Weuse X, Y, Z, ..., sometimes
with indices, for the objects of BY.

Consider the map E from £(B,p) to B, defined inductively by

Fa=a ifaé€DBgy,
E¢9 =g,
E(A 134 B) =FA¢EB,

where ¢ and ¢ on the right-hand side are the ¢ and ¢ of B. With the help
of E we define a map F from the objects of BY to By, in the following
manner. We choose first a fixed representative formula Ap € [A] so that
if A is an object a of B, then Apr is a. We have guaranteed above by
generative discreteness that in [a] we have no object of B different from a.
Otherwise, the choice of the representative A is arbitrary. Then we define
F[A] as EAF.

The arrows of BY are all the triples (f, X,Y) such that f: FX - FY
is an arrow of B. The arrow (f, X,Y) is of type X - Y in BY. The arrow
(1rx, X, X) is an identity arrow of BY, and for (f,X,Y) and (g,Y,Z)
arrows of BY we define their composition in BY as (g - f, X, Z). This defines
the category BY.

Out of the map on objects F' we define a functor F from BY to B by
setting F(f, X,Y) = f.

We define a functor F9 from B to BY by

FYa = [a),
F9f=(f,FY.,F9), for f:alb.

For the definition of FYf to be correct we must have that the type of f is
FFYa+ FF9 and this is guaranteed by FF9¢ = F[c] = c. It is trivial to
check that F' and F9 are indeed functors.

Let (I) be the collective name for (13) and the condition that =Y is gen-
eratively discrete (i.e. the name for the conjunction of these two conditions).

Then we can prove the following lemma.
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LeEMMA 1. If (I) holds, then the categories B and BY are equivalent via the
functors F9 and F.

PRrROOF. We have FF9a = a, as we noted above, and we have also FF9 f =
f. On the other hand, FIF[A] = FIEAr = [EAF]. Note that FAF is a
generator in £(B,p), and though [A] = [AF], the object [A] may well differ
from [EAp]. However, we have in BY the natural isomorphism 7 whose
members are 7x = (1px, FYFX, X). =

Note that to prove this lemma, we use just fel, =1, f and 1,01, = 1,,
which are consequences of (cat 1), so that we could generalize the lemma
to deductive systems B that are not categories.

Let the following conditions, called collectively (II), which strengthen
(I), be satisfied:

(IIC) C is a logical system in L;
(IIB) B is a bifunctorial category of the C kind,;

(I1G) =Y is a generatively discrete equivalence relation on £(Bp).

We define, as before, the category BY and the functors F and FY start-
ing from the equivalence relation =9 on £(B,,). We ensure that BY is a
bifunctorial category of the C kind with the following definitions:

X1 ¢ Xo =g4f FY9(FX, ¢ FX5), where ¢ is the ¢ of B,

= [FX1¢FX),
(f1, X1, Y1) € (f2, X2,Ya) =g F9(F(f1,X1,Y1) € F(f2, X2,Y2))
FY9(f1 ¢ f2), where ¢ is the ¢ of B,
(f1 € f2, X1 ¢ Xo, Y1 ¢ Y2).

¢ =qf F9¢ = [¢], where ¢ is the ¢ of B.

It is easy to check that the bifunctorial equations hold for ¢ in BY, because
they are inherited from B. Then we define the k-endofunctor (M’)* out
of the k-endofunctor M*, where M* € L™ just by replacing ¢ and ¢
everywhere by ¢ and ¢’ respectively, so that we have (M')*(Xy,..., X;) =
FIMH(FXy,...,FXy). The following:

oy, x, = (arx, .. rx, (MM X, Xg), (N (X1, -, X))
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completes the definition of the C structure. It is easy to obtain that
F(M"*(Xq,..., X)) = MH(FXy,...,FX}), and analogously for N”.

Let B with the C-structure be denoted by (B, M, ) and let BY with the
C-structure we have just defined be denoted by (B9, M’,a’). Then we can

check the following lemma in a straightforward manner.

LemMA 2. If (I) holds, then the functors F9 and F are strict C-functors
from (B, M,a) to (B9, M', o) and vice versa, respectively.

As a corollary of Lemma 2 we obtain that if (B, M, «) is a C/E-category
for a logical category C/&, then (BY, M', o) is a C/&E-category too. A little
bit of work is required only to demonstrate the bifunctorial equations for
¢’, which follow from the definitions of BY and ¢’, as we noted above.

It is easy to see that if (II) holds, and for an o of C we have that a is a
natural transformation in B, then o/ is a natural transformation in BY.

We call a logical system C generatively discrete when for every arrow
term of C of type p I ¢ we have that p is the same letter as q.

Let the following conditions, called collectively (III), which strengthen
(IT), be satisfied:

(IIIC) C is a logical system in £ and C’ is a generatively discrete sub-
system of C also in £, so that C and C’ have both as objects the
formulae of £; we abbreviate this condition involving C, C’ and
L by C' <, C;

(IIIG) G is a logical category of the C’ kind that is a groupoid;

(IIIB) B is a G-category and (B, M, «) is a category of the C kind.

Since G is a logical category, it is equal to C’' /&’ for an equational system
& inC'.

Let G(B) be defined as G save that the letters of P are replaced by the
objects of B (see §2.7). More precisely, we proceed as follows. First, instead
of L generated by P we have L£(B,;) generated by the set B,, of objects
of B, as above, with new ¢9 and ¢9. The set L(B,) is the set of objects
of G(B). Next, we build the arrow terms of the logical system C'(B,y) by
indexing every « of C' with k-tuples of formulae of £(B,;) instead of k-

tuples of formulae of £, and then closing under ¢9 for every ¢ of C' and
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composition. Finally, the axiomatic equations with variables assumed for
&' in C' are now interpreted in C'(B,,). The variables for formulae range
over the objects of C'(B,y), and the connectives ¢ and ¢ in these equations
now apply to ¢9 and ¢9 of L(Bop). The logical category C'/E' (Boy) is G(B)
(see the end of §2.7).

Let =Y be the binary relation on the objects of G(B) defined by A =Y B
iff there is an arrow of G(B) of type A F B. Since G, and hence also G(B), are
groupoids, =Y is an equivalence relation. Since C’ is generatively discrete,
the relation =Y is generatively discrete; i.e., no two different objects of B
are in the relation =9. Let [A] be, as before, the equivalence class of an
object of G(B) with respect to =Y.

If (III) is fulfilled, then B, which is a G-category, is a G(BB)-category too
(see the end of §2.8), and so the valuation that assigns to every generating
object a of G(B) the object a of B itself can be extended to a strict C’-
functor E from G(B) to B. Intuitively, F erases every superscript 9 in ¢9
and ¢9. We already introduced, when we defined the functor F' from B to
BY, the function E on objects of the functor E.

For every object A of G(B) we have an isomorphism ¢4 : Ap F A of
G(B) where Ap is the chosen representative from [A]. The inverse of ¢4
is the arrow @Zl : A Afp of G(B). A natural choice for ¢4, : Ap F Ap,
and in particular for ¢, : a - a, would be identity arrows, but this choice
is not essential for the time being. It is also not essential to define ¢4 by
induction on the complexity of A. (Such an inductive definition of @4 is
possible if the representative Ap is chosen in a particular canonical way;
cf. §4.5.) If, however, G, and hence also G(B), are preorders, then v,
must be 14,.. For every isomorphism ¢4 of G(B) we have the isomorphism
Epsr: FEAp F EAin B.

We can then define the following C structure in BY, different from the
(BY, M’ ') structure. On objects we have

[A]¢” [B] =af [A¢9 B] = [Ar ¢9 Br],
¢ =ar [¢9]:
That the definition of ¢” is correct is guaranteed by the fact that if we have

the isomorphisms f: A+ A; and ¢g: B+ By of G(B), then we have also the
isomorphism f¢9¢g: Ae9 B+ Ay ¢9 By.



§3.1.  Strictification in general 71

We define the following arrows of BY:

Ve =ar (B 4,05, (Al [B], [A] ¢ [B]),
¢ =gr (Epeq,¢", ('),

e =ar (B3t op - [Al€ [B], (4] " [B),
,(/}C =4f (E@;gl, C/’ C”)'

It is easy to check that the source of Ep, .op is F([A]¢”[B]), and its
target F'([A] ¢ [B]). The source of Ep ¢ is F'¢" and its target is Fi¢’ (which
is equal to ¢). Note that in the definition of 7 and 9" we need the
arrows 4 and gp;ll only for A being of the form Ag ¢9 Br and ¢9. We have
no use for other ¢ and ¢! arrows.

We define the following operation on the arrows of BY:

(f1. X1, Y1) € (f2, X2, Y2) =ap ¥y y, o ((f1, X1, Y1) € (f2, X2, Y2)) o 5,

It is clear that, since Fy,4 is an isomorphism, the bifunctorial equations
hold for ¢” in BY.

For every M* € L£°" let (M")* be obtained by replacing ¢ and ¢
with ¢” and ¢”. Starting from 3" and ¢, with the help of ¢”, we de-
fine 3" o o (M) (Xq,..., X)) b (M')*(X1,..., X}) by the inductive
clauses Y5 = 1x = (1rx, X, X), which replaces (" 1), and the clauses
(¥M" 2), with ¢? replaced by ¢”, and (™" 3) of §2.8. We define analo-
gously with the help of ¢” the inverse i)ﬂéuxk of @/J)J‘(/Ika Then we have
the following definition in BY:

" _ TNV ! MH
Xy, Xy —df ¢X17~»-»Xk X, Xy OwX17~~»7Xk'

This defines the C structure in B9, and we can conclude that (B9, M", o)
is a bifunctorial category of the C kind.
It is straightforward to show by induction on M € £ that in BY we

have

(M) (M) ((fr X1, Y1), (frs Xk, Vi) =
1/4\//1[“ YkO(M/)M((flaXhYl)?"'7(fk7Xk=Yk))°1/})J\g{[1“ Xi-

..........

We introduce the following definitions:
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[mEqm| - _
V'x1x: = UK X Y =ap e,
ese o¢o i
V'x, Xy =df VX, xy " =gy yC.

Then starting from 1/)’?(51?)(2 and 1'¢, with the help of ¢, and not ¢”, we
define

W ()X, X)) E (M)XK

by the inductive clauses 9’ E'( = 1x, which replaces (™" 1), and the clauses
(¥M" 2) and (»M" 3). We define analogously with the help of ¢ the inverse
_ATH
wlj\)é,...,xk of w'%:ka. Then we have the following in BY:
M _
1/)/)(1 ..... X, = @[’)A({T...,ka
— MH* w
¢/X1,~~7Xk = ¢)]\(417”')Xk.
To show these equations, we use the equation (1/™") of §2.8, its dual for 1,
and the equation (M") above.
It follows now immediately that in BY we have the following:
N — M
0/)/(1,4..,)(,c = ZZJ/XI,...,Xk ° O/Xl,...,Xk ”/)/Xl,“.,Xk'
Since the v’ arrows are defined in terms of ¢, which is easier to handle
than ¢, we will have occasion to apply later this equation, which we call

the alternative definition of o’. We can prove the following lemma.

LeEMMA 3. If (IIT) holds, then the identity functor Ige of BY with ¥ and
V¢ is a groupoidal partial C-functor from (B9, M’ o' to (B9, M" o), and
Igs with 77 and 1 is a groupoidal partial C-functor from (B9, M" o)
to (BY, M’ o).

PROOF. The equations (1) nat) follow from (M), while the equations (¢«)
follow immediately from the definition of o, or the alternative definition
of . 4

Note that with Lemma 3 we have asserted that ¢’ and ¢ are naturally

isomorphic biendofunctors of BY. Showing that 1)”C and 4" involved in
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this isomorphism are natural transformations does not presuppose that the
¢ and ¢~ ! arrows in terms of which we define ¢"*® and ¥"*7 are members
of natural transformations. We just assume that ¢ and ¢~! arrows are
isomorphisms of G(B).

Suppose C' <. C, as in (IIIC). For every logical category C/E we can
determine out of C/€ and C’ a logical subcategory C' /€’ of C/E€ by restricting
the equations of £ to the transformations « of C’.

We say that C'/€" flows through C/E when for every a of C every k-
tuple of arrows of C’' /&’ flows through « in C/E. If C/€ is a natural logical
category, then for every subsystem C’ of C we have that C' /£’ flows through
C/E.

Suppose C' <, C. For any deductive system B of the C kind there is
a least subsystem of B of the C’ kind, which we call the C’-core of B. We
build the C’-core of B by taking for objects all the objects of B; for arrows
we take the members of the transformations « of B for every a of C' with
the same sources and targets as in B, and then close under composition
and the operations on arrows ¢ of B for every ¢ of C’, i.e. of L. Note that
the C’-core of B need not be a syntactical system: it inherits the equations
between arrows of 3. As a limit case, we can determine also the C-core of
B, which need not coincide with B5.

If B is a bifunctorial category of the C-kind, then its C’-core is a bi-
functorial category of the C’-kind; if B is a C/&-category, then its C’-core
is a C'/&'-category; and if B is a natural C/E-category, then its C'-core is a
natural C' /& -category. The C'-core of C/E€ is C'/E'.

Consider now the following conditions, called collectively (IV), which
strengthen (III):

(IVC) C' =, C, as in (IIIC), and C/€ is a logical category in L;

(IVG) the C'-core C' /&' = G of C/€ is a groupoid and G flows through
C/¢;

(IVB) (B, M, a) is a C/E-category.
Lemma 3 holds if (IIT) is replaced by (IV) and “groupoidal partial C-

functor” is replaced by “strong C-functor”. Here is this new version of

Lemma 3.
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LeEMMA 3(IV). If (IV) holds, then the identity functor Ige of BY with 17"
and 1) is a strong C-functor from (B9, M',a') to (B9, M" a"), and Ige
with Y% and ¥° is a strong C-functor from (BY, M" o) to (B9, M', o).

PROOF. We appeal to Lemma 3, and check, moreover, the fluency of the
identity functor, with the arrows ™" or ", in every «, or we check
directly (paL) (which is slightly more complicated). o

As a corollary, we obtain the following lemma.

LEMMA 4. If (IV) holds, then the functor F9, with 7% and 1<, and the
functor F, with F"% and Fy<, are strong C-functors from (B, M, a) to

(B9, M" o) and vice versa, respectively.

PRrROOF. As we noted in §2.8, the composition of two strong C-functors is a
strong C-functor. Since strict C-functors are strong, Lemmata 2 and 3(IV)

deliver our lemma. =

If in Lemma 4 the condition (IV) is replaced by (III), then we can only
affirm that the functors in question are groupoidal partial C-functors. If
(IV) holds, then from Lemma 1 we obtain that (B, M, «) and (B9, M", o)
are equivalent categories via the two strong C-functors of Lemma 4. We

can prove the following lemma.
LeEMMA 5. If (IV) holds, then (B9, M",a") is a C/E-category.

PRrROOF. Note first that the bifunctorial equations hold for ¢’ in BY, as
noted after the definition of ¢” on arrows. So (B9, M" o) is a bifunctorial
category of the C kind.

Then take a valuation v that maps the letters of P into the objects of
BY. As mentioned after Lemma 2, the valuation v can be extended to a
strict C-functor v’ from C/€ to (BY, M’ a') such that v'(p) = v(p).

Suppose that the equation f = g for f,g: M(p1,...,pm)F N(q1,---,qn)
belongs to £. Then we know that v’(f) = v’(g) holds in BY, and hence we

have in BY the following equation too:

TN /, M _ TN /, M
Vg v(an) V) Vo), opm) = Portar),eo(an) ° V9) ° Vot o/ (prn)-

...............

By Lemma 3(IV) and the Proposition of §2.8, we conclude that for the
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maps v” from the objects and arrow terms of C to the objects and arrows
of (B9, M" o) defined by v""(p) = v(p) and the inductive clauses as for v;,
which we gave just before that Proposition, we have v"(f) = v”(g). So the
valuation v is extended to a strict C-functor v from C/& to (BY, M",a"),

which proves the lemma. -

It is easy to see that if (III) holds, and for an a of C we have that o’ is
a natural transformation in BY, then o is a natural transformation in BY.
So, together with the comment we made before introducing (III), we can
conclude that if (IIT) holds, and for an « in £ we have that « is a natural
transformation in B, then o is a natural transformation in BY.

A deductive system A of the C kind is called C-strict when for ev-
ery a of C we have that the members of the transformation « in A are
identity arrows. This presupposes that the objects M*(ay,...,a;) and
NY¥(ay,...,ax) are equal in a C-strict deductive system, though in C the
formulae MH(A;,...,Ag) and N¥(A4,...,A;) need not be equal. A bi-
functorial category A of the C-kind is C-strict iff its C-core is discrete. We
can now prove the following lemma.

LEMMA 6. If (IV) holds and G is a preorder, then (B9, M",a") is C'-strict.

PROOF. Suppose G is a preorder and take an « of C’. Then in G(B) we have
al arrow (A, . A, (Mg)“(Al, o Ag) B (Ng)u(Al, ..., Ay) where (Mg)ﬂ
and (N9)" are obtained from M#* N” € L%" by replacing ¢ and ¢ by
€9 and ¢9 respectively. Hence [(M9)"(A1,..., Ar)] = [(N9)"(A4,..., Ap)]
and hence (M")"([A1],...,[Ax]) = (N ([A1], ..., [Ak]).

The arrow O‘,[;h],...,[Ak] is so of the type Y F Y for some object Y of
BY. So the arrow Faf;h],...,[Ak] of B is of the type FY + FY, and since
this arrow belongs to the C’-core of B, with G being a preorder we ob-
tain Faﬁ%],...,[Ak] = 1py in B. From that we obtain that aﬁ‘h],...,[Ak] is
(1py,Y,Y), which is an identity arrow in BY. -

Lemmata 1, 4, 5 and 6 yield the following theorem.

STRICTIFICATION THEOREM. If (IV) holds and G is a preorder, then
(B, M, q) is equivalent to the C'-strict C/E-category (B9, M", ") wvia the
strong C-functors F9 and F.
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As a corollary we obtain the following.

STRICTIFICATION COROLLARY. IfC'/E is a natural logical category that is
a groupoid and a preorder, then every C'/E-category (B, M, ) is equivalent
to the C'-strict C'/E-category (B9, M",a") wvia the strong C'-functors F9
and F.

In [72] and [102] one finds the instance of this corollary where C’/€ is the
free monoidal category generated by P, i.e. our category frr of §4.6. (From
[72] and [102] one could get the wrong impression that something peculiar to
monoidal categories has been discovered, while a more general result, stated
in our Strictification Theorem and Strictification Corollary, looms behind.)
We have no use, however, for the Strictification Corollary. Instead, we will
rely on the stronger Strictification Theorem to record long computations
concerning B with the help of BY, as mentioned at the beginning of the
section (cf. Chapter 11). The corollary is not sufficient for that, because
it does not take into account the unstrictified C structure foreign to the
strictified C’ structure. This structure is not preserved by a functor that is

just a C’-functor and not also a C-functor.

Suppose C' <, C, as in (IIIC). Then we say that a C/&-category B can
be (C/&,C")-strictified when there is a C'-strict C/E-category B* equivalent
to B via two strong C-functors. We can prove the following lemma.

LEMMA 7. If C' <. C holds and every C/E-category can be (C/E,C’)-
strictified, then for the C'-core of C/E we have that every arrow in it is an

isomorphism of C/E, this C'-core flows through C/E and it is a preorder.

PROOF. If every C/E-category can be (C/E,C’)-strictified, then the logi-
cal category C/€ itself can be so strictified. So there is a C’-strict C/&-
category (C/E)* equivalent to C/€ via the strong C-functors (F, ™" 4)¢)
from (C/£)* to C/E and (F*,¢*77 4*¢) from C/& to (C/E)*. Let o be the
natural isomorphism of C/€ whose members are o4 : FF*AF A, and let
o' be the inverse of 04. Since (C/€)* is a C/E-category, every valuation
from P to the objects of (C/£)* can be extended to a strict C-functor. Let
v* be the strict C-functor from C/€ to (C/E)* such that v*(p) = F*p. (Note

that the functors v* and F™* need not coincide.)
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Let f: M(p)  N(q) be an arrow of the C’-core of C/E. Then v*(f):
v*M(p) F v*N(§) is in the C'-core of (C/€)*, and is hence an identity arrow
of (C/€)*. By the Proposition of §2.8, we have in (C/€)*

Frf =g e (£ ey = vy o0y .

(The functor corresponding to v in (1t) of the Proposition of §2.8 is here
the identity functor of C/€.) Hence,

—1 * —1 * N 7*M
f=0ong FF foomm = on@g  FWg ¥ ) e om),

which proves that f is an isomorphism of C/€.
For f1,..., fx in the C'-core of C/&, with f; of type K;(p;) F L;(q;) for
i € {1,...,k}, by using the Proposition of §2.8 and (¢ nat), we have in

c/ey

FX(NY(f1y -5 fu) o ar, @), K (i)

_ o« NY(L1,. L) NY(Kq,.. Ky) %
=Vt KA o F* K, (51),.... Ki ()

_ o« NY(La,e, L) |«
=9 GiyeesGhe °v (aKl(PK),~~~’Kk(p7c))° Pi,-:Phk

= F*(or, (i), ki)  M" (frs oo fr)-

From that we easily infer, by applying F' to both sides and composing with
members of o and o1, that the C'-core of C/€ flows through C/E.

Take now f,g: M(p) - N(§) in the C'-core of C/E. Since v*(f) and
v*(g) are the same identity arrow of the C’-core of (C/£)*, we obtain, as

above,

* * _*M _ *
F*f =3 gy = Fg,

from which f = g follows. -

It is easy to infer from our Strictification Theorem and Lemma 7 the

following proposition.

STRICTIFICATION-COHERENCE EQUIVALENCE. If (IV) holds, then every
C/E-category can be (C/E,C’)-strictified iff the C'-core of C/E is a preorder.
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As a corollary of this equivalence we have that if C is generatively dis-
crete and C/& is a natural logical category that is a groupoid, then every
C/E&-category can be (C/&,C)-strictified iff C/€ is a preorder. Such a state-
ment was suggested by [72] and [102] for the particular case when C/€ is
the free monoidal category generated by P.

A result analogous to Strictification-Coherence Equivalence is the fol-

lowing proposition:

If (IV) holds, then C/E can be (C/&,C")-strictified iff the C'-core
of C/E is a preorder.

We can also infer the following:

If (IV) holds, then every C/E-category can be (C/E,C')-strictified
iff C/E can be (C/E,C")-strictified.

If our goal is to use strictification to prove preorder, then appealing to
the possibility of strictifying every C/E-category is irrelevant. The following

statement, which is a corollary of Lemma 7, suffices.

STRICTIFICATION-COHERENCE IMPLICATION. If C is generatively discrete,
C/& is a natural logical category that is a groupoid and C/E can be (C/E,C)-
strictified, then C/& is a preorder.

We will rely on this implication to give alternative proofs of Associative
Coherence and Monoidal Coherence in §4.5 and §4.7.

§3.2. Direct strictification

The procedure of strictification of the preceding section can be simplified
if the category B we want to strictify is a logical category. Then we can
build a C’-strict category simpler than BY equivalent to B via two strong
C-functors, one of which is even strict. This category replacing BY, though
not logical, will be a syntactical category, like the logical category B.
Suppose the conditions (IVC) and (IVG) of the preceding section are
fulfilled. Let =g be the binary relation on £ defined by A =¢g B iff there is

an arrow of type A+ B in G. Since G is a groupoid, =¢ is an equivalence
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relation. Since C’ is generatively discrete, no two different letters of P are
in the relation =g.

The objects of the syntactical system Cg are all the equivalence classes
[A] with respect =g for A a formula of £. We denote such classes by
X, Y, Z, ..., sometimes with indices. On the objects of Cg we define the
operations ¢ and ¢ by

[A] ¢ [B] =ar [A ¢ B, ¢ =ar [¢]-

The definition of ¢ is correct because G is a logical system in L.

For every arrow term f of C let fg be the arrow term obtained by
replacing every letter p of P in the indices of f by [p]. If the arrow term f
of C is of type A - B, then the arrow term fg of Cg is of type [A] - [B].
The arrow terms of Cg are the arrow terms fg for every arrow term f of
C. As a subsystem of Cg we have the syntactical system Cg obtained from
C' as Cg is obtained from C. Since G is a groupoid, every arrow term of Cs
is of the type [A] F [A] for some A in L. The equational system &g in Cg
is obtained from the axiomatic equations with variables assumed for £ (so
that for every equation f = g in £ we have fg = gg in £g) by adding for
every arrow term fg: [A] & [A] of C; the equation fg = 14y, which we
call a strictifying equation, and then closing under (sy), (¢r) and (co) (see
§2.3).

It is clear that the syntactical category Cg/Eg is a C/E-category. If
C/€ is a natural logical category, then Cg/Eg is a natural C/E-category.
Moreover, Cg/Eg is C'-strict. We will show that when G is a preorder the
syntactical category Cg/Eg is equivalent to C/E via two strong C-functors,
one of which, going from C/€ to Cg/&g, is even strict.

First we define as follows a graph-morphism Hg from C to Cg:

HgA =4 [4],
Hgf =a fg.

This graph-morphism induces a functor Hg from C/E to Cg/Eg (see the
penultimate paragraph of §2.4).
To define a functor from Cg/Eg to C/E we first choose in every [A] a

fixed representative A, so that the representative of [[p] is p for every p of



80 CHAPTER 3. STRICTIFICATION

P. Because of the generative discreteness of C’, this choice for [p] can be
made unambiguously.

Next, we can choose for every A in £ an isomorphism ¢ 4: Ay F A of G,
whose inverse is go;l: A+ Apg. A natural choice for ¢4, : Ag F Ag, and
¢p: p F pin particular, is identity arrows, but this choice is not essential
for the time being. If, however, G is a preorder, then ¢ 4,, must be 14, .

Then we define as follows a graph-morphism H from Cg to C:

H[A] =as An,
_ -1
HaXlﬁ""Xk_df S0]\/’"([‘[)(1,u.d‘[)(k,) COHXy,  HXy ® PMH(HX1,.. . HXy)>

H(f_é Efé) =df @ElylgHYz ° (Hfé EHfé) °PHX EHXy, fOr fé X; B Y,
H(gg e fg) =ar Hgg > H fg.

It is clear that for fg: [A] F [B] we have that the type of H fg is Ay + By,
that is H[A] + H|[B]. We can prove the following lemma.

LEMMA 1. If IVC) and (IVG) hold and G is a preorder, then for every
arrow term f: AF B of C, in C/E we have

HHgf = ¢g' o fopa.

Proor. We proceed by induction on the length of f. If fis 4, .. a,, then

— 1 v —1 —1
= PNY(ALgye Arn) o N (@Alwu,sﬁAk) °OA, .. Ay °
OMH(SOAN" "‘pAk)o(pM“(Aaln,AkH)v

since @ is an isomorphism and G flows through C/€&,
= ('0;/}/(1417---71419) CQAy LAy O PME(Ay,... AL by the preordering of G.
In the induction step, for fi: A* - B® where i € {1,2}, we have
HHg(f" ¢ *) = opypijenypey > (HHo f* € HHGf?) o omparjenpaz)
= WE;;#B%I ° (90; 13 tpgi) ° (fl 3 f2) o (par £paz) CPAL A2,
by the induction hypothesis and the bifunctoriality of ¢,
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= @ptepe o (f1 € 2) o parca2, by the preordering of G;

HHg(g-f) = 3061 °ogoppo gpl;l o fopa, by the induction hypothesis,

= Lp61 ogo fopa, since ¢ is an isomorphism. -

We can then prove the following lemma.
LEMMA 2. If fg = gg in &g, then H fg = Hgg in C/E.

ProOF. We proceed by induction on the length of the derivation of fg = gg
in &. If fg = gg is in &g because f = g is in &, then in C/E we have

5 o fepa=¢g °gopa,

and by Lemma 1 we obtain Hfg = Hgg. If fg = 1y, is a strictifying
equation of &g, then, by Lemma 1 and the preordering of G, we have H fg =
14,,. The induction step, where fg = gg is obtained by (sy), (¢r) or (co),
is straightforward. .

Lemma 2 guarantees that the graph-morphism H from Cg to C induces a
functor from Cg/Eg to C/E.
Let ¢3°F be the arrow ¢y of G and let ¢¢ be the arrow ¢! of G.

Then we have the following theorem.

DIRECT-STRICTIFICATION THEOREM. If (IVC) and (IVG) hold and G
is a preorder, then C/E is equivalent to the C'-strict C/E-category Cg/Eg
via the strict C-functor Hg from C/E to Cg/Eg and the strong C-functor
(H, 4P <) from Cg/Eg to C/E.

PROOF. We have HgH[A] = HgAn = [An] = [A], and we also have
HgH fg = HgHHg f
= Hg(pp'° fopa), by Lemma 1,
= Hgpp' e Hgf o Hgpa,
= fg, by the strictifying equations.

On the other hand, HHgA = Ay. We have in C/&, of which G is a subcat-

egory, the isomorphism ¢4 : Ay F A. That ¢ is a natural transformation
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from HHg to the identity functor follows immediately from Lemma 1. So
C/€ and Cg/Eg are equivalent via Hg and H.

It is clear that Hg is a strict C-functor. It remains to show only that
(H, " 9)¢) is a strong C-functor. That (1)7*7 nat) holds is built into the
definition of H(f} ¢ f3).

To prove (Yal) for (H, P 1¢), note first that HMH*(Z1,...,Z;) =
(MM(HZy,...,HZ}))u. So w%uzk = LpJT/IIH(HZh_“’HZk) by the preorder-
ing of G. Then (yaL) follows by applying (¥™") and the facts that ¢
is an isomorphism and that G flows through C/£. Since it is clear that
(H, " 9)¢) is a groupoidal C-functor, it follows that it is a strong C-

functor. 4

As a consequence of this theorem, we have that f = gin C/€ iff fg = gg
in Cg/&g. So instead of computing in C/E, we can pass to Cg/Eg, in which
equations between arrow terms are easier to record. By omitting according
to (cat 1) arrow terms equated with identity arrow terms, equations become
shorter. We will avail ourselves of this opportunity provided by the Direct-
Strictification Theorem in Chapters 5-8.

Consider the following subcategory (C/€)? of (C/€)9, where (C/€)9 is
defined as in the preceding section by taking that B is C/€. The objects
of (C/€)* are obtained from all the objects [p] and ¢’ of (C/£)9 by closing
under the operations ¢”. The category (C/E)* is the full subcategory of
(C/€)9 with these objects.

The category (C/€)? is isomorphic to Cg/Eg. It is easy to show that
there is a bijection between the objects of (C/€)* and Cg/Eg. For the
arrows of these two categories we have the following bijections. To every
arrow (f,[A],[B]) of (C/€)*, with f: Ap - Bp an arrow of C/&, we assign
the arrow Hg f: [Ar] F [Br] of Cg/Eg; and to every arrow fg: [A] F [B] of
Cg/Eg we assign the arrow (pp, o H fg o(p;‘}v : Ap b Bp, X,Y) of (C/€)7,
where X and Y are obtained from [A] and [B], respectively, by replacing
¢ and ¢ in A and B by ¢9 and ¢9, and the brackets || and | by | and [.

It seems rather natural to assume that a construction like our construc-
tion of Cg/Eg out of C/€ will yield a category equivalent to C/E, and indeed
this assumption may have been made tacitly by Mac Lane in [99] (proof
of Theorem 4.2, p. 39) and [102] (Section XI.1, proof of Theorem 1, p.
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254), where he establishes coherence for symmetric monoidal categories. A
rather obvious interpretation of his text is that he constructs Cg/Eg out
of the symmetric monoidal category C/& freely generated by P. A more
explicit assumption of a construction similar to our construction of Cg/Eg
out of C/€ is in [116] (proof of Theorem 6.1, p. 98; no details are given, and
no justification that the construction will yield an equivalent category).

Though the assumption that C/€ and Cg/Eg are equivalent is natural,
this assumption is not warranted without assumptions concerning C/&, like
our assumptions (IVC), (IVG) and the condition that G is a preorder. The
main assumption here is that C/& is freely generated, out of a generating
set P. This set can be conceived as a discrete category, and one may
envisage free generation also out of other categories (which does not differ
significantly from what we have been doing). Free generation is, however,
essential.

Without our assumptions, or assumptions of the same kind, a construc-
tion analogous to our construction of Cg/Eg out of C/E need not yield an
equivalent category, as it is shown by the following counterexample, which
stems from Isbell (see [100], Section VII.1, p. 160).

Consider the logical system C in £, whose primitive arrow terms be-
sides identity arrow terms are from the b and G-k families, and consider the
equational system & in C for which we assume all the equations that hold
in the category A (see §4.3; these are equations that hold in monoidal cat-
egories), the equations (12:1 nat) and (12:2 nat) (see §2.7) and, for ¢ € {1, 2},
the following additional equations (which hold in cartesian categories, and

which we will encounter in §9.1):

(k) iy 4o da = 1a.

We build now a syntactical system S of the C-kind that has a single
object N. The operation A on the objects of S satisfies N A N = N. The
primitive arrow terms of S are 1y, 3177N7N, 8;V7N7N, IAC}VVN, IQ?VN and Wy,
all of type N = N. With the help of the equational system & above we
obtain the syntactical category S/, which is a C/E-category.

We want to show first that S/€ is not a preorder. Consider the skeleton
Card of the category Set of sets with functions such that the set of natural

numbers IN is in Card. The category Card is equivalent to Set.
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Consider then the functor S that maps §/€ into Card such that SN is
NN, while for ¢: N = N x N being a chosen isomorphism between N and
N x N we have Skly n = iy n °t, where ky n and k3 5 are respectively

A A .
Lo dopr, where W is

the first and second projection in Set, and Sty = ¢~
the diagonal map of Set for which W (n) = (n,n). The image of S/€ in
Card under S is not a preorder, and hence §/& is not a preorder.

For C' being the logical subsystem of C with the b arrow terms, let
G = C'/& be the C'-core of C/E. Let us build out of the equations of £ a
category Sg/Eg, analogously to what we did to obtain Cg/Eg out of C/E,
which boils down to adding the equations 8]7)N7N = gﬁ]\,)N =1y to £ to
obtain £g. The unique object of Sg/Eg may be identified with N. We have
in Sg /Eg

(fANg)ANh=FfA(gNh), by (IA) nat) and (cat 1),
(F A g)e k= £kl by (k1 nat),
fAg=F. by (ioh).

We derive analogously f A g = g, starting from h A (fAg) = (hAf)Ag
and by using (122 nat). So f =g, and Sg/&g is a preorder. Hence Sg/Eg is
not equivalent to §/€. This shows that direct strictification is not always
innocuous.

Note that S/& is not freely generated out of a set P, and does not satisfy
our assumption (IVC), since it is not a logical category. The strictification
of §/€ as a C/E-category, in the sense of the Strictification Theorem of
the preceding section, is however allowed. The category (S/€)9 is not a
preorder, and it is equivalent to S/&. For (S/€)Y we cannot, however, find
its (§/€)% subcategory.

83.3. Strictification and diversification

For A and B formulae of a language L, let the type A + B be called
balanced when there is a bijection between the occurrences of letters in A
and the occurrences of letters in B that maps the occurrence of a letter
to an occurrence of the same letter. Let C be a logical system in £ such
that for each transformation a of C the type of the arrow term a4, ... 4, :

k

MH(Ay, ..., Ag) F NY(Ayq, ..., Ag) is balanced. This is guaranteed if ;1 and
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v are bijections. It is easy to show by induction that the type of every
arrow term of C is balanced.

Let a formula A of £ be called diversified when every letter occurs in
A at most once. It is clear that for a balanced type A F B we have that
A is diversified iff B is diversified. A type A F B is called diversified when
A and B are diversified, and an arrow term is diversified when its type is
diversified.

Let the conditions (IVC) and (IVG) of §3.1 be satisfied. Let £EP” be an
equational system that is an extension of the equational system & such that
C'/€P" is a preorder and for every equation f = g in £P" that is not in &
we have that the type of f and g is not diversified.

Let (C/£)%" be the full subcategory of C/€ whose objects are the diver-
sified formulae of £, and let (C/EP")%" be the analogous full subcategory
of C/EP" whose objects are all the diversified formulae of L.

Then it is straightforward to show that the categories (C/£)%* and
(C/EP)%v are isomorphic. On objects, this isomorphism is just identity,
and the identity map on the arrow terms of C gives rise to a functor from
(C/E)HY to (C/EPT)¥™ and to a functor from (C/EPT)4Y to (C/E)%™. To
show the latter, it is enough to appeal to the fact that if f = g in EP" for
f and g diversified, then f =g in &.

Then we can check that (IVC) and (IVG) hold when C/€ is replaced
by C/EP". Now the C'-core G of C/EP" is a preorder. So we can apply
the Direct-Strictification Theorem of the preceding section to obtain the
C'-strict C/EP"-category Cg/EgP" equivalent to C/EP".

So, for diversified arrow terms f and g of C of the same type, we have
f=ginC/Eiff f=gin (C/E)¥™, iff f = gin (C/EP)¥™ iff f = g in
C/EP iff fg = gg in Cg/EGP". And it is easier to compute in Cg/EGP", as
explained after the Direct-Strictification Theorem. We will take advantage
of that in §§7.6-8 and §8.4.






Chapter 4

Associative Categories

In this chapter we scrutinize Mac Lane’s proof of coherence, in the sense
of preordering, for monoidal categories (see [99] and [100], Section VII.2),
and present a differently organized proof, making finer distinctions. We
separate from this proof a proof of coherence for categories like monoidal
categories that lack the unit object, but, in this respect, we do not differ
from Mac Lane, who did the same in [99]. Throughout the book, it will be
our policy to proceed in this manner, by separating coherence results with
and without special objects such as unit objects. Besides obtaining sharper
results in situations where we have coherence both with and without the
special objects, this policy allows us to obtain coherence without the special
objects in cases where adding the special objects causes difficulties.

We give a new proof of coherence for subcategories of monoidal cate-
gories where associativity arrows are not isomorphisms. Associativity goes
just in one direction, and for coherence we need just naturality and Mac
Lane’s pentagonal coherence condition. The proof of Mac Lane’s monoidal
coherence may be built on this more basic coherence result, but it has
also a shorter proof, such as Mac Lane’s. Associativity that is not an
isomorphism is interesting because of its relationship with dissociativity in-
vestigated from Chapter 7 on. Dissociativity is an associativity principle
involving two operations, which is not an isomorphism.

We also explain in this chapter the effect of strictifying the monoid-
al structure of a category (which may have extra structure besides this

monoidal structure), in accordance with the results of the preceding chap-
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ter. The methods of this chapter are based, as Mac Lane’s, on confluence
techniques, like those that may be found in the lambda calculus.

84.1. The logical categories K

For C a logical system in £, let £2" be the least set of equations we must
have in every equational system in C to make C/EZ a natural logical
category (see §2.7). So 7' has as axioms (re) (see §2.3), the categorial
equations, the bifunctorial equations for every ¢ of £ and the naturality
equations for every a of C.

We will consider in this work a number of natural logical categories
K. Every such K will be C(K)/E(K) for a logical system C(K) and an
equational system £(K). To determine C(K) we will have to specify only
the language £ of C(K) and the transformations «a of C(K). To determine
E(K) it is enough to specify what equations besides those in Eg(",é) have to be
assumed as axioms. We call these equations specific equations. We always
take for granted closure of the arrow terms of C(K) under the operations
¢ and composition, the presence in £(K) of (re) and of bifunctorial and
naturality equations, and the closure of £(K) under (sy), (¢r), (co) and
(su) of §2.3 and §2.7.

We will first deal with a number of categories K in the language Lx.
These will make a hierarchy by having transformations « included in sub-
families involving A of the families specified below. The label K in such
cases is as in the following table, sometimes with additional indices:

1A s | L
l‘l,b‘l,b,c‘l,b,c,w—k

When we come to natural logical categories K in £, v, we take the whole
families mentioned. The label I is derived from “identity”, A from “asso-
ciativity”, S from “symmetry”, and L from “lattice”.

If KC is one of our logical categories in a language £ without T and L,
then K1, K or K+ 1 will be obtained from K by adding to £ either T or
L, or both, and by adding to C(K) transformations « included in é-o, as
appropriate. To obtain (K1), E(K L) or E(K, 1), we enlarge £(K). Our
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categories K where C(K) has transformations included in the family d will
be named by prefixing D to I, A, S and L; in those where C(K) has m we
prefix M, which comes from “mix”, and where C(K) has m~! we prefix Z,
which comes from “zero”. The categories K we will deal with are presented
in the List of Categories at the end of the book.

It is easy to see that if we have proved coherence for the category IC
generated by an infinite set of letters P, then we have proved coherence also
for K generated by any set of letters P. (If not more than n > 0 different
letters occur in f = g, then, by substituting, every derivation of f = g can
be transformed into one in which not more than n different letters occur.)
So we assume, when this is needed to prove coherence, that K is generated
by an infinite set of letters P.

Our first logical category K will be called I. The logical system C (i)
is in the language £ and its only transformation a is 1. The equational
system E(i) is just £2%* for C being C(i), with no additional equations. (The
naturality equations follow here from categorial equations.) It is trivial to
show that T is discrete, and hence a preorder. So I is coherent (see the end
of Chapter 2).

A logical category closely related to Iis I, where C(I) is in the language
Ln,v, and where the only transformation o is again 1. The equational
system &(I) is just ’CL?{), and, as trivially as for i, we show that I is discrete.

So I is coherent too.

84.2. Coherence of semiassociative categories

For the label I of the preceding section being IA&_), let the logical system
C(A7) be in L, with the transformations « being 1 and b—. The specific
equations of £(A™") are the instances of

A N A A AS
(b5) bAnpopbasoap = 00X pcAN1D)obX prop o (LaAbE o p)

This is Mac Lane’s pentagonal equation of [99] (Section 3; see also [100],
Section VIL.1).

We call natural A_)—categories (in the sense of §2.8) semiassociative
categories. These categories where envisaged explicitly in [93] and implicitly

in [8] and [34]. Semiassociative categories differ from Mac Lane’s monoidal
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categories by lacking b and T. We are now going to prove coherence for
the category A™. This coherence was proved in different manners, which
we find more complicated, in [93] and [34], and it can be deduced from a
very general theorem of [8] (Theorem 5.2.4), whose proof is only sketched
in that paper, with substantial parts missing.

For every formula A of £ and for x and y two different occurrences of
A in A we write xR 4y when BzC' is a subformula of A such that y occurs
in C. If A and B are formulae of £, that may differ only with respect to
parentheses, then A and B are comparable (see §2.1), and we may take that
R4 and Rp are relations between the same sets of occurrences of A, and
compare these relations. Formally, we could proceed as follows. Let w(A)
be, as in §2.1, the word obtained from A by deleting all parentheses. Then
R 4 gives rise to a relation R,,, between occurrences of A in w(A) such that
we have 2'R,, .y’ iff 2’ and y’ are occurrences of A in w(A) corresponding
respectively to the occurrences x and y of A in A and xR4y. Then we do
not compare R4 and Rp, but R, and R, ,. However, to switch all the
time from R4 to R, , and back would be tedious, and we will not mention
R, ,. It is easy to see that for every arrow term f: A+ B of C(A_)) the
formulae A and B are comparable (namely, w(A) and w(B) are the same
word), and Rp C R4 (which means, officially, R, C R,,). Moreover, if
lA)H occurs in f, then Rp is a proper subset of R4; otherwise, R4 = Rp.

Since R4 and Rp are conceived as defined on the same sets when A and
B are comparable, we may denote with the same symbol  the occurrences
of A or of a letter in A and B that are at the same place (for the notion of
place see §2.1). We proceed analogously in other similar cases in the future
(cf. §7.1, §7.3, §7.5 and §8.3). We can prove the following.

EXTRACTION LEMMA. Let A be a formula of LA with a subword A1 A (Mg,

™ stands for a sequence of m > 0 left parentheses. Then there is

where (
an arrow term g: A+ C of C(A™") such that in C we have as a subword

A1 A q at the place where A has Ay A (™q. In addition,

(%) if x is not the occurrence of N in the two subwords above, then

R Ay implies xRoy;

(%)  the first index of every b= in g is Aj.
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PROOF. We proceed by induction on m. If m = 0, then gis 14: A+ A.
Suppose now m > 0. Then in A we have a subword of the form A; A(AsAA3)
where Aj is either ¢ or beginning with (™~!q. Then there is a b—-term
h: AF A’ whose head is ZA)ZI’AQ’AB. In A" we have (A1 A A2) A As at the
place where A has A; A (A2 A A3), and hence in A’ we have A; A (M~ 1g
at the place where A has A; A ("™q. We apply the induction hypothesis to
A’, and obtain an arrow term ¢g': A’ - C of C(A%) such that in C we have
A1 A q at the place where A has A; A ("™q, and if z is not our occurrence of
A, then zR 4y implies x Rcy.

Suppose now x is not our occurrence of A, and suppose zR 4y. Then we
can conclude that xR 4y, and we take that g is ¢sh: A F C. From this
the lemma follows. -

THEOREMHOOD PROPOSITION. There is an arrow term f: A+ B of
C(A™) iff A and B are comparable formulae of L, and Rp C Ra.

PROOF. The direction from left to right is easy, as we noted above. For the
other direction, we proceed by induction on the letter length n > 1 of A,
which is equal to the letter length of B, because A and B are comparable.
Ifn=1,then R4 =Rp=0,and fis1,: pF p.

Let n > 1. So in B there must be a subword of the form (pAgq). Then we
show that Rg C R4 implies that A must have at the same place a subword
p A (Mg for m > 0. Otherwise, A would have a subword Ap)™) A (g with
n > 0 at the place where B has A(‘(p A ¢) with [ > 0. From that it would
follow that Rp € R4, since for = being the left A in A(‘(p A q) and y the
right A we have xRpy, but we do not have xR y.

Then, by the Extraction Lemma, there is an arrow term g: A - C of
C(AH) such that in C' we have as a subword (p A ¢) at the place where B
has (pAq), and, by (%), if 2 is not the occurrence of A in (pAq), then xR,y
implies zRcy. We replace (pAgq) in B and C by r, and obtain respectively
B” and C". We have Rgr C Rer, and, by the induction hypothesis, there
is an arrow term f’: C" F B" of C(A%). Let f”: C + B be obtained
from this arrow term by putting back (p A ¢) at the place of r. Then f is
f"og: AF B. -

It is clear that there is an arrow term of a given type A - B in a logical
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system C iff there is an arrow of type A+ B in C/£. So, in the terminology
of §1.1, with the Theoremhood Proposition we obtain a solution to the
theoremhood problem for the category A™". The questions whether A and
B are comparable and whether Rg C R, are clearly decidable. This is
not a very difficult theoremhood problem, and we deal with it not so much
because of its intrinsic interest, but because we need it for the proof of
Semiassociative Coherence below. Besides that, it is a good introduction to
our analogous treatment of other theoremhood problems in §7.1, §§7.3-5 and
§8.3, some of which are less trivial. As here, analogues of the Theoremhood
Proposition will be applied in establishing coherence results.

Note that the existential quantifier in the Theoremhood Proposition, as
well as the existential quantifier in the Extraction Lemma, is constructive;
namely, when the conditions are satisfied, we can actually construct the
arrow term of the required type. This applies also to latter versions of the
Extraction Lemma and of the Theoremhood Proposition.

Let d(A) be the cardinality of the set of ordered pairs R4. If f: AF B
of A7 is not equal to 14: A+ A, then Rp is a proper subset of R4 and
d(B) < d(A). We can then prove the following result of [93].

A
SEMIASSOCIATIVE COHERENCE. The category A~ is a preorder.

Proor. Let f,g: A+ B be arrow terms of C(A%). We proceed by
induction on d(A)—d(B) to show that f = ¢ in A~ (Until the end of this
proof, we assume that equality between arrow terms is equality in A%) If
d(A) = d(B), then we conclude that A and B are the same formula, and
f=9=14.

Suppose d(B) < d(A). By the Development Lemma (see §2.7) we have
that f = fyo f1 and g = g2 © g1 for some b—-terms firAECandg,: A D,
and some arrow terms fo: C' - B and go: D - B of C(AH). We have here
d(C),d(D) < d(A). Let the head of f; be 8§7F7G, and let the head of g; be

IA)ﬁ r.s- The following cases may arise.
(1) The formulae E A (F A G) and H A (I A J) have no occurrences of
letters in common within A. Then we use (A 2) of §2.7 to obtain two b—-

terms f}: C'+ B’ and ¢5: D+ B’ such that f§o f1 = g og1. We infer that
Rc N Rp = Rpr, from which it follows by the Theoremhood Proposition
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that R C Rps. Hence, again by the Theoremhood Proposition, there is
an arrow term h: B’ - B of C(A™). By applying the induction hypothesis,
we obtain that fo = ho fi and go = ho g}, from which f = g follows.

(2) Suppose EA(FAG) is a subformula of H or I or J in A; or, conversely,
H A (INJ)is asubformula of E or F or G in A. Then we proceed as in
case (1) by using the equation (b= nat).

(3)  The subformulae EA (FAG) and H A (I AJ) coincide in A. Then C
is D and f1 = ¢g1. We then apply the induction hypothesis to f2,g2: C = B
and obtain f = g.

(4)  The subformula FAGis HA(IANJ)or IAJis EA(FAG). Then

we proceed as in case (1) by using the equation (8 5). o

The technique used in the proof above is related to the Church-Rosser,
or confluence, property of reductions in the lambda calculus (see [4], Chap-
ter 3). Analogous techniques will be exploited in §7.1, §7.3, §7.5 and §8.3,
where one finds proofs of coherence analogous to our proof of Semiassocia-
tive Coherence.

It is not difficult to see that R4 = Rp implies that A and B are the
same formula of £L,. Because, if R4 = Rp, then, by the Theoremhood
Proposition, there is an arrow term f: A+ B ofC(A_’), in which b~ cannot
occur, since Rp is not a proper subset of R4. Hence f must stand for an
identity arrow. So there is a bijection between the formulae A of £, and
the relations R4, that is R,,,. (A relation is not just a set of ordered pairs,
but its domain and codomain must be specified; so w(A) will be mentioned
in specifying R,,,.) From Semiassociative Coherence, we can conclude that
A7 s isomorphic to the category whose objects are the relations R4, and
where an arrow exists between R4 and Rg when R C R4. Note that this

AN
means that the category A~ is not just a preorder, but a partial order.

84.3. Coherence of associative categories

To obtain the natural logical category A, we have that the logical system
C(A) isin L4, with the transformations « included in 1 and b. The specific
equations of £(A) are those of £(A ™) plus
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AN A A A A
(bb) bXB,C ° bZB,C = lanrcy); bZB,C ° bXB,C = Lan)nc-

Note that it is enough to assume one of the equations (ZA)H nat) and
(IAJH nat) to derive the other one with the help of (88), and (IA)IA)) enables us
also to derive an equation analogous to (IA) 5) involving be. The equations
(lA)g), together with (ZA)—> nat) and (ZA)<— nat), say that b~ and b+ are natural
isomorphisms.

We call natural A—categories associative categories. Associative cate-
gories are not necessarily monoidal in the sense of [100] (Section VIL.1),
because they may lack the unit object (see §4.6). The objects of an asso-
ciative category that is a partial order make a semigroup.

A formula A of L, is said to be in normal form when R4, defined as in
the preceding section, is empty; i.e., when d(A) = 0. Such an A is of the
form (... ((p1 A p2) /\pgA) Ao App).

We can show that A is a preorder by relying on the proof of Semias-
sociative Coherence of the preceding section, based on the Theoremhood
Proposition, but we can establish more easily another, weaker, lemma. To
formulate this lemma, we say that the arrow terms of C (A) that are also
arrow terms of C(AH) are —-directed. (This terminology will be extended
later to arrow terms other than those of C(A); see §4.6, §6.1 and §14.1.)
Then the following lemma holds in the category A_), and hence also in A.

DIRECTEDNESS LEMMA. If f,g: A+ B are —-directed arrow terms and B

is in normal form, then f = g.

The proof of this lemma, which is due to Mac Lane (see [99], Section 3),
is a simplification of our proof of Semiassociative Coherence in the preceding
section. The simplification consists in not having to refer to the full force
of the Theoremhood Proposition, but only to a trivial case of it where Rp
is empty.

Then we prove the following result of [99] (Section 3).

AN
ASSOCIATIVE COHERENCE. The category A is a preorder.

Proor. For f: A+ B an arrow term of C(A), there are two —-directed
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arrow terms g: A F C and h: B + C such that C is in normal form
(these arrow terms are not uniquely determined). By the Development
Lemma (see §2.7), the arrow term f is equal to a developed arrow term
fae ... o f1. We proceed by induction on n to show that f = h=! g, where
h~! is obtained from the arrow term h by inverting order in composition,
and by replacing b by b+ and vice versa.

If n = 1, then, since f; is 14, by the Directedness Lemma we have
g = h, from which f = h~! o g follows.

For n > 1 and f,,: B’ - B, we have by the induction hypothesis that
fac1e...ofi: AF B'isequal to (h')"teog for g: A-C and h': B’ + C.
If f, is a @%—term, then, for h: B F C, by the Directedness Lemma we
have ho f, = h/, and f = h™'og follows. If f, is a g“—term, then by the
Directedness Lemma we have b/« f, 1 = h, and f = h™!o g follows again.

For f': A F B we obtain in the same manner f' = h™'og, and so

f=1 .

One might suppose that Semiassociative Coherence can be inferred di-
rectly from Associative Coherence. This would be so if we could find an
independent proof that A7 s isomorphic to a subcategory of A, a proof
that would not rely on Semiassociative Coherence. In fact, we use Semi-
associative Coherence to conclude that A~ is isomorphic to a subcategory
of A. That A~ is isomorphic to a subcategory of A amounts to showing
that for f and g arrow terms of C(A%) we have f = g in A7 iff f=g¢gin
A. That f=gin A” implies f = ¢ in A is clear without appealing to co-
herence, but for the converse implication we use Semiassociative Coherence
(cf. §14.4).

In the proof of Associative Coherence above, we rely essentially on the
normal form of formulae, and use both b—-terms and b+-terms. This
is why for the proof of Semiassociative Coherence we could not rely on
the Directedness Lemma, but we needed the Theoremhood Proposition of
the preceding section. The proof of Semiassociative Coherence is not very
difficult, but it is more difficult than the proof of Associative Coherence
based on the Directedness Lemma. The proof of Associative Coherence
can be based on Semiassociative Coherence, but it has also this simpler

proof.
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84.4. Associative normal form

Once we have proved Associative Coherence, we can ascertain that every
arrow term is equal to an arrow term in a normal form, which we are going
to define. This normal form is unique, in the sense that arrow terms in
normal form are equal in A (i.e., they stand for the same arrow of A) iff
they are the same arrow term.

First we prove the following analogue of the Extraction Lemma of §4.2

(see §2.1 for the notion of scope).

EXTRACTION LEMMA. If there is an occurrence z of A\ in a formula A of
Lx, then there is a formula Ay z Ay of LA such that there is an arrow term
g: AbF Ay z Ay of C(A). In addition,

(%) for all occurrences x and y of A\ in A;, where i € {1,2}, we have

that y is in the scope of x in A iff y is in the scope of x in A;;

(xx)  every subterm of g of the form 8BEF is of the type DA(E 2z F) I+

(DAE)zF, and every subterm of g of the form g;ED is of the
type (FzE)ANDF Fz(EAD).

PrOOF. We proceed by induction on the number n > 0 of occurrences of
connectives in A. If n = 0, then the antecedent of the lemma is false, and
the lemma is trivially true.

If n > 0, then A is A’u A” with v an occurrence of A. If u is z, then
g is 14. So suppose u is not z, and suppose z is in A’. Then, by the
induction hypothesis, we have an arrow term ¢’ : A" b A} z A} of C(A)
satisfying the primed version of (). The arrow term g’ A1 4~ is of the type
AF (A} 2z AL)u A”, and we have the arrow term 8:'1,,4'2,,4“ o(g'AN1an): AF
ALz (Al u A" of C(A).

To verify (x), suppose  and y are two occurrences of A in A}. It is clear
that y is in the scope of x in A iff it is in the scope of x in A’. So, by (*)
of the induction hypothesis, we have that y is in the scope of x in A iff it
is in the scope of x in A]. We settle easily in a similar manner cases where
x and y are both in A} or A”. If x is u, then (*) follows easily again.

The case where z is in A" is settled analogously by using the arrow term
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IA’XI,A’I’,A’Z/: Au (Al 2 A)) B (A’ uwAY) z AY. We easily check (xx) by going
over the proof above. -

The analogue for A of the Theoremhood Proposition of §4.2 would state
simply that there is an arrow term of C (A) of type A B iff the formulae
A and B are comparable.

We do not need the assertion () of the Extraction Lemma of this section
for the proof of the Associative Normal-Form Proposition below. We stated
this assertion, nevertheless, because it is analogous to the assertion (x) of
the Extraction Lemma of §4.2.

We need some preliminary notions to introduce our normal form. For
every formula A of £, we assign to every subformula of A a natural number
n > 2 in the following manner. We assign to every occurrence of a letter p
in A a prime number i4(p) > 2, each occurrence having a different number
from all other occurrences. (Note that this assignment is not unique.) Next,
for a subformula BAC of A, we have is(BAC) =ia(B)-ia(C). For every
subformula D of A, we define I(D) as follows:

if D is p, then I(D) is p;
if D is BAC, then I(D) is I(B) A; ,(Bacy 1(C).

So I(D) is like a formula, but with subscripted occurrences of A.

Let A be a formula comparable with B, and let = be an occurrence of
A in A. The formula B has an occurrence of A at the same place, and we
call that occurrence of A also z. Let A* be obtained from A by adding to
every z of A the subscript that x has in I(B). This subscripting gives rise
to a formula C* with subscripted occurrences of A for every subformula C'
of A. For every arrow term f: Ay F Ay of C(A) such that both A; and As
are comparable with B, we have an arrow term f*: A} - A% obtained by

replacing every index C' of f by C*. Then we have the following proposition.

ASSOCIATIVE NORMAL-FORM PROPOSITION. If A and B are comparable
formulae, then there is an arrow term f: A+ B of C(A) such that every
subterm of f*: A* = I(B) of the form 8B’E7F is of the type DN\ (EN F)
(D AL E) A F where for every Ay, in D \j E and F' we have that n divides
k; analogously, every subterm of f*: A* = I(B) of the form gEE’D is of the
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type (F' N, E) Ny D &= F A, (E Ny D) where for every A, in F and E N D

we have that n divides k.

PrROOF. We proceed by induction on the number m of occurrences of
connectives in B. If m = 0, then fis 1,: p F p. If m > 1, then B
is of the form Bj z By for z an occurrence of A, and in I(B) we have zj
with kK = [ - n for I,n > 2, where [ is any other subscript of A in I(B).
Then, by the Extraction Lemma of this section, there is an arrow term
g:AF Ay z Ay of C(./A&) such that (xx) is satisfied. This guarantees that all
the subterms of g from the family b are as required in the statement of the
proposition. By the induction hypothesis, we have arrow terms f;: Ay F By
and fo: As F Bs that satisfy the conditions of the proposition, and f: AF B

is (fiAf2)eg: AF B. -

The procedure of the proof of this proposition, which presupposes the
Extraction Lemma of this section, gives rise to a unique arrow term, which
we may consider to be in normal form. We may transform this arrow term
into a developed arrow term by replacing (f1 A f2) ¢ g in the proof above by
(fiAN1lg,)o(1a, A fa)eg, or by (1p, A f2)o(f1 A1la,)eg, when neither of
f1 and fo is an identity arrow term.

84.5. Strictification of associative categories

According to our definition of §3.1, an A—category, and in particular an

associative category, is C (A)—strict when for all objects a, b and ¢ we have
aN(bAc)=(aNb)Ac,
N
ab,e T ;_7570 = 1a/\(b/\c)~

The category Rel of §2.9 with A being + is a C(A)—strict associative cate-
gory.

For G being A, our construction of BY in §3.1 covers a construction
exposed in [102] (pp. 257ff) and [72] (pp. 29-30), which builds out of an
associative category B a C (A)—strict associative category BY equivalent to
B via two strong C(A)—functors. As a matter of fact, [102] and [72] are
about monoidal categories, i.e. natural Ar—categories (see the next section),

with whose strictification we deal in §4.7. The result one can extract from
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[102] and [72] is that every A—category can be (A,C(A))—strictiﬁed (A is
C(A)/E(A)) We have shown something more than that in §3.1. We have
shown, namely, that if B is a C/E-category for a logical category C/E where
C(A) =c, C and the C(A)—core G of C/&, which flows through C/€ and is a
preorder, is A, then B can be (C/S,C(A))—strictiﬁed. One passes from our
construction to that of [102] (pp. 257ff) and [72] (pp. 29-30) by realizing
that for G being A, and A and B formulae of G(B) we have A =9 B iff
after deleting every A9 in A and B we obtain the same finite nonempty
sequence of objects of B. So there is a one-to-one correspondence between
the classes [A] with respect to =Y and finite nonempty sequences of objects
of B. We are passing from the free groupoid generated by the objects of B
to the free semigroup generated by these objects. The objects of the free
semigroup may be represented by nonempty words.

When G is A, and [A] corresponds to the sequence ag...a, of objects
of B in the sense just specified, we can take as the representative Ar of [A]
when n > 2 the formula (...(a; AY a3)... AY a,) (where parentheses are
associated to the left). Then, instead of choosing the arrows p4: Ap - A
and gozl : A Ap of G(B) arbitrarily, as we did in §3.1, we can define
them inductively in the following manner. First, we define by induction
the arrows Y4, rop,: (AN B)p = Ap A9 Br and @;;AQBF :Ap NY Bp
(ANY B)r (note that (AAY B)p = (Ar AY Br)p):

PARATy = @Z;Agb = 14,.40p, for b an object of B,
AN
QOAF/\Q(CF/\QZ)) = bXF,CF,b ° (SOAF/\QCF /\g 1b)’
1 o _1 g A
QOAF/\Q(CF/\gb) - (SOAF/\QCF A 1b) ° bXF7CF7b'

I arrows except these to define 9%

We have no need for other ¢ and ¢~
and z/ﬁlum (see §3.1), but, for the sake of completeness, we can define

inductively as follows ¢4 and ngl for every object A of G(B):

Yo = @5t = 1,, for a an object of B,
panss = (0a N ¢B) YA noBy
-1 -1 -1 -1
(‘OA/\QB = (‘OAF/\QBF ° (SDA /\g QOB )
To check the correctness of these definitions it is enough to verify that

Ay = QDZ; = 14,. Note that ¢4 and @21 are defined with arrow terms
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that, after deleting identity arrow terms, are in the associative normal form
of the preceding section.

In Lemmata 1-5 of §3.1 we did not appeal to the preordering of G. In
Lemma 6, we had this assumption. We can prove, however, the following
corollary of this lemma without appealing to the preordering of 1&, i.e. to
its coherence.

LEMMA. For G being A, the category (A%M",a”} is C(A)—stm’ct,

PRrRoOOF. For X and Y objects of Ag, let us write XY for X A” Y, since
A" in A9 corresponds to concatenation of sequences of formulae of L5. We
have, of course, X \" (YN Z)=(XN'Y)N'Z=XYZ.

Let ng[A]’[B] stand for Eo g, rop,: B(ANY B)p = E(Ar N9 Br) (see §3.1
for the functor E). Since E(A AY B)r is F([A][B]) and E(Ar AY Br) is
FA] A F[B], the type of $ y is F(XY) F FX AFY. It {4 1 stands for
E@;;AQBF, then @;Y FX ANFY b F(XY) is the inverse of ¢ y in A.

To show that for « being b~ we have %y z=1lxyzin A9 we proceed
as follows. We make an induction on the length of the sequence correspond-
ing to Z, and we use the alternative definition of o from §3.1.

If Z is a, then by the definition of gAaUy and the fact that it is an
isomorphism, we have

/\71 /\71 /\_> A A
Pxvia o (@xy Nla) o bEx pyq o (Lrx A Pya)° Px va

/\71 /\_> A
= (<pX,Y ANlg)e be,Fy,a °¥PX Ya

=1pr(xva)-
If Z is Ua, then we have
/\_1 /\_1 /\*} N N
PXY,Ua ° (‘pX,Y A 1F(Ua)) ° bFX,FY,F(Ua) ° (1FX A ‘pY,Ua) °PX YUa

1 1 A A
= (Oxyy Nla)° ((%ADX,Y A1ru) A Lla) e bEx ary.ru.a ° OFX FY FUAG ©

° (1FX/\ b<F_Y,FU,a) ° b}:x,FY/\FU,a ° ((1FX/\‘27Y,U) A 1a) ° (‘Q’X,YU A 1a)a
by definition, (lAJlA)) and naturality equations,

A

Al A—1
= (@xvu Nla) e (Pxy ALru) ALa) e (bFx pyru ALa)®

o ((LrxA @y,u) A 1a) e (Px,yu Ala), by (bb) and (b 5),
= 1p(xyUa), by bifunctoriality and the induction hypothesis.
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We proceed analogously when « is b .
So A can be (A, C (A))—strictiﬁed, and by the Strictification-Coherence

Implication of §3.1, we can conclude that A is a preorder.

84.6. Coherence of monoidal categories

To obtain the natural logical category AT, we have that the logical system
N A A
C(AT) is in L, T, with the transformations « included in 1, b and 0-0.

The specific equations of E(AT) are those of E(A) plus

3 d5-d7-1 37055 -1
() A °04 = LAAT, A °0yq = 14,
(66) 6565 =1taa, 67 6% =14,
(bé&) bZT,C:((SZ/\lC)O(lA/\ag)'

(see [75], Theorems 6 and 7, and §9.1 below).

The specific equations of £ (A) are introduced, as all our equations for
logical categories, by axiomatic equations with variables. These equations
with variables are now assumed for S(AT) (see §2.3 and §2.7). The equa-
tional system E(AT) will be closed under (su) for formulae C of L, T,
and not only of L. We assume tacitly from now on that we proceed in
an analogous manner whenever we pass from an equational system formu-
lated originally with respect to a poorer language to an equational system
formulated with respect to a richer language.

The equations (3 5 ) and (60) above, together with the naturality equa-
tions for arrow terms in the family 5 -0, say that in subfamilies of this
family we find natural isomorphisms.

The natural AT—categories are commonly called monoidal categories

(see [100], Section VII.1), and sometimes tensor categories (as in [71] and
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[72]; in [7] they are called categories with multiplication). The objects of a
monoidal category that is a partial order make a monoid.

For every formula A of L 1 let k(A) be the number of occurrences of
T in A as main conjuncts in subformulae of A (i.e. the visible occurrences
of T in subformulae of A of the form BA T or T A B). Soin LA 1 we do
not count T only if A itself is T, but our definition of k(A) is adapted to
other languages £ too (cf. the end of §6.1). We say that A is in normal
form when d(A) = 0 and k(A) = 0 (where d(A) is defined in §4.2). So, for
example, (p A ¢) Ar and T are in normal form.

An arrow term of C (AT) is called —-directed when neither of lAﬂ—, 5
and 6« occurs in it. (This definition extends the definition of —-directed
arrow terms of C(A) in §4.3.) Then, by extending the proof of the Directed-
ness Lemma of §4.3, which is a simplification of our proof of Semiassociative

Coherence of §4.2, we can prove the following.

DIRECTEDNESS LEMMA. If f,g: A b B are —-directed arrow terms of
C(AT) and B is in normal form, then f =g in Ar.

PROOF. We proceed by induction on d(A)+k(A). In the induction step
we have the following new cases for f = foo f1 and g = g2 o g1 for some
—-directed arrow terms fo: C'+ B and go: D - B:

(0 firAFCisa b—-term and g1:AFDisa Sﬁ—term,
Iy fi:AFCisa lA)—>—term and g1: AF Disa o—-term,
II) fi:A-Cand gi: A D are 3"—1361"11137

(
(
(IV) fi:AFC and g;: AF D are 6—-terms,

(V) fi:AFCisa 5 -term and g1: Al D is a 6—-term,

. With (I), the only interes‘iing additional case iSA\i/hen the head of f; is
b% 1 and the head of g1 is 677, where we apply (b0).

AWith (IT), the only interesting additional cases are A\1s/Ahe11 the head of f;
is by + ¢ and the head of g; is o0&, where we apply (b60), and when the
head of f; is IA)?FG and the head of gy is 67,5, where we apply (?)3).

In the other, uninteresting cases, of (I) and (IT), which are in principle
covered by what we had in the proof of Semiassociative Coherence in §4.2,

we apply bifunctorial and naturality equations.
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We apply these equations also in cases (III), (IV) and (V); for the last
case we also need the equation (66). The remaining cases are as in §4.2.

From this Directedness Lemma we infer the following result of [99] and
[100] (Section VII.2), whose proof is analogous to the proof of Associative
Coherence in §4.3.

A
MonNoIDAL COHERENCE. The category AT is a preorder.

84.7. Strictification of monoidal categories

In a C(A-r)-strict A-r—category for every object a we have

aNT=TAa=a,

A_> /\(_ Ay A
5(1:6& :Ua :o’a: as

in addition to what was mentioned at the very beginning of §4.5. The cat-
egory Rel of §2.9 with A being + and T being 0 is a C(AT)—strict monoidal
category.

What we have said at the beginning of §4.5 concerning the strictifica-
tion of associative categories and previous results of [102] and [72], applies
mutatis mutandis to the present context. One has to replace “associative”
by “monoidal” and A by A-r.

For G being ./A&T, the objects [A] of BY correspond bijectively now to
arbitrary finite sequences of objects of B, including the empty sequence.
The class [T9] corresponds to the empty sequence, and we can take TY as
the representative A of [TY].

The inductive definition of ¢4 of §4.5 can now be extended with the
following clauses:

-1
P19 = prg = L9,
yp -1 —
PApneTI = 04 CApngTo = O Ay
_ A —1 _ A
PTINGAp _UAF7 SOTQ/\QAF —JAF.
The correctness of these definitions for the case o 1o and (pfré/\g.rg is

guaranteed by (gﬁ).
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We can prove as before the following analogue of the Lemma of §4.5,
without presupposing the preordering of Ar.

LEMMA. For G being AT, the category (Ag,M’QO/’) is C(AT)-strict,

PrROOF. We proceed as for the proof of the Lemma of §4.5, with the
following additions.

Let us write () instead of [T9]. To show that for a being b— the equation
o’y z = lxyz holds in A%, we have to consider new cases when X, Y or
Z are ().

I. If X is 0, then

_1 _1 A
Gy.z°(@py Npz)e bF py.pz o (1T A Gy.z)° Poyz
1 N A
= ®y,z°(OFy AN1rz)e b7 py,pz ° (1T A Gy.z)e ‘ATF(YZ)

= 1pyz), by (ZA)S), naturality and isomorphisms.

II. IfY is @, then

—1 -1 A
bx.z°(®xp Nlrz)e bEx 1. rz ° (Lrx A Pg.2)° Px.z

/\_1 /\*} /\*} /\(7 A
=®x,z° (0Fx Npz)e bFX,T,FZ *(Lpx N Gjg)e $x,z

= 1p(xz), by (883) and isomorphisms.
III. If Z is 0, then

—1 1 A
Oxyoe (bxy AlT)e beEx py T °(Lrx A yp)e Pxy
A

A A—1 A A
= 517(XY) o (Pxy AlT)e bFX,FY,T o(Ipx AN dfy)e Pxy

= 1lp(xz), by (/B(/S\ ), naturality and isomorphisms.

A A
To show that for a being 6= the equation %, = 1x holds in A—gr, we
AN A
have 07y ° $x g = lpx, since 6~ is an isomorphism, and analogously for

A
o—. =

So A+ can be (A-r, C(AT))-strictiﬁed, and we can conclude that A is
a preorder by the Strictification-Coherence Implication of §3.1.
In the presence of the unit object T, when we deal with monoidal cate-

AN
gories, there is a C(A)-strict monoidal category alternative to BY, inspired
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by Cayley’s representation of monoids (see [72], pp. 26-27, and [102], p. 260,
Exercises 1-3). This is a functor category in which A on objects is com-
position of functors. It is not clear how to adapt this functor category to
cases where we have two monoidal structures, while BY covers that and
much more. Moreover, the proof of Proposition 1.3 of [72] (p. 27), which
states the faithfulness of a functor into the functor category, seems to rely
essentially on the presence of the unit object T. On the other hand, the ap-
proach through the category BY is, of course, possible in situations without
unit objects.

The first proof proposed for the (AT, C (AT))—strictiﬁcation of monoidal
categories in [72], viz. the proof of Corollary 1.4 on p. 27, does not stand,
since the full image of the functor L in the functor category is not closed
under composition of functors. The other proof of Corollary 1.4 in [72],
on p. 30, is closer to what we have been doing in this section and in §4.5.
(In the presentation of [102], pp. 255ff, which is more accessible than that
in [72], there is a lapsus on p. 259; one should have there 10G5 and not
G».01.)






Chapter 5

Symmetric Associative
Categories

We present in this chapter a proof of coherence, with and without unit
objects, for symmetric monoidal categories—a proof more thorough than
Mac Lane’s proof (see [99] and [102], Section XI.1), from which it stems.
We provide with it a proof of the completeness of the usual axiomatization
of symmetric groups via the normal form that stems from Burnside. We
also make explicit the strictification of the monoidal structure involved in
the proof, on which Mac Lane presumably also relies (as we noted in §3.2).
Mac Lane seems to presuppose that this strictification is allowed, while we

justify it by the results of Chapter 3.

85.1. Coherence of symmetric associative categories

To obtain the natural logical category é, we have that the logical system
JAY A
C(S) is in L, with the transformations « included in 1, b and ¢. The

A

specific equations of £(S) are those of £ (A) plus

(
(

The equation (¢¢), together with (¢ nat), says that ¢ is a natural isomor-

A A N
¢) ¢BA°caB=1arB,

o>

>
>

A AN A AV A ATIN
) carc=bgcac(IpAcac)obyace(CanNlc)eblpe.

phism, while the equation (38) amounts to Mac Lane’s hexagonal equation
of [99] (Section 4; see also [100], Section VIL.7, and [102], Section XI.1).

107
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An alternative way to obtain S is to extend C(A%) with the transfor-

mation ¢, and assume the following definition:
P A P A P A
bap.c =df CBAC,A° bE oA ° ConaB 2 b 4 g ° CanB,Cs

together with the equations &£ (é) of S. In that context the equations (88)
become

A A A A A A
CBaC,A°bE ca° ConaB obd ap e Can,c ° bl g o= lanBro)

N A A A A A
bAB.c°CBACA°bE o a° ConaB °ba A e Can,c = Lanp)ac,
. . A AN
while the equation (b¢) amounts to
A*} A /\*> A A*} A
biap° anBo°bipe = (Cac AlB)obyope(laA épo).

We call natural é—categories symmetric associative categories. Sym-
metric associative categories differ from Mac Lane’s symmetric monoidal
categories, which we will consider in §5.3, by not necessarily having the
unit object T. The objects of a symmetric associative category that is a
partial order make a commutative semigroup.

It is easy to check that the two maps G of §2.9, defined on objects and
on arrows, give rise to a strict C (§)—funct0r from S to Rel. For that, it is
enough to check that for f = g being one of the equations (¢ nat), (¢¢)
and (83) we have Gf = Gg in Rel (for the remaining equations in the
axiomatization of S this is trivial). It is clear that Gf corresponds to a
permutation of a finite nonempty domain. Our goal is to prove coherence
for the category S with respect to Rel; namely, we will prove the following
result of [99] (Section 4).

SYMMETRIC ASSOCIATIVE COHERENCE. The functor G from S to Rel is
faithful.

Coherence here does not mean, as for ./A&H, A and AT, that é is a preorder.
We do not have G ¢,,= G1p,, and hence, by the functoriality of G, we
do not have &, = Ipx, in S.

For G being A and C/€ being é, we have that the conditions (IVC)

and (IVG) of §3.1 are satisfied, and G is moreover a preorder. To verify
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that A is generatively discrete, we appeal to the fact that for every arrow
term f: A F B of C(A) we have that Gf is a bijection whose ordered
pairs correspond to occurrences of the same letter in A and B. We have
analogous arguments to establish generative discreteness in other cases of
strictification, which we will encounter later, and we will not dwell on this
matter any more.

Then we can apply the Direct-Strictification Theorem of §3.2 to obtain
a category Cg/Eg, which we will call S, We call Cg here C(é“). The
category St is equivalent to S via the strict C (é)—functor Hg from S to éSt,
and the strong C(é)—functor (H, %) from S* to S.

Consider the composite functor GH from S to Rel. Tt is easy to see
that GH|[A] = GA, since all the formulae in [A] have the same letter
length, and we also have

GHaya,j,.. 4, = Gaa,,.. A,

We can conclude that G is equal to the composite functor GH Hg. Hence
it is enough to establish that GH is faithful to conclude that G is faithful,
because we know that Hg is faithful.

A A
Note that since in S* the equation (b¢) becomes

xvaz= (ly A ¢xz)e(Cxy Alz),

and since we also have
A A A
cxavz = (Cx,z ANly)e(1x A Cv,z),

every arrow term of C (é‘“) will be equal to a developed arrow term in which

every ¢-term is of one of the following forms:

Clpllals Clolla A1xs IXA gy (XA Cpppg) A 1y

The ¢-terms of C (é“) and their heads are defined analogously to what we
had in §2.6.

For the first two arrow terms in this list we use the abbreviation sy, and
for the third and fourth we use s;;1, where ¢ = GHX. So our developed
arrow term may be written in the form s;, o ... es; o 1lx, where n > 0.
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A
It is easy to check that in S** we have the equations

(s1) s;08; =1,
(52) sipresi=Si° Sk, fork>2,

(s3)  S;°8it1°8 = Sit1°8i°Si41,

where 1 stands for 1x for some X. The equation (s3) is derived with the
help of (lA)@) and (¢ nat) (see [102], Section XI.1, p. 254).

It is well known that the equations (s1), (s2) and (s3), together with the
equations corresponding to the categorial equations (cat 1) and (cat 2)—
namely, the equations of monoids—axiomatize symmetric groups (i.e., give
a presentation of these groups by generators and relations; see [26], Section
6.2). A reader with this knowledge may now conclude that the functor GH
is faithful. However, to make the matter self-contained, we will justify this

conclusion in the next section.

§5.2. The faithfulness of GH

Let s[; ;) be an abbreviation for s;es;_ 10 ... 0s5110s; if i > j, while s(;
stands for s;. For n > 0, and 1 standing for 1x for some X, we say that
Slivga] © +++ © Slin,gn) ° 1
is in normal form when i1 < is < ... < 4, (this normal form is implicit in
[17], Note C, pp. 464-465).
Then from (cat 1), (cat 2), (s1), (s2) and (s3) we can prove the following

equations for i > k:

813,41 ° S[k.d] = S[k,1) ° S[ig)» if k41 <7,
= S[i,1] if k+1 =7,
= S[k—1,1] ° S[i,j+1] if k= 7, 0> and k > l,
= S[i,j+1]s ifk=j,i>jand k=1,
= S[k—1,1] ifk:j,i:jandk>l,
=1, ifk=j,i=jand k=1,

= S[k—1,]]° S[i,j+1], L k>J2>1,
= S[k—1,-1]°Sl, ), Lk>7 <l
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(Note that (s1) is the sixth equation, (s2) is an instance of the first equation,
and (s3) is an instance of the last equation.) From these equations we easily
infer the following.

JAY JAY
NORMAL-FORM LEMMA. Every arrow term of C(S*") is equal in S* to an

arrow term in normal form.
We can also prove the following.

UNIQUENESS LEMMA. If the arrow terms f,g: X B Y of C(é“) are in

normal form and GH f = GHg, then f and g are the same arrow term.

PROOF. Let f and g be s, ;10 ... o8, 501 and Sp, 1) -+ Sk 1

m 7lm] °

respectively. Note that GHsy; ;) corresponds to the following diagram:

0 i—2 j—1 i-1 i i+l GHX -1

0 j—2 j—1 i-2 i—1 i i+l GHX -1

So, for n > 0, we have in GH f the ordered pair (j,—1, %), with j,—1 < iy,
which we call the last falling slope of GH f. Note that for [ > 7,, we have
in GH f the ordered pairs (I,1).

Then we proceed by induction on n. If n = 0, then m = 0; otherwise,
in GH f we would have only the ordered pairs (i,), and in GHg we would
have (1, —1,kp,) for I, —1 < k.

If n > 0, then, as we have just shown, m > 0, while ¢, = k,, and
Jn = lpm; otherwise, the last falling slopes of GH f and GHg would differ.

Since for e being s, ©sj,+1° ... i, —1°8;, we have
GHf-GHe =GHg-GHe,

we can conclude that for f’ and ¢’ being sp;, ;70 ... 5[, 4, ,1°1 and
S[k1,01]® +++ © S[km_1.lm_1] ° 1 Tespectively we have GHf' = GHg', and we
have by the induction hypothesis that f’ and ¢’ are the same arrow term.

Hence f and g are the same arrow term. .
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As a matter of fact, it would be enough to prove instead of the Unique-
ness Lemma that if f is in normal form and GHf = GH1, then f is 1.
(Altogether, this proof would not be shorter than the proof of the Unique-
ness Lemma.)

From the Normal-Form Lemma, the functoriality of G H and the Unique-
ness Lemma we infer easily that GH is faithful. An alternative proof of
this faithfulness is obtained without the Uniqueness Lemma. Instead we
establish that the number of different arrow terms f: X F Y in normal
form is n! for n = GHX = GHY, and that for every permutation 7 of
an ordinal n > 0 (this permutation is an arrow of Rel) there is an arrow
f: X FY of 8 such that GHX = GHY = n and GHf = «. Then
we use the fact that every onto function from n! to n! is also one-one. A
proof in this alternative style is suggested by [17] (Note C, pp. 464-465).
Our proof in this section is easily converted into a proof of completeness of
the standard axiomatization of symmetric groups with respect to groups of

permutations—a proof alternative to the proof in [17], mentioned above.

§5.3. Coherence of symmetric monoidal categories

To obtain the natural logical category ér, we have that the logical system
C(é-r) in L 7, with the transformations « included in 1, (A), & and §-5.
The specific equations of & (é‘r) are obtained by taking the union of those
of £(S) and £(AT).

JAY
One can derive for St the following equation:
A AN
(036) bar =655

(see [75], Theorem 8). This equation says that one of 5 and & is superfluous:

it can be defined in terms of the other with the help of ¢. Note that in the
A A

presence of (¢0¢), the instance of (b¢) where A is T, namely

A " A n A A
ct.rc =bg ot (AN eTo)o bt oo(cT,BAle)e bF s

is derivable without using (ZA)@) (we apply (83), (8§8) and (88)), and anal-

ogously for the instances of (IA)@) where B or C'is T.
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Natural ér—categories are usually called symmetric monoidal categories.
The objects of a symmetric monoidal category that is a partial order make
a commutative monoid.

The following result is from [99] (Section 5).

SYMMETRIC MONOIDAL COHERENCE. The functor G from é-r to Rel is
faithful.

The proof of this faithfulness is easily obtained by extending our proof of
Symmetric Associative Coherence in the two preceding sections. To obtain
the category é#, we take A-r to be G. Then in é%—t we have éI[Allyl[T]I =14y

Although the categories S and éfrt are not preorders, the categories
S and éiw are preorders (for the definition of these last two categories
see §3.3). This follows from Symmetric Associative Coherence and Sym-
metric Monoidal Coherence. So extending & (é“) and &£ (§§|}) with the equa-
tion ¢ 4,4 = 1aaa, which yields preordering (see §6.5), does not add new

. A div A div . .
equations to S and ST. We will rely on that in §7.6.






Chapter 6

Biassociative Categories

In this chapter we prove coherence, in the sense of preordering, for cat-
egories that have two monoidal structures, with or without unit objects.
We explain what are the effects of strictifying this double monoidal struc-
ture. With the help of that, we establish also coherence for categories with
two symmetric monoidal structures. The proofs of the present chapter are

based on the proofs of the preceding two chapters.

§6.1. Coherence of biassociative and bimonoidal cate-
gories

Let A be the natural logical category in L., isomorphic to A of 84.3. The
only difference is that A is everywhere replaced by V. The primitive arrow
terms of C(A) are included in 1 and lv), while the equations of S(A) are
obtained by replacing A by V in those of £ (_/AX) (see the List of Equations
and the List of Categories at the end of the book).

To obtain the natural logical category A, we have that the logical system
C(A) is in L v, with the transformations « included in the families 1 and
b. The specific equations of £(A) are obtained by taking the union of those
of £ (A) and £ (X&) We call natural A-categories biassociative categories.

An arrow term of C(A) is called —-directed when neither of be and be
occurs in it.

We define inductively as follows formulae of L4 v in normal form:

every letter is in normal form;

115
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if A and B are in normal form and B is not of the form By A By, then

A A B is in normal form;

if A and B are in normal form and B is not of the form B V By, then

AV B is in normal form.

So all parentheses within conjunctions and disjunctions are associated to
the left as much as possible.
Then we can easily prove the Directedness Lemma of §4.3 for A by

extending the proof in §4.3. From that we infer as before the following.
BIASSOCIATIVE COHERENCE. The category A is a preorder.

Let A 1 be the natural logical category in L, | isomorphic to AT of
§4.6. The only difference is that A and T are everywhere replaced by V and
L respectively. The primitive arrow terms of C (_/V& 1) are included in 1, b
and § -&, while the equations of £ (A 1) are obtained by replacing A and T
by V and L respectively in those of £ (AT) (see the List of Equations and
the List of Categories).

To obtain the natural logical category At |, we have that the logical
system C(AT 1) isin LA v, 7,1, with the transformations « included in the
families 1, b and d-0. The specific equations of E(A 1) are obtained by
taking the union of those of 5(1&7) and S(AJ_). We call natural At |-
categories bimonoidal categories.

An arrow term of C(AT, ) is called —-directed when neither of lA)<—, lv)<—,
(§<—, g‘_, 6+ and g+ occurs in it.

We define inductively as follows formulae of LA v, T, 1 in normal form:

every letter and the nullary connectives T and L are in normal form;

if A and B are in normal form, B is not of the form B; A By and
neither A nor B is T, then A A B is in normal form;

if A and B are in normal form, B is not of the form By V By and
neither A nor B is 1, then AV B is in normal form.

So, as for the normal form of formulae of L, v, all parentheses within
conjunctions and disjunctions are associated to the left as much as possible,

and, moreover, the conjuncts T and disjuncts L are deleted.
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Then we can prove the Directedness Lemma of §4.3 for At | by extend-
ing the proof in §4.3 and §4.6. From that we infer as before the following.

BiMoNOIDAL COHERENCE. The category AT | is a preorder.

§6.2. Form sequences

The classes [A] involved in (C/€ ,A)—strictiﬁcation correspond bijectively to
finite nonempty sequences of objects (see §3.1 and §4.5). With (C/£,A)-
strictification the classes [A] correspond analogously to a more complicated
notion of sequence where we distinguish concatenation of the A kind from
concatenation of the V kind. To define this notion, let X be an arbitrary
set, and let ¢ € {A,V}. If ¢ is A, then ¢°is V, and if ¢ is V, then ¢° is A.
We define inductively as follows the notion of form sequence of X of

colour ¢:

(1) every xz € X is a form sequence of X of colour ¢;

(2) if X;...X,, where n > 2, is a sequence of form sequences of colour
€¢, then the ordered pair (Xi...X,, ¢) is a form sequence of X of

colour €.

(Finite nonempty form sequence would be a more precise, but less concise,
denomination for the notion of form sequence just introduced. We will
introduce below a more general notion of form sequence that covers also
empty form sequences of both colours.)

It is easy to see that every form sequence of X of colour ¢ corresponds
to a planar finite tree (see §2.1) with nodes of n-ary branching where n > 2,
such that every leaf is labelled by an element of X, every node that is not
a leaf is labelled by A or V, for every node labelled 5 € {A, V} its successor
is labelled (¢, provided this successor is not a leaf, and the root is labelled
¢, provided this root is not a leaf.

We introduce now an alternative notation for form sequences, which is
obtained by writing (X1 ¢ Xa¢ ... ¢ X,,) for (X1...X,, €) in clause (2) of
the definition above. We call this notation, which we will need in latter

sections, the natural notation for form sequences. The natural notation
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for [A] may be conceived as obtained from any formula in [A] by deleting
parentheses corresponding to ¢ in the immediate scope of ¢. For example,
we replace ((pAq)AT)Vs by (pAgAT)Vs. Note that for form sequences in
natural notation the variables for form sequences X, Y, ... stand in different
contexts for different syntactic objects. For example, if X is the form
sequence (p A ¢ A1), then in X A s, the variable X stands for p A g A 7,
while in X V s it stands for (p AgAr). As usually done, with other kinds of
formulae and terms, we omit the outermost parentheses in natural notation.

In the context of (C/€,A)-strictification, we may use as arrow terms for
arrows of the directly strictified category, arrow terms in natural notation,
i.e. arrow terms in which parentheses corresponding to ¢ in the immediate
scope of ¢ are deleted, as above. For example, we replace (((f1 A f2) A f3)V
fa)o fs by ((fi A fa A f3)V fa)o fs. Such arrow terms correspond to planar
finite trees if o does not occur in them.

If B,y is the set of objects of a C/E category B, and if G is A, and
is related to C/& as in (IVC) and (IVG) of §3.1, then the objects of BY
correspond to form sequences of B, of both colours. If X, X;,..., X7, ...
stand for form sequences of B, of colour ¢¢ (if X € By, then X is both
of colour ¢¢ and ¢), then we define the operations ¢’ € {A”,V"} on the

objects of BY in the following manner:

X1 8" Xo =45 (X1Xo, ),

Xe¢" (X1...Xp, €) =qr (X X1... X, €),

(X1... Xy, €) € X =qp (X1... XX, €),

(X1oo. X, €) €7 (X1 XD €) =g (X1oo. X X[ X, €),

for n,m > 2. The operation ¢” is, intuitively, concatenation of the ¢ kind.
For the classes [A] involved in (C/E,A~ ) )-strictification, we have to
extend the notion of form sequence to take into account the empty sequences
of colours A and V. For the formal definition that follows, let X be an
arbitrary set, and let ¢© for ¢ € {A,V} be as before.
A form sequence of X of colour ¢ is defined inductively, as before, with

the clauses (1), (2) and the following additional clause:

(0) if @ is the empty sequence of elements of X, then (0, ¢) is a form

sequence of X' of colour ¢.
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When we need to distinguish the previous notion of form sequence from the
new notion just introduced, we call the former notion nonexrtended and the
latter one erxtended. Planar trees corresponding to form sequences in the
extended sense have leaves labelled by elements of X or by (0, ¢).

For G being A+ |, we define the operations ¢” and ¢” on the objects
of BY conceived as form sequences in the extended sense in the following
manner. For T” we take ((}, A), which corresponds to [TY], and for 1" we
take ((),V), which corresponds to [19]. For ¢” we enlarge the definition
above with

Yer(d,¢)=a,
0,6)e"Y =4,

for Y any form sequence of B,y.

§6.3. Coherence of symmetric biassociative categories

Let S be the natural logical category in L, isomorphic to S of §5.1. The
difference is that A is everywhere replaced by V. The primitive arrow terms
of C (é) are included in 1, b and & , while the equations of £ (é) are obtained
by replacing A by V, and by permuting the indices of ¢ in the equations of
5(§) So we obtain the equations (¢¢) and (Iv)é) (see the List of Equations
and the List of Categories).

To obtain the natural logical category S, we have that the logical system
C(S) isin L v, with the transformations « included in the families 1, b and
c¢. The specific equations of £(S) are obtained by taking the union of those
of £ (é) and & (é) We call natural S-categories symmetric biassociative
categories.

For G being A and C/€ being S, we have that (IVC) and (IVG) of §3.1
are satisfied, and G is moreover a preorder. Thus we can apply the Direct-
Strictification Theorem of §3.2 to obtain a category Cg/Eg, which we will
call S*. We call Cg here C(S*).

As in §3.2, we have the functor GH from S* to Rel, and it is enough

to show that this functor is faithful to conclude the following.

SYMMETRIC BIASSOCIATIVE COHERENCE. The functor G from S to Rel is
faithful.
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In the remainder of this section we prove that the functor GH from S* to
Rel is faithful.

For ¢ € {A,V}, a é-term of C(S*) is called atomized when, for every
arrow term lx occurring in it, X is [p] for some letter p of P. Atom-
ized ¢-terms may be designated by composition-free arrow terms in natural
notation, as explained in the preceding section, and these arrow terms cor-
respond to planar finite trees analogous to those that correspond to form
sequences. To every atomized é-term we assign a planar finite tree with
nodes of n-ary branching, where n > 2, such that exactly one leaf X is la-
belled with the head ¢ x,y of our é—term, and all the other leaves are labelled
with arrow terms of the form 1,. Nodes that are not leaves are labelled
with A or V, and for every node labelled 8 € {A, V} its successor is labelled
¢, provided this successor is not a leaf.

Let v be either the leaf A above when the predecessor of X is labelled
with ¢¢ or A is the root, or else let * be the predecessor of A labelled with
¢. The level I(f) of an atomized é-term f is the height of 1 (see §2.1 for
this notion of height). The span s(f) of an atomized é-term f is the number
of nodes of the same height as v* on the left-hand side of v*.

It is easy to see that with the help of the bifunctorial and naturality
equations every arrow term of C (SSt) is equal in S*' to a developed arrow
term fp o ... o fio1lx where every factor f; is an atomized é—term, and if
1 <i<j<mn,then I(f;) < I(f;) and s(f;) < s(f;). It is also easy to
see that for every arrow term f: X Y of C(S*") there is an arrow term
1Y F X of C(S*) such that f~'of = 1x and fof~! = 1y in S*.
From that we conclude that to show the faithfulness of GH it is enough to
prove for f: X - X that if GHf = GH1x, then f = 1x in S*.

Let f: X F X be the developed arrow term fyo ... o fgo ... o f1o1lx of
the kind described above, such that I(f,) = ... = 1(fx), s(fu) = ... = s(fx),
and either I(fy) > I(fx—1) or s(fx) > s(fr—1). Suppose GHf = GH1x.
If GH(fno ... fr) = GH1lx, then by the faithfulness of GH proved in
§5.2 we can conclude that f,o...ofy = 1x in S* and we must have
GH(fno ... fr) = GH1lx, because, otherwise, according to our conditions
on [ and s, we could not have GHf = GH1x. We repeat this reasoning
with fr_1° ... 0 f101x, until we obtain that f = 1x in S*'. This concludes

the demonstration of the faithfulness of GH, from which we infer Symmetric
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Biassociative Coherence.

86.4. Coherence of symmetric bimonoidal categories

Let éJ_ be the natural logical category in Ly | isomorphic to éT of §5.3.
The difference is that A and T are everywhere replaced by V and L re-
spectively. The primitive arrow terms of C (é 1) are included in 1, lv), ¢ and
5 -&, while the equations of £ (é 1) are obtained by replacing A and T by V
and L respectively, and by permuting the indices of ¢ in the equations of
£(S7).

To obtain the natural logical category St |, we have that the logical
system C(St 1) isin L, v, 1,1, with the transformations « included in the
families 1, b, ¢ and é-0. The specific equations of £(St, 1) are obtained by
taking the union of those of 5(§T) and E(éj_) plus

(¢cl) écc=1lecac,

(

provided C' is a letterless formula of LA v 1.1 .
From (¢ L) and (¢ T) we can derive the following equations. If h: C'+ D

and h™': D  C are mutually inverse arrows of St j, with C and D

o<

T) écce=1love,

letterless formulae of L4 v, 1, then in £(St 1) we have

(
(

To derive (¢ h) we have

) éC,D = (h/\ 10) o (10 A\ h_l)7
) ED,C = (h\/ 1c) 0(10 V h_l).

o< O>

h
h

(h/\ 10) o (10 A\ hil) = (h/\ ]_c) ° éc,c O(lc /\hil), by (é\ J_)

A
= C¢c,D,

by naturality equations, bifunctorial equations, and by h being an isomor-
phism; we proceed analogously for (¢ h). Conversely, we obtain (¢ L) and
(¢T) from (¢ h) and (¢ h) by putting 1¢: C = C for h and h~1.

We call natural St | -categories symmetric bimonoidal categories.

The category Set of sets with functions is a bimonoidal category with
A being cartesian product, V being disjoint union, T being a singleton and
1 being the empty set. But, although the instance ¢, | =1, of (¢ 1)
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holds in Set, the instance é-r,-r = 1tyT of (ET) does not hold. So Set is
not a symmetric bimonoidal category in the sense just specified, though it
is a symmetric biassociative category.

Let the category SS’Tt’ | be obtained as S*" in the preceding section by
taking that G is A1, instead of A, and that C/€ is St . We call Cg here
c(stL).

A constant object of SS{ | is [A] where A is a letterless formula of
Lav,T,1- The remaining objects of S‘%l are called variable objects. The
constant objects of S%t’ | are denumerable.

The arrow term éxy of C(ST ), for ¢ € {A,V}, is called basic when
the following two conditions are satisfied: first, the form sequences (in the
extended sense) corresponding to X and Y are of colour ¢¢, and, secondly,
if the objects X and Y are both constant, then there is no arrow term
of C (S%—t 1) of type X Y (hence there is neither an arrow term of type
Y FX).

A developed arrow term f,, o ... o fio1z of C(SS{J_) such that for every
i € {1,...,n} the head of f; is a basic arrow term éxyy is called basically

developed. We can prove the following.

BASIC-DEVELOPMENT LEMMA 1. Fvery arrow term ofC(S%l) 15 equal in

S?)L to a basically developed arrow term.

PRrROOF. For f: X FY an arrow term of C(Sfrt)J_), we proceed by induction
on the number n > 1 of nodes in the planar finite tree corresponding to
X (which must be equal to the number of nodes in the planar finite tree
corresponding to Y). If n =1, then X =Y, and f must be equal to 1y, or

1(p,c)- For the induction step, we find first a developed arrow term equal
: €

to f, and then, by using the equations (b¢), (¢66) and (¢ h), together with

the induction hypothesis, we transform this arrow term into a basically

developed one. -

Analogously to what we had in the preceding section, we find for every
é-term f its level I(f). (Atomization is not here essential, since it leaves

the level invariant.) Then we have the following.

BASIC-DEVELOPMENT LEMMA 2. Every arrow term ofC(S%l) is equal in
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S%—t)J_ to a basically developed arrow term hygo ...ohyo1lx such that k > 0
and, if k > 1, then for 1 <i < j <k we have l(h;) < I(h;).

To prove this lemma, we use Basic-Development Lemma 1 together with

bifunctorial and naturality equations, which do not spoil basic development.

BAsSIC-DEVELOPMENT LEMMA 3. Ewvery arrow term f: (X1...X,, ¢)
Y1...Y,, ¢) of C(S%L), with n > 2, is equal in S%l to an arrow term of
the form

(..(fiefo)e ... €fn)eohge ... ohiolx

such that f;, fori € {1,...,n}, is of type X i) & Y; for m a permutation
of {1,...,n}, while hyo ... ohyolx, with k > 0, is basically developed and
I(hj) =1 for every j € {1,...,k}.

To prove this lemma we just apply Basic-Development Lemma 2 and bi-

functorial equations. Now we can prove the following.

SYMMETRIC BIMONOIDAL COHERENCE. The functor G from St | to Rel
is faithful.

PROOF. As before, it is enough to prove that the functor GH from S%—t’ 1
to Rel is faithful. As in the preceding section, it is enough to show for
f: X+ X that if GHf = GH1x, then f =1x in S¥ .

We proceed by induction on the number n > 1 of nodes in the pla-
nar finite tree corresponding to X. If n = 1, then f is equal to 1y, or
1(p,)- For the induction step, suppose X corresponds to the form sequence
(X;...X,, ¢) with n > 2. Then, by Basic-Development Lemma 3, we
have that f is equal in Sfrtyl to (...(f1efa)e ... € fn)oh where h, which
iS Ao ... ohyolx, is an instance of an arrow term

WG (prép) € epa)l E G- (Pry) €Pr@) € - €Prm))]

of C(é“), and the type of f; is X ;) - X;, for i € {1,...,n}.

For every i € {l,...,n} we must have 7(i) = i. If X; is a variable
object of S% |, then this follows from the fact that f is of type X F X
and GHf = GH1x. If X; is a constant object of SS{L, then this follows
from the fact that h is basically developed. Otherwise, there would be in
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h an arrow term évaXﬂj) or éX,,m,Xj for some j € {1,...,n}; but this is
impossible since f; is of type X (;) - X;. So GHI = GH1,y for A being

(...(p1€p2) € ... € ppn). By the faithfulness of GH from é“ to Rel, we have
h' = 14y, from which it follows that h = 1x in Sfrt, | . We have also that f;
is of type X; F X, and since GH f; = GH1x,, by applying the induction
hypothesis we obtain f; = 1x,. It follows that f = 1x in Sf'rt’ I -

In the induction step of this proof we deal with the least level, while in
the induction step of the proof of the faithfulness of GH from S*' to Rel
in the preceding section we dealt with the greatest level. Because of that,
we had to introduce there the notion of span. The preceding proof could,
however, be reworked in the style of the present section—with the least
level.

§6.5. The category S’

To obtain the natural logical category S’, we take the logical system C(S)
in L, of §6.3. The specific equations of £(S’) are those of £(S) plus the
equations

(61) éaa=1aen

for ¢ € {A,V}. We call S’ the natural logical category C(S)/E(S'). The
equations (¢ ) of the preceding section hold in S’ with A and B being any
formulae of £, y such that h: A+ B and h™': B A are mutually inverse
arrows of S’. Conversely, we obtain (él) from (é h) by putting 14: A A
for h and h~1.

To show that S’ is a preorder we proceed analogously to what we had
in the preceding section. Let S’** be obtained as S* by taking that G is
A and C/€ is S'. Here Cg is C(S*"). Basic arrow terms éxyy of C(S*) are
those where X and Y are of colour ¢¢ and there is no arrow term of C(S*")
of type X F Y. Basically developed arrow terms are then defined as in
the preceding section, and we take over also the notion of level. We can
then prove analogues of Basic-Development Lemmata 1-3 of the preceding

section.
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To conclude the proof that S’ is a preorder, we prove that every arrow
term f: X F X of C(S*) is equal in S"*' to 1x. We proceed by induction
on the number n > 1 of nodes in the planar finite tree corresponding to X.
This proof is analogous to the proof of Symmetric Bimonoidal Coherence
in the preceding section. In the induction step, we reason as in the case
where X; is a constant object.

Note that, since G éAA # G14c4, we have no functor G from S’ to
Rel. The fact that S’ is a preorder cannot be reformulated as a coherence
theorem stating that G is faithful.

The natural logical category S , whose logical system is C (é) in L, has
the specific equations of £ (é) with ¢ 4,4 = 1apna added. We can show that

S is a preorder by simplifying the argument above.






Chapter 7

Dissociative Categories

In this chapter we prove coherence, in the sense of preordering, for cate-
gories with a double monoidal structure without unit objects and with the
linear distribution arrows of [22]. Linear distribution is an associativity
principle involving two binary operations, and we have coined for it the
name dissociativity. This principle will yield arrows based on the usual dis-
tribution principle in Chapter 11, where the two monoidal structures are
made of a product and a coproduct.

We prove beforehand coherence for categories such as those mentioned
above that lack the ordinary associativity arrows. We also prove coherence
in cases where dissociativity is allowed only on one side. Our method in
these proofs is based on confluence techniques, like those that may be found
in the lambda calculus.

Next we prove coherence for the case where the two monoidal structures
with dissociativity are symmetric, and we still lack the unit objects. Here
the method of proof is more involved. It is based on a cut-elimination pro-
cedure in a sequent system strictified in the symmetric monoidal structure.
We justify this strictification by the results of Chapters 3-6.

We are here at the watershed as far as method is concerned. Up to
this chapter, confluence techniques predominated, while, from now on, cut
elimination, or its simpler version, composition elimination, will take over
the stage. (The two approaches are still mixed in the next chapter.) Cut
elimination could have been employed in the first part of this chapter too.

For the categories treated there, both approaches are available, and we

127
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opted for the first, the second being well illustrated in the second part of
the chapter.

At the end of the chapter, we consider adding the unit objects, and we
present the linearly distributive categories of [22], for which coherence in
our sense does not obtain. Linearly distributive categories without unit
objects, with which we deal in this chapter, do not seem to have been

considered separately before.

§7.1. Coherence of dissociative categories

To obtain the natural logical category DI, we have that the logical system
C(DI) is in LAy, with the transformations « included in 1 and d. The
equations £(DI) are just those of 52?151) (see §4.1). We call natural DI-
categories dissociative categories.

We have given in §1.2 our reasons for calling dissociativity the principle
underlying the arrow terms in d. This principle may be found in [1] (Section
15.2), [65], [89] (Section 8), [52] (Section 6.9) and [16]. In category theory
it has been introduced by Cockett and Seely (see [21] and [22]; see also [68],
Section 3.2). The dissociativity principle underlying the arrow terms in d

resembles the modularity law for lattices:
ifc<a, thenaA(bVe)<(anb)Ve

(see [9], Section 1.7). The condition a A (bV ¢) < (a Ab) V ¢, without the
assumption ¢ < a, has the same force as distribution in lattices (cf. §11.3).

For z and y occurrences of ¢ € {A,V} in a formula A of £, v we define
the relation Sg such that xSiy when z is in the scope of y in A. (For the
notion of scope see §2.1.) Note that for f: A F B being a member of the
family d we have that S7 is a proper subset of S/} and S a proper subset
of SY. This holds also for f being any arrow term of C(DI) in which a
member of the family d occurs; otherwise S’g = SgB. Here A and B are
comparable formulae of £, v (namely, formulae that yield the same word
after deleting parentheses; see §2.1), and the relations S4 and Sp can be
compared, as the relations R4 and Rp were compared in §4.2. It is clear
that the following holds.
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REMARK. Let the formula A of La v be of the form Ay ¢ Ag for ¢ € {A,V}.
Then, for x and y being occurrences of A or V in A;, where i € {1,2}, we
have that x is in the scope of y in A iff x is in the scope of y in A;.

We have the following analogue of the Extraction Lemma of §4.4, which

is proved by imitating the proof in §4.4.

EXTRACTION LEMMA. If there is an occurrence z of V in a formula A of
Ln,v such that there is no u with zSXu, then there is a formula Ay z A
of Lay such that there is an arrow term g: A F A1z Az of C(DI). In
addition,

(%) for all occurrences x and y of A orV in A;, where i € {1,2}, we
have that y is in the scope of x in A iff y is in the scope of x in
Ai;

(xx)  every subterm of g of the form dIf)7E7F is of the type DA(E z F) F
(DAE)zF, and every subterm of g of the form dﬁE’D is of the
type (FzE)ANDF Fz(EAD).

We do not need (xx) for the proof of the Theoremhood Proposition be-
low, but we stated this condition because it is analogous to (xx) of previous
Extraction Lemmata in §4.2 and §4.4. The following lemma is analogous
to the Theoremhood Proposition of §4.2.

THEOREMHOOD PROPOSITION. There is an arrow term f: A+ B of C(DI)

iff A and B are comparable formulae of L, and we have S C S and
Sy C SY.

ProOOF. The direction from left to right is easy. For the other direction,
we proceed by induction on the letter length n > 1 of A. If n = 1, then
S5 =85=0,and fis1,:pF p.

If n > 1 and B is By z By for z being an occurrence of A, then from
S5 C 57 it follows that A is of the form A; 2 A;. Then, by the Remark,
we have S§ C S and Sy C Sy for i € {1,2}, and so, by the induction
hypothesis, we have the arrow terms f;: A; - B; of C(DI). The arrow term
Fis fiA fa.
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If n > 1 and B is By z By for z being an occurrence of V, then from
S% C S), we conclude that there is no u such zSYu. So, by the Extraction
Lemma of this section, there is an arrow term g: A = A; z Ay of C(DI) such
that () of the Extraction Lemma holds. Since for z and y in A; we have
xSf‘iy iff J:Sgy, by the induction hypothesis and the Remark we have the
arrow terms f;: A; F B; of C(DI), and f is (f1 V f2)eg. -

As explained after the proof of the Theoremhood Proposition of §4.2, with
the Theoremhood Proposition we have just proved we have solved the the-
oremhood problem for the category DI.

For a formula A let d(A) be the cardinality of the set of ordered pairs
Sh. It f: A+ B of DI is not equal to 14: A+ A, then d(B) < d(A). We

can prove the following.
DissocIATIVE COHERENCE. The category DI is a preorder.

PROOF. Let f,g: A+ B be arrow terms of C(DI). We proceed by induction
on d(A)—d(B) to show that f = ¢ in DI. (Until the end of this proof, we
assume that equality of arrow terms is equality in DI.) If d(4) = d(B),
then we conclude that f =g =14.

Suppose d(B) < d(A). By the Development Lemma of §2.7, we have
that f = foo f1 and g = g2 ° g1 for some d-terms f1: A-C and g;: AF D,
and some arrow terms fo: C' = B and ¢go: D F B of C(DI). We have
d(C),d(D) < d(A). The following cases may arise.

(LL) The head of f1 is dj; p ¢, and the head of gy is df; ; ;. Under (LL),

we have the following subcases.

(LL1) The subformulae EA(FVG) and HA(IVJ) have no occurrences of
letters in common within A. Then we use bifunctorial equations to obtain
two d-terms fi: C F B’ and g5: D F B’ such that fio f; = ghog1. Then
we can infer that S5 N S = SB and SY% U SY = S),, from which it
follows from the Theoremhood Proposition of this section that S3 C S35,
and S%, C S). Hence, again by the Theoremhood Proposition, there is an
arrow term h: B’ + B of C(DI). By applying the induction hypothesis, we
obtain that fo = he f5 and go = ho g}, from which f = g follows.

(LL2) Suppose E A (F'V G) is a subformula of H or of I or of J; or,
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conversely, suppose that H A (I V J) is a subformula of E or of F or of G.
Then we proceed as in (LL1) by using (d* nat).

(LL3) Suppose, finally, that E is H, F is I, and G is J. Then C is D,
and f; = g1. We then apply the induction hypothesis to f2,g2: C' - B and
obtain f = g.

(LR) The head of f is dj p, and the head of gy is df; ;. Under (LR),
we have two subcases that are settled analogously to (LL1) and (LL2).
There are no remaining subcases under (LR). It might seem that E could
be J VI, while F'V G is H; in other words, EA (FV G) and (JVI)ANH
would the same subformula of A of the form (JzI) A (FyG) for x and
y occurrences of V. Then we would have zS%y and yS)Yz, and, by the
Theoremhood Proposition of this section, we would have both zSY%y and

yS}x, which is a contradiction.

It remains to consider the following cases.
(RR) The head of f; is dg7F7E, and the head of g; is le_{,I,H-
(RL) The head of f; is dg,F’E, and the head of gy is d%{,],]-

The case (RR) is settled analogously to (LL), while the case (RL) is the
same as (LR). 4

It is not difficult to see that S = S5 and SY = S implies that A
and B are the same formula of £, . Because, if S = S5 and SY = SY,
then, by the Theoremhood Proposition of this section, there is an arrow
term f: A+ B of C(DI), in which d¥ and d® cannot occur, because S%
is not a proper subset of S/} and S is not a proper subset of S),. Hence
f must stand for an identity arrow. So there is a bijection between the
objects A of DI and the pairs of relations (S%,SY%). From Dissociative
Coherence, we can conclude that DI is isomorphic to the category whose
objects are such pairs, and where an arrow exists between (57%,SY%) and
(S5, S)) when S§; C S% and S C S). Note that, as the category A~ of
84.2, the category DI is not just a preorder, but a partial order.
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§7.2. Net categories

To obtain the natural logical category DA, we have that the logical system
C(DA) is in L v with the transformations « included in 1, b and d. The
specific equations of £(DA) are those of £(A) plus

(dEn)  dk = (b7 p o V1p)odk o(1a Adh o p)o b
AAB,C,D — \YA B.,C D A,BAC,D A B,C,D A,B,CVD>

(d-v)  d- = bt o (dh oV 14) o dE c(1p A by o)
D,C,BVA — YDAC,B,A D,C,B A D,CVB,A D C,B,A)s
A

(d®A) dR =(1pV bsp 4)edE o (dE . p A14)o b7
D,C,BAA D C,B,A D,CAB,A D,C,B A DVC,B,A»

Vv \
(d®v) dfypecp= ba g.oap °(1aV df cp)°df pyep© (b5 5o N1lbp),

7 R L L R P

b)  dirpcpe(dipcN1lp)=dipcap°(laNdEcp)e by pyeps

Vv Vv

b)  (dfpcoVip)ediypcp =04 prop°(XaVdsop)odspoup:

Note that, after replacing V by A, the arrow term dﬁ’ p,c is of the same
N 2

type as b} 5 o, and, after replacing A by V, it is of the same type as b7 p .-

Dually, d’j’ p,c is of the type of Ii: p.c after these replacements. After such
replacements, the equations (d% nat) and (df nat) become the equations
(8 nat) and (é nat) (see §2.7), while all the specific equations of £(DA)
that are added to those of £(A) are related to the pentagonal equations
(3 5) and (lv)5) (see §4.2 and the List of Equations at the end of the book).
We may obtain all of these equations by starting from (8 5) and replacing
one or two occurrences of A by V in each of the types, at the same place.
When only one occurrence is replaced, this forces three or four 8—terms to
become dX-terms or d®-terms, and yields the equations (d%A), (df*A) and
(d 8) The remaining three equations are obtained analogously from (lv) 5)
by replacing one occurrence of V by A. This covers all replacements of A by
V in (g 5), since the replacements in (é 5) may be conceived as replacements
of two occurrences of A by V in (8 5). (When all the three occurrences of A
are replaced by V in (IAJ 5), we obtain (lv) 5).) There are many symmetries in
these equations.

We call natural DA-categories net categories. Officially, in our nomen-
clature they would be called dissociative biassociative categories. A reason
for switching to the handy denomination “net” is in the connection with

the proof nets of linear logic (see [63] and [33]). The linearly distributive
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categories of [22] (the old denomination of these categories is “weakly dis-
tributive”; cf. [25] for the renaming) are net categories in the sense above,
and all the specific equations of £(DA) may be found in [22] (Section 2.1;
see [21], Section 2.1, for an announcement). However, linearly distribu-
tive categories have also two objects T and L, with which one obtains a

bimonoidal structure (see §7.9).

§7.3. Coherence of net categories

For G being A and C/E being DA, we have that the conditions (IVC)
and (IVG) of §3.1 are satisfied, and G is moreover a preorder. Thus we
can apply the Direct-Strictification Theorem of §3.2 to obtain the category
Cg/Eg, which we call DA®". We call Cg here C(DA®).

Coherence for DA, which amounts to DA being a preorder, can perhaps
be deduced from a very general theorem of [8] (Theorem 5.2.4), whose proof
is only sketched in that paper, with substantial parts missing. It is not clear
whether our proof was envisaged in [8].

In order to prove that DA is a preorder, it is enough to prove that DA**
is a preorder. Our proof of the latter will be to a considerable extent anal-
ogous to the proofs of Semiassociative Coherence in §4.2 and Dissociative
Coherence in §7.1.

We identify the objects of DA®* with form sequences of P (in the nonex-
tended sense; see §6.2), which we call form sequences of letters, or, to sim-
plify the exposition, simply form sequences. In this and in the next chapter,
“form sequence” will mean “form sequence of letters”. For these form se-
quences we use the variables XY, ..., sometimes with indices. For every
form sequence X in natural notation, we define a relation Rx between the
set of occurrences of A in X and the set of occurrences of V in X. For that
we need some preliminary notions.

For every occurrence z of A in a form sequence X in natural notation, if
y' is the rightmost occurrence of V in X such that X has a subword y'(X)
with 2 in the form sequence X', then I(x) is the leftmost occurrence of
letter in X'; if there are no such occurrences of V in X, then I(z) is the
leftmost occurrence of letter in X. Dually, if 3" is the leftmost occurrence

of V in X such that X has a subword (X")y” with z in the form sequence
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X", then r(z) is the rightmost occurrence of letter in X”; if there are no
such occurrences of V in X, then r(x) is the rightmost occurrence of letter
in X. For example, we have

p V(g v r vV s)YA{(t AN u)V wv)

Y1 l(z1) Y2 Y3 T2 z1 r(z1) ya 7(w2)
l(a?g)

Then for an occurrence = of A in X and an occurrence y of V in X we
stipulate that Rxy when y is on the right-hand side of I(z) and on the
left-hand side of r(z). If X is the form sequence in the example above, then

we have Ry = {(z1,%2), (x1,¥3), (¥2,92), (22, 43), (x2,94)}-
We can infer the following from the definitions of I(x) and r(x).

NONOVERLAPPING LEMMA. A form sequence in which in natural notation
an occurrence x1 of A is on the left-hand side of an occurrence xa of N

cannot have a subword of the form

l(z1) wy zo) wr(zr) wa r(z2).

PROOF. By the definition of r(z1) and I(x3), we have a subword (X;)V
with X; containing x; and ending in r(z;), and a subword V(X3) with X,
containing zo and beginning with I(z2). Then either (X;)V is a proper
subword of X3, or V(X3) is a proper subword of X;. This is because 1 is
on the left-hand side of x5, and I(z2) is on the left-hand side of r(x1).
Suppose V(X3) is a proper subword of X;. Then r(z3) must be in X7,
because (X1)V has x5 as a subword. But r(z3) cannot be in X7, because
it is on the right-hand side of r(z1), which is the last occurrence of letter
in X;. We conclude analogously that (X;7)V cannot be a proper subword
of Xs. =

Note that we cannot prove the Nonoverlapping Lemma without the

assumption that x1 is on the left-hand side of z5. Here is a counterexample:

(p v (g A r)nA(ls A t)V v)

I(z1) l(z2) @2 z1 r(z1) r(z2)

Note also that it is excluded that a form sequence in natural notation

has a subword of the form
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[(w1) wi (1) wa r(22)

with (z2) being r(x1). Otherwise, for p being r(z1) and I(z2), we would
have in our form sequence a word ("p)™ with n,m > 1. (Here (" is a
sequence of n left parentheses, and )™ a sequence of m right parentheses,
as in the Extraction Lemma of §4.2.)

When X and Y are the same form sequence, or a pair of form sequences
that in natural notation differ only with respect to parentheses, we say that
X and Y are comparable form sequences. For comparable form sequences
X and Y, we may take that Rx and Ry are relations between the same
sets, and compare these relations (we did something analogous in §4.2). Tt
is easy to see that for every arrow term f: X F Y of C(DA®"), the form
sequences X and Y are comparable, and Ry C Rx. Moreover, if d* or df?
occurs in f, then Ry is a proper subset of Rx; otherwise, Rx = Ry. For
example, with dﬁjq)r ANlg:pA(gVr)Ask ((pAg)Vr)As, if x; and x4 are
respectively the left and right A, and y is the V, in p A gV r A s, then we

have Rp/\(qu)/\s = {(z1,9), (z2,y)} and R((p/\q)\/T)/\s = {(z2,9)}.

Two comparable form sequences X and Y in natural notation corre-
spond to the same words w(X) and w(Y) written in letters, A and V,
which are obtained from X and Y respectively by deleting all parentheses.
A place in X is a subword w’ of w(X). There is an obvious deleting map
0 from subwords of X to places in X. We say that a subword v of X is at
a place w’ when §(v) = w’. (Note that different subwords of X can be at
the same place.) A subword z of X and a subword y of Y are at the same
place when 6(x) = §(y). (These definitions are analogous to those we had
in §2.1.) It is easy to see that the following holds.

REMARK. Let X in natural notation be of the form X ¢ Xo for ¢ € {A,V}.
Then, for x and y occurrences of A and V respectively in X;, fori € {1,2},
we have xRxy iff tRx,y.

The following lemma is analogous to the Extraction Lemmata of §4.2,
84.4 and §7.1.

EXTRACTION LEMMA. If there is an occurrence z of V in the form sequence
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X, then there is a form sequence X1 z Xo in natural notation such that there
is an arrow term g: X F X1 2 Xy of C(DA®). In addition,

(%) for every occurrence x of A in X; and every occurrence y of V in
X, where i € {1,2}, if tRxy, then ©Rx,y;

(xx) every subterm of g of the form dchZ,U is of the type Y AN(Z 2U) +
(Y AZ)zU, and every subterm of g of the form dﬁ,y,z is of the
type (UzY)NZFU2z(Y NZ).

PROOF. We proceed by induction on the number n > 1 of occurrences of
letters in X. If n = 1, then the antecedent of the lemma is false, and the
lemma is trivially satisfied.

If n > 1, then X is X' ¢ X" for ¢ € {A,V}. If ¢ is 2z, then g is 1.
Suppose ¢ is not z, and suppose first ¢ is A and z is in X’. Then, by the
induction hypothesis, we have an arrow term ¢': X' - X} z X}, of C(DA®")
satisfying the primed version of (x). The arrow term ¢’ A 1x~ is of type
X F (X{2X5) A X", and we have the arrow term dﬁ{,x;,x” o(g' N1xn):
X F X 2(X,AX") of C(DA™).

Suppose x is an occurrence of A and y an occurrence of V, and suppose
xny.

If  and y are both in X], then xRx/y by the Remark above, and
hence, by the induction hypothesis, (z,y) € Rx;. We settle easily in a
similar manner, with the help of the Remark, cases where x and y are both
in X/ or both in X”.

If z is in X} and y is in X", then r(z) in X7 z (X5 AX") is the rightmost
occurrence of letter of X”. Otherwise, r(z) would be a letter p in a subword
p)ly’ of X} such that y' is an occurrence of V. Then, since zRxy and ¥/ is
in between z and y, we must have zRx’, and, by the induction hypothesis
and the Remark, we would have (z,y’) € Rx; . (x;ax), which contradicts
the fact that p in p)ly’ is r(z).

If 2 is in X” and y is in X}, then [(z) in X}, A X" is the leftmost
occurrence of letter of X4, and so (z,y) € Rxynxo

The case where z is in X" is settled analogously by using d%, XU Xy

It remains to consider the case where ¢ is V but is not z. Suppose

z is in X’. Then, by the induction hypothesis, we have an arrow term
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g X'+ X} 2 X} of C(DA®") satisfying the primed version of (x). So we
have the arrow term ¢’ V 1x: X' ¢ X" = X| 2 X}, ¢ X" of C(DA®").
Then we verify (%) by the induction hypothesis and the Remark. The

assertion () is easily checked by going over the proof above. -

Note that the implication converse to () in the Extraction Lemma
above holds trivially. We do not need (xx) for the proof of the Theorem-
hood Proposition below, but we stated this condition because it is analo-
gous to (xx) of previous Extraction Lemmata. Here is the analogue of the
Theoremhood Propositions of §4.2 and §7.1.

THEOREMHOOD PROPOSITION. There is an arrow term f: X F Y of
C(DA®™) iff X and Y are comparable form sequences and Ry C Rx.

PROOF. We have already verified above the easy direction from left to
right. For the other direction, we proceed by induction on the number
n > 1 of occurrences of letters in X. If n = 1, then Ry = Rx = 0, and f
isl,:pkp.

If n > 1and Y is Y7 2 Y5 for z being an occurrence of A, then, since for
every occurrence y of V in Y we have xRy y, we have x Rxy, which means
that X is of the form X; z X5. Then, by the Remark, we have Ry, C Ry,
for i € {1,2}, and, by the induction hypothesis, we have the arrow terms
fi: X; - Y; of C(DA®"). The arrow term f is fi A fo.

If n >1and Y is Y7 2Y5 for z being an occurrence of V, then, by the
Extraction Lemma of this section, there is an arrow term ¢g: X F X; z Xo
of C(DA®") such that the assertion (x) of the Extraction Lemma holds. If
x2Ry,y, then, since Ry C Ry, by the Remark we have xRxy. By (), we
conclude that zRx,y. So, by the induction hypothesis, we have the arrow
terms f;: X; FY; of C(DA®Y), and f is (fi V f2)eg. 4

As explained after the proof of the Theoremhood Proposition of §4.2, with
the Theoremhood Proposition we have just proved we have solved the the-
oremhood problem for the category DA®. This yields also a solution of
the theoremhood problem for the category DA, but we will examine this
latter problem separately in the next section.

For a form sequence X, let d(X) be the cardinality of the set of ordered
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pairs Rx. If f: X Y of DA®" is not equal to 1x: X X, then Ry is a
proper subset of Rx and d(Y') < d(X). We prove the following.

NET COHERENCE. The category DA is a preorder.

PROOF. It is enough to show that DA is a preorder. Let f,g: X Y be
arrow terms of C(DA®"). We proceed by induction on d(X)—d(Y) to show
that f = ¢ in DA®". (Until the end of this proof, we assume that equality
of arrow terms is equality in DA®".) If d(X) = d(Y), then we conclude
that X is Y, and f=¢9g=1x.

Suppose d(Y) < d(X). By the Development Lemma of §2.7, we have
that f = foo f1 and g = g2 0 g1 for some d-terms f1: X F Z and g;: X - U,
and some arrow terms fo: Z Y and go: U F Y of C(DA®"). We have here
d(Z),d(U) < d(X). The following cases may arise.

(LL) The head of f, is dj g, and the head of g is df; ; ;. (Here E, F,
G, H, I and J stand for form sequences.) Due to the presence of (d*A)
and (d¥V), we can assume that E and H are not of the form (X;... X, A)
and G and J are not of the form (X;...X,,V). Under (LL), we have the

following subcases.

(LL1) The form sequences EA(FVG) and HA(IVJ) have no occurrences
of letters in common within X. Then we use (A 2) and (V 2) to obtain two
d-terms f}: Z FY' and g5: U F Y’ such that fie f; = ghegi. Then we
can infer that Rz N Ry = Ry, from which it follows by the Theoremhood
Proposition of this section that Ry C Ry . Hence, again by the Theorem-
hood Proposition, there is an arrow term h: Y’ Y of DA®. By applying
the induction hypothesis, we obtain that fo = he fi and go = hegj, from
which f = g follows.

(LL2) Suppose E A (FV G), in natural notation, is a subword of H or of
I or of J; or, conversely, suppose that H A (I V J) is a subword of E or of
F or of G. Then we proceed as in (LL1) by using (d” nat).

(LL3) Suppose, finally, that E is H and G is J. So F is I. (Due to our
assumptions about E, H, G and J, there are no other remaining subcases
under (LL).) Then Z is U, and f; = ¢g1. We then apply the induction
hypothesis to fo,92: Z + B, and obtain f = g.
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(LR) The head of f; is dé’F’G, and the head of g; is d?,[,H' Due to the
presence of (d¥A), (d*V), (d®A) and (d®V), we can assume that E and
H are not of the form (X;...X,,A) and G and J are not of the form
(X1... X, V).

Under (LR), we have the following subcases. There are first two sub-

cases that are settled analogously to (LL1) and (LL2). The remaining

subcases are:
(LR4) EisJVI and FVGis H,

and when F'V G is J V I we have the following two subcases:

(LR5) FisJ (so Gis I),
(LR6) FisJVF" (solis F"VGQG).

(There is no subcase named (LR 3), which would be analogous to (LL3).)
(LR4) Then by (dz) we have

(dfl%,l,F Vig)e dé,F,G =1,V d%,F,G) ° diI,H'

Let f} and g4 be obtained from g; by replacing its head dlj;LH by d]f;LF\/lc
and 17V dIL7F,G respectively. It is clear that f5o fi = ghogi: X FY’. Then
we infer that Rz N Ry = Ry, and we continue reasoning as in (LL1), by

applying the Theoremhood Proposition.
(LR5) Then by (dlA)) we have

dg/\F,G,H ° (dé,F,G ANlpg) = dlE,F,G/\H o(1p A dg,G,H)'

Let f} and g4 be obtained from g; by replacing 15 A dgG,H by dgAF’G,H
and d%?,F,G/\H respectively. It is clear that f5o fi = ghog1: X FY’. Then
we infer that Rz N Ry = Ry, and we continue reasoning as in (LL1), by

applying the Theoremhood Proposition.

(LR6) We prove first that there is an occurrence z of V in JV F"’ VvV G
such that for every occurrence z of A in EA (JV F” VvV G) A H we do not
have zRy z.

Let u be an occurrence of A in the word E'A. For every such u the
occurrence of letter 7(u) in Y is either in J or in F”'. Let p be the rightmost

of these occurrences of letters.
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If p is in J, then we take z to be the V between J and F”. By the
definition of r(u), there is no occurrence u of A in E A such that uRy z.
Since Ry C Ry, there is no occurrence x of A in J such that xRy z, and,
since Ry C Ry, there is no occurrence x of A in the word F”'V G) A H such
that xRy z.

If pisin F”, then we take z to be the occurrence of V on the right-hand
side of p nearest to p. This z is either in ", or it is the V between F’' and
G. By the definition of r(u), there is no occurrence u of A in E A such that
uRy z. Since Ry C Ry, there is no occurrence x of A in J such that xRy z.
If there is an occurrence x of A in F”” vV G) A H such that xRy z, then in
Y we have that I(z) is on the left-hand side of p, which is r(u) for some
occurrence u of A in E'A. (As we said after the proof of the Nonoverlapping
Lemma, it is excluded that {(x) coincides with r(u).) Since Ry C Ry, we
must have that I(u) is on the left-hand side of I(x), and, since xRy z, we
must have that r(z) is on the right-hand side of r(u). Since z is on the
right-hand side of u, all this contradicts the Nonoverlapping Lemma. Hence
we do not have xRy z.

There are now two possibilities for the z we have found. Suppose first
that JV F” V G is of the form KzL. Then we have three subcases:

(LR6.1) KisJ (soLisF"VQ),
(LR6.2) LisG (so KisJVF"),
(LR6.3) KisJVF/ and Lis Fy VG (so F"is F|'V F}).

(LR6.1) Then by (d*V) we have

d%,J,I Nlg = ((dé,J,F” V1g)Alpg)e (djlé,F,G Alp).

Let fi and f{’ be obtained from ¢; by replacing 15 A dﬁI,H by déﬁ,’[ ANlpy
and (dé,J7F,, V 1) A 1y respectively. It is clear that f{ = fi' fi: X F Z'.
Suppose zRyy. If z is not in EA (Jy F”V G) A H, then it is easy to infer
that Rzy. f zisin EA(JyF” VvV G) A H, then it is either in E A (J or
in F””VG) A H. In the first case, y is on the left-hand side of z, and in the
second case, it is on the right-hand side of z. In both cases, we get xRz y.
So Ry C Ry, and, by the Theoremhood Proposition of this section, we
obtain an arrow term f3: Z' Y of C(DA®"). By the induction hypothesis,
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we have that fo = f5o f1', where d(Z) < d(X). We continue reasoning as
in subcase (LR5), starting from f] and g;. There we apply (dg)

The subcase (LR 6.2) is settled analogously to (LR 6.1) by using (d?V),
and for subcase (LR6.3) we use both (d¥V) and (d®V) to reduce it to
(LR5), where we apply (dlA))

Suppose now that J V F” V G is not of the form K z L. So z is in F”,
but F” is not of the form F|’ z Fj/. Then, by the Extraction Lemma of
this section, there is a form sequence F"’ of the form F}” z F" in natural
notation such that there is an arrow term h: F” = F"” of C(DA®") with ()
being satisfied. Let fi, g, b/, f4 and ¢4 be obtained from g; by replacing
1 AdJ [ i respectively by

d%,J\/F”’,G A,

1 AdS porve s
1gA(1;VAhV1g)Aly,
(lgA(QyVh)Vig)Aly,
1g A1V ((hV1g)Alm)).

Then, by (d¥ nat) and (df nat), we have that f{ ch’ = f5 o f; and g} - h' =
g5 °g1. For h' being of the type X F X', we have that Ry C Ry, which
follows easily from our assumption about z and from (x) of the Extraction
Lemma. For f§ being of the type Z F Z’ and ¢4 of the type U + U’, we
infer that Rz = Rz N Ry, and Ry = Ry N Rx. So, by the Theoremhood
Proposition of this section, we have the arrow terms f5: Z' FY and g} :
U'FY of C(DA®"). Then we apply the induction hypothesis to fa, f4° f4:
Z FY and go,95°95 : U F Y, and also to fio f],g5,91: X' B'Y, where
d(Z),dU),d(X") < d(X).
It remains to consider the following cases:

(RR)  the head of fy is df  p, and the head of gy is d; y;

(RL)  the head of fi is df j 5, and the head of gy is df ; ;.
The case (RR) is settled analogously to (LL), while the case (RL) is the
same as (LR). =

It is not difficult to see that Rx = Ry implies that the form sequences
X and Y coincide. Because, if Ry = Ry, then, by the Theoremhood
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Proposition of this section, there is an arrow term f: X FY of C(DA®"), in
which d¥ and d® cannot occur, because Ry is not a proper subset of Rx.
Hence f must stand for an identity arrow. So there is a bijection between
the objects X of DA® and the relations Rx. From Net Coherence, we
can conclude that DA®' is isomorphic to the category whose objects are
the relations Ryx, and where an arrow exists between Rx and Ry when
Ry C Rx.

§7.4. Net normal form

In this section we will examine the theoremhood problem (in the sense of
§1.1) for the category DA, and we will find a solution for it different from
that suggested by the Theoremhood Proposition of the preceding section.
This solution will also yield a unique normal form for arrow terms of C(DA),
i.e. anormal form such that arrow terms of C(DA) in normal form are equal
in DA iff they are the same arrow term.

Consider a formula B of L4 . Let B” be obtained from B by replacing
every V by A. Let I(B) be obtained from I(B”) (see §4.4) by putting back
the occurrences of V where they were in B, while keeping the subscripts of
I(B").

Let A be a formula comparable with B (which means that A and B are
the same after deleting parentheses). Next, let A* be obtained from A by
adding to every occurrence x of A or V in A the subscript x has in I(B).

Then we have the following proposition.

THEOREMHOOD PROPOSITION. There is an arrow term f: A + B of
C(DA) iff A and B are comparable formulae of Lx v and

(t)  in A* defined with respect to I(B), for every n,m > 2 there is

n0 Apm in the scope of V.

PROOF. From left to right, suppose we have an arrow term f: A+ B of
C(DA) such that (1) fails in A*. Then for fg: X Y in DA®" we can find
in X and Y an occurrence z of A corresponding to Ay, and an occurrence
y of V corresponding to V,. Since (}) fails in A*, we do not have zRxy,
but the subscripts of I(B) tell us that we have zRyy, which contradicts
the easy, left-to-right, direction of the Theoremhood Proposition of §7.3.



§7.5.  Coherence of semidissociative biassociative categories 143

For the other direction, we proceed as follows. By the Associative
Normal-Form Proposition of §4.4, there is an arrow term f": A" + B"
of C(A) such that in (f")*: (A")* + I(B") for every subterm of the form

A

bp g of type DAy (E Ay F) B (D Ay E) Ag F', and every subterm of the
form ZA’EE,D of type (F' Ay, E) A\t D = F A, (E Ny D), we have that | and
every subscript in D, E and F divides k. We build out of (f")* an arrow
term f*: A* F I(B) by putting back V at some places, as required by
A and B. In transforming (f")* into f*, some subterms of (f")* in the
family b may remain in that family, and some may be transformed into
arrow terms in the families lv), d” or df. It is excluded that the type of a
subterm of (f")* in the family b becomes DV (EAN,F)E (DVE)Ag F oor
(FALE)ViDE F A, (EV,; D), which would prevent its being transformed
in an arrow term in the families lAj, lv), d" or d®. This is guaranteed by
(1), and by the fact that for every subterm of (f")* in the family b of a
type (GM)* b (H")* we have that H* satisfies (1), as A* does. We obtain
f: AF B by deleting the subscripts of f*. -

The procedure of the proof of the right-to-left direction of this propo-
sition, which presupposes the results of §4.4, gives rise to a unique arrow
term, which we may consider to be in normal form.

We could imagine a proof of Net Coherence where instead of relying on
the Theoremhood Proposition of the preceding section, we would rely on a

strictified version of the Theoremhood Proposition of this section.

§7.5. Coherence of semidissociative biassociative cate-
gories

To obtain the natural logical category D¥A, we have that the logical system
C(D"A) is in L v, with the transformations « included in 1, b and d*. So,
in contradistinction to C(DA), we do not have d*. The specific equations
of £(D*A) are those of £(A) plus (d“A) and (d¥V) of §7.2. We call natural
DXA-categories semidissociative biassociative categories.

For G being A and C/& being DA we have that the conditions (IVC)
and (IVG) of §3.1 are satisfied, and G is moreover a preorder. Thus we

can apply the Direct-Strictification Theorem of §3.2 to obtain a category
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Cg/Eg, which we call D*A®". We call Cg here C(D*A™).

Our proof that DYA®! is a preorder is to a considerable extent analogous
to the proof that DA® is a preorder, and we assume the notions defined in
§7.3. The new proof is somewhat more complicated as far as the definitions
of the relation Rx is concerned.

For every object X of DYA® ie. for every form sequence X in the
natural notation of §6.2, we define two relations Ry and R% between the
set of occurrences of A in X and the set of occurrences of V in X. We have
rRYy when the occurrence y of V is in between /(z) and the occurrence x
of A, and we have xR%y when y is between x and r(z). It is clear that Rx
is the disjoint union of Ry and R%.

It is easy to verify that, for every arrow term f: X Y of C(D*A®),
we have R} C R% and Ry = R!.. Moreover, if d occurs in f, then R}
is a proper subset of R'. It is also easy to verify that the Remark of §7.3
holds when we replace R by R' and R". Then we can prove the following
analogue of the Extraction Lemma of §7.3.

EXTRACTION LEMMA. If there is an occurrence z of V in the form sequence
X such that there is no occurrence x© of A in X with xRz, then there is a

form sequence X1 z X5 in natural notation such that there is an arrow term
g: X F X, 2X, of C(DTA®Y). In addition,

(%) for every occurrence x of A in X; and every occurrence y of V
in Xy, where i € {1,2}, if vR'yy, then xR y; moreover, Ry =

l
RXl zXo?

(xx)  every subterm of g of the form d,L/’Z’U is of the type Y N(Z zU)
YANZ)2U.

The proof is obtained by excluding the case where ¢ is A and z is in X’ in
the proof of the Extraction Lemma of §7.3.
Next we state the analogue of the Theoremhood Proposition of §7.3.

THEOREMHOOD PROPOSITION. There is an arrow term f: X F Y of
C(D*A®Y) iff X and Y are comparable form sequences, and we have Ry C
R% and R, = R},
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The proof is again a slight modification of the proof of the Theoremhood
Proposition of §7.3.

The proof that the category DYA®! is a preorder is then obtained by
proceeding as in the proof of Net Coherence of §7.3. We keep just the cases
analogous to (LL) cases. So we have the following.

SEMIDISSOCIATIVE BIASSOCIATIVE COHERENCE. The category DYA is a

preorder.

Analogously to what we had at the end of §4.2, §7.1 and §7.3, with the
help of Semidissociative Biassociative Coherence, we obtain that DA is
isomorphic to a category whose objects are pairs of relations (R%, R ), and

where an arrow exists between (R%, Rly) and (R}, R}) when R} C R%
and Ry = RL..

87.6. Symmetric net categories

To obtain the natural logical category DS, we have that the logical system
C(DS) is in LAy, with the transformations « included in 1, b, ¢ and d.
The specific equations of £(DS) are obtained by taking the union of those
of £(DA) and &(S) plus

(d%c) dfpa=C¢opaac(CapVic)edigeo(lan épe)e Covpa.

We call natural DS-categories symmetric net categories. In §12.4 we
will give a concrete example of a symmetric net category in which A and Vv
are not isomorphic. (See §11.3 for the question whether the category Set
of sets with functions is a symmetric net category.)

In the presence of (d®c), the equations (d nat), (df*A) and (d?V) be-
come derivable from the remaining equations. Note that (dfc) may be
conceived as a definition of d in terms of d¥, ¢ and ¢. So we may as
well assume that in C(DS) we do not have d?, but only d*, and that d”? is
defined by (dfic). We make this assumption in §§7.6-8, and we write simply
d for d”, omitting the superscript ©. This convention will be in force also
later on whenever we have (d’c) (especially in Chapter 11).

To give some alternative axioms for £(DS) we introduce the following

definitions:
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eap,cp =af daperce(laA ¢pprc)e(laAdpeop)e baB.cvp
is of type (AAB)A(CVD)F(AAND)V (BAC);

éfq,B}c,D =af €a,B,D,c°(lars A ¢pc)
is of type (AAB)A(CVD)E (ANC)V (BAD).

Dually, we have that

€D.C.B.A =df ESAQB,A o(dp,c,sV1a)e(Covp,p V1a)eodovs,p.a
is of type (CVB)A(DVA)F (DAC)V (BV A);

é/D,C,BA =af (c,p V1pya)e €cp.B A
is of type (DV B)A(CV A F(DAC)V(BVA).

Then we can state the following equations:

(€) ¢Bac,anp © €aBop = €5 ac0p°(Cas Nlovp),

(€) (IpacV ¢B,A)°€pcap=€D.0B.A° CDVACYB-

These two equations are mirror images of each other. The equation (€) can
replace (dlA)), and the equation (¢) can replace (d lv)), in our axiomatization
of £(DS).

For every transformation « in the logical system C(DS) we have that
in aa, .. 4, MHM(Ar,...,Ay) F N”(Aq,..., Ag) the functions p and v
are bijections, and hence the type M*(A;,...,Ar) b NY(Aq,..., Ag) is
balanced (see §3.3). Therefore, the type of every arrow term of C(DS) is
balanced.

For C/& being C(DS)/E(DS), that is DS, and C’ being C(S) of §6.3,
we have that the condition (IVC) of §3.1 is satisfied. Next, let G be the
C'-core C'/E' of C/E. By Symmetric Biassociative Coherence, and by the
fact that if f = g in £(DS), then Gf = Gg in Rel, we can conclude that
G is the natural logical category S. The category G is a groupoid, and it
flows through DS, so that the condition (IVG) of §3.1 is satisfied.

Let EP" be the equational system obtained by extending £(DS) with the
equation (é 1) of §6.5, namely éA,A: 1peq for € € {A,V}. We know that
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C'/EP" | that is C(S)/EP"', which is the category S’ of §6.5, is a preorder.
Next, for every equation f = g in EP” that is not in £(DS), we can show
that the type of f and g is not diversified. We prove by induction on the
length of derivation that if f = g is in EP" and the arrow terms f and g
are diversified, then every derivation of f = g is made of equations between
diversified arrow terms. (The only problem is when in such a derivation we
pass from f; = fy and g1 = g2 to g1 f1 = g2 ° f2, in which case we appeal
to the fact that the types of arrow terms of C(DS) are always balanced.)

Then, as in §3.3, we have that (IVC) and (IVG) hold when C(DS)/E(DS)
is replaced by C(DS)/EP". Now the C'-core G of C(DS)/EP" is a preorder.
By the Direct-Strictification Theorem of §3.2, we obtain the C(S)-strict
C(DS)/&P -category C(DS)g /£ equivalent to C(DS)/EP". As in §3.3, for
diversified arrow terms f and g of C(DS) of the same type, we have f =g
in DS iff fg = dgg in C(DS)Q/Z’:ZT

Since the type of every arrow term of C(DS) is balanced, for every arrow
term f: A F B of C(DS) there is a diversified arrow term f4v: Adv |- pdiv
of C(DS) such that f is obtained by substituting uniformly letters for some
letters in f%v: A%v - B Namely, f is a letter-for-letter substitution
instance of f%¥. Here we assume that the generating set P is infinite (see
§4.1).

Our purpose is to show the following.
SYMMETRIC NET COHERENCE. The functor G from DS to Rel is faithful.

According to what we said above, to prove this coherence we can proceed
as follows. Suppose Gf = Gg in Rel for the arrow terms f and g of C(DS)
div

of the same type. Then we can find f%* and g%V of the same type, and we

will prove

(div) & = g&* in C(DS)g /€Y.

which implies f9 = ¢%* in DS, from which we can conclude, by applying
(su) (see §2.7), that f = g in DS. So, to prove Symmetric Net Coherence,
we have only to prove (div) under the assumption Gf = Gg.

We proceed with this proof in the next two sections. In §7.7, we prove a

theorem that says that the equations of C(DS)g/E" cover a normalization
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procedure analogous to Gentzen’s cut-elimination procedure of [60]. In
§7.8, we prove additional results, which together with our cut elimination
will yield (div) under the assumption Gf = Gg. In logic, these results
correspond to inverting rules in derivations, i.e. passing from conclusions
to premises. This invertibility is guaranteed by the possibility to permute
rules, i.e. change their order in derivations, and we show for that permuting
that it is covered by the equations that hold in C(DS)g/E¢". This means
that the equations of DS also cover a cut elimination and invertibility, but
this cut elimination and invertibility are more cumbersome to record within
DS than within C(DS)g/£¢

8§7.7. Cut elimination in GDS

To formulate the cut-elimination result announced at the end of the preced-
ing section, we need some preliminary notions. The objects of the category
C(DS)g /€ (see the preceding section) correspond bijectively to something
we will call form multisets of letters. We define this notion as follows.

We say that the form sequences of letters X and Y are c-equivalent
when there is an arrow term of C(S)g of type X F Y. It is clear that
c-equivalence is an equivalence relation congruent with the operations ¢”
on form sequences of letters for ¢ € {A,V}. A form multiset of letters
is the equivalence class of a form sequence of letters with respect to c-
equivalence. (We exclude here the empty form sequences (0, ¢).) As before
in this chapter, we presuppose that form multisets and form sequences are
of letters, i.e. of P, and omit mentioning that all the time. We can use
form sequences, and, in particular, form sequences in natural notation, to
designate form multisets. For example, pAgA (pVrVp) in natural notation
stands for the same form multiset as ¢ A (rV pV p) A p.

For A a diversified formula of L4\ (see §3.3), the form multiset [A] is
such that every letter of P occurs in it at most once. Such a form multiset
is called a form set.

Let GDS be the full subcategory of C(DS)g/E;" whose objects are
all the objects that correspond to form sets of letters. We write G in
the name of GDS because of the relationship we are going to establish

between this category and Gentzen’s sequent systems. The category GDS
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is a syntactical category in a syntactical system called C(GDS), which is a
subsystem of C(DS)g.

In this section, X, Y, Z, ..., X1, ... will be form sequences of letters that
stand for form sets of letters, and the operations ¢” on form sequences, for
¢ € {A,V}, will be written simply ¢, with ”/ omitted.

We define by induction a set of terms for arrows of GDS, which we call
Gentzen terms. First, we stipulate that for every letter p the term 1,: p - p,
which denotes the arrow 1y, of GDS, is a Gentzen term. The remaining
Gentzen terms are obtained by closing under the following operations on
Gentzen terms, which we call Gentzen operations. We present these oper-
ations by inductive clauses in fractional notation, which are interpreted as
saying that if the terms above the horizontal line are Gentzen terms, then
the term below the horizontal line is a Gentzen term (cf. §2.2). The schema
on the left-hand side of the =4, sign stands for the Gentzen term, while the
schema on the right-hand side stands for the arrow denoted by this term.
Our Gentzen operations correspond to Gentzen’s rules for cut, introduction

of conjunction on the right and introduction of disjunction on the left:

ffUFXVZ g XANYFW
CUtX(fvg) =dn (9V1Z)°dy7X,Z°(f/\1y):U/\Yl—Z\/W

[fUFX G XANYFW
cutx(f,g) =an 9o (f A1y): UAY FW

fUFXVZ g XEW
cutx (f,g) =an (gV1z)o frUFWV Z

ffUFX g XFW
cutx(f,g9) =an go frUEW

fliUll—Xl\/Zl f2:U2|_X2\/ZQ
/\Xl,Xz(fl,fQ)i U NUy (Xl /\XQ)\/Zl A

where Ax, x,(f1, f2) =an (dx,,x1,2: V 12,) odx,vz,,xs,25 ° (f1 A f2),
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fllUll_Xl\/Zl fQIUgl_XQ
Ax1,xs (15 f2) =dn dxo,xy,2,° (LN f2) : Ut AU = (Xy A Xo) V 2y

f12U1|_X1 fgIUgl_Xg
Axy,xo (f1of2) =an i N fo: Ut AUz = X A X

flin/\Z1FU1 fQIXQ/\ZQFUQ
Vi, x, (fi, f2): (Xi VX)) NZy AN Zy = U VU,

where VX1, X, (fla f2) =dn (fl \% f2) Ode7X2,X1/\Z1 ° (thXth A 1Z2)7

f12X1A21FU1 f2:X2|7U2
VX (f1, f2) =an (1 V f2)edz, x, x,: (X1 VX)) ANZy ULV Us

flinl_Ul f2:X2'_U2
Vx,,x, (f1s f2) =an iV fo: Xa VXo F ULV Uy

Note that Ax, x,(f1, f2) = Ax,,x, (f2, f1) holds in GDS. (In case we have
iU F XoV Zi and fo: Us F Xo V Zo, we apply (db) of §7.2.) We will
consider the terms on the two sides of this equation as the same Gentzen
term. Analogously, Vx, x,(f1,f2) = Vx, x,(f2, f1) holds in GDS. (In
case we have f1: X1 AZy b Uy and fo: Xo A Zoy  Us, we apply (d 3) of
§7.2.) We will consider also the terms on the two sides of this equation
as the same Gentzen term. We do something analogous for arrow terms
of C(GDS) built with A and V. Namely, we may omit some parentheses
without ambiguity, and order is irrelevant. For example, f A g A h stands
for (f Ag) Ah,or gA(fAh), etc., because all these arrow terms are equal
in GDS.

In all the inductive clauses of Gentzen operations above, the Gentzen
terms defined must denote arrows of GDS. So, for example, for f1: Uy F X3
and fo: Uz F Xo in Ax, x,(f1, f2): Ur AUz F X1 A Xo, we must have that
Uy AU and X7 A Xs correspond to form sets of letters, which means that
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U1 and Uy cannot have letters in common, and the same for X; and Xs.
So all our Gentzen operations are partial operations.

We can then prove the following lemma.

GENTZENIZATION LEMMA. Every arrow of GDS is denoted by a Gentzen

term.

PRrOOF. We show by induction on the number of letters in the form set X
that 1x is denoted by a Gentzen term. For that, we rely on the following
equations of GDS:

1x,ex, = 1x, €1x,, for ¢ € {A,V},
(*A)  [i N fo = Axy x.(f1, f2), for fi: Ui F Xy and fo: U B Xo,
(*\/) f1 V f2 = \/X17X2(f1,f2), fOI' f12 X1 F U1 and f2: X2 F UQ,

provided f; and fy are Gentzen terms (the equations (¥A) and (xV) are
trivial).

If for any form set X we have that 1x stands for a Gentzen term, then
we have in GDS

dy,x,z = cutx(Ixvz,1xav) = Av,x(1y,1xvz) = Vz x(1z,1xAy).

It remains only to note that, besides the equations (*A) and (xV) above,
we have in GDS the equation go f = cutx(f,g) for the Gentzen terms
fUFXandg: XFW. a

A Gentzen term is cut-free when it has no subterm of the form cutx (f, g).
A Gentzen term of the form cutx(f,g) such that f and g are cut-free is
called a topmost cut.

We define inductively the depth of a subterm of a Gentzen term:
f is a subterm of f of depth O;

if v is cuty or Ax, x, or Vx, x,, and v(f1, f2) is a subterm of f of
depth n, then f; and f5 are subterms of f of depth n + 1.

For a topmost cut cutx(f,g) such that X is of colour A and is not a
letter, we say that the A-rank of cutx (f,g) is n > 0 when f has a subterm
Ax, x5 (f1, f2) of depth n such that X is X; A Xs. Because the objects of
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GDS are form sets, i.e., they are “diversified”, there can be at most one
subterm of f of that form. For a topmost cut cutx(f,g) such that X is of
colour V and is not a letter, we say that the V-rank of cutx(f,g) isn >0
when ¢ has a subterm Vx, x,(g1,92) of depth n such that X is X; V Xs.
For a topmost cut cut,(f, g), note that 1, must be a subterm of both f and
g, which occurs in each of them exactly once, because of “diversification”.
We say that the p-rank of cut,(f, g) is n > 0 when n is the sum of the depth
of 1, in f and of the depth of 1, in g.

The rank of a topmost cut cutx (f,g) is either its A-rank, or V-rank, or
p-rank, depending on X.

The complezity of a topmost cut cutx(f,g) is (m,n) where m > 1 is
the number of letters in X and n > 0 is the rank of this cut. Complexities
are ordered lexicographically; i.e., we have (mj,n1) < (mz,n2) iff either
my < Mg, Or M1 = my and n; < ns.

We can prove the following theorem for GDS.

CuT-ELIMINATION THEOREM. For every Gentzen term t there is a cut-free
Gentzen term t' such that t =t' in GDS.

PRrOOF. By induction on the complexity of a topmost cut cutx(f,g), we
prove that cutx(f,g) is equal in GDS to a cut-free Gentzen term. From
this the theorem follows. In the remainder of this proof we assume that
equality between arrow terms is equality in GDS.

For the basis we have that if the complexity of cutx(f,g) is (1,0), then
cutx (f,g) is of the form cut,(1,,1,), which is equal to 1,.

Suppose now the complexity is (m,0) for m > 1, and suppose X is of
colour A. Then cutx(f,g) is of the form cutx,rx,(Ax, x,(f1, f2),9), and

we have the following cases.

(A1.1)  Consider the Gentzen term

fllUll_Xl\/Zl fQZUgl_XQ\/ZQ
/\Xl,Xz(f17f2)5 U NUy - (X1 /\XQ) V Z1 N Zy g: XinNXoANY W
CUtXl/\Xz(/\Xl,Xz(flaf2)ag>: U ANUANY EW NV Z1V Zy

Then consider the Gentzen term
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fliUll_Xl\/Zl g:Xl/\XQ/\Yl_W
fo: Uk X5V Zo Cutxl(fl,g)tUl/\Xg/\YFW\/Zl
C’LLth(fQ,C’U,tXI(fl,g))Z U ANUANY EW NV ZyV Zy

We show that

(*) cutXl/\X'z (/\Xl,Xz (fl, f2)ag) = CUtX2 (an CUtX1 (flag))a

and the Gentzen term on the right-hand side has a topmost cut cutx, (f1,9)
of lower complexity (m’,n’) than the Gentzen term on the left-hand side;
here m’ < m. Hence, by the induction hypothesis, it is equal to a cut-free
Gentzen term h, and cutx,(f2,h) is a topmost cut of lower complexity, to
which we can also apply the induction hypothesis.

To show (%), we have to show

(g \ 121\/22) ° dY»Xl/\X27ZI\/Z2 °
° (((dX2;X1;Z1 v 122) OXm\/Z1,X27zz ° (fl A fQ)) A 1Y) =

(((9V1z,)odynxsxi,z° (f1 Alyax,)) V 1z,) o duay,Xe 2z, ° (f2 ALuiny),
and to derive this equation for GDS we use essentially (d“A) of §7.2.

(A1.2) If we have g: X7 A Xo = W, while f; and f; are as in (Al.1), then
to show (%) we have to show

(gV1lz,vz,)e(dx, x,,2 V1z,)odx,vzy X2, 0 (f1 A f2) =
((gV1z)edx, x,.2 °(fiNlx,))V1g,)edy, x,.2,° (f2 A 1u,),

which follows readily with the help of (d¥ nat).

(A2.1)  If we have f1: Uy b Xy, while f5 and g are as in (Al.1), then to

show (*) we have to show

(9V1z,)edy,x,nx5.2, ° ((dx) X525 0 (f1 A f2)) AN 1y) =
(9o (i ANyax,)) V1z,) e du,ny,x,,2, ° (f2 A Luyay ),

which follows by using essentially (dZA).

(A2.2) TIf we have f1: U - X1, g: X1 A Xo W and f5 as in (AL.1), then

to show (%) we have to show
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(g \% ]'Zz) 0dX17X27Z2 ° (fl A f2) =
((go (fl A ]-Xz)) \ 122) OdU17X27Z2 ° (fQ A ]‘Ul)’

which follows readily with the help of (d¥ nat).

(A3.1) If we have f1: U B Xy, fo: Us F X5 and g as in (Al.1), then to

show (*) we have to show
ge(finfanly)=ge(fi ANlyax,)e(foAluay),
which follows from bifunctorial equations.
(A3.2) If we have f1: U - X1, fo: Us F X9 and g: X1 A Xo F W, then to

show () we have to show

ge(finfa) =g (finlx,)e(f2A1uy),
which follows again from bifunctorial equations.

If the complexity of cutx(f,g) is (m,0) for m > 1, and X is of colour
V, then we proceed analogously.
Suppose now the complexity of cutx (f, g) is (m,n) with m,n > 1. Then

we have the following cases.

(A4) The form set X is of colour A (it may be of the form X; A X5 or p)
and fis Av, v, (f1, f2). So, since n > 1, we have

fllUl}_Vl\/X\/Zl fQIUQF‘/éVZQ

Avive(fi, f2): Ut AU = (Vi AVR) VXV Z1V Zy g XANY W
Cutx(/\vhvz(fl,fg),g)l Ui NUyANY (Vl /\Vg) VZiN ZyNW

Then consider the Gentzen term
U FViVXVZ g XANYEFW
cutx (f1,9): U1 AY FVivVZi VIV fo: U B VoV Z,
Avivy (cutx (f1,9), f2): Ut AU ANY = (Vi AVR)V Z1 NV Zo VIV

We show that
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(xx)  cutx (Avy v, (f1, f2),9) = Ay v (cutx (f1,9), f2),

and the complexity (m,n—1) of the topmost cut cutx(f1,g) is lower than
(m,n), so that we may apply the induction hypothesis.
To show the equation (xx), we have to show

(9V L ave)vzivzs) ° Ay, X, (ViAVa)V 21V Zs ©
o(((dva,vi,xvz, V1z,) edvivxvz, va,z, o (fi A f2)) AN ly) =

(dvyvi,zivw V 1z,) o dvivz,vw,va, 2, ©
o(((9V1lvivz,) edy,x,vivz, o (i Aly)) A fa).

To derive this equation for GDS, we use essentially (dg) and (dlv)), besides
(d* nat), (d*A) and (dV) (see §7.2). We have also to consider cases where
we have f1: U1 F Vi VX, or fo: Us b Vo, or g: X F W (analogously to
what we had in (A1.1)-(A3.2)). In all of them, (**) amounts to equations
simpler than the equation above, which all hold in GDS.

(A5) The form set X is of colour A, and f is Vv, v,(f1, f2), so that we
have fi: ViAUL XV Zy, fo: Vo ANUs - Zy and g: X AY = W. Then we

have to show the equation

(exx)  cutx (Vvy,v, (f1, f2),9) = Vi, ve (cutx (f1,9), f2)

with the complexity (m,n — 1) of cutx(f1,g) lower than (m,n). To show

this equation, we have to show

(gV1z,vz,)eody,x,z,vz,°
o ((frV f2) eduy vu vinuy o (duy vi v, Aduy)) A ly) =

(((gV1z,)edy,x,z °(fi N1y))V f2) o du, vy vintray ° (duyav,vive A ly),

and to derive that for GDS we use essentially (d IAJ) We have also to
consider cases where we have f1: Vi F XV Zy,0or f1: V1 AU F X, or
fi:rVibE X, or fo: Vo b Zs, or g: X F W. In all of them (**x), amounts to
simpler equations, which all hold in GDS.

It remains to consider cases with complexity (m,n) where m,n > 1, and
X is of colour V (it may be of the form X; V X3 or p). These additional
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cases are settled dually to cases (A4) and (A5). Note that in cases with
complexity (m,n) where m,n > 1 and X is a letter (hence m = 1) we have
that X is of both colours, and hence in these cases we can proceed either
as in (A4) and (A5), or as in cases dual to (A4) and (A5) we have just

mentioned. =

87.8. Invertibility in GDS

In this section, we prove the invertibility results announced at the end of
§7.6. First, we cover some preliminary matters. We will need later the
following equations of GDS:

(/\ A 1) /\WIAW27W3(/\W17W2(JC1’ f2)7f3) = /\W1,W2/\W3(f1a /\W27W3(f2’f3))
for f; of type H; - W; V J; or H; = W;, where i € {1,2,3},

(AN2) ARy Ry (Awy W, (f1, f2), £3) = Awy wa (AR Rs (15 f3), f2)
for fy of type H1 - Wy VR,V Jy or HH W71V Ry,
fo of type Ho = W5 V Jy or Hy = Ws, and
f3 of type H3 - R3V Js or H3 F R3,

(\/ \ 1) \/WIVW27W3(\/W17W2(f1? f2)7f3) = vW1,W2VW3(f1a \/W27W3(f2af3))
for f; of type W; A J; b H; or W; = H;, where i € {1,2,3},

(VV2) Vi, ry(Vwy,ws (f1, f2), f3) = Vv, wa (VR Ry (f1, f3)s f2),
for f, of type Wi ARy AJ1+ Hy or Wiy ARy F Hy,
fo of type Wo A Jo = Hy or Wy F Hs, and
f3 of type R3 N\ J3 = Hz or R3 - Hs,

(AV) Awa,ws (Vva, v (f1) f2)s f3) = Ve va (F1 Aws, s (f25 £3))s
for f, of type VI AH1 F Jy or Vi F Jq,
fo of type Vo A Ho = Ws V Jy or Vo A Hy = W5 or
fo of type Vo - Wo V J5 or Vo = Ws, and
fs of type Hs = W5V Js or Hy - Wj.



§7.8.  Invertibility in GDS 157

The equations (A A 1) and (A A 2), or alternatively (V V1) and (V V 2), are
analogous to the two associativity equations for the cut operation one finds
in multicategories (see [85] and [88], Section 3).

To derive these equations for GDS is a rather straightforward, though
pretty lengthy, exercise. We always derive the most complex case, with
all possible parameters present (for (A A 1) this means that f; is of type
H; - W;VJ;), and the remaining cases are obtained by simplifying this most
complex case. For example, to derive the most complex case of (A A 1) for
GDS we use essentially (dXA), (¢ nat) and Net Coherence.

Let let (X) be the set of letters occurring in the form set X. It is clear

that we have the following.

BALANCE REMARK. For every arrow f: X 'Y of GDS, we have let (X) =
let(Y).

A pair of form sets (X1 A...AX,, Y1 V... VY,), where n > 2, is
splittable when let(X;) = let(Y;) for every ¢ € {1,...,n}. A sequence
of form sets X1,...,X,,Y1,...,Y, is a total split of the pair of form sets
(XiN. . AXp, Y1 V... VY,) when let(X;) = let(Y;) and none of the pairs
(X;,Y;) is splittable. For every splittable pair of form sets there is a total
split.

We say that an arrow f: X F Y of GDS is splittable when its type
(X,Y) is splittable, and we say that a total split of (X,Y) is a total split
of f.

SPLITTING REMARK. Take an arrow f of GDS of type

XANXiN. . ANX,FZVY1V... VY,
or XANXiAN..ANX,FZVR VY,V...VY,

and an arrow g of GDS of type
VAVIAN . AV, FUVIWLV...VIW,

or VAVIAN..ANVp, FUVR'VWiV...VW,

with n +m > 1 (if n = 0, then the subword AX; A ... A X, is

just omitted, and analogously in other cases).
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Let Az u(f,g) be splittable with the total split

XAV, X1, oo, X Vi Vi Yo Ya, oo Yo W, o W

where Y is ZAU or (ZAU)V R, and Ris R or R” or "V R".
If n > 1, then f is splittable, and if m > 1, then g is splittable.

Here (X, Z) or (X, Z V R’) may be splittable, and hence the
forms of the type of f above do not show the total split tied to
this type. If (X, Z V R’) is splittable and Sy, ..., Sk, T1,..., Tk
is its total split, then for every j € {1,...,k} we have let(Z) N
let(T;) # 0. (Otherwise, the total split of Az y(f,g) mentioned
above would not be a total split.) We have an analogous remark
for (V,U), (V,UV R") and g.

An analogous remark holds for Vz y(f, g).

It follows from the Splitting Remarks that, for ¢ € {A,V}, if ¢z v (f, 9)
is splittable, then f or g is splittable. Since 1, is not splittable, we can
easily conclude the following with the help of the Cut-Elimination Theorem
of the preceding section.

SPLITTING COROLLARY. No arrow of GDS is splittable.

This corollary is related to the connectedness condition of proof nets (see
[33]).

Next we prove the following lemma for GDS.

INVERTIBILITY LEMMA FOR A. (1) If f: Uy AUs B (Xq1 AX2)VZ1V Zy is a
cut-free Gentzen term such that let (U;) = let (X;) U let(Z;) for i € {1,2},
then there are two cut-free Gentzen terms f1: U1 B X1V Z1 and fo: Us F
Xo V Zy such that f = Ax, x,(f1, f2)-

(i) If f: Uy AU F (X1 A X2) V Zy is a cut-free Gentzen term such that
let(Uy) = let(X1) U let(Z1) and let(Uz) = let(Xs), then there are two
cut-free Gentzen terms f1: Uy + X1V Z1 and fo: Uy b X5 such that
f=n"x,x:(f1, f2)-

(iii) If f: Uy AU F X1 A Xo is a cut-free Gentzen term such that let (U;) =
let (X;) fori € {1,2}, then there are two cut-free Gentzen terms f1: Uy b
X1 and f22 U2 = X2 such that f = /\X17X2(f17f2).
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PROOF. We proceed by induction on the length of the cut-free Gentzen
term f. If f is 1,, the lemma holds trivially, since f cannot be of the
required type.

Suppose next that f is Aya yu(f?, f8) for fo: We R® and f: WP I

RP. Then, under the assumptions of (i), we have two cases:

(AT X1 AXois YOAY?,
(A1) Xi A Xs is different from Y A Y?.

We deal first with (A 11).

The cases where let(X1) U let (X2) C let (W?) or let (X;1) U let(X2) C
let (W?) are impossible.

If let(X;) C let(W?) and let(X3) C let(W?P), then we must have
let(Zy) C let (W?) and let (Zs) C let (W?). All the other cases are excluded
by the Splitting Corollary. For example, if let(Z;) U let(Z3) C let(W?),
then W* must be Uy A Ug, R* must be X3 V Z1 V Zy, WP must be Ué’,
and R’ must be Xy, where U is U A U}. Then, since let (US) = let (Zs),
the arrows f® and f would be splittable, which contradicts the Splitting
Corollary. In the only possible case mentioned above, we take f¢ for f; and
fP for fs.

The case where let (X1) C W’ and let(X2) C W is analogous to the
case just settled.

Let p(X,Y, Z) abbreviate the conjunction of the following conditions:

let(X) Clet(Y)Ulet(2),
let (X)Nlet(Y) # 0,
let(X)Nlet(Z) #£0

If let (X1) C let (W®) and p(Xo, W, W), then we have as possible cases
let (Zy) C let (W) together with

(1) let(Zs) C let(W9), or
(2) let(Zy) C let(W?P), or
(3) p(ZQa Wa7 Wb)

The remaining cases are excluded by the Splitting Corollary.
We deal first with (3). Then f® is of the type Uy AUS F (X1 A X$) V
Z1V Z§, while f? is of the type U8 = X5V Z8, where U§ AUS is U, X§ A X5
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is X and Z$V Z5 is Z,. By the induction hypothesis, f¢ = Axy,xg (ff 15)
for ff: U1 X1V Zy and f§:US F X§ Vv Z§. Then by the equation (A A1)

we have

b b
Axoaxe xe(Axaxe (15 12), 17) = Axy e (T Axe x (25 7))

and we take that f; is f{, while fy is /\X;’Xg(fg,fb). In cases (1) and
(2) we proceed analogously, using again (A A 1) (less complex cases of this
equation, with less parameters).

The three cases where we have let (X1) C let (W?) and p(Xo, W, W?),
or let(X2) C let(W®) and p(Xy, W W?), or let(Xy) C let(W?) and
(X1, W, WP), are all settled analogously to the case we have just dealt
with.

The remaining case of (A i I) is when p(X1, We, W?) and p(Xo, W, W?).
Then either let(Z;) C let(We), or let(Z;) C let(W?P), or p(Z;, W, W?),
and we always apply the induction hypothesis and equation (A A 1) three

times; namely, we use the equation

Axanxg xoaxs(Axp xg (ff 18), Axo xp (F1, f3)) =

Axcanxy xsnxs(Axa xo (Ff5 1) Axg xp (f5 f3))-
Under the assumption (A i II), we have the cases

(NI Zyis Zp v (Y2AY?),
(ANiIL2) ZpisYOAY?,

and two more cases obtained by replacing the index 1 in Z; and Z{ by ».
For (A i1IL.1), we have as possible cases let (X1 A X2) U let (Z2) C let (W)
together with

(1) let(Zy) Clet(W®), or
(2) let(Z}) C let(W?), or
(3) p(Z1, W, WP),

and three more cases with let(X; A Xo) U let(Zy) C let(W?). All the
remaining cases are excluded by the Splitting Corollary.

We deal first with (3). Then f® is of the type U AUy F YV (X1 A
Xo) V Z&V Zy, while f° is of the type U F Y Vv Z?, where U2 A U? is Uy
and Z§¢ v Zb is Z]. By the induction hypothesis, f* = Ax, x,(f{, f3) for
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U YV XV ZY and f§: Us = Xo V Zy. Then, by the equation
(AN 2), we have

Ayaye (N 3 (FE5 15), 17) = Axy x (Ave yo (FT ), £5)),

and we take that fi is Ay yo(f{, f?), while fo is f2. In cases (1) and (2),
and cases obtained by interchanging a and b, we proceed analogously.

For (A 1 11.2), we have as possible cases let (X1 AX2)Ulet (Z3) C let (W)
and let (X1 A Xo) U let(Zz) C let(W?), for which we apply again the in-
duction hypothesis and the equation (A A 2). All the remaining cases are
excluded by the Splitting Corollary.

We proceed analogously when we have (A i1l) and Zs is either Zj Vv
(Y2AY?) or Yo AY?. With that we have settled (A i IT), and also (i).

Under the assumptions of (ii), we have again two cases:

(ANIT)  X;AXeis YEAY?,

(N IT) X A Xo is different from Y A Y?.
We deal with these cases as above, with simplifications in cases already
considered.

Under the assumptions of (iii), we must have that X; A X5 is Y2 AY?,
and we have cases simplifying again cases already considered. With that
we have finished dealing with the assumption that f = Ay.a yu(f?, 1.

Suppose now f is \/Ya’yb(fa“fb) for f: We F R* and f°: Wb - RP.
Then under the assumptions of (i) we have the cases:

(Vil) UpisUjA(YeVY?),
(Vi2) UpisYevY?,
and two more cases with the index ; of Uy and Uj replaced by ».

For (V i 1), we have as possible cases let (X1 A Xo) U let (Z3) C let (W)

together with
() let(Zy) C let(W?), or
(B)  p(Z, W, W?),

and together with
(1) let(Ug) C let(W*), or
(2) let(U7) C let (W?), or
(3) p(U7, W, W?),
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and six more analogous cases with let (X1 AXo)Ulet (Z3) C let (W?) together
with

let(Z1) C let(W?), or
o(Z1, W, Wh).

All the remaining cases are excluded by the Splitting Corollary, or because
let (Y2 VYY) Clet(X1 A Xo)Ulet(Zy).

We deal first with (8) together with (3). Then f® is of the type Y A
Ul NUy = (X1 A Xo) V Z§V Zy, while fb is of the type Y® A UP - ZY,
where U¢ A UP is Uy and Z¢ V Z? is Z;. By the induction hypothesis,
F9 = Ax, x, (£, £9) for fo:YOAUS F XV Z8 and f&: Uy b Xy V Zs.
Then, by the equation (AV), we have

\/Y“,Y”(fb7 /\Xl,XQ (.flaa fél)) = /\X17X2 (\/Yb,Y“ (fb7 f{l)a fél)7

and we take that fi is \/Yb7ya(fb, f&), while f5 is f§. In all the remaining
cases, we proceed analogously, as well as in (V i 2). This settles (i).

Under the assumptions of (ii), we have cases analogous to those already
treated with Z, omitted. So we apply again the equation (AV).

The assumptions of (iii) are excluded if f = Vya ys(f?, f*). -

We prove analogously the following lemma for GDS.

INVERTIBILITY LEMMA FOR V. (i) If f: (Xqi VX)) ANZy ANZy b Uy VU,
is a cut-free Gentzen term such that let(U;) = let(X;) U let(Z;) for i €
{1,2}, then there are two cut-free Gentzen terms fi1: X1 AN Z1 F Uy and
for Xo AN Zy = Us such that f = Vx, x,(f1, f2).

(i) If f: (X1 VX)) ANZy E Uy VU is a cut-free Gentzen term such that
let(Uy) = let(Xy1) U let(Z1) and let(Uz) = let(Xs), then there are two
cut-free Gentzen terms f1: X1 AN Z1 F Uy and fo: Xo F Us such that
[ =Vx, x.(f1, f2)-

(iil) If f: X1V Xo b Uy VU; is a cut-free Gentzen term such that let (U;) =
let(X;) fori e {1,2}, then there are two cul-free Gentzen terms f1: X1 F
Uy and fa: Xo b Uy such that f = Vx, x,(f1, f2).
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Let the quantity of letters in an arrow f: X F Y of GDS be the
cardinality of let (X) (which is equal to the cardinality of let(Y)). Then we
can prove the following theorem for GDS.

CuT-FREE PREORDERING. For every pair of cut-free Gentzen terms f1, fa:
X FY we have fi = fs.

PRrROOF. We proceed by induction on the quantity of letters in f; (which is
equal to the quantity of letters in f2). If n =1, then f; = fo = 1,.
Suppose n > 1. If f1 is Az, z,(f1, fi'), then by the Invertibility Lemma
for A we have that fo = Az, z,(f5, ) for f5 and fi of the same types as
f1 and f{’ respectively. By the induction hypothesis, fi = f; and f{’ = f¥,
and hence f; = fo. We proceed analogously if f1 is Vz, z, (f1, f1). -

As a corollary of the Cut-Elimination Theorem and of Cut-Free Pre-
ordering, we obtain that GDS is a preorder, which, under the assumption
Gf = Gy, implies the assertion (div) of §7.6. This proves Symmetric Net
Coherence.

Net Coherence of §7.3 could also have been proved via a Cut-Elimination
Theorem and Cut-Free Preordering. Strictification, however, would be in
the associative structure only, and not in the symmetric associative struc-
ture.

The category DS corresponds to the multiplicative conjunction-disjunc-
tion fragment of linear logic, for which proof nets were developed (see [63]
and [33]). Proof nets, however, serve mainly to solve the theoremhood
problem, while coherence in our sense is maybe implicitly presupposed with
them. The theoremhood problem for DS can also be solved via our results
for GDS in this and in the preceding section, based on cut elimination,
and we do not find this solution in the style of Gentzen more complicated
than the solution provided by proof nets.

87.9. Linearly distributive categories

To obtain the natural logical category DA~ |, we have that the logical
system C(DA~T ;) isin L 1,1, with the transformations « included in 1,
b, d-0 and d. The specific equations of E(DAT | ) are obtained by taking
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the union of those of £(DA) and £(A~ 1) plus

(6d*) dt po=(05 V1c)°d5ves
(0d") dip ., =04p°1andg),
(6.df) dg,B,T =1cVdg)edgyps

(ed) df 5 a=0Fna° (05 Nla).

Natural DA~ | -categories are called linearly distributive categories in
[25] (the original name from [22] is weakly distributive categories). Ac-
cording to our nomenclature, they could be called dissociative bimonoidal
categories. All of the specific equations above may be found in [22] (Sec-
tion 2.1). (These equations should be compared with the equations (dlg)
and (dk) of §11.1.)

We have still a functor G from DAt | to Rel, but according to [11]
(Section 4.2, pp. 275-278), for

M= L L
ea=af0y (67 V1a)ed] 1 4,
Vv
na =apd | 4o (0% Ala)eoir,
the equations

nrvae (1T Vea) = 1rya(Tvay),
(1L Ana)ecina = 1iaTv(LAA)

do not hold in DA~ |, although, when f and g are respectively the left-
hand side and right-hand side of one of these equations, we have Gf = Gg
in Rel. So G is not faithful, and coherence fails. The faithfulness of G in
this case would yield preordering, and DAt | is not a preorder.

Note that in DA1 | we have

(11 Vea)enrtva = 1tva,
eina (1L Ana) =114,

which are the triangular equations of an adjunction (for the notion of ad-
junction see [100], Chapter 4; the functor L A is left-adjoint to the functor
T V). What fails is the isomorphism between TV (LA (T V A)) and T V A4,
and between L A(TV(LAA)) and L A A ([119] deals with a related prob-
lem in symmetric monoidal closed categories). We do not know what other
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equations, if any, besides those that deliver these isomorphisms, should be
added to the axioms of DA+t | in order to obtain coherence.

A sort of coherence for linearly distributive categories (symmetric and
not symmetric, without the isomorphisms above) in the context of proof
nets has been investigated in a number of papers (see [22], [11], [23] and
[115]). Coherence in this sense is not quite foreign to what we mean by
coherence, but it is not the same thing. The investigations of [22] appeal

to a connection with the polycategories of [126].






Chapter 8

Mix Categories

In this chapter, we consider categories having what linear logicians call
mix—namely, a natural transformation between the two bifunctors of the
double monoidal structure. The double monoidal structure has or does not
have associativity, symmetry and dissociativity. We prove coherence for
such categories that lack unit objects. The mix principle is an important
addition to Gentzen’s plural sequent formulation of classical logic, and this
is why we pay particular attention to it.

Our proofs are variations on the cut-elimination theme, and on the tech-
niques of the preceding chapters. There are proofs based on composition-
free languages for our categories, and a proof based on an extension of the

cut-elimination procedure of the preceding chapter.

88.1. Coherence of mix and mix-dissociative categories

To obtain the natural logical category MI, we have that the logical system
C(MI) isin L v, with the transformations « being 1 and m. The equations
E(MI) are just those of é’g’(“l\t/n) (see §4.1). We call natural MI-categories
mix categories.

A logical principle called mix amounting to map: ANB - AV B
was considered in [63] (Section V.4), [33] (Section 3.3), [56], [10] and [23].
Gentzen called Mischung in German—which is usually translated as miz—
a rule that generalizes the cut rule of sequent systems; an instance of Mi-

schung is

167
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I'hHA,0 0, F A,
I, Io A Ay

where O is a nonempty sequence of occurrences of the same formula (see
[60], Section II1.3.1). The mix principle of m 4 p is related to the Mischung
rule above where © is the empty sequence. (Gentzen did not envisage
this mix principle because he could prove the conclusion from one of the
premises with the help of the structural rules of thinning on the left and
thinning on the right.)

In C(MI) we define as follows the binary total operation < on arrow

terms:

f:AED g:BHE
fOg=a(fVg)emap: ANBFDVE

for which in MI we have the equations

(©) (910 g2)e(finfa)=(91Vg2)e(f1Of2) = (g1°f1) (g2 f2).

From the equation (m nat) of §2.7, in MI we obtain immediately f<g =
mp,ee° (f Ag), which gives an alternative definition of <.

A syntactical system C(OMI) synonymous with C(MI) is obtained by
taking as objects the formulae of L, y, as primitive arrow terms identity
arrow terms only, and as operations on arrow terms o, A, V and <. The
equational system £(OMI) is obtained by assuming the categorial and bi-
functorial equations for A and V, and the equations (¢). The category
OMI is C(OMI)/E(OMI).

With the definition

map =4 1la<lp

in C(MI), we obtain two obvious functors from C(MI) to C(CMI), and vice
versa, which preserve the respective structures on the nose (see §2.8), and
these functors induce functors that give the isomorphism of MI and ¢MI.
This means that C(MI) and C(CMI) are synonymous (see the end of §2.4
for the notion of synonymity of syntactical systems). Note that officially
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C(OMI) is not a logical system, because < is not of the ¢ kind: it is not a
bifunctor in MI.
We can prove the following proposition for GMI simply by relying on

the equations (<) and bifunctorial equations.

COMPOSITION ELIMINATION. For every arrow term h there is a composition-

free arrow term h' such that h = h'.

This result is a simple kind of cut-elimination result, such as we had in
8§7.7.

The composition-free arrow term A’ can be put into a unique normal
form by applying the bifunctorial equations (¢ 1) so that every arrow term
14 in A/ has a letter for A. From that, we obtain immediately that two
different arrow terms in normal form must be of different types. So OMI

is a preorder, from which we conclude the following.
Mix COHERENCE. The category MI is a preorder.

To obtain the natural logical category MDI, we have that the logical
system C(MDI) is in £ v, with the transformations « included in 1, d
and m. The equations £(MDI) are just those of Eg(al\‘j[m). We call natural
MDI-categories miz-dissociative categories.

To prove that MDI is a preorder, we proceed as in §7.1 for DI by mod-
ifying the relations Si. In xSfly we have as before that y is an occurrence
of ¢ in A, while  can be an occurrence of A, V or of a letter. With the
help of this relation we proceed analogously to what we had in §7.1. So we

have the following.

Mix-DiSsOCIATIVE COHERENCE. The category MDI is a preorder.

§8.2. Coherence of mix-biassociative categories

To obtain the natural logical category MLA | we have that the logical system
C(MA) is in L4 v, with the transformations « included in 1, b and m. The
specific equations of £(MA) are those of £(A) plus

A Vv
(bm) (ma,pV1c)emanp,cebypc="b3pc mapvce(laAmpc).
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We call natural M A-categories mixz-biassociative categories.
With < primitive in a syntactical system synonymous with C(MA), the
equation (bm) is replaced by

(fO9 O b pe=bFpp-(fOgOh).

For G being A and C/€ being M A, we have that the conditions (IVC)
and (IVG) of §3.1 are satisfied, and G is moreover a preorder. Thus we
can apply the Direct-Strictification Theorem of §3.2 to obtain a category
Cg/&g, which we will call MA®*, or OMA® when < is primitive. The
categories MA®*" and OMA®" are isomorphic, as MI and OMI are (see
the preceding section). We call Cg here C(MA®"), and C(OMA®") is the
synonymous syntactical system where < is primitive.

We can easily prove the Composition Elimination proposition of the
preceding section for MIA®. Here is a sketch of how we proceed. By the
Development Lemma of §2.7, there is for every arrow term of C(MA) a
developed arrow term. For a b- term fand a b- term or m-term g we have
in MA that fo 9= g o f for a b-term fand a b-term or m- term g. So
we may say that b-terms can be moved to the right. Analogously, b-terms
can be moved to the left. Eventually, we obtain an arrow term of the form
fio faeo f3ola, where in f; there are no 8—terms and m-terms, in f there
are no b-terms and b-terms and in f3 there are no b-terms and m-terms.
Then it is enough to apply the Composition Elimination for OMI of the
preceding section to the arrow term of C(OMA®") corresponding to fa to
obtain Composition Elimination for GMA*’.

A composition-free arrow term of C(CMA®") is atomized when for every
occurrence of 14 in it we have that A is a letter. We will write 1, instead
of 1pp)-

For an atomized composition-free arrow term f of C(OMA®) let w(f)
be the word obtained from f by deleting parentheses. We already defined
w(X) for a form sequence X in §7.3; it is, analogously, the word obtained
from X by deleting parentheses.

To every pair of parentheses in a form sequence of letters X in natural
notation (see §6.2 and §7.3), we can associate a pair of occurrences of letters
(z,y) in X, where x is the first occurrence of a letter on the right-hand side

of the left parenthesis and y is the first occurrence of a letter on the left-hand
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side of the right parenthesis. For example, in p A (p V (¢ A 1)), to the outer
pair of parentheses written down we associate (x,y) where z is the second p
counting from the left and y is r. We suppose that atomized composition-
free arrow terms of C(OMA®") are written in natural notation (see §6.2),
and we associate analogously pairs (1,,1,) to pairs of parentheses in such
arrow terms. (Such arrow terms correspond to a kind of form sequence of
three colours: A, V and <.)

For every atomized composition-free arrow term f: X Y of C(OCMA*®")
there are obvious bijections between occurrences of the same letters in X,
Y and f, or in w(X), w(Y) and w(f). We say that such occurrences
correspond obviously to each other. For example, in (1, C1,,) A1, :
p1 Ap2 Aps b (p1V p2) A ps the three occurrences of p;, for i € {1,2,3},
correspond obviously to each other.

For the proof of the following proposition we rely on the notion of im-

mediate scope of §2.1.

PRroOPOSITION 1. Let 8 € {A,V,<}, and let the atomized composition-
free arrow term f: X F'Y of C(OMA®"), where f, X and Y are written
in natural notation, have a subterm (f18...8fn), for n > 2, such that
(14,,1,,) is associated to the outermost parentheses of this subterm. Then
there is a pair of parentheses in at least one of X and'Y such that (y1,y2)
is associated to this pair of parentheses, and, for i € {1,2}, the occurrence
of letter y; corresponds obuviously to the occurrence of the same letter x; in
1,,.

Proor. If fis (f15...8fn), then the assertion is trivial. (We usually omit,
however, such outermost parentheses.) Suppose then that (f15...58f,) is
a proper subterm of f.

If 8 is A and is within the immediate scope of V, then we have both in
X and in Y the required pair of parentheses. If 3 is A and is within the
immediate scope of <, then we have in Y the required pair of parentheses.

If 5 is & and is within the immediate scope of A, then we have in Y the
required pair of parentheses. If 8 is & and is within the immediate scope

of V, then we have in X the required pair of parentheses.

It remains to consider two cases where (3 is V, which are dual to the two
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cases above where it is A. =

PROPOSITION 2. Let f: X F Y be an atomized composition-free arrow
term of C(OMA®), and let f, X and Y be written in natural notation.
Then for every pair of parentheses in the form sequences X or'Y to which
(y1,y2) is associated there is a pair of parentheses in f to which (1;,,1,,)
is associated such that, fori € {1,2}, the occurrence of letter y; corresponds

obviously to the occurrence of the same letter x; in 1,,.

PROOF. If the pair of parentheses selected in X or Y is outermost (which we
usually do not write), then the assertion is trivial. If the pair of parentheses
selected is in X and belongs to A within the immediate scope of V, then in
f we must have the required pair of parentheses, which belongs to A or <
within the immediate scope of V. If the pair of parentheses selected is in Y
and belongs to A within the immediate scope of V, then in f we must have
the required pair of parentheses, which belongs to A within the immediate
scope of V or . The cases where V is within the immediate scope of A are
dual. -

Building on Propositions 1 and 2, we can obtain a criterion for the
existence of an arrow of OMA*®® of a given type X F Y, which solves the
theoremhood problem for OMA® (see §1.1). Let

(1)  w(X) and w(Y) coincide save that in w(Y) we can have an oc-
currence of V at a place where in w(X) we have an occurrence
of A.

Let u be obtained from w(X) and w(Y') by

(2.1) writing < at the places where w(X) and w(Y") differ,

(2.2) adding the parentheses of both X and Y in an obvious manner
(here, two pairs of parentheses, one in X and the other in Y,
associated to pairs of occurrences of letters that correspond ob-
viously to each other yield a single pair of parentheses added to
w),

(2.3) replacing every occurrence of a letter p by 1,,.

Then there is an arrow of OMA® of type X F Y iff (1) is fulfilled and u
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is an arrow term of C(CMA®") in natural notation. If u is such an arrow
term, then it stands for the required arrow of ©MA®" of type X Y. This
will yield a criterion for the existence of arrows of a given type in MA.

We need the following proposition to prove coherence for MA.

ProposITION 3. If f1: X1 F Y7 and fo: Xo F Y are different atomized
composition-free arrow terms of C(OMA®Y), then X is different from Xo
or Yy is different from Ys.

Proor. If w(f1) is different from w(f2), then it is clear that w(X;) is
different from w(Xs) or w(Y7) is different from w(Y3). If w(f1) coincides
with w(f2), but fi and fy are different arrow terms, then f; and fo must
differ with respect to parentheses. In that case, Propositions 1 and 2 yield
the assertion. .

From Composition Elimination and Proposition 3 we infer that ©OMA*®"

is a preorder. So we have the following.

Mix-BIASSOCIATIVE COHERENCE. The category MA is a preorder.

88.3. Coherence of mix-net categories

To obtain the natural logical category MDA, we have that the logical
system C(MDA) is in £, v, with the transformations « included in 1, b, d
and m. The specific equations of £(MDA) are those of £(DA) plus

A
(me) MAAB,C ° bZB,C = dﬁ,B,Co(lA /\mB,C),

2
(me) bZBA,C °MA BVC = (mA,B vV lc) o d,L4,B,C7
N
bmR) mc.ppacbpa = dtpac(mesNla),

N
(bmR) b5 4 °mevea =(1cVmpa)e dg,B,A'

We call natural MDA -categories miz-net categories.

The specific equation (bm) of £(MA) is derived as follows for MDA
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A
(ma,pV1c)emanp,cebypc
A
= (mapV1c)ed] gpoo(laAmpc), by (bmL),

Vv 2
= bZB,C oma pvce(la Ampc), by (bmL).

Alternatively, we could have used (8mR) and (Iv)mR).

For G being A and C/€ being MDA, we have that the conditions (IVC)
and (IVG) of §3.1 are satisfied, and G is moreover a preorder. Thus we can
apply the Direct-Strictification Theorem of §3.2 to obtain a category Cg /&g,
which we will call MDA®". We call Cg here C(MDA"®").

For every object X of MDA®, i.e. for every form sequence of letters
X in natural notation (see §6.2 and §7.3), we introduce a relation Ry
between the set of occurrences of A in X and the set of occurrences of A,
V and letters in X. We define xR’y y as tRxy in §7.3 save that y need not
be an occurrence of V, but may be an occurrence of A, V or of a letter (cf.
the version of SE‘ in §8.1). More precisely, y is an occurrence of A, V or
of a letter on the right-hand side of I(x) and on the left-hand side of r(x);
here y can also be I(x) or r(x). We define the occurrences of letters I(z)
and r(z) exactly as before (see §7.3).

Let v(X) be the word obtained from a form sequence X by deleting
every parenthesis and replacing every occurrence of A or V in X by a single
arbitrary new symbol . When for the form sequences X and Y we have
that v(X) and v(Y") coincide, we say that X and Y are MDA-comparable.

It is clear that R’y gives rise to a relation R;, on occurrences of symbols
in v(X) such that we have 2’ R},

vy ¥ When 2’ is the occurrence of 7 in v(X)

corresponding to an occurrence z of A in X, while ¢ is an occurrence of
or of a letter p corresponding to an occurrence y of A, V or p in X, and we
have 'R’y y/'.

Then it can be checked that for every arrow term f: X Y of C(MDA®")
the form sequences X and Y are MDA-comparable and R, C R . More-

/.

over, if d¥, d or m occurs in f, then R, is a proper subset of R _;

otherwise, R, = R, . For example, with m,,: pAqt pVq we have
v(pAq)=v(pVq)=pyg while R, ={(v,p),(v,q)} and R, =0.
A place in X is a subword of v(X). We define when subwords of MDA-
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comparable form sequences are at the same place as in §7.3 and §2.1.

We have a Remark analogous to that of §7.3 with R replaced by R/, and
a lemma analogous to the Extraction Lemma of §7.3 with DA® replaced
by MDA®" and (%) that reads:

(%) for every occurrence x of A in X; and every occurrence y of A,
V oor of a letter in X;, where i € {1,2}, if ' is an occurrence
of A in X at the same place where Xy z X2 has x, while y' is an
occurrence of N, V or of a letter in X at the same place where

X12Xs has y, and o' R'yy’, then xR y.

A more precise formulation of (k) in the Extraction Lemma of §7.3 would
be analogous to this version of (), but there we identified  and y with z’
and 3. Note that here X and X; z X, are comparable and not only MDA-
comparable. This means that y and 3" are occurrences of the same symbol.
The proofs of the Extraction Lemma of §7.3 and of its analogue for MDA **
do not involve the transformation m. They are based on considerations
concerning I(z) and r(z), which are the same both for the relation R and
for the relation R'.

With the help of this analogue of the Extraction Lemma, we can prove

the following analogue of the Theoremhood Proposition of §7.3.

THEOREMHOOD PROPOSITION. There is an arrow term f: X F Y of
C(MDA*®") iff X and Y are MDA -comparable form sequences and R, C
R .

vx

PrROOF. We enlarge the proof of the Theoremhood Proposition of §7.3. If
n>1and Y is Y7 2 Y5 for z an occurrence of Vv, then there is no guarantee
that X has an occurrence of V at the same place. If it has it, then we
proceed as before, applying the analogue of the Extraction Lemma. If, on
the other hand, X has an occurrence u of A at that place, then we first take
an arrow term h: X F X’ of C(MDA®") made of m, 1 and the operations
A and V on arrow terms such that X’ differs from X just by having an
occurrence of V instead of u. It is clear that if we exclude from R;  all
those pairs (u',y’), where v’ corresponds to u in v(X), then we obtain R;X/.
We continue again as in the proof of the Theoremhood Proposition of §7.3,
and fis (fiV fa)eogeoh. 4
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For a form sequence X, let d(X) be now the cardinality of Ry,. We can
prove the following.

Mix-NET COHERENCE. The category MDA is a preorder.

PrROOF. We proceed as in the proof of Net Coherence in §7.3 with the

following additional cases.

(Lm)  The head of f; is dé,F,G and the head of g; is mp . Due to the

presence of (lv)mL), we may assume that I is not of the form (X;...X,,V),
and so I cannot be F'V G. It remains to consider subcases analogous
to (LL1) and (LL2), which are settled with the help of bifunctorial and

naturality equations.

(Rm)  The head of f; is dgF,E and the head of gy is my y. Here we
invoke (é mR), and deal as in (Lm).

(mm)  The head of fi is mg p and the head of g1 is mp ;. Due to the
presence of (ZA) mL) and (8 mR), we may assume that E, F, H and I are
not of the form (X;...X,,A). So, with the previous assumption based
on (IV) mL) and (g mR), they must be occurrences of letters. We have the

following subcase.
(mml)  The occurrence of letter F' coincides with H. Then by (bm),
(m nat), (bmL) and (bmR) we have

(]—E \Y mFJ) odg,F,I ° (mE7F A 1[) = (mE,F A 1[) Odéjv}[ o (]-E \Y mFJ).

We continue reasoning by applying the Theoremhood Proposition of this
section. The remaining subcases are settled with the help of bifunctorial

and naturality equations. .

§8.4. Coherence of mix-symmetric net categories

To obtain the natural logical category MDS, we have that the logical sys-
tem C(MDS) is in L4, with the transformations « included in 1, b, ¢,
d and m. The specific equations of £(MDS) are obtained by taking the
union of those of £(MDA) and £(DS) plus

A vV
(cm) mpa° Ca,B=CBA°MAB.
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We call natural MDS-categories miz-symmetric net categories.
With ¢ as in §8.1, the equation (¢m) amounts to the equation

(gO f)ecap="Crpe(fOg).

In the arrow terms of C(MDS) we write d instead of d*, as we did for
C(DS), and we take d* as defined by the equation (d¥c) of §7.6. Among
the specific equations (8mL), (IV) mL), (lA)mR) and (lv)mR) of E(MDA) (see
§8.3), it is enough to keep (g mL) and (E mL); the equations (8 mR) and
(lv) mR) are derivable.

We build the syntactical category GMDS in the syntactical system
C(GMDS) out of MDS as we built GDS out of DS in §§7.6-7. The only
difference is that we replace everywhere DS by MDS. As before, it is
enough to prove that GMDS is a preorder in order to infer the following.

MIixX-SYMMETRIC NET COHERENCE. The functor G from MDS to Rel is
faithful.

We define the Gentzen terms for arrows of GMDS as for GDS, in §7.7,
with the following additional Gentzen operation:
ffUrZ g YW
miz(f,9) =an (fVg)emuy: UANY FZVIW

An alternative notation for miz(f,g) is f < g, which we used in §§8.1-2,
but miz(f,g) is handier in the present context. Note that due to (cm) we
have miz(f,g) = miz(g, f) in GMDS. So we will consider the terms on
the two sides of this equation as the same Gentzen term.

Then by enlarging the proof of the Gentzenization Lemma of §7.7 we
can prove that every arrow of GMDS is denoted by a Gentzen term. The
only addition is that mx y = miz(1x,1y).

In the definition of depth of §7.7, we now have that + can be also miz.
The notions of cut-free Gentzen term, topmost cut, rank and complexity
of a topmost cut are exactly as in §7.7. We can then prove as follows the
Cut-Elimination Theorem where GDS is replaced by GMDS.

PRrOOF OF THE CUT-ELIMINATION THEOREM FOR GMDS. We proceed as
in the proof of §7.7 until we suppose that the complexity of the topmost cut
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cutx (f,g) is (m,n) with m,n > 1. Then we have the following additional

case.

(A6)  The form set X is of colour A (it may be of the form X; A X5 or p)
and f is miz(f1, f2). So we have

f12U1|_X\/V1 fQ:UQ}_‘/Q
miI(fl,fQ)lUl/\UQFX\/Vl\/VQ g XAYFW
cutx (miz(f1, f2),9): Ut ANUsAY EW VLV T,

Then consider the Gentzen term
fi: U1 FX VWV g XAYFW
cutx(f1,9): U1 A\Y FW VV; fa: U= Vo
miz(cutx (f1,9), f2): U1 AU AY FIWWV VIV,

We show that

(o) cutx (miz (f1, f2),9) = miz(cutx (f1,9), f2),

and the complexity (m,n—1) of the topmost cut cutx (f1,g) is lower than
(m,n), so that we may apply the induction hypothesis.
To show the equation (xx*x), we have to show

(9V 1lvivw,) o dy xvivs © ((Mxvvy,ve o (fi A f2)) Aly) =
mwvvi, v, o (((9V 1vy) edy x vy o (fi A Ly)) A fa).

To derive this equation for GMDS, we use essentially (8 mL) of the preced-
ing section and (e¢m) (for GMDS, the latter equation reads mx y = my,x).

We have to consider also subcases where we have f1: Uy - X or g: X
W. In all of them, (x*%) amounts to equations simpler than the equation
above, which all hold in GMDS.

If in cutx(f,g) with complexity (m,n) where m,n > 1 the form set X
is of colour V and g is miz (g1, g2), then we have an additional case treated
dually to (A6). In that case, the equation (Iv)mL) of the preceding section,

together with (e¢m), plays an essential role. a

To prove the analogue of the Invertibility Lemmata of §7.8 for GMDS
we need the following equations of GMDS:
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(Amiz)  Axy (miz(f,h),q) = miz(Axy(f,9),h)

for fof type UF X VV or UF X, and

(\/mzx) \/X,Y(mzx(fv h)ag) = le’(\/X,y(f,g),h)

for f of type X AV FU or X I U. To derive these equations for GMDS
we use essentially (8mL) and (gmL) of the preceding section.

Note that (Amiz) and (Vmiz) hold just with the types indicated for f.
For other types, analogous equations need not hold; take, for example,

Npvgr(miz(1y,14),1.):pAgATE (pVg) AT
We will need also the following equation:
(mizmiz) miz(miz(f,g), h) = miz(f, miz(g,h)),

which we derive for GMDS with the help of the equation (bm) of §8.2 (see
the preceding section).
We define inductively the following abbreviation:

Miz (f) =ar f,
Mi:E(fl, ceey fkfl, fk) =df mm(sz(fl, ey fkfl), fk), for k > 2.

Due to the equation (miz mizx), for k > 2 we could have also

Mix(fl, ey fk—lafk) =df mz’x(fl, MiI(fg, ey fk))

With the help of (Amiz), (Vmiz) and (miz miz) we can derive for GMDS

the following equations:

(/\MZ.T) /\X,Y(Mix(fvfla"'afn)vMix(gvglw 7gm)) =
Mix(/\xy(f,g%fl, .. -7fnagla v 7gm)

where n,m > 0 (if n = 0, then f1,..., f, is just omitted, and analogously if
m =0), while fisof type UF XVV or Ut X, and g is of type WY VS
or W F Y. We have also the equation (VMizr) where A is replaced by V,
while f is of type X AV FU or X F U, and g is of type Y AS W or
YEW.
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The Splitting Remark of §7.8 holds for GMDS as it holds for GDS.
Note that the splittability of f need not entail the splittability of Az i (f, g).
A counterexample is provided with miz(1,,1,): pAg F pV g, which is split-
table, and Apvq, r(miz(1,,14), 1), mentioned above, which is not splittable.

A cut-free Gentzen term f for arrows of GMDS such that every subterm
ex,y(f1, f2) of f for ¢ € {A,V} is not splittable is called split-normalized.
Let the quantity of letters for an arrow f: X F Y of GMDS be the
cardinality of let (X), as for GDS in §7.8. We can prove the following.

SPLIT-NORMALIZATION LEMMA. For every Gentzen term h for arrows of
GMDS there is a split-normalized Gentzen term h' such that h = h' in
GMDS.

PROOF. We proceed by induction on the quantity of letters in h. In the
basis of the induction, when this quantity is 1 and h = 1, : p F p, the
lemma holds trivially.

Suppose that & is equal in GMDS to a cut-free Gentzen term Az (f, g)
with f and g of the same types as in the Splitting Remark of §7.8, and with
the total split mentioned there. Then we apply the induction hypothesis to
f and g to obtain f” and ¢’ split-normalized. If Az i (f’, ¢’) is not splittable,
we are done. If Az y(f’,¢g') is splittable, then we proceed as follows.

If n > 1, then the cut-free Gentzen term f’ is splittable and can be
written in the form Mix (u,uq,...,u,) with u of type X - Zor X + ZV R’
and u;: X; FY;, for i € {1,...,n} and all of u,uq,...,u, split-normalized.
To put f in this form, we may need to use (miz miz), and we also use the fact
that the subterms of a split-normalized Gentzen term are split-normalized.
Here w; is not splittable and is not of the form miz (v, u”), but u may
be splittable. If u is splittable, and is hence of the form miz (u',u”) with
w: X'FY and v X" FY"”, then we must have let (Z) Nlet (Y') # () and
let(Z) N let(Y") # . This follows from the Splitting Remark. If n = 0,
then f’ is not splittable, and can be written as Miz(f).

We put ¢’ analogously in the form Miz(v,v1,...,v,), and we apply
(AMiz) to obtain that Az y(f,g) is equal to

Miz(Az,u(uw,v),u1, ..., Up, V1. .., Um),

which is split-normalized, because Az y(u,v) is not splittable. If Az y(u,v)
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were splittable, then by the Splitting Remark, either w, which is split-
normalized, would be of the form miz (v, u”) with «': X’ Y’ " X" F
Y and let (Z)Nlet(Y') = 0 or let (Z) N let (Y") = (), or v would be of such
a form, which is impossible, as we said above.

We proceed analogously if A is equal in GMDS to a cut-free Gentzen
term Vzy(f,g). If his equal in GMDS to a cut-free Gentzen term
miz(f,g), then we just apply the induction hypothesis to f and g. -

The Invertibility Lemma for A is formulated for GMDS as in §7.8,
save that we assume for f not only that it is cut-free, but that it is split-
normalized too. The proof of this lemma proceeds, as before, by induction
on the length of f. In the induction step, when f is /\Ya7yb(fa,fb) or
Vya yo(f9, f?), we work as in the proof in §7.8, save that when we elimi-
nated some cases by appealing to the Split Corollary, now these cases are
eliminated by appealing to the fact that f is split-normalized, and hence
not splittable. It remains to consider the case where f is miz(f¢, f°). It
is, however, easy to conclude that we may apply the induction hypothesis
either to f or to f° in order to obtain a cut-free Gentzen term Ax, x, (g, h)
equal to this term in GMDS. Then we apply (Amiz).

We proceed analogously to prove the Invertibility Lemma for V for
GMDS. We also have for GMDS the following new lemma of the same
kind.

INVERTIBILITY LEMMA FOR mix. If f: U3 AUy &+ Z1 V Zy is a split-
normalized Gentzen term such that let(U;) = let(Z;) for i € {1,2}, then
there are two split-normalized Gentzen terms f1: Uy F Z1 and fo: Us &= Zg
such that [ = miz(f1, f2).

PROOF. We proceed by induction on the length of f. The basis of this
induction, when f is 1,, is trivial, as before.

For the induction step, because f is split-normalized, f must be of the
form miz (£, f?) for f¢: W R®* and f°: W® - R’. Then we have the
following cases:

(1)  W%is Uy and WP is Us,
(2)  Wais Uy AUS and WP is U, for U, being Ug A U,
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(3)  Weis UF AUS and WP is UY A U2, for U; being U A U?, where
i€ {1,2},

and cases analogous to these. In case (1), we take f¢ for f; and f° for
fa. In case (2), we apply the induction hypothesis to f* to obtain a split-
normalized Gentzen term miz (', f¢”) equal to f¢ in GMDS for f%': U; I-
Zy and f*: U$ + Z¢. Then we take f; and fy to be f¢" and miz (fo”, f°),
respectively, and we apply (mizmiz). In case (3), we proceed analogously,
by applying (mizmiz) three times (cf. the proof of the Invertibility Lemma
for A in §7.8). -

We can now prove Cut-Free Preordering of §7.8 for GMDS. The
proof is analogous to the proof of §7.8, with an additional case when f;
is miz (f1, f'), which is settled with the help of the Invertibility Lemma for
miz. As a corollary of the Cut-Elimination Theorem for GMDS and of
Cut-Free Preordering for GMDS, we obtain that the category GMDS is

a preorder, which implies Mix-Symmetric Net Coherence.

§8.5. Coherence of mix-symmetric biassociative cate-
gories

To obtain the natural logical category MS, we have that the logical system
C(MS) isin L v, with the transformations « included in 1, b, ¢ and m. The
specific equations of £(MS) are obtained by taking the union of those of
E(MA) and £(S) plus the equation (cm). So MS is analogous to MDS, but
with d missing. We call natural MS-categories miz-symmetric biassociative
categories.

We can prove the following.

MIX-SYMMETRIC BIASSOCIATIVE COHERENCE. The functor G from MS
to Rel is faithful.

We prove this assertion as for MDS via a Cut-Elimination Theorem and
Invertibility Lemmata. We keep in the proofs of the preceding section just
the easy cases.

We do not consider here something that would be called mix-bimonoidal

categories, symmetric or not symmetric, dissociative or not dissociative.
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(Some kinds of mix-dissociative bimonoidal categories are considered in
[23], Sections 6-7.) We have left open in §7.9 the problem of what axioms
should be added to those of linearly distributive categories in order to ob-
tain coherence with respect to Rel. Mix brings in its own problems in the
presence of T and 1. These problems remain in the next two chapters, and

will disappear in Chapter 11 and later.






Chapter 9

Lattice Categories

This chapter is about coherence for categories with a double cartesian struc-
ture, i.e. with finite products and finite coproducts. We take this as a cate-
gorification of the notion of lattice. As before, we distinguish cases with and
without special objects, which are here the empty product and the empty
coproduct, i.e. the terminal and initial objects. The results presented are

taken over from [46], [48] and the revised version of [47].

We pay particular attention in this chapter to questions of maximal-
ity, i.e. to the impossibility of extending our axioms without collapse into
preorder, and hence triviality. This maximality is a kind of syntactical
completeness. (The sections on maximality, §9.3, §9.5 and §9.7, improve
upon results reported in [46], [48] and [47].)

The techniques of this chapter are partly based on a composition elimi-
nation for conjunctive logic, related to normalization in natural deduction,
and on a simple composition elimination for conjunctive-disjunctive logic,

implicit in Gentzen’s cut elimination.

89.1. Coherence of semilattice categories

To obtain the natural logical category i, we have that the logical system
A AN N
C(L) is in L, with the transformations « included in 1, b, ¢ and w-k. The

specific equations of £ (fJ) are those of £ (é) plus

185
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for éZL,B,C,D =af b2 cpap°(LaN(bEp pe (¢B,cAlp) b5 cp))ebisonp
of type (AABY A (CAD)F(AAC)A(BAD),

(géﬁ’) Wanp = éXA,B,B o (s A ),
(
(

(k) Ky 4o da =1, forie{1,2}.

o>
>

) (kY p ALe)e b g =14 AR
A,B c A,B,C A B,C»

N A A
2 _ 1.1 A
k) kA,B = kB,A ° CA,B;

>

We call natural f_;—categories semilattice categories. Usually, they are
called categories with finite nonempty products. The objects of a semilat-
tice category that is a partial order make a semilattice.

The equation (béd) is the octagonal equation of [43] (Section 2) and [44]
(Section 1) (cf. [53], Proposition 3.29, p. 235, and, for ¢™, cf. [55], Section
I11.3, p. 517).

The equation (ZA)l?:) is related to the equation (383’) of §4.6. By using
essentially this equation, we derive for L the equations

which are related respectively to the equations (88 ) and (83) of §4.6. To

derive (3121), we derive first

A A A
k}él/\B,C Alanpine = (QaA k}3,c) ° bZBp) N YanByrc

with the help of (ZA> 5) of §4.2 and other equations; since for f: E + D we
have IAchE o(f AN1g)o g = f, we have (IAJIAfl) We proceed analogously for
(IAJIACQ) Conversely, from (8?{1) and (8/2‘2) we can derive (IAJIAf) with the help
of (IA)@) from §5.1 and (@l?:)

The equation (él?:), which is related to the equation (&%) of §5.3, says

that k! and 2 are interdefinable. In the presence of (¢) and (@/Aﬂ), we can
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A A
derive k% 4ot = 14 from kY ,o@4 = 14, and vice versa, so that instead

AN
of (k) we could have assumed just one of these two equations.

We can also derive for L the equation

AN

(bkk) (kY 5 Ak 5)etans = Lans.

)

For that we use (b&d), (bk), (bk1), (bk2), (¢k) and (Ok).
For f;: C'+ A;, where i € {1,2}, we have in C(L) the definition

((-:-)) (f1. f2) =as (f1 A f2) o D¢

Then for f: AF D and g: B + E the following equations hold in L:

A /\_) Al /\2 /\2

b=) X pc=1aNkp o kE oo ki pao)s
A /\{_ o /\1 /\1 /\2

b b&pa=(ktpokinparktp Nla),
A A _ /\2 /\1

c) CA,B= <kA,B’kA,B>7

lf)) QQJA:<1A,1A>.

This shows that with the operation (_, _) on arrow terms primitive, together
with /21" where i € {1,2}, we could take the arrow terms on the left-hand
sides of these equations as defined. With these alternative primitives, all
the equations of £ (fJ) can be derived from the categorial equations and the
following equations of £ (f.;)

(/\B) kf417A2°<,f15f2>:fia
(A1) Ky 4, ol ko 4, oh) =D,

for h: C F A; A Ay (for these equations see [90], Section 1.3). In other
words, we would obtain a syntactical system synonymous with C (i) (see
the end of §2.4 for this notion of synonymity).

Another alternative is to have & and @ primitive, together with the
operation A on arrow terms. Then we can assume, besides categorial, bi-
functorial and naturality equations, the equations (uA)lAc) and (ﬁ)l?:l?:) in order
to obtain a logical system synonymous with C(L).

Synonymity with these alternative syntactical systems can be demon-

strated directly, but this is a lengthy exercise. The coherence result for
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semilattice categories we are going to prove will easily yield this synonymity
in an indirect way.

We introduce next still another syntactical system synonymous with
C (fJ), which will be formulated in the style of Gentzen, and will enable us to
prove a composition-elimination result, i.e. a simple kind of cut-elimination
result, such as we had in §8.1. Let C(Gf_;) be the syntactical system with
formulae of £ as objects, with the primitive arrow terms being only iden-
tity arrow terms, and with the following operations on arrow terms, besides

the operation o:

flzCFAl fQZCFAQ
<f1,f2>10|_A1AA2

g: A EC go: Ag - C
IA{342911A1/\A2|—C' IA(ing:Al/\Agl—C’

To obtain the equations of £ (G£)7 we assume the categorial equations and

the following equations, for i € {1,2}:

(K1) geKiyf =Ky (g f),
(K2) Kige(fi,f2) =g°fi.
(IA() (91,92)° f =(g1°f,92° f),
(K4) 1anp = (K414, K2415),

with appropriate types assigned to f, g, f; and g;. The equation (IA( 2) is
related to (AB), while (IA(3) and (IA(4) are related to (An). The syntactical
category GL is C(Gi)/S(Gi\L).

It is a straightforward, though somewhat lengthy, exercise to check that
with the definitions corresponding to the equations (A), (IA)—>), (IA)<—), (¢),
(1), and the additional definitions

21 1 7.2 o
ka, a, =ar Ky, 1a,, k%, 4, =ar K5, 1a,,

on the one hand, and the definitions ({(-,_)) and

r1 1 ) 7.2
KA291 =df g1 ° kAl,A27 KAlgz =df g2° kAhAz?
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on the other hand, we can prove that L and GL are isomorphic categories,
A A
and that hence C(L) and C(GL) are synonymous syntactical systems.
We can prove as follows Composition Elimination (see §8.1) for GL.

PROOF OF COMPOSITION ELIMINATION FOR GL. Take a subterm go f of
an arrow term of C (Gf;) such that both f and g are composition-free. We
call such a subterm a topmost cut. We show that go f is equal either to a
composition-free arrow term or to an arrow term all of whose compositions
occur in topmost cuts of strictly smaller length than the length of go f.
The possibility of eliminating composition in topmost cuts, and hence every
composition, follows by induction on the length of topmost cuts.

The cases where f or g are 14 are taken care of by (cat 1); the cases
where f is IAQ‘ J! are taken care of by (IA(I); and the case where g is (g1, g2)
is taken care of by (IA( 3). The following cases remain.

If fis (f1, f2), then g is either of a form covered by cases above, or g is
IA(f4 g', and we apply ([A(Q) .

Note that we do not use the equations (cat 2) and (IA( 4) in this proof.

An arrow term of C(Gf;) is said to be in normal form when it is
composition-free and there are no subterms of it of the forms 14,5 and
IA(fL‘ (f,9). In GL we have the equations (IA(4) and, for i € {1, 2},

(K5) Kiy(f,g) = (K', f, K’ g),

which is obtained with the help of (cat 1), (IA(l) and (IA(S) With Composi-
tion Elimination and these equations, it can be shown that for every arrow
term of C(Gi) there is an arrow term f’ of C(Gf;) in normal form such
that f = f" in GL. Namely, the following holds for GL.

NORMAL-FORM LEMMA. Fvery arrow term is equal to an arrow term in

normal form.

(The proof of this lemma is incorporated in the proof of the Normal-Form
Lemma for Gf.rr in the next section.)

The functor G from L to Rel yields with the isomorphism from GL to
La functor, which we also call G, from Gi to Rel. We can then prove the

following for arrow terms of C (GfJ)
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UNIQUENESS LEMMA. For every arrow term f there is a unique arrow term
/' in normal form such that Gf = Gf’.

PROOF. Let f be of type A+ B. It follows from the Normal-Form Lemma
and the functoriality of G that there is at least one arrow term f” in normal
form such that Gf = Gf’. To show that f’ is unique we proceed by
induction on the number n(B) of occurrences of A in B.

If n(B) = 0, then we make an auxiliary induction on n(A). If n(4) =0,
then f’ can be only of the form 1,. If n > 0, then A must be of the form
Aj A As, and f’ can be only of the form IAQ‘Q g or IA(il h. Since there are

no g and h such that GIA(}L‘Z g = GIA(il h, the arrow term f’ is uniquely
determined.

Suppose now n(B) > 0. Then B must be of the form B; A By, and f’
can be only of the form (fi, fo) for f1: A+ By and fo: A+ By arrow terms

in normal form. We have that
GKlBQf = GK132 <f17f2> = Gfla

and so, by the induction hypothesis, f1 is unique. Analogously, Gk 231 f=
Gfs, and fo is unique. So (f, f2) is unique. -

(This Uniqueness Lemma is analogous, but not completely analogous, to
the homonymous lemma of §5.2: in the former lemma we do not presuppose
the Normal-Form Lemma, while in the formulation of the present one we
do. Since, however, we have the Normal-Form Lemma in both cases, the
difference is more in the style of exposition than in mathematical content.)

We can then prove the following (for references concerning this result,
see the references mentioned in the next section before Cartesian Coher-

ence).
SEMILATTICE COHERENCE. The functor G from L to Rel is faithful.

PrOOF. We prove that the functor G from GL to Rel is faithful. This
yields Semilattice Coherence.

Suppose that for fi, fo: A F B arrow terms of C(Gi‘) we have Gf; =
G fy. By the Normal-Form Lemma, for ¢ € {1,2}, there is an arrow term
f! in normal form such that f; = f/. Then from Gff = Gf1 = Gfs = Gf}
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and the Uniqueness Lemma we conclude that f; and f4 are the same arrow
term, and hence f; = fo in GL. -

89.2. Coherence of cartesian categories

To obtain the natural logical category f.rr, we have that the logical system
C(f_q—) is in L T, with the transformations « included in 1, 8, ¢, &-k and
5-6. The specific equations of £ (f.rr) are obtained by taking the union of
those of E(i) and 5(@7) plus

(k8) Yy =07

There are some redundancies in this axiomatization. The equation
(b05) is derivable with the help of (bk). In £(LT) we can derive the
following:

(Bd) by = ot

Natural f;—r—categories are called cartesian categories. These are cate-
gories with all finite products, including the empty product. The objects
of a cartesian category that is a partial order make a semilattice with unit.

In C(iT) we have the definition

Ra=a k3 7o 8%,
and for Lt we have the equations (k nat) and
(k1) Rt =1T.
The equations (k nat) and (A1) amount to
(R) kKa=f, for f:AFT,

which says that T is a terminal object in f.rr (see §2.2 for the notion of
terminal object).

A logical system synonymous with C(iT) is obtained by taking as prim-
itive £ instead of 8-. This is based on the following equations of i\LT:
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Another alternative logical system synonymous with C (irr) is obtained
A
by taking as primitives 6-6 and & instead of k1 and k2. This is based on

the following equations of i\LT:

> x>
I
SHS

/_{ O(]-A A ’%B)v
B O(IAﬁA Alg).

I
Q>

A8
4B

If the operation (_,_) is primitive together with k' and 12:2, then we can
take & as primitive, and assume besides the categorial equations, (A3) and
(An) just (k).

Let C(GiT) be the syntactical system defined as C(Gi) save that L, is
replaced by L4, 7, and besides identity arrow terms we have the arrow terms
Ka: AF T as primitive arrow terms. The equations of £ (GiT) are those of
E(Gi) plus (k). The syntactical category GLt is C(Gf.rr)/é'(Gf.rr). It is
easy to ascertain that f_rr and Gf.rr are isomorphic, and that hence C (f_rr)
and C (G]ALT) are synonymous syntactical systems.

We can prove Composition Elimination for GiT by enlarging the proof
of the preceding section. The additional cases are where g is k4, which is
taken care of by (), and where f is #4. In the latter case, g is either 11,
or kT, or (g1, gs), which are cases already covered.

An arrow term of C(GiT) is said to be in normal form when it is
composition-free and has no subterms of the forms 14,35, IAQ‘ (fiq), 17
and K Q/Af 5. Then we can prove the Normal-Form Lemma of the preceding

A
section for GL.

PROOF OF THE NORMAL-FORM LEMMA FOR GL7. In GLT we have the
equations (K4) and (K5) of the preceding section, and also

A
1t =&,
A
1 A _ A
Kpka = KanB,
A
2 A _ A
K5Kkp = KanB,
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which are all instances of (#) (the first of these equations is (k1)).

For f a composition-free arrow term of C (GfJT)7 let n1 be the number
of occurrences of A and T in the indices of subterms of f that are identity
arrow terms. Next, let ne be the number of subterms of f of the form
(f1, f2) or k¢ such that there is a subterm IA{lD f' of f with (f1, f2) or k¢
a subterm of f’. Let the grade of f be (ni,n2), and let these grades be
lexicographically ordered (see §7.7, before the Cut-Elimination Theorem).
Then every replacement of subterms of f justified by one of the equations
above reduces the grade of f, and so by induction we obtain that there is
an arrow term [’ of C(Gf;T) in normal form such that f = f’ in Gir. It
remains only to appeal to Composition Elimination for Gfrr to obtain the

Normal-Form Lemma. n

As in the preceding section, we obtain the functor G from Gf.rr to Rel,
with which we can prove the Uniqueness Lemma of the preceding section
AN
for GL.

PROOF OF THE UNIQUENESS LEMMA FOR Gfm. We proceed by induction
n(B) with an auxiliary induction on n(A) in the basis, as in the proof of
the preceding section. If n(B) = n(A) = 0, then f’ can be either of the
form 1,, or /Q;p, or kT, which exclude each other because of their types.

If n(B) = 0 and n(A) > 0, then f’ can be either of the form IA(}42 g, or

K ?41 h or k4, which exclude each other because of their types or for reasons
mentioned in the proof of the preceding section. For that we use the fact,
easily shown by induction on the length of A, that k4 is the only arrow
term in normal form of type A F T, and the fact that Gf is a function
from GB to GA. For the rest of the proof we proceed as in the preceding
section. —|

We can then infer as in the preceding section the following result, which
stems from [77] (see p. 129, where the result is announced), [106] (Theorem
2.2), [128] (Theorem 8.2.3, p. 207), [108] (Section 7) and [46].

CARTESIAN COHERENCE. The functor G from iT to Rel is faithful.

A
It is noteworthy that the functor G maps every arrow of Lt to a function
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from the target to the source. (We used that fact in the proof of the
A
Uniqueness Lemma of this section.) The same holds, of course, for L.

§9.3. Maximality of semilattice and cartesian categories

A natural logical category C/& is called mazimal when every natural C/E-
category that satisfies an equation between arrow terms of C that is not in
€ is a preorder. In other words, if £ is a proper extension of &, then every
natural C/&'-category is a preorder. Maximality is an interesting property
when C/€ itself is not a preorder, and we will show in this section that L
and f;T are maximal in this sense—in the interesting way. (We take over
these results from [46].)

The maximality property above is analogous to the property of usual
formulations of the classical propositional calculus called Post complete-
ness. That this calculus is Post complete means that if we add to it any
new axiom-schema in the language of the calculus, then we can prove every
formula. An analogue of Bohm’s Theorem in the typed lambda calculus
implies, similarly, that the typed lambda calculus cannot be extended with-
out falling into triviality, i.e. without every equation (between terms of the
same type) becoming derivable (see [117], [45] and references therein; see
[4], Section 10.4, for Bohm’s Theorem in the untyped lambda calculus).

Let us now consider several examples of common algebraic structures
with analogous maximality properties. First, we have that semilattices are
maximal in the following sense.

Let a and b be terms made exclusively of variables and of a binary
operation -, which we interpret as meet or join. That the equation a = b
holds in a semilattice S means that every instance of a = b obtained by
substituting names of elements of S for variables holds in S (cf. §2.3).
Suppose a = b does not hold in a free semilattice Sg (so it is not the case
that a = b holds in every semilattice). Hence there must be an instance
of a = b obtained by substituting names of elements of Sp for variables
such that this instance does not hold in Sp. It is easy to conclude that
in a = b there must be at least two variables, and that Sr must have at
least two free generators. Then every semilattice in which a = b holds is

trivial—namely, it has a single element.
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Here is a short proof of that. If a = b does not hold in Sg, then there
must be a variable z in one of @ and b that is not in the other. Then from
a = b, by substituting y for every variable in a and b different from z, and
by applying the semilattice equations, we infer either x =y or x -y = y. If
we have x = y, we are done, and, if we have = -y = y, then we have also
y -z = x, and hence z = y.

Semilattices with unit, distributive lattices, distributive lattices with
top and bottom, and Boolean algebras are maximal in the same sense. The
equations a = b in question are equations between terms made exclusively
of variables and the operations of the kind of algebra we envisage: semi-
lattices with unit, distributive lattices, etc. That such an equation holds
in a particular structure means, as above, that every substitution instance
of it holds. However, the number of variables in a = b and the number of
generators of the free structure mentioned need not always be at least two.

If we deal with semilattices with unit 1, then a = b must have at least
one variable, and the free semilattice with unit must have at least one free
generator. We substitute 1 for every variable in a and b different from x in
order to obtain x = 1, and hence triviality. So semilattices with unit are
maximal in the same sense.

The same sort of maximality can be proven for distributive lattices,
whose operations are A and V, which we call conjunction and disjunction,
respectively. Then every term made of A, V and variables is equal to a
term in disjunctive normal form (i.e. a multiple disjunction of multiple con-
junctions of variables; see §10.2 for a precise definition), and to a term in
conjunctive normal form (i.e. a multiple conjunction of multiple disjunc-
tions of variables; see §10.2). These normal forms are not unique. If a = b,
in which we must have at least two variables, does not hold in a free dis-
tributive lattice Dp with at least two free generators, then either a < b
or b < a does not hold in Dgr. Suppose a < b does not hold in Dg. Let
a’ be a disjunctive normal form of a, and let ¥ be a conjunctive normal
form of b. So a’ < b does not hold in Dp. From that we infer that for a
disjunct a” of @’ and for a conjunct b” of ¥’ we do not have o’/ <" in Dp.
This means that there is no variable in common in a” and b”; otherwise,
the conjunction of variables a”” would be lesser than or equal in D to the

disjunction of variables b”. If in a distributive lattice a = b holds, then
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a’ < b"” holds too, and hence, by substitution, we obtain z < y. So z = y.

For distributive lattices with top T and bottom 1, we proceed analo-
gously via disjunctive and conjunctive normal form. Here a = b may be
even without variables, and the free structure may have even an empty set
of free generators. The additional cases to consider are when in a” < b” we
have that a” is T and 0" is L. In any case, we obtain T < L, and hence
our structure is trivial.

The same sort of maximality can be proven for Boolean algebras, i.e.
complemented distributive lattices. Boolean algebras must have top and
bottom. In a disjunctive normal form now the disjuncts are conjunctions
of variables = or terms Z, where ~ is complementation, or the disjunctive
normal form is just T or 1 ; analogously for conjunctive normal forms. Then
we proceed as for distributive lattices with an equation a = b that may be
even without variables, until we reach that a” < b”, which does not hold
in a free Boolean algebra Bp, whose set of free generators may be even
empty, holds in our Boolean algebra. If z is a conjunct of a”’, then in b” we
cannot have a disjunct x; but we may have a disjunct z. The same holds
for the conjuncts T of a”. It is excluded that both x and Z are conjuncts
of a”, or disjuncts of b”; otherwise, a” < b” would hold in Br. Then for
every conjunct x in a”’ and every disjunct § in b” we substitute T for x
and y, and for every other variable we substitute L. In any case, we obtain
T < 1, and hence our Boolean algebra is trivial. This is essentially the
proof of Post completeness for the classical propositional calculus, due to
Bernays and Hilbert (see [135], Section 2.4, and [66], Section 1.13), from
which we can infer the ordinary completeness of this calculus with respect
to valuations in the two-element Boolean algebra—mnamely, with respect to
truth tables—and also completeness with respect to any nontrivial model.

As examples of common algebraic structures that are not maximal in
the sense above, we have semigroups, commutative semigroups, lattices,
and many others. What is maximal for semilattices and is not maximal
for lattices is the equational theory of the structures in question. The
equational theory of semilattices cannot be extended without falling into
triviality, while the equational theory of lattices can be extended with the
distributive law, for example.

The maximality of L as defined at the beginning of the section differs
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from the maximality of semilattices, distributive lattices, etc., we have just
considered, because in L we have types, so that f = g is excluded if f and g
are of different types. Hence, the analogue of the trivial semilattice, which
was a one-element structure, is for categories, like f;, a preorder.

The maximality of L is, of course, a quite separate result from the
maximality of semilattices we have shown above. None of these results
can be inferred from the other. After some strictification, any semilattice
category yields a semilattice category that is a partial order, and whose
objects will make a semilattice. The maximality of semilattices has to do
with these objects, while the maximality of L has to do with the arrows
between these objects. We will now proceed with the proof of the latter

maximality.
A A
MAXIMALITY OF L. The category L is maximal.

PRrROOF. Suppose A and B are formulae of £, in which only p occurs as a
letter. Suppose f1, fo: A B are arrow terms ofC(fl) such that G f; # G f».
As we noted after Cartesian Coherence, at the end of the preceding section,
G f1 and G fo may be conceived as functions from GB to GA. So there must
be an n € GB such that Gf1(n) # G fa(n). This means that we must have
GA > 2 (i.e., there must be at least two occurrence of p in A), and we have,
of course, GB > 1.

Then there is an arrow term h* : p Ap F A of C(f_l) made of possi-
bly multiple occurrences of arrow terms in 1, 8, ¢ and W, together with
the operations A and o on arrow terms, such that Gh¥(Gf1(n)) = 0 and
Gh™ (G fa(n)) = 1. There is also an arrow term h*: B F p of C(f‘) that is
either 1, or a possibly iterated composition of arrow terms in k! and k2
such that Gh¥(0) = n. Then, for i € {1,2}, we have that h¥o f;c A% is
of type p Ap F p and G(hF o fioh?) = GlAf;‘,,p. Therefore, by Composition
Elimination for GL (see §9.1) and by the functoriality of G, we obtain that
hEo fioh® = l?;;)p in L. (This follows from Semilattice Coherence too.) So

in & (f;) extended with f; = fo we can derive the equation

(kk) k1 = k2

p,p p,p-

If this equation holds in a semilattice category A, then A is a preorder.
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This is shown as follows. For f,g: at b in A we have

kyp o (f.9) :kz%,b°<fvg>7

)

and so f = g in A by the equation (AS3) of §9.1.

If for some arrow terms g; and go of C(ﬁ) of the same type we have
that g1 = g is not in E(f;), then by Semilattice Coherence (see §9.1) we
have Gg1 # Ggs. If we take the substitution instances gj of g1 and g} of go
obtained by replacing every letter by a single letter p, then we obtain again
Gg} # Ggh. If g1 = g2 holds in a semilattice category A, then g = g4 holds

too, and A is a preorder, as we have shown above. a
We have also the following.
A A
MAXIMALITY OF L. The category Lt is maximal.

To prove that we proceed as for L. The only modification is that in con-
structing h" we envisage also arrow terms in 5« and 5+

Note that the maximality of L implies that in any semilattice category
A that is not a preorder we can falsify any equation between arrow terms of
C (f.:) that does not hold in L. This does not mean, however, that there must
be a faithful functor from L to A, which would falsify all such equations
“simultaneously”. The existence of such a functor is possible for particular
semilattice categories A, but it is another result, which does not follow from
and does not imply maximality. In the case of L and frr, the category Set of
sets with functions, with A being cartesian product and T being a singleton,
is an A such that there is a faithful functor from L and Lt to A (see [30]
and [117]).

Maximality holds also trivially for all logical categories K that are pre-
orders, because we cannot extend £(K) properly in such cases. The logical
categories that are not preorders that we have considered up to now are
symmetric, i.e. they have ¢ in C(K). Before L and ir, however, the sym-
metric logical categories IC from previous chapters that are coherent are not
maximal, in spite of coherence, for the following reason.

All the types of arrow terms of C(K) are balanced (in the sense of §3.3).
Let the balance weight of an equation f = g where f,g: A F B are arrow
terms of C(K) be the letter length of A or B. Then it can be shown that
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if £ is the extension of £(K) with an equation f = g that is not in £(K),
with a single letter occurring in A (and hence also in B), and the balance
weight of f = g is n, then all the equations £ that are not in £(K) must
have a balance weight greater than or equal to n.

The notions of maximality envisaged in this section were extreme (or
should we say “maximal”), in the sense that we envisaged collapsing only
into preorder. (For semilattices, distributive lattices, etc., this is also pre-
order for a one-object category.) We may, however, envisage relativizing
our notion of maximality by replacing preorder with a weaker property,
such that structures possessing it are trivial, but not so trivial (cf. [3§],
Section 4.11). We will encounter maximality in such a relative sense in
§9.7.

As an example of relative maximality in a common algebraic structure
we can take symmetric groups. The axioms for the symmetric group S,,
where n > 2, with the generators s;, for i € {1,...,n—1}, were given in §5.1.
If to S, for n > 5 we add an equation a = 1 where a is built exclusively of
the generators s; of S, with composition, and ¢ = 1 does not hold in S,
then we can derive s; = s;. This does not mean that the resulting structure
will be a one-element structure, i.e. the trivial one-element group. It will
be such if a is an odd permutation, and if @ is an even permutation, then
we will obtain a two-element structure, which is S5. This can be inferred
from facts about the normal subgroups of §,,. Simple groups are maximal

in the nonrelative sense, envisaged above for semilattices.

89.4. Coherence of lattice categories

Let L be the natural logical category in L, isomorphic to the category Lor
(which is L with source and target functions interchanged; see §2.2). We
just replace A by \/ so that the primitive arrow terms of C (V L) are included
in 1, b ¢ and w- k while the equations of £ ( ) are duals of those of £ ( )
(see the List of Equations and the List of Categories at the end of the
book). Natural i—categories would usually be called categories with finite
nonempty coproducts.

Let C (Gi) be the syntactical system with formulae of L\, as objects,

with the primitive arrow terms being only identity arrow terms, and with
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the following operations on arrow terms, dual to those of C (Gi)7 besides
the operation o (cf. §9.1):

gllAll_C ggIAQI_O
[gl,gg]:Al VA EC

f1:C|_A1 fQ:C}_AQ
Kl fi:CH AV Ay K2 fo: CF Ay V Ay

To obtain the equations of £ (Gi;)7 we assume the categorial equations and
the following equations for ¢ € {1,2}, obtained by dualizing the equations
(K1)-(K4) of §9.1:

(K1) Kiygef=Ki(gof),
(IV{Q) [91792]°Iv<f4f:gi°f,
(K3) gelfi, fa] = lg° f1.9° fa],
(K4) 1ayp =KL 14, K315,

with appropriate types assigned to f, g, f; and g;. The syntactical category
Vv 4 4 Vv \4

GL is C(GL)/E(GL). It is clear that GL is isomorphic to L, and also to

A A v

L°? and GL°P. For later use, we note that in C(L) we have the definitions

(91, 92] =af e © (91 V g2),

1 1 2 12
KA2f1 :dka17A2°f17 KA1f2 :dkahAQ"fl
(We introduce G(i) with so much detail for the sake of notation.)

To obtain the natural logical category L, we have that the logical system
C(L) is in LA, with the transformations « included in 1, b, ¢ and w-k.
The specific equations of £(L) are obtained by taking the union of those of
£(L) and &(L).

We call natural L-categories lattice categories. Usually, they would be
called categories with finite nonempty products and finite nonempty co-
products. The objects of a lattice category that is a partial order make a

lattice.
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The syntactical system C(GL) has as objects the formulae of L v,
as primitive arrow terms the identity arrow terms, and as operations on
arrow terms those of C(Gf_l) and C(Gi). For the equations of £(GL) we
assume the equations of £ (Gf;) and £ (Gf) The syntactical category GL
is C(GL)/E(GL), and it is isomorphic to L. This isomorphism is based on
the isomorphism of L with Gf_,, and the isomorphism of L with GL.

We can then prove Composition Elimination for GL by enlarging the
proof in §9.1.

PRrROOF OF COMPOSITION ELIMINATION FOR GL. We have first the cases
where f or g are 14, where [ is I%fé‘ f" and where ¢ is (g1, 92). For these
cases we proceed as before. We have next cases dual to the last two, where
g is 1%24 g’, which is taken care of by (Ivfl), and where f is [f1, f2], which
is taken care of by (1%3) In the remaining cases, if f is (f1, f2), then g is
either of a form already covered by cases above, or g is K % ¢', and we apply
(IA( 2). Finally, if f is K Y f', then g is either of a form already covered by
cases above, or g is [g1, g2], and we apply (Iv(2) -

Note that we do not use the equations (IA( 4) and (Iv( 4) in this proof (which

is taken over from [48], Section 3). We can then prove the following.

INVERTIBILITY LEMMA FOR A. Let f: A1 AN Ay & B be an arrow term of
C(GL). If for every (z,y) € Gf we have that x € GA;, then f is equal in
GL to an arrow term of the form IA(zz I, and if for every (x,y) € Gf we
have that x — GAy € GAg, then f is equal in GL to an arrow term of the
form I%il 1.

Proor. By Composition Elimination for GL, we can assume that f is
composition-free, and then we proceed by induction on the length of the
target B (or on the length of f). If B is a letter, then f must be equal in
L to an arrow term of the form I%f%ii f’. The condition on Gf dictates
whether ¢ here is 1 or 2.

If Bis By A By and f is not of the form IA(f%ii f!, then f must be
of the form (fi, f2) (the condition on Gf precludes that f be an identity
arrow term). We apply the induction hypothesis to fi: Ay A Ao - By and
fo: A1 A As - Bs, and use the equation (IA{E))
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If Bis By V By and f is not of the form IA(f437if’, then f must be

of the form K 3'337j g, for j € {1,2}. We apply the induction hypothesis to
g: A1 A Ay F By, and use the equation

KJBS*J'KQ377J g/ = Kf43fiK]B?ﬁj g/’
which follows from (cat 1), (IA(l), (Iv(l) and (cat 2). o

We have a dual Invertibility Lemma for V. We can then prove the
following result of [48] (Section 4).

LATTICE COHERENCE. The functor G from L to Rel is faithful.

PROOF. Suppose f,g: A+ B are arrow terms of C(L) and Gf = Gg. We
proceed by induction on the sum of the lengths of A and B to show that
f=gin L. If A and B are both letters, then we conclude by Composition
Elimination for GL that an arrow term of C(L) of the type A - B exists iff
A and B are the same letter p, and we must have f = g = 1, in L. Note
that we do not need here the assumption Gf = Gg.

If B is By A Bs, then for i € {1,2} we have that 12:%1732 o f and lAciBth og
are of type A+ B;. We also have

G(k%h]32 o f) = GlciBhB2 oGf = GkiBhB2 °oGg = G(kiBhB2 °g),

AN AL
whence, by the induction hypothesis, we have ki p °f =kp p, cgin L.

Then we infer

;{\)1 o 2}2 o = l/{\jl o 2}2 o
<B1,B2 s By,B> f) <Bl,B2 9,~RB, B, 9);

from which f = g follows with the help of the equation (An) of §9.1. We
proceed analogously if A is A; V As.

Suppose now that A is A; A Ay or a letter, and B is By V By or a letter,
but A and B are not both letters. Then by Composition Elimination for
GL we have that f is equal in L to an arrow term of C(L) that is either
of the form f’o /Q:Z'Aw42 or of the form lZ:iBth o f'. Suppose f = f'o 1?1}41,142.
Then for every (x,y) € Gf we have x € GA;.

By the Invertibility Lemma for A, which we have proved above, it follows

that g is equal in L to an arrow term of the form ¢’ o 121141’142. From Gf = Gg
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we can infer easily that Gf’ = Gg¢’, and so by the induction hypothesis
f'=4¢', and hence f =g.
We reason analogously when f = f/o 1212417142. If f= %%1732 o f', then

again we reason analogously, applying the Invertibility Lemma for V. n

This proof of Lattice Coherence is simpler than a proof given in [48].
In the course of that previous proof one has also coherence results for two
auxiliary categories related to L. We need these categories for §9.6, but we
do not need these coherence results. For the sake of completeness, however,

we record them here too.

Let ]ALV be the natural logical category in £, v obtained as L. The only
difference is that the arrow terms of C (j\LV) are closed under the operation
V on arrow terms, besides being closed under the operations A and o,
and for £ (f_;v) we have in addition to the equations assumed for £ (i) the
bifunctorial equations for V. Let Giv be the syntactical category whose
objects are formulae of £, v, which is obtained as GL save that in addition
to the operations on arrow terms of C(Gi\;) we have also the operation V
on arrow terms, and for £ (Giv) we assume the bifunctorial equations for
V in addition to what we had for E(Gi). The categories iv and Giv are
isomorphic, and, hence, C(f;v) and C(Gf,v) are synonymous syntactical

systems.

The categories L A and Gi/\ are isomorphic to i@p and sz\o/p , and to
each other. In them, the A and V of Ly and GL, are interchanged, and
they are obtained by extending L and GL with the bifunctor A.

One can easily prove Composition Elimination for Gf;v (and hence
also for GL A) by abbreviating the proof of Composition Elimination for L
above. For Gf.;v we do not have the cases where f is [f1, fa] or Iv(f4 f', but
f can be f1 V fa. Then, if g is not of a form already covered by the proof
in §9.1, it must be g; V g2, and we apply the bifunctorial equation (V 2).

A composition-free arrow term of C (Giv) may be reduced to a unique
normal form, which can then be used to demonstrate coherence for f;v, ie.
the fact that the functor G from Ly to Rel is faithful (see [48], Section 4).

With the help of Lattice Coherence we can easily verify that the follow-
ing equation holds in L:
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(Zn_OUt) <[f?g]5[h’3]]>: [<fah>7<gaj>]

If in C(L) we define ¢ 5 o p: (AANB)V(CAD)F (AVC)A(BVD)

as follows:

k 21 272 [
CA,B,c,D —df <kA,B v kC,D? kA,B v kC,D>’

then we can easily check that in L we have

k L1 L1 1.2 1.2
capep=kacNkgp ki o Nkgpl,

which gives an alternative definition of ¢ p,c.p- One passes from one of
these two definitions to the other with the help of the equations (A) of §9.1
and (V) of the List of Equations, together with the equation (in-out):

AN Vv A 2 A Vv A
CZ,B,C,D = <[ ,14,0 ° k}4,3>k,24,c ° le,D]? [k}a,p ° k?q,B»kQB,D ° kQC,DD

AN Vv A Vv A Vv A
= [<k7,14,c ° kh,B? k}B,D ° k124,B>7 <k,24,c ° ké‘,Dv k2B,D ° k%,p”-

< [

We can also show by Lattice Coherence that in L we have

A k A A
Wavp =y o pp°(WaV WB),

V \Y \% kv
wanp = (WA ANWB)°Cy g A B,

Am 1 222 792
R pop=kapNkep ki NkE )

Vm 71 1 2 1.2
cBepa=lkpoVkpakhcoVEkpal

(see §9.1 for ¢m, and the List of Equations for ¢™). The last two equa-
tions should be compared with the definition of c’j,y B,c,p and its alternative
definition. The arrows cffh B,c,p Will be prominent in Chapter 11 (see also
§13.2).

Arrows of the type of C,}fl,B,c,D play in [3] an important role in the
understanding of 2-fold loop spaces. In that paper, one finds a coherence
result in our sense for bimonoidal categories where T = L to which c*
is added with appropriate specific equations. As a matter of fact, this
coherence result, for which a long proof is presented, covers a hierarchy of c*

principles involving the binary connectives ¢; and ¢; where 1 <i < j < n,
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which are needed for n-fold loop spaces. The role of arrows of the type
of & p ¢ p in understanding braiding is considered in [72] (Section 5). In
that context, arrows of the type of cffh B,c,p may become arrows of the type

of éXB@D (cf. [3], Remarks 1.5-6).

89.5. Maximality of lattice categories

In this section we prove that L is maximal in the sense of §9.3. (This result
is taken over from [48], Section 5.)

Suppose A and B are formulae of £, in which only p occurs as a letter.
If for some arrow terms fi, fo: A+ B of C(L) we have G f; # G f3, then for
some x € GA and some y € GB we have (z,y) € Gf; and (z,y) € G fa, or
vice versa. Suppose (z,y) € Gf1 and (z,y) € G f.

For every subformula C of A and every formula D let A be the formula
obtained from A by replacing the particular occurrence of the formula C in
A by D. It can be shown that for every subformula A; V Ay of A we have
a ki-term h: AQJVA2 F A of C(L), whose head is %Al,sz such that there
isan x’ € GAﬁJl_VA2 for which (2/,x) € Gh. Hence, for such an h, we have
(#',y) € G(f1°h) and (z',y) & G(f2°h).

We compose f; repeatedly with such J:i-terms until we obtain the arrow
terms f/ : pA...AptE B of C(L) such that parentheses are somehow
associated in pA...Ap and for some z € G(pA...Ap) we have (z,y) € Gf;
and (z,y) € Gf}. The formula p A ... A p may also be only p. We may
further compose f/ with b-terms and é-terms in order to obtain the arrow
terms f/ of type pA A’ B or pt B such that A’ is of the form pA ... Ap
with parentheses somehow associated, and (0,y) € Gf{’ but (0,y) € Gf4.

By working dually on B with lch—terms, and by composing perhaps fur-
ther with b-terms and ¢-terms, we obtain the arrow terms f!” of C(L) of
type pAA’ + pV B’ for A’ of the form pA...Ap and B’ of the form pV...Vp,
or of type p A A’ F p, or of type p - p VvV B, such that (0,0) € Gf;” and
(0,0) € Gfy’. (We cannot obtain that f;” and f” are of type p - p, since,
otherwise, by Composition Elimination for GL, f4” would not exist.)

There is an arrow term h”: p+p A ... Ap of C(L) defined in terms of
W-terms such that for every z € G(p A ... A p) we have (0,z) € Gh". We

define analogously with the help of w-terms an arrow term h¥: pV...Vp F p
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of C(L) such that for every z € G(pV ...V p) we have (z,0) € Gh". The
arrow terms h” and hY may be 1,:p F p.

If fI" is of type p AN A" FpV B, let f;r:p/\prVp be defined by
f=ar A, VRY)e fe (1, v AN).

? 7

By Composition Elimination for GL, we have that G f;r must be a singleton.
If (1,0) or (1, 1) belongs to Gfg, then for f7: pAp b p defined as 1w, o f; we
have (0,0) € Gff and (0,0) & Gf;. If (0,1) or (1,1) belongs to G/fJ, then
for f¥:pt pV p defined as fg o 1, we have (0,0) € Gff and (0,0) € G f;.

If fI” is of type pA A’ b p, then for f7: pApF p defined as f/” < (1,Vh")
we have (0,0) € Gf{ and (0,0) € G f5.

If f/"is of type p - pV B’, then for f: p+ pVp defined as (1,VhY)o f/”
we have (0,0) € Gf; and (0,0) € G f5. In all that we have by Composition
Elimination for GL that G f; must be a singleton.

In cases where f; is of type p A p - p, by Composition Elimination for
GL, by the conditions on G f; and G f5, and by the functoriality of G, we
obtain in L the equation f; = lgzp (This follows from Lattice Coherence

too.) So in £(L) extended with f; = f> we can derive 12:11,71, = 12312771,; namely,

the equation (lgl/%), mentioned in the proof of Maximality of L in §9.3.

In cases where f is of type p - pV p, we conclude analogously that we
have in L the equation f; = ];;,}p, and so in £(L) extended with f; = fo we
can derive

(kk) kb, =13,

If either of (IAclAc) and (lvflv@) holds in a lattice category A, then A is a
preorder. We use for that the equation (AS) of §9.1, or its dual with V (see
the proof of Maximality of L in §9.3).

It remains to remark that if for some arrow terms g; and g of C(L)
of the same type we have that g1 = g2 is not in £(L), then by Lattice
Coherence we have Gg; # Ggo. If we take the substitution instances g}
of g1 and ¢} of g, obtained by replacing every letter by a single letter p,
then we obtain again Gg] # Ggj. If g1 = go holds in a lattice category
A, then g = g4 holds too, and A is a preorder, as we have shown above.

This concludes the proof of maximality for L. (In the original presentation
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of this proof in [48], Section 5, there are some slight inaccuracies in the
definition of f;.)

89.6. Coherence for dicartesian and sesquicartesian cat-
egories

Let L 1 be the natural logical category in £, | isomorphic to the category
f,f’rp . We just replace A and T by V and L respectively, so that the primitive
arrow terms of C(fu_) are included in 1, lV), ¢, W-k and g-c\f, while the
equations of £ (i 1) are duals of those of £ (f.rr) (see the List of Equations
and the List of Categories; cf. the beginning of §9.4). We have in C(il)
the definition

pA $ 12
Ka =af 04 ° k% |,

)

and in L 1 the equations (£ nat) and
(k1) kL =1,.
The equations (k nat) and (/1) amount to
(k) ka=f, forf: L+ A,

which says that | is an initial object in L 1 (see §2.2 for the notion of initial
object).

Natural L 1 -categories would usually be called categories with finite co-
products, including the empty coproduct. Another possible name would be
cocartesian categories.

To obtain the natural logical category L+ i, we have that the logical
system C(Lt 1) isin LAy, 7,1, with the transformations « included in 1, b,
¢, w-k and 0-0. The specific equations of £(L ;) are obtained by taking
the union of those of £(L), E(fJT) and 5(i/:u_) plus the equations (¢ 1) and
(¢ T) of §6.4.

We could replace the last two equations in this definition by their in-

stances

A
(L) é\l7l = 1J_/\J_7

\4
(T) ér1=17vT.
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Another possibility is to have instead the following two equations:

(
(

It is easy to see that from the last two equations we obtain that the

)

1 L= ki,p
T) v

T T
< I

1
1
1 2
T = kT

members of the pairs

L=k sl ALFL and Kia=doc Ll LAL
B2 THTVT and Aryr=twr: TVTET

are inverses of each other. This shows that every letterless formula of
Ly, 7,1 is isomorphic in Lt | either to T or to L, and this is why above
we could replace (¢ L) and (¢ T) by their instances (JA_) and (%)

We call natural Lt | -categories dicartesian categories. The objects of
a dicartesian category that is a partial order make a lattice with top and
bottom. By omitting the equations (¢ L) and (¢ T) in the definition of
L, we would obtain the natural logical category L'—F’L, and natural L/‘r,r
categories are usually called bicartesian categories (cf. [90], Section I.8).
Dicartesian categories were considered under the name coherent bicartesian
categories in the printed version of [47]. We previously believed wrongly
that we have proved coherence for dicartesian, alias coherent bicartesian
categories. Lemma 5.1 of the printed version of [47] is however not correct.
We prove here only a restricted coherence result for dicartesian categories,
which is sufficient for our needs later on. A study of equality of arrows in
bicartesian categories may be found in [24].

Suppose that in the definition of Lt ; we omit one of T and L from
Lav.T,1, so that we have L5y 1 or Ly, 7. This means that in C(Lt 1)
and £(L 1) we omit all the arrow terms and equations involving the omit-
ted nullary connective. When we omit T, we obtain the natural logical
category L , and when we omit |, we obtain the natural logical category
L. It is clear that L is isomorphic to LY. In the printed version of [47]
natural L -categories were called coherent sesquicartesian categories. We
call them here just sesquicartesian categories.

The category Set, whose objects are sets and whose arrows are functions,

with cartesian product x as A, disjoint union + as V, a singleton set {*} as
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T and the empty set ) as L, is a bicartesian category, but not a dicartesian
category. It is, however, a sesquicartesian category in the L, sense, but
not in the Lt sense. This is because in Set we have that @ x () is equal to
0, but {*} + {*} is not isomorphic to {x}.

We have an unrestricted coherence result for sesquicartesian categories,
whose proof is taken over from the revised version of [47]. (This proof differs
from the proof in the printed version of [47], which relied also on Lemma

5.1, and is not correct.)
SESQUICARTESIAN COHERENCE. The functor G from L, to Rel is faithful.

The proof of this result is obtained by enlarging the proof of Lattice Coher-
ence in §9.4, and we will give here just a summary of it. (A detailed proof
may be found in the revised version of [47].)

The syntactical category GL_ | is obtained as GL save that we have in
addition the primitive arrow terms k4: A+ T and k4: L F A, the equations

(k) and (£), and also the equations

(K1) Ki1, =K%1,,
(KT) Kiilr =KZ%1+.
We can prove Composition Elimination for GLt | by enlarging the proofs
in §§9.1-2. Note that we do not need the equations (IA(J_) and (IV(T) for
this proof, so that we have also Composition Elimination for GL’T, | based
on L’T’ 1
Let the category f.;v 7,1 be defined like the category f.;v of §9.4 save
that it involves also k and the equatlons (k) and (k 1), and let the category
LA 7,1 be defined like the category LA of §9.4 save that it involves also &
and the equations (k) and (k T). Composition Elimination is provable for
syntactical categories isomorphic to iv,T,L and imT,L.
An arrow term of C(L+ ) is in standard form when it is of the form
geo f for f an arrow term C(£V7T,l) and g an arrow term of C(iA,T,L)- We

can then prove the following.

STANDARD-FORM LEMMA. Every arrow term of C(Lt 1) is equal in Lt |

to an arrow term in standard form.



210 CHAPTER 9. LATTICE CATEGORIES

PRrROOF. By categorial and bifunctorial equations, we may assume that we
deal with a factorized arrow term f none of whose factors is a complex
identity (see §§2.6-7 for these notions). We may assume moreover that b
and ¢ do not occur in f. For that we use the equations (lA)ﬂ), (IA)“) and (¢)
of §9.1, and the dual equations with V. We may also assume that every
factor of f is either an arrow term of C(iv;r, 1), and then we call it a
A-factor, or an arrow term of C(iA,T,L), when we call it a V-factor.

Suppose f: B+ Cis a A-factor and g: A+ B is a V-factor. We show
by induction on the length of fog that in L+ |

(x) feg=g'of or feg=f or feg=g
for f’ a A-factor and ¢’ a V-factor.
We will consider various cases for f. In all such cases, if g is wp, then
AW
we use (w nat). If f is Wp, then we use (v nat). If f is kp g and g is
g1 A g2, then we use (ki nat). If fis f1 A fo and g is g1 A g2, then we use
bifunctorial and categorial equations and the induction hypothesis.

If fis f1 V fa, then we have the following cases. If g is 12%1732, then

we use (lvfl nat). If g is g1 V g2, then we use bifunctorial and categorial
equations and the induction hypothesis.

Finally, cases where f is A or g is kp are taken care of by the equations
(k) and (k). This proves (%), and it is clear that (*) is sufficient to prove

the lemma. -

We can also prove Composition Elimination and an analogue of the
Standard-Form Lemma for L. Next we have the following lemmata for

LT’J_ and LJ_.
LEMMA 1. If for f,g: A+ B either A or B is isomorphic to T or L, then
f=y
PROOF. If A is isomorphic to L or B is isomorphic to T, then the matter
is trivial. Suppose i: B+ L is an isomorphism. Then from

/\1 . . /\2 . .

kiLe (iofiiog) = k1oL o(icf,icg)
we obtain i f = iog, which yields f = g. We proceed analogously if A is

isomorphic to T. —
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LEMMA 2. If for f,g: A+ B we have Gf = Gg =0, then f = g.

ProoOF. This proof depends on the Standard-Form Lemma above. We
write down f in the standard form fyo fy for f;: A+ C and g in the
standard form gyog; for g : A+ D. Since J and ¥ do not occur in f1,
for every z € GC we have an © € GA such that (z,z) € Gf;, and since
ki and A do not occur in fa, for every z € GC we have a y € GB such
that (z,y) € Gfa. So if C' were not letterless, G f would not be empty. We
conclude analogously that D, as well as C, is a letterless formula.

If both C and D are isomorphic to T or |, then we have an isomorphism
i:CF D,and f = fyoi loiof). By Lemma 1, we have i0 f; = g; and
faei™t = g9, from which f = g follows. If i: C F L and j: T F D are

isomorphisms, then by Lemma 1 we have
f2of1:gQOjO"/%J_OiOf12920g17
and so f = g. (Note that K, = iT.) =

To prove now Sesquicartesian Coherence we have Lemma 2 for the case
when Gf = Gg = 0, and when Gf = Gg # 0, we proceed as in the proof
of Lattice Coherence in §9.4, appealing if need there is to Lemma 2, until
we reach the case when A is Ay A Ay or a letter, and B is B V By or a
letter, but A and B are not both letters. In that case, by Composition
Elimination, the arrow term f is equal in L, either to an arrow term of

the form f’o l?:féh"A‘Z, or to an arrow term of the form 12%1732 o f'. Suppose
AN
f=1f- k}thQ. Then for every (x,y) € Gf we have © € GA;. (We reason
AN
analogously when f = f'o k% , .)
By Composition Elimination too, g is equal in L either to an arrow

A V.
term of the form ¢’ o k', a,, or to an arrow term of the form kZBl,Bz og’. In

the first case we must have g = ¢’ o 2:}41’142, because Gg = G(f'» 211141,142) # 0,
and then we apply the induction hypothesis to derive f' = ¢’ from Gf’ = Gg'.
Hence f=¢gin L.

Suppose g = 12}31732 og’. (We reason analogously when g = ]éQBth og'.)
Let f”: Ay - By V BY be the substitution instance of f': A; F By V By ob-
tained by replacing every occurrence of propositional letter in By by L.

There is an isomorphism i: Bf F 1, and f” exists because in G f, which is
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equal to G(}{/IlBhBQ og'), there is no pair (z,y) with y > GB;. So we have
an arrow f": A; b Bj, which we define as 5;1 o(1p, Vi)o f”. Tt is easy
to verify that G(/Vf}Bl’B2 o f")y = Gf’, and that G(f" - 12}41’142) =Gg'. By
the induction hypothesis, we obtain %}31132 o f" = f" and f" o 12}41,142: q,
from which we derive f = g. We reason analogously when f = %391, B, ° 7.

From Sesquicartesian Coherence we infer coherence for L, which is
isomorphic to LY.

For dicartesian categories we prove here only a simple restricted coher-
ence result sufficient for our needs later on in the book. A more general,
but still restricted, coherence result with respect to Rel, falling short of full
coherence, may be found in the revised version of [47] (Section 7, Restricted
Dicartesian Coherence II).

We define inductively formulae of L v 7,1 in disjunctive normal form
(dnf): every formula of LA 7 1 isin dnf, and if A and B are both in dnf,
then AV B is in dnf. We define dually formulae of LA v 1.1 in conjunctive
normal form (cnf): every formula of £y 7 1 is in cnf, and if A and B are
both in enf, then A A B is in cnf.

RESTRICTED DICARTESIAN COHERENCE. Let f,g: A+ B be arrow terms
of C(Lir,1) such that A is in dnf and B in cnf. If Gf = Gg, then f =g in
Lt ..

PRrROOF. If Gf = Gg =0, then we apply Lemma 2. If Gf = Gg # 0, then
we proceed as in the proof of Lattice Coherence in §9.4, by induction on the
sum of the lengths of A and B, appealing if need there is to Lemma 2, until
we reach the case when A is A1 A As or a letter, and B is By V Bs or a letter,
but A and B are not both letters. In that case there is no occurrence of VvV
in A and no occurrence of A in B. We then rely on the composition-free

form of f and g in GLt | and on the equation IAWCIV{]Dh = IV(JDI%’C h. A

A

Note that if I is one of the categories A, AT, S and ér, then K is
isomorphic to K°P, while if K is one of the categories L and iT, then
K is not isomorphic to K. The categories 1&, ./A&-r, S and é-r besides
being isomorphic respectively to AP , Aip , S°P and éj_p , are isomorphic

respectively to A, AJ_7 S and éj_ too, while L and fJT are isomorphic
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Vv Vv Vv Vv
respectively only to L°? and L, and not to L and L. So the symmetry

between A and V is deeper in A, At ;, S and St | thanin L and Lt ;.

89.7. Relative maximality of dicartesian categories

The category Lt | is not maximal in the sense in which f;, f;T and L are
maximal (see §9.3 and §9.5). This is shown with the following counterex-
ample.

Let Set. be the category whose objects are sets with a distinguished
element *, and whose arrows are *-preserving functions f between these
sets; namely, f(x) = x. This category is isomorphic to the category of sets
with partial functions. The following definitions serve to show that Set, is

a category of the C(Lt ) kind:

I = {x}, a ={(z,*) |z € a—1T}, b ={(xy) |y€eb—T1},

a®b =((a—I)x (b-T1)UIL
arRb=(a®bUad Ub,
am@b=adUb' UL

Note that a ® b is isomorphic in Set to the cartesian product a x b; the
element * of a ® b corresponds to the element (x,%) of a x b.
A
The functions k%, ,.: a1 ® az — a;, for i € {1,2}, are defined by

A A

k(ill,az (‘Tl? :I:Q) = xi? kle,aQ (*) = *;
for f;: ¢ — a;, the function (f1, f2): ¢ = a1 R ay is defined by

(f1(2), fa(2)) if f1(2) # * or fa(z) # *
* if f1(2) = fa(2) =%

and the function #,: @ — I is defined by #, (z) = *. Having in mind

() = {

the isomorphism between a ® b and a X b mentioned above, the functions
ki, 4,0 @1 ®az — a; correspond to the projection functions, while (-,2)
corresponds to the usual pairing operation on functions.

Vv
The functions k;gm: a; — a1 B as are defined by

By oy (@) = (2,9), k2, 4, (2) = (x,2), fora £+,



214 CHAPTER 9. LATTICE CATEGORIES

for g;: a; — ¢, the function [g1,¢92]: a1 B a2 — ¢ is defined by

(91, g2](z1, 22) = gi(xi), for x; # *,
[91, g2] (%) = *;

finally, the function k,: I — a is defined by £, (*) = *.

If we take that Ais ® and V is @, then it can be checked in a straight-
forward manner that Set, and Set, without I are lattice categories, and if
in Set, we take further that both T and L are I, then Set, is a dicartesian
category.

Consider now the category Setg, which is obtained by adding to Set,
the empty set () as a new object, and the empty functions @, : § — a as new

arrows. The identity arrow 1y is @y. For Setg, we enlarge the definitions

above by
lRa =ax =0,
@EBG :CLEE(Z):CL,
gl,aQ =0,,, for ay =0 or as =0,

<®a1a®a2> = (Z)al&ag,
ko = 01,

\
Z‘zl,az = Q)alﬂﬂaz) fOI" a; = ®7

[fla(oc] :fla W]c;fZ]:f%

and define now the function £4: ) — a by &, = 0,. Then it can be checked
that Setg where Ais ® and V is @ as before, while T is T and L is 0, is
a dicartesian category too.

In Lt | the equation 2;};4 =FKp o IAcf)L does not hold, because G’/AcilhL £ 0
and G(f, ° 12:12, 1) =10, but in Setg this equation holds, because both sides
are equal to (. Since Setg is not a preorder, we can conclude that Lt | is
not maximal.

Although this maximality fails, the category L+ | may be shown maxi-
mal in a relative sense (cf. the end of §9.3). This relative maximality result,
which we are going to demonstrate now, says that every dicartesian cate-
gory that satisfies an equation f = g between arrow terms of C(L, ) such
that Gf # Gg (which implies that f = g is not in £(Lt 1)) satisfies also

some particular equations. These equations do not give preorder in general,
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but a kind of “contextual” preorder. Moreover, when E(Lt | ) is extended
with some of these equations we obtain a maximal natural logical category.

If for some arrow terms fi, fa: A+ B of C(Lt 1) we have Gf1 # Gfa,
then for some z € GA and some y € GB we have (z,y) € Gf; and (z,y) &
G fa, or vice versa. Suppose (z,y) € Gf1 and (z,y) € Gfa. Suppose the
(x+1)-th occurrence of letter in A, counting from the left, is an occurrence
of p. So the (y-+1)-th occurrence of letter in B must be an occurrence of p.

Let A’ be the formula obtained from the formula A by replacing the
(z+41)-th occurrence of letter in A by p A L, and every other occurrence
of letter or T by L. Dually, let B’ be the formula obtained from B by
replacing the (y+1)-th occurrence of letter in B by pV T, and every other
occurrence of letter or L by T. Then it can be shown that there is an
arrow term h? : A’ = A of C(Lt 1) such that Gh* = {(0,7)}, and an
arrow term hP: B F B’ of C(Lt 1) such that Gh® = {(y,0)}. We build
hA with ]/%;),LI p A L F p and instances of ko: L + C, with the help of
the operations A and V on arrow terms. Analogously, h? is built with
lézlj’T: p F pV T and instances of kc: C + T. It can also be shown that
there are arrow terms j4:p A L+ A and jB: B’ pVv T of C(Lt_) such
that Gj#4 = GjZ = {(0,0)}. These arrow terms stand for isomorphisms of
Lt ..

Then it is clear that for f! being

jBohBofiohd et pA LDV T,

with ¢ € {1,2}, we have Gf] = {(0,0)}, while Gf} = 0. Hence, by Compo-
sition Elimination for GLT ;| and by the functoriality of &G, we obtain in
L1, the equations

/ v1 A1
fi=ky ek, o
A 4
/I __ Y 2 _ .2 N
f2 = RpvT ° kp,L = kva ° RpAlL -

(This follows from Restricted Dicartesian Coherence too.) If we write 0,

for %, which is equal to kT in L+ i, then in L+ ;| we have

Vv AN
r_J2 2
fa=hy o0 7ok

So in E(LT, 1) extended with f; = fo we can derive
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The equation

which holds in Setg, and which we have used above for showing the non-
maximality of Lt i, clearly yields (lAclvs), which hence holds in Setg, and
which hence we could have also used for showing this nonmaximality.

If we refine the procedure above by building A’ and B’ out of A and B

more carefully, then in some cases we could derive (k&) or its dual
Vv A Vl V2 A
(kk) k,+ =k, 1k

instead of (251}{/3) We do not replace the x+1-th p by p A L in building A’,
and we can proceed more selectively with other occurrences of letters and
T in A in order to obtain an A’ isomorphic to p if possible. We can proceed
analogously when we build B’ out of B to obtain a B’ isomorphic to p if
possible.

Note that we have the following:

’Vip/\l- ° ki = <"vfpa 1)k
<’A€,L7Am> with (%K),
= p/\J_

In the other direction, it is clear that the equation derived yields (]/;ZI\%) So
with (]/{\II\%) we have that C AL and L are isomorphic, and, analogously, with
(/ZJ/A%) we have that C'V T and T are isomorphic. It can be shown that the
natural logical category defined as Lt | save that we assume in addition
both (k#) and (k&) is maximal. (This is achieved by eliminating letterless
subformulae from C' and D in g1,g2: C' - D such that Gg; # Ggs, and
falling upon the argument used for the maximality of L in §9.5.)

If f: al bis any arrow of a dicartesian category A and (lAelvc) holds in
A, then we have in A
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and hence for f,g: a - b we have in A
(kk fg) k’z%r o fo ktll,J_ = ki,T °g-° k}l,r

So, although L~ | is not maximal, it is maximal in the relative sense
that every dicartesian category that satisfies an equation f = g between
arrow terms of C(Lt | ) such that Gf # Gg satisfies also (l??lé) and (l?:lé fa).
Some of these dicartesian categories may satisfy more than just (lAclvc) and
(27}4/7 fg). They may satisfy (lAc/vf) or (IZ:?;), which yields

1 71 L1 L1
fe ka,L =g- ka,L or kb,T o f = kb,T °9,

and some may be preorders.






Chapter 10

Mix-Lattice Categories

In this chapter we consider categories with finite products and coproducts
in which there is an operation of union on arrows with the same source
and target, so that hom-sets are semilattices with this operation. This is
what the mix principle of Chapter 8 amounts to in the present context. An
example of such a category is the category of semilattices with semilattice
homomorphisms.

We prove restricted coherence results for these categories, the restriction
being on the sources and targets of arrows, which must be in disjunctive or
conjunctive normal form. These coherence results are just an auxiliary for
the proofs of coherence in the next chapter. The technique of proof here is

again based on composition elimination.

810.1. Mix-lattice categories and an example

To obtain the natural logical category ML, we have that the logical system
C(ML) is in L, v, with the transformations « included in 1, b, ¢, w-k and
m. The specific equations of £(ML) are obtained by taking the union of
those of £(MS) and £(L) plus

(wm) 1\1/),4 OmAYAOﬁJAZIA.

We call natural ML-categories miz-lattice categories.
Let C(GML) be the syntactical system with the formulae of L\ as

objects, with the primitive arrow terms being only identity arrow terms,

219
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and with the operations on arrow terms being those of C(GL) plus the

following one:

f:AFB g:AF B
fug:AF-B

To obtain the equations of £(GML), we assume the equations of £(GL)

and the following equations:

(Ue) (fUg)eh=(fch)U(geh), ho(fUg)=(hef)U(h°g),

(U assod)  fU(gUR) = (fUg)Uh,
(U com)  fUg=gUf[,
(U idemp) fUf=f.

The last equation, (U idemp), can be replaced by 14 U1y = 14. The
syntactical category GML is C(GML)/E(GML).

Tt is straightforward to show (by relying on Lattice Coherence of §9.4)
that with the following definition in C(ML):

fUg=grtvpe(fOg)eida

(fOgis(fVg)oma,a, asin §8.1), and the following definition in C(GML):
_ Rl Rl 2 o2
mA B —deBKBlAU KAKAIB,

together with the definitions involved in showing the synonymity of C(L)
and C(GL), we have that ML and GML are isomorphic categories, and
that, hence, C(ML) and C(GML) are synonymous syntactical systems (see
the end of §2.4 for this notion of synonymity).

It can be checked that for the functor G from ML to Rel we have

G(fug)=GfUdGy,

where U on the left-hand side is defined in C(ML) as above, and U on the
right-hand side is union of relations with the same domain and codomain
(remember that Gmy p is an identity relation, i.e. identity function; see
§2.9).
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According to the equations (U assoc), (U com) and (U idemp), the hom-
sets in any mix-lattice category are semilattices with the operation U. In
ML the following equations hold:

(Ug) (fiufa)e(grUg2) = (fie91)U(f2€90),

for ¢ € {A,V}. The derivation of these equations is based on the following
equations of ML:

k Am, .
CaA,c,B,D °MANC,BAD ° C{ g c.p = MA,B N MC,D,

&m 0 ock = Vi
CA,B,0,D °TMAVC,BVD °Cx B .c,p = ™A,B V TC,D,

for whose checking we can use Semilattice Coherence of §9.1 (see §9.1 and
the List of Equations for the definitions of ¢m and ¢™, and §9.4 for the
definition of c*).

As an example of a mix-lattice category, we have the category Set®,
whose objects are semilattices with unit (a, -, *) such that -y = x iff © = %
and y = *, and whose arrows are homomorphisms f with trivial kernels;
that is, f(x) = * iff z = *. The unit * may be conceived either as top or as
bottom. This category is a subcategory of the category Set,. of §9.7.

We define (aq, -, *) A {ag, -, *) as the semilattice with unit (a1 ® as, -, *),
where ® is as in §9.7, and we have

(z1,22) - (y1,92) = (21 - Y1, T2 - Y2),
($17$2) Ck= ke ($1,$2) = ($17=’E2),
* -k = %,

We define (aj,-,*) V {(as,-,*) as the semilattice with unit (a; R asg, -, *),
where X , which corresponds to cartesian product, is defined as in §9.7,
and we have for - and * the same clauses as above.

The functions lAfglm: a1 ® as — a;, for i € {1,2}, are defined by
2‘21,@ (z1,22) = 4, 2?21,@ (%) =
for f;: ¢ — a;, the function (f1, f2): ¢ = a1 ® ag is defined by

(f1(2), f2(2)) if z # %

* if 2 = .

(o) = {
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Vv
The functions kQI’GQ: a; — a1 X ag are defined by

Bl (@) = (z,%), k2, (x)=(xz), fora# %,

al,a2

for g;: a; — ¢, the function [g1, g2]: a1 R as — ¢ is defined by

[91,92](5617332) = 91(3?1) '92(3?2)7

(91, ga] (%) = .
(The clauses in the definitions of lch“M and lvﬂfllm are taken over from §9.7,

and we could have also taken over from there the clause for (fi, f2), but the
operations in the domains and codomains are changed, and the functions
defined are not the same; the clause for [g1, g2| is new.)

We define the function mq: a ® b — a ® b by

ma,b(xlva) = (21, 22), ma,b(*) =%

or for the functions f, g: a — b we define the function fUg: a — b by

(fUg)x) = fz)-g(x).

It can be checked in a straightforward manner that with these defini-
tions, and with A being ® and V being X , the category Setil is a mix-lattice
category (it is easier to rely on U than on m in this context). A category
isomorphic to Sets! is the category Semilat, whose objects are semilattices
and whose arrows are semilattice homomorphisms. We just reject x from
£l

* 9

the domains of the objects of Set;’, and the pairs (*,*) from the sets of
ordered pairs of the arrows of Set?!. The mix-lattice structure of Semilat is
then inherited from Set’. The domain of {(a1,-, %) A{ag, -, *) is now a1 X as
instead of a1 ®ag, while the domain of (ay, -, *)V{ag, -, %) is (a1 X az)+a1+asg
instead of a1 ® ag, which corresponded to a; X as (here + is disjoint union).
It is, however, more practical to introduce the mix-lattice structure in Setil,
with % serving as an auxiliary, than directly in Semilat.

If we replace semilattices above by commutative semigroups, i.e., if we
reject the idempotency law, then we will verify all the specific equations of

ML except (wm) (which amounts to (U idemp)).
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§10.2. Restricted coherence of mix-lattice categories

To prove a restricted coherence result for ML, we prove first Composition
Elimination for GML by extending the proof for GL in §9.4. We use
essentially here the equations (U-).

Next, analogously to what we had in §9.6, we define inductively formulae
of Ly in disjunctive normal form (dnf): every formula of L is in dnf,
and if A and B are both in dnf, then AV B is in dnf. We define dually
formulae of £,y in conjunctive normal form (cnf): every formula of Ly is
in ¢nf, and if A and B are both in cnf, then A A B is in ¢nf.

We define inductively composition-free arrow terms of C(GML) of type
A F B, for Ain dnfand B in cnf, that are in normal form. We do that
gradually, relying on two preliminary inductive definitions.

Arrow terms of the form P;...P,Q;...Qn1l,, where n,m > 0, and F;
for i € {1,...,n} is of the form Iv(é or ]v(%, while Q; for j € {1,...,m} is
of the form IA(lc or I%QC, are in atomic bracket-free normal form.

Every arrow term in atomic bracket-free normal form is in bracket-free
normal form. If f: D+ E and g: D - E are in bracket-free normal form,
then fUg: DF E is in bracket-free normal form.

Every arrow term in bracket-free normal form is in angle normal form.
If f: DF E and g: D - F are in angle normal form, then (f,g): DF EAF
is in angle normal form.

Every arrow term in angle normal form is in normal form. If f: E+ D
and g: F' F D are in normal form, then [f,g]: EV F F D is in normal form.

We have also the following definitions. Let f be an arrow term of
C(GML) in normal form, and let f’ be a subterm of f such that f’ is
in atomic bracket-free normal form, and there is no subterm f” of f in
atomic bracket-free normal form with f’ a proper subterm of f”. Then we
say that f’ is an atomic component of f.

An arrow term f of C(GML) in normal form is said to be in settled
normal form when there are no subterms of f in bracket-free normal form
in which an atomic component occurs more than once.

Let us illustrate all these definitions with an example. The following
arrow terms of C(GML):
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oq :dff(}]lp :pAqkp,

Qs defvféf%f,lq:p/\ql—q\/s,

a3 =ar Kb K31, p AghpV (p V),

oy :dffv{%l%,}f%;lp:p/\ql—p\/(p\/t),

B :dfl%gf(},lp: (pAr)Askp,

B2 :df]:v{gf{%/\rlsi (pAT)AskqVs,

B3 defv(})vtf(if(}lpz (pAT)AsEpV(pVi),

B :dffvff,[v(}f(},f(},lp: (pAT)AsEpV(pVi)
are all in atomic bracket-free normal form. The arrow terms as U, 83U Sy,
(g U ) U (B3 U By), ete., are in bracket-free normal form. Next,

(a1, (e Uag,asz)):pAgbEpA((gVs)A(pV(pVi))),
(B1, (B2, B3 U Ba)): (pAT) AsEpA((gVs)A(pV(pVi)))

are in angle normal form, and

v =ar [[{a1, (a2, a3)), (B, (B2, B3 U Ba))], (a1, (a2, aa))]:
(PAgV(pAT)AS)) V(A FPA((gVs)A(pV(pVi)))

is in settled normal form. This normal from would not be settled if, for
example, g in v were replaced by agUas. The set of occurrences of atomic
components of v is made of the two occurrences of ay, the two occurrences
of g, and of the occurrences of as, ay4, B1, P2, B3 and [y.

We can then prove the following.

NORMAL-FORM LEMMA. Every arrow term f: A+ B of C(GML) for A
in dnf and B in cnf is equal in GML to an arrow term in settled normal

form.

PrOOF. We make an induction on the number of occurrences of V in A
and A in B. If there are no such occurrences of A and V, then we eliminate

compositions, and by applying the following equations of GML:

57: 57; 57;
Ky (fug) =K, fuKjyg,
Rkl = ks



§10.2.  Restricted coherence of mix-lattice categories 225

we obtain an arrow term in bracket-free normal form equal to the original
arrow term.

If there are no occurrences of V in A, and B is By A By, then f =
<IA(132 1p,°f, I%QBI 1p,° f) in GML, and, by the induction hypothesis, we
have that IA{}BQ 1p, o f and IA{QBl 1, o f must be equal respectively to f’ and
f” in normal form, which must be in angle normal form, because V does
not occur in A. Hence f = (f', f”}, and (f’, f"’) is in normal form.

If Ais Ay V A, then f = [fo KY 1a,,fc K% 14,] in GML, and,
by the induction hypothesis, fo IV(}L‘Z 14, and fo Iv(il 14, must be equal
respectively to f’ and f” in normal form. Hence f = [f’, f"], and [f’, f"]
is in normal form.

We easily pass from the normal form to the settled normal form by

applying (U assoc), (U com) and (U idemp). o

For an arrow term f of C(GML) in settled normal form, there is a one-
to-one correspondence between the set of occurrences of atomic components
of f and the set of ordered pairs of G f. For example, if f is the arrow term
v we had above, then we have the following correspondence:

left o left as as 51 B2 B3 Ba right a1  right aso ay
(0,00 (1,1) (0,3) (2,0) (4,2) (2,3) (2,4) (50 6,1)  (5,4)

which can be drawn as follows:

(> AN 9 v A ) AN s)V P AN q

This one-to-one correspondence has a finer structure, which we are going
to explain now. For A in dnf let a minimal disjunct of A be a subformula
D of A that belongs to L such that there is no subformula of A in £, of
which D would be a proper subformula. We define analogously the minimal

conjuncts of a formula B in cnf, by replacing A by V.
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Let A be the source ((pAq)V ((pAr)As))V(pAg), and let B be the
target pA ((qV$)A(pV (pVt))), of the arrow term v we had as an example
above. Then the minimal disjuncts of A are A, which is the left occurrence
of pA g, next As, which is (p A7) As, and As, which is the right occurrence
of p A g. The minimal conjuncts of B are B, which is the leftmost p, next
Bsy, which is ¢ V s, and Bs, which is pV (p V t).

For an arrow term f: A F B of C(GML) in normal form (not necessarily
settled), consider subterms in bracket-free normal form that are not proper
subterms of subterms of f in bracket-free normal form. We call such sub-
terms the molecular components of f. There is a one-to-one correspondence
between the set of occurrences of molecular components of f and the set
of ordered pairs (A;, B;) for A; a minimal disjunct of A and B; a minimal
conjunct of B. We call this correspondence the molecular correspondence.
For example, the molecular component 3 U 84 of v corresponds by the

molecular correspondence to the ordered pair (As, Bs).

If f: A+ Bis an arrow term of C(GML) in settled normal form, then
for every molecular component f’ of f, the set of ordered pairs of Gf’ is in
one-to-one correspondence with the set of atomic components in f/. We call
this correspondence the atomic correspondence. For example, if f’ is the
molecular component 5 U 84 of 7, then Gf' = {(0,0), (0,1)}, where (0,0)
corresponds by the atomic correspondence to 83 and (0,1) corresponds to

Ba.

We can then prove the following.

RESTRICTED MIX-LATTICE COHERENCE. Let f,g: AF B be arrow terms
of C(ML) such that A is in duf and B in cof. If Gf = Gg, then f =g in
ML.

PROOF. By the Normal-Form Lemma, we have that f = f' and g = ¢’ in
GML for f" and ¢’ in settled normal form. Since Gf = Gf’ and Gg = G¢',
because G is a functor, we have that Gf = Gg implies Gf' = Gg'. f Gf' =
G¢', then for the molecular components f” of f/ and g’ of ¢’ such that f”
and ¢” correspond by the molecular correspondence to the same ordered
pair (4;, B;), for A; a minimal disjunct of A and B; a minimal conjunct of

B, we must have Gf” = Gg”. Hence, by the atomic correspondence, there
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is a one-to-one correspondence between the atomic components f” in f”

"in ¢g” such that " and ¢’"" correspond to

and the atomic components g”
the same ordered pair of Gf”, that is Gg”. Since Gf"" = Gg"’, we may
conclude, by Lattice Coherence, that f”/ = ¢"”’ in GL, and hence also in
GML. (As a matter of fact, f"”” and ¢’ must be the same arrow term of
C(GL).) Then, by using the equations (U assoc) and (U com), we must be
able to show that f” = ¢’ in GML. Since this holds for every pair f” and
g"" of corresponding molecular components, we obtain f' = ¢’, and so f = g

in ML. -

We will not try to establish here an unrestricted coherence result for
ML, or perhaps a category with £(ML) extended. The result we have
above is sufficient for applications in the next chapter, which are our main

concern.

810.3. Restricted coherence of mix-dicartesian cate-
gories

To obtain the natural logical category MLt |, we have that the logical
system C(ML+ 1) is in Ly, 7,1, with the transformations « included in
1, b, ¢, w-k, m and d-0. The specific equations of £(ML+ ) are obtained
by taking the union of those of £(ML) and (Lt 1) plus

v A
(mT) ma7T =Fkly+oklT,

2 A
(ml) ma, = kh,L ° k.lAA_'

It is easy to see that in E(MLt | ) we have the equations

11 1
mA,c = kA,C ° kA,C7
12 72
mc,A = kC’,A ° kC,A
for any letterless formula C' of L4 v 7,1 . It is clear that, by relying on the
equation (e¢m) of §8.4, we could replace (mT) above by m+ 4 = l::gr 4° lAggr "
Vv AN
while (mL) could be replaced by m 4 = k% 4 k? 4.
We call natural ML | -categories miz-dicartesian categories.

The syntactical category GMLT | synonymous with MLt ;| is ob-

tained as GL | save that we have in addition the operation U on arrow



228 CHAPTER 10. MIX-LATTICE CATEGORIES

terms of the same type, and the equations (Ue), (U assoc), (U com) and
(U idemp) of E(GML) (see §9.6 and §10.1), plus the equations

Vv, A

(UOT) 1ayT U KiliAvT =1avT,
A

(UOL) 1aa1U K124l¥«'A/\J_ =1anl-

That (UOT) holds in ML ; is shown as follows:

Lavt U (K5 1 ° RavT)

Vv
= wayT o (LayTV k3 1) emayT 1o (lavTARayT) > @ayT, by (m nat),
= 1A\/T; with (mT)

We proceed analogously for (UOL) by using (m.).
To show that (mT) holds in GML~ |, we have

\ N 4 A
ma,T= K#KlTlAUK?L‘KiIT
— VQA \/1 Al .
= (LavT U K5kayT)e KL KT 14, with (Ue),
= Iv(lT[A(lT 14, by (UOT) and (cat 1).

We proceed analogously for (m.L) by using (UOL).

The category Setﬁl has a terminal object T, which is the two-element
semilattice {*,x}; this is the free semilattice with unit with a single free
generator x. The initial object L of Set! is the trivial semilattice with unit
{x}; this is the free semilattice with unit with an empty set of generators.
The function #q: @ — T is defined by

A fx ify#x
Fa(y) = * if y = *,

while for £,: L — a we have K, (¥) = %. The category Set’, with the struc-
ture defined in §10.1 and here, is a sesquicartesian category in the £ sense,
but not a dicartesian category, because in Sets' the object TV T is not iso-
morphic to T. Note that in Set:' the equation (m.L) holds, but (mT) does
not hold. In the category Semilat, which is isomorphic to Setil, the terminal
object T is the trivial semilattice with a single element, while the initial
object L is the empty semilattice, i.e. the empty set.

To prove restricted coherence for ML | , we need first some preliminary
notions.
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A null term is an arrow term g: A+ B of C(L+ 1) such that Gg is the
empty relation. Let C be a formula of L5 7,1 and D a formula of £y 1 1.
Then g: C'+ D is a null term only if for some C’ of L, and some D’ of Ly
we have that either C is isomorphic to C’ A L or D is isomorphic to D'V T
in L7 . This follows easily from Composition Elimination for GLT | (see
§9.6).

To show that for any such null term g: C + D, where i: C' A L+ C'is
an isomorphism of L, and for any arrow term f: C' = D of C(Lt 1), we

have in ML~ | the equation

(Uog) fug=f,

we rely on the following instance of (U0L):

v A
Loial U(ReiaL o kg ) =1cial

From this equation we obtain

AN
foio(]_c//\J_ U ("\%C//\J_ o kzc”,L))oi_l — f’oioi_l7

and (UOg) follows with the help of (Uc) and Lemma 2 of §9.6 (we have
G(feoio korpL o l?%,)J_ 0i71) = Gg). We proceed analogously to derive
(U0g) for a null term g: C'+ D where D is isomorphic to D’V T in Lt |,
and any arrow term f: C' = D of C(Lt 1).

Relying on the definition of dnf and cnf of §9.6, we have the following.

RESTRICTED MIX-DICARTESIAN COHERENCE. Let f,g: A+ B be arrow
terms of C(IML 1) such that A is in dnf and B in cnf. If Gf = Gg, then
f =g m MLT,L-

To prove this result, we proceed as follows. First, by extending the proof
of Composition Elimination for GLT | (see §9.6), we obtain Composition
Elimination for GML~ | .

We define inductively composition-free arrow terms of C(GMLT ) of
type AF B, for A in dnfand B in cnf, that are in normal form. The only
difference with respect to the definition we had in the preceding section

. . . A
is that arrow terms in atomic bracket-free normal form can now have k,,
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/v@p, RT, K1 or 0, 7 instead of 1,; here 0, + stands for either K. or KT,
which are equal in Lt ;. Arrow terms in atomic bracket-free normal form
in which we do not have 1,, but /%p, /vfp, KT, ki or 0, 7 are called zero
atomic bracket-free terms, and those with 1, nonzero atomic bracket-free
terms. We use the same terminology of “zero” and “nonzero” for atomic
components. Zero atomic bracket-free terms are null terms in the sense
specified above, and all such arrow terms of the same type are equal in
L+, by Lemma 2 of §9.6.

An arrow term f of C(GML ;) in normal form is in settled normal
form when, as before, there are no subterms of f in bracket-free normal form
in which an atomic component occurs more than once, and, moreover, we
do not have subterms of f of the form g U h where one of g and h is a
zero atomic component. There is a one-to-one correspondence between the
set of occurrences of nonzero atomic components of an arrow term f of
C(GMLr ;) in settled normal form and the set of ordered pairs of Gf.

Then, by proceeding as in the preceding section, we can prove the
Normal-Form Lemma where GML is replaced by GMLT . We use here
also the equations 17 = A1 and 1, = £, . To pass from the normal form
to the settled normal form we apply the equations (U assoc), (U com),
(U idemp) and (UOg). We can then prove Restricted Mix-Dicartesian Co-
herence as Restricted Mix-Lattice Coherence in the preceding section. In
that proof we use Restricted Dicartesian Coherence where previously we
used Lattice Coherence. As for ML, we will not try to establish here
an unrestricted coherence result for MLt |, or perhaps a category with
E(MLT ) extended.

We will not discuss here the maximality of ML and ML~ |, but we
conjecture that ML is not maximal in the sense in which L was (see §9.5
and §9.3). For example, one could presumably add to £(ML) the equation
Mpp = Mppo Cpp, Where Gmy,, # G(my o ¢p,), without falling into
preorder. There are other such equations, but we will not go here into the

problem of their classification.



Chapter 11

Distributive Lattice Categories

This is the central chapter of the book. We define in it the notion that we
take as the categorification of the notion of distributive lattice. Distribu-
tion is here based on the dissociativity of Chapter 7, which delivers arrows
corresponding to the common distributions of conjunction over disjunction
and of disjunction over conjunction, but neither of these distributions hap-
pens to be an isomorphism (in bicartesian closed categories, the former
distribution is an isomorphism, but the latter is not). For our categorifica-
tion of distributive lattices, we prove coherence with respect to the category
whose arrows are relations between finite ordinals, as before. We have this
coherence both in the presence and in the absence of terminal and initial
objects.

The essential ingredient of our proof is a cut-elimination theorem for a
category corresponding to a plural sequent system for classical conjunctive-
disjunctive logic. This category is obtained by strictifying the double carte-
sian structure so that arrows of the monoidal structure, i.e. associativity
isomorphisms and isomorphisms tied to the terminal and initial objects,
become identity arrows. This is very much in the spirit of Gentzen, who
based his sequents on sequences of formulae, and Gentzen’s intuition is here
vindicated by the strictification results of Chapter 3. Our cut-elimination
procedure differs, however, from Gentzen’s in that it takes into account
union of proofs. Gentzen’s own procedure would lead to collapse, i.e. pre-
order. We also differ from Gentzen in how we deal with the structural rule

of contraction. We eliminate cut directly, and do not introduce Gentzen’s
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generalized cut rule, which may be understood as involving several cuts, or
as blending contraction with cut. (Our approach here differs from previ-
ously published procedures of eliminating cut directly.)

We believe that one of the achievements of this chapter is notational.
From the very beginning of categorial proof theory, equations imposed by
cut elimination have been a guiding inspiration, but recording these equa-

tions precisely proved to be a rather difficult task.

811.1. Distributive lattice categories and their Gentzen-
ization

The categories we are going to investigate in this chapter, which we call
distributive lattice categories, may be conceived as obtained by the cate-
gorification of the notion of distributive lattice. Freely generated categories
of this kind may be conceived as codifying equality of derivations in the
conjunction-disjunction fragment of logic (with or without the empty con-
junction T and the empty disjunction L). This fragment of logic coincides
in classical and intuitionistic logic, as far as provable sequents of the form
A F B are concerned (cf. §1.3). Categories we have considered previously
codify analogously equality of derivations in more restricted fragments of
logic, which were sometimes fragments of nonclassical and nonintuitionistic
logics. In particular, the free symmetric net category of §7.6 corresponds
to a fragment of linear logic (in the jargon of that field, we have there the
multiplicative conjunction-disjunction fragment of linear logic).

It is remarkable that equations between arrows in the free distribu-
tive lattice category cover a procedure of cut elimination in a plural, i.e.
multiple-conclusion, sequent system. A sequent I' F A is a singular, or
single-conclusion, sequent when A has a single member or is empty; with-
out this restriction, it is a plural, or multiple-conclusion, sequent. The fact
that we are within the realm of plural sequents for conjunctive-disjunctive
logic allows us to assume that we are dealing with classical, rather than
intuitionistic, logic (see the last part of §1.3).

Gentzen’s cut-elimination theorem of [60] could be phrased as saying
that for every term ¢ coding a derivation of I' = A there is a term ¢’ coding

a cut-free derivation of I' = A. As in the Cut-Elimination Theorem of
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87.7, we prove something more in this chapter. We show also that ¢ = ¢
in a particular category D. Gentzen did not care about equality between
these terms—he did not even introduce terms to code his derivations. His
intuition was, however, good in most cases, and we may copy his procedure
to a great extent. But we cannot copy it completely, because if we did so,
then our category D would be a preorder.

We want equality of arrows in D to correspond to equality of arrows
in the freely generated distributive lattice category, and D should not be
a preorder. Therefore our cut-elimination procedure will not be exactly
Gentzen’s procedure of [60] restricted to conjunctive-disjunctive logic, but
a modification of it, and we will point out later where precisely we differ
from Gentzen. The main difference is that we take into account the mix
principle, which in this context yields the operation of union of derivations,
corresponding to the operation U on arrow terms of §10.1. The problematic
situation in [60], mentioned at the beginning of §1.6, was noted in [64] (Ap-
pendix B1, by Y. Lafont), where it was supposed that there is no alternative
to Gentzen’s way of dealing with it, and that preorder and triviality are in-
escapable in the proof theory of classical logic (see also [67], Section 1). We
show that this is not the case, and obtain a coherence result for distributive
lattice categories with respect to the category Rel.

Distributive lattice categories are not the only candidate for codifying
equality of derivations in conjunctive-disjunctive logic. An alternative cod-
ification is in a fragment of bicartesian closed categories. The equations of
these categories also cover a cut-elimination procedure in a single-conclusion
sequent system (see [109]). With this alternative codification, we do not
have, however, a coherence result with respect to Rel (see §1.2, [48], Sec-
tion 1, and [109], Section 1; cf. [76], pp. 95-97). The distribution arrow of
type AN(BVC)F (AANB)V (AAC) is an isomorphism in bicartesian
closed categories. In our distributive lattice categories we have an arrow of
this type, and of the inverse type, but we need not have an isomorphism of
this type. We pass now to the definition of distributive lattice category.

To obtain the natural logical category DL, we have that the logical
system C(DL) is in £, v, with the transformations « included in 1, b, ¢,
w-k, m and d. The specific equations of £(DL) are obtained by taking the
union of those of £(DS) and £(ML) plus
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k2 — (k2 . V10)ed
) A,BvVC (A,B C) A,B,C

=

il =d o (1c A kb
) CAB,A C,B,A (1c B,A)a

(dm)  mac=(kypVic)edapce(lankyc)

>
~—

k Y] _
(m Ci,c,B,0° €a,B,c,0 = MAB N lcvp,
m

(

<

V1 k —
) €pcpa°Chepa=1lprcVmpa

(see §7.6 for ¢’, and §9.4 for ¢*). In the arrow terms of C(DL) we write d
instead of d*, as we did for C(DS) and C(MDS), and we take d¥ as defined
by the equation (d®c) of §7.6.

We call natural DL-categories distributive lattice categories. The ob-
jects of a distributive lattice category that is a partial order make a dis-
tributive lattice. In DL, the dissociativity arrows d4,g,c enable us to define
arrows of the type of the common distribution principles of A over V and of
V over A (see §11.3). These distribution arrows are, however, not isomor-
phisms. Note that our distributive lattice categories are not distributive
categories in the sense of [95] (pp. 222-223 and Session 26) or [20], where
distribution of A over V must be an isomorphism.

The cartesian linearly distributive categories of [22] are symmetric net
categories and are lattice categories, but they are not necessarily distribu-
tive lattice categories. The specific equation (wm) is not envisaged in that
paper, nor in [23]. The equations (dlAc) and (d Z:) hold in cartesian linearly
distributive categories as a consequence of the presence of the equations
(6 d*) and (5 d¥) of §7.9 in these categories (see §11.5). The equations
(dm), (bm), (em), (mé) and (m €) hold in these categories (as can be gath-
ered from the derivations for DL’ below and from §11.5), though they are
not explicitly mentioned in [22] and [23]. We know the equation (wm) need
not hold in these categories (see §12.5).

We do not know how to derive (mé) and (mé) from the remaining
axioms of £(DL). We can however derive from the remaining axioms the

following immediate consequences of (m ¢) and (mé):

k Ar
CA,c,B,D°€A,B,C,D° (LanB Ame,p) = ma,p Ame,p,

vy k
(mp,cV 1pva)°€p cpa°Chconpa=mpcVmpa
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(see the derivation of (m ¢™) in this section, and §13.2). Equations that

for the presentation of DL could replace (m é) and (m ¢) are

A A A
1 1 A7 _ 1
(khoVkppleapep =mase kg covp
¢ o (122 A k2 ) = 2 om
D,C,B,A D.,B C,A) — "DAC,BVA B,A;

and equations that could replace (mé), (m¢) and (wm) are the following

two equations:

(wme) (wa Alcyp)e Cﬁ,c,A,D ° éfq,AqD °(Wa Alevp) = Lancvpy,

(wmé) (IpacVa)o€p oaacheans(IpacV @a)=1prcyva

It is clear that these two equations follow from (meé), (mé) and (wm).
To show the converse, for f being (12}4,0 % 12}3713) ° €y p.o.p and g being
(hanp A1cvp) OCI.Z/\B,C,A/\B,D7 we have
fog = [ wanpyrcvp)© (LarA /élch) V (1anBA ]\éQC,D))a
by Lattice Coherence of §9.4,
=mape WArB® (lAc}MB’C v IAchAB,D), with (dm) and by
Symmetric Net Coherence of §7.6,
=Mma,B° I%}LXAB,C\/D o g, by Lattice Coherence,
and then we apply (wmé€) to obtain (meé). We proceed analogously for
(m¢é). From either (wm ) or (wm ¢) we derive (wm) by applying (m €) or
(mé) (see §11.5 and §13.2 for further comments on (m €) and (m ¢)).
There are redundancies in our presentation of DL. A synonymous log-
ical system C(DL') is obtained by omitting m from C(DL). We introduce
m in C(DL') by (dm) understood as a definition. The specific equations of
E(DL’) are obtained by taking the union of those of £(DS) and £(L) plus
(wm), (dl?:)7 (dl?:)7 (mé) and (m¢), where m is defined. The category DL’
is C(DL/)/£(DL/). To prove this synonymity, i.e. the isomorphism of DL
with DL’ (see the end of §2.4 for the notion of synonymity of syntactical
systems), we have the following.
First, we derive for DL’ the equation

A 4 A Vv
(ki pV1c)edapce(lankd o) = (kg Vic)edapcoo(lanky ),

which yields the equation (dm) for DL’, because the left-hand side may be
replaced by m4,c. We have, by using naturality equations,
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(khp V1c)edapce(lankd )

= (kY pV1c)edapce(Qan (kb Vi) e (LaAkd,pc)

= (12114,D/\B V1g)edapr,ce(laA 792DAB,C)
= (kY 5 V1) e (La A kD p) V1e) odapnpce (LaA ks e)
= (

A

k}l&B V 10) oda B,C° (1,4 A sz,C)'
Next, we derive the equation (ZA)mL) (see §8.3) for DL

dapce(laAmpc)
=dapce(lan(kppVic))o(landppc)e
°(LaA(Ip A kD o)), by (dm),
=((LaAkp p)Vic)e (b pp V1) dansn.co b ppyc ©
°(1a A (1 A k3, o)), by naturality and (d*A) of §7.2,
= (kipp.p V1c)odanp,p,co(Lars ANED o) e bd g o
by (bk1) of §9.1 and naturality,

AN
=mang,c° b3 g c» by (dm),

and we proceed analogously for (lv) mL). Hence we have also (IA7 mR) and
(é mR) (see §8.3). We can then derive the equation (bm) (see §8.2) for DL/
as we derived it for MDA (see §8.3).

We derive as follows the equation (cm) (see §8.4) for DL’. We have the
equation

A Vv 4
(waVic)e((QaV kY o) Vic)e(df 4oV ic)edavaccoe (ks NkE o) =
A \ Vv
(1aVvabe)e(QaV (k5 o V1c))e(1aVdacce)ods 4ove (ki Nk o),

by (d Z) (see §7.2) and Lattice Coherence of §9.4. We obtain that the two
sides of this equation are equal respectively to the two sides of the following
equation:

/\1 \/2 /\2 R Vl
(kacVic)edaceeQaNki o) = MaV k) o)ediace(kyaNo),

by using (d lg), Lattice Coherence, naturality and bifunctorial equations,

and from that equation we derive (c¢m).
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It is easy to derive (m nat) for defined m in £(DL'), so that we have
in £(DL’) all the equations of £(MDS). We have also in £(DL') all the
equations of £(ML). Since all the equations of £(DL') are clearly in £(DL),
we obtain that DL and DL’ are isomorphic.

Note that for DL we can derive

792 R 71
mac=1aVkpg)edipceo(kypNle),

which is related to (cm). We can also derive for DL the following equations:

A A Y
c™) manc,Bap° €% g.op = €ap,c,p° (lars Amc,p),

m
Vo Vom _ V. 1 vy
(mcm) ¢D,c,B,A °TDVB,CVA = (mp,c BvA)®© €Dp,Cc,B,A>

which we will use in §11.2 (see also §13.2). Here is a derivation of (m ¢m):

MAANC,BAD ° éXB,C,D
= MAAC,BAD ° lAJZC’BAD o(1a A 8&B,D) o(1a A (éB’C Alp))e
c(LaAbZ on)* b5 ponn
=dac,eap°(laAmepap)°(LaA Epap,c)e(laA gE,D,C) o
° 8XB,D/\C > (1ars A Cc,p), by (lA) mL) and
Symmetric Biassociative Coherence of §6.3,
=dacprpe(laA écpap)o(laAndppc)e(lan(lpAmpc))e
° 8X,B,DAC o(laar A €c.p), by (cm) and (3mL)7

A A
= 62473,07D°(1A/\B Ame,p), by (b nat) and (cm),

and we proceed analogously for (m ¢m).

Let C and C’ be respectively the logical systems C(DL) and C(A), while
€ is £(DL). Next, let B be C/&, that is DL. Then it is easy to see that
the conditions (IVC) and (IVB) of §3.1 are satisfied. Since the C’-core of
C/€ is the category A, by Biassociative Coherence of §6.1, we have that
the condition (IVG) of §3.1 is also satisfied. So (IV) holds, and since A is a
preorder by Biassociative Coherence, we can apply the Strictification The-
orem of §3.1 to obtain that the category DLA, that is DLY, is equivalent
to DL via two strong C(DL)-functors. Remember that according to §6.2
the objects of DLA may be identified with form sequences of L, v in the

nonextended sense. (For understanding the category DLA, see also §4.5.)
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Let D be the category obtained as the disjoint union of DL* and of the
trivial category with a single object (} (intuitively this is the empty form
sequence of both colour) and a single arrow 1y: ) = (. The adding of §) to
DL# is made for practical reasons, to simplify the exposition of our cut-
elimination proof by subsuming several cases under a single schema. We
could also do without () at the cost of considering more cases in the proof.

The operations ¢/ € {A”,V"} on the objects of DL*, i.e. on the form
sequences of L, v, are extended in the following manner to operations that

apply also to ). For X an object of DL® or ), we have
Xeh=0¢ X =X.

So all the objects of D are closed under the operations ¢”. The operations
¢” € {A",V"} on arrows are extended to operations that apply also to 1y

by stipulating that

fely=1ef=Ff

(the variable f here ranges also over 1y). So all the arrows of D are closed
under the operations ¢”.

The category D will not have the structure of a DL-category. We lack

- :
in D the arrows k§ y and k% ¢ for X different from 0. However, @y may be

identified with 1p, and the arrows IE))?Y 7 Z§Y  and ¢x.y where one of the
subscripts stands for () may also be identified with identity arrows. (So D
would have the structure of something that could be called a relevant net
category; see [43] and [108]; cf. §14.4).

A basic sequence of colour ¢ € {A,V} of D is either a form sequence
of Lay of the form (A;...A,, ¢), for n > 2 and A;, where i € {1,...,n},
a formula of L4, or it is a formula of L, or it is (. So the object
0, as well as the formulae of L v, is both of colour A and of colour V.
A basic sequence is a basic sequence of either colour. The members of a
basic sequence (A;...A,, ¢) are the occurrences of formulae Ay,..., Ay;
the only member of the basic sequence A is A; and the basic sequence ()
has no members.

We use I and @, with or without indices, as variables for basic sequences

of colour A, and we use A and W, with or without with indices, for basic
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sequences of colour V. For basic sequences in general, we use © and =,
with or without indices. We write 1g for (1re,©®,©) when © is not 0;
otherwise, 1¢ is 1p.

A sequent arrow of D is an arrow whose type is I' F A, for I' and A
basic sequences different from (). According to the convention above, I' is
of colour A and A is of colour V. The type of a sequent arrow is a sequent
(this agrees with Gentzen’s notion of sequent).

Let ©1¢ 04 ... ¢ O, be an abbreviation for (... (01 ¢’ ©9)... ¢ 0,), and
fisfa... ¢ fn an abbreviation for (...(f1¢” f2)...¢" fn), where n > 2.
Next, let ©¢f and f<© be abbreviations for 1g ¢” f and f¢” 1g, respec-
tively. Sometimes we will also write, ambiguously, 1¢f and f¢1 for 1g°f
and f¢lg, where © can be recovered from the context.

We use the following abbreviations:

b0 = cs’(_’)E if © # () and = # ()
= lgez  fO@=0or ==,

& .
Bo —qd 1O #@7&(?)
1@ 1f®:®,

Ur,rore =df (01" Cry0"O0°T) o (I'1"Ty" e I):
["To O F 20 Ty O T,

Yo.an,0,=df (A We " Ag"Ay) o (AYOY Con,"A):
AYOVALVOYAL F AYOVALYA,.

For n > 3, consider the abbreviations defined inductively as follows:

A A A
Yr,re,rs,...,Tn, 0,0 —df YT, To, T30 00 AT, 0AT,0 ° YT AT, T, T, T,0°
| APEAY APYAD TANNONAS AT O TS R = FEAYS T3 IPYAT ST VAT S AN RREAYC TS

V Vv
Yo,AA,,...As,A0, A1 —df YO, A An,....,A5,A:V AL ° YO, AVOVA,V..VOV A3, Ag, AL
AVOVA,Y ... YOVA3VOVALYOYAL F AVOVA,Y .. VAV ALVA,.
We also have the following abbreviations:

d _ dé A= ifO£QPand Z#0
0,A =2 —df 1@/\(AVE) if @ — @ or = = @7



240 CHAPTER 11. DISTRIBUTIVE LATTICE CATEGORIES

€r,r..5,4 =df dro,Brirac (L2 €prina)e (T2 dry a,)° (F2'T1" € p):
[T (BYA) b ([y"B)Y (I " A),

€y Ay, =df (€AY A1 Ag)e (dp an, Y As)e (Eava, B A2)odava, B.ay:
(AVA)NBYAg) F (A"B)VA1YA,

(note that é(/B,(D,B,A =1pgv4 and élA,B,@,@ =14),

moz= =a (K4 5 E) o de.p.z - (0" k2 =)

(note that for me = we must have © # () and Z # 0),

k‘ . v Vv 2 4 Vv
€0,,0,,05,0, —df W(©,V03)"(02V0,) ° ((klg)h@sAkllém@AL)v(kzgh@s/\kQ,éz,@zL))
(note that none of @1, O3, O3 and O4 can be @ in the subscripts of ck).

Finally, let 11;453 stand for (14ep, A*B, A¢ B), while 15 ¢ 5 stands for

(1aep,Ae B, A*B). We do not introduce the notation Igcég, because we
could not interpret it when © is ) and = is not ), and analogously with
k2 o

We will now define by induction a set of terms for sequent arrows of D,
which we call Gentzen terms. First, we stipulate that for every letter p the
term 1;’: p F p, which denotes the arrow (1,,p,p) of D, is a Gentzen term.
The remaining Gentzen terms are obtained by closing under the following
operations on Gentzen terms, which we call Gentzen operations. As in
§7.7, we present these operations by inductive clauses in fractional notation,
which are interpreted as saying that if the terms above the horizontal line
are Gentzen terms, then the term below the horizontal line is a Gentzen
term (cf. §2.2). The schema on the left-hand side of the =4, sign stands for
the Gentzen term, while the schema on the right-hand side stands for the
arrow denoted by this term. First, we have the operations that correspond

to Gentzen’s structural rules:
f: FlAFQAF3AF4 FA
ot ryrarsf =an fo(T1" er,r, " Ta): T T3 To Ty - A

provided T's and I's are not () (one of the indices I'y and Ty is superfluous

as an index of c¥; it is recoverable from the source of f),
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FiTE ALY A A A,
C§4,A3,A2,A1f =an (A1 Ea,n " A1) o fi T F ALY AV A3Y A

provided Ay and Aj are not @) (one of Ay and Ay is superfluous as an index
of cF),

f:TEA
Kif =an [k i T AF A

f:TFEA
KEf =an k24 o f:THAYA

FiTNAN AT AT E A

> 2

?

,,,,,

frTEAYAYA,Y ...VAYA,

R _ 4 . VoAV v v
WA A, A ZanYann, a o[t TEAYAY ALY VA

5”225

f:F3|‘A2vAvA1 g:FlAAAl“gl—Ag
cutry n, (f,9): T1 T2 "T'g = A3V AxY Ay

where cutr, a,(f,g) denotes

(VA2 A1) o (T1" €ry,a) A2V A1) odr Ay, 4,8,v A, ©
o(D1"T2"(€a,8," A1) o (D1 T2 f),
and A is called the cut formula of cutr, a,(f,9),
fiTiF A g: T2 Ay
miz (f,g) =an (97 A1) emir, a, o (T2 f): T2 T =AY Ay

Note that by (m nat) in D we have

mlx(fv g) =Mpy,A° (g/\f) = (gvf) °empr,,ry-
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If we write dr, g A, instead of mp, a,, then miz(f,g) can be conceived as
cutg g(f,g) where the cut formula A is replaced by 0.

Had we favoured d't, rather than d’, for f: I'y F A3YAYA, and g:
[y"A"TsF Ay we could take that cutp, a,(f,¢9): T1" T2 '3 = A3V Ag¥ Ay
denotes

(A3YA2Vg) e (A3 A2"(éar, "T3)) e dR,va, Arsirs ©
°((A3Y €ay,a)"T2"T'3) o (f"T'2"Ts)

where d” stands for d®” if A3zY Ay and T's"I's are not @, and otherwise for
1. This would prevent the I'’s and A’s of f and g to switch from right to
left, as in our official definition of the Gentzen operation cut. But since
we favour d”, we have to tolerate this switch, which does not cause serious
trouble, anyway. We have made the same switch in our Gentzen operation
miz, to make it parallel to our cut.

Here are the remaining Gentzen operations, which correspond to rules
for A and V:

f:T"A"BF A
AN =40 fo(D " 15.5): T (AANB) - A

f:Fll—AVAl g:le—BVAg
N (F,9) =an (VargDi'Bo) o €4 p o, a, = (f79): T1'Ta b (AN B)"Ar'Ay

g:FgABFAQ f:FlAAFAl
VE(G, f) =an (97 f) o €r, 1, 3.a° (T2"T1"15v4): T2 T1 (B V A) F Ag'Ay

F:TFBYAYA
\/Rf :dn( iB\/AvA)Of: '+ (B\/A)VA

This concludes the list of Gentzen operations.

For n > 2, we introduce the following abbreviations by induction:

wi? L of =apf, for fiTy0 L AT TR A,

ny
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LANG _ L L
wrl,“.,rn,rf =df wF1,..‘,Fn,<I>FwF1AA,...,FnAA,Ff7
for f: T1"A"®" ... AT, AP T F A,

wﬁ%nw’mf =g f, for f:TFAYA,Y ... VA,

RUVA _ R RU
WA An,.. Ar [ =af WAW Ay, ATWA AV A, AV A I

for f:TF AYUYAYA,Y .. . VTVAVA,.

By Semilattice Coherence of §9.1 (in fact, we use here the relevant coherence
result of [108], Section 5), we have in D the equations

L® A RU v
(wy) wrl,...,rn,rf =fe Yry,... T, T,0 wA,An,...,Alf =Yu.AA,,... A o f.

To lighten the burden of notation, in proofs we will sometimes omit
subscripts in Gentzen terms or other terms for arrows of D. A reader
checking the proofs should be able to restore these subscripts. We will also
sometimes take for granted the subscripts of Gentzen operations, and omit
them. We do this in cases where no confusion is likely, and the subscripts
serve no particular purpose. We use 7, 1, Y2, . . . as variables for Gentzen
operations (with subscripts omitted or not).

Note that Gentzen terms codify derivations in a plural sequent system
for conjunctive-disjunctive classical propositional logic. (We have men-
tioned at the beginning of the section that we believe that we are within
classical, rather than intuitionistic, logic; cf. also §1.3.) We have in this
sequent system rules for connectives of the multiplicative kind, to use the
terminology of linear logic. In this terminology, Gentzen’s rules for conjunc-
tion and disjunction of [60] would be called additive. This is not, however,
an essential difference. We could have worked with additive rules as well.
We took multiplicative rules for practical reasons, which have to do with
our way of dealing with the structural rule of contraction. This difference
does not bar comparing our cut-elimination procedure with Gentzen’s, and
it will turn out that, though the two procedures have much in common,
they are not the same.

The main difference is that we take into account the mix principle, which
yields union of derivations (see §8.1 and §10.1). Gentzen did not take this

principle into account, because, for his more limited purposes, he did not
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need to do so. This mix principle should not be confused with Gentzen’s
generalized cut, Mischung, also called miz in English (see §8.1), which is
derivable in our system with the help of contractions, that is w” and w?.

We also differ from Gentzen in the way how we deal with contraction,
embodied in the operations w” and w’. We eliminate cut directly, and do
not introduce as Gentzen his generalized cut Mischung, which he used to
deal with problems caused by contraction (see [14], Sections 1 and 2). Elim-
inating cut directly is handier for notational reasons, because Gentzen’s
Mischung is more difficult to code in our categorial setting. (Our proce-
dure of direct cut elimination differs from similar procedures in [12], [14],
[130] and [13]; except for [14], where categories are mentioned occasion-
ally, these papers are not concerned with categorial proof theory and the
difficulties of notation for arrow terms.)

Another difference with Gentzen is that we distinguish “conjunctive
commas”, our * (which abbreviates A”), from “disjunctive commas”, our ¥
(which abbreviates V'), whereas Gentzen has just one kind of comma. In
other words, we have two-coloured form sequences, whereas Gentzen has
just ordinary sequences. Indeed, if we stay at the level of sequent arrows of
D, then the fact that a sequence is on the left-hand side or on the right-hand
side of F dictates whether it is of colour A or Vv, and then we could do as
Gentzen. But we do not pay attention only to sequents, as Gentzen does.
For example, in building a sequent arrow denoted by cutr, a,(f, g) we refer
to arrows of D like ér‘%A, or dr, AT, 4,A,vA,, etc., which are not sequent
arrows. With d, we even have that conjunctive commas are nested within
disjunctive commas and vice versa. Gentzen did not have these problems
because he was not considering explicitly arrows and equality between them,
but only types of arrows and, moreover, just sequent types. Gentzen stays
somewhere near the lowest level of D, while we take somewhat more of D
into account when we compute equality of sequent arrows.

In principle, we could have worked with directly strictified DL in the
sense of §3.2, but then we would be less close to Gentzen. In that case, we
would not have operations corresponding to AY and V%, but at the price of
complications in the computation of rank. We do this computation below
very much in the style of Gentzen. (Cut elimination in something corre-

sponding to our directly strictified DL, but without taking into account
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equality of derivations, may be found in [16].)

Instead of directly strictifying, we have produced D according to the
recipe of §3.1, §4.5 and §6.2. We find it is interesting to locate Gentzen’s
sequents within this strictified biassociative structure constructed in the
style of Joyal, Street and Mac Lane (the last author was close to Gentzen
in his youth). This tells us that Gentzen had a sound premonition that
nothing is lost by strictifying with respect to associativity.

Every arrow of D denoted by a Gentzen term is a sequent arrow. We

show in the following lemma that these are all the sequent arrows of D.

GENTZENIZATION LEMMA. FEvery sequent arrow of D is denoted by a

Gentzen term.

PROOF. We prove first that every sequent arrow (f, A, B) of D is denoted
by a Gentzen term. After that we will pass to the sequent arrows (f,T", A)
for I' and A with more than one member.

We show by induction on the lenght of A that (14, 4, A) is denoted by
a Gentzen term. If A is p, then (1,,p,p) is denoted by 17. If Ais Ay A Ag,
and (14,,A;, A;) is denoted by the Gentzen term 1) , for i € {1,2}, then
(14, A, A) is denoted by ALAT(17 ,174). If Ais Ay V Ay, then (14,4, A)
is denoted by VEVE(1 ,1%). We write, in general, 1’4 for the Gentzen
term denoting (14, A, A).

We have that (823)0714 AN (BAC), (AN B)AC) is denoted by

NENEAR(NR(1, 1), 12),

according to Associative Coherence of §4.3.
AN

The inverse arrow (b5 g ¢ (AA B) AC, AN (B A C)) is denoted by

L L
NEC o anp o NG anp,coNF (U, ARG, 18)),

according to Symmetric Associative Coherence of §5.1.

We have that (¢4 g, AA B, BA A) is denoted by /\Lc&B’A,@/\R( 5.1,

N
and (W4, A, AA A) is denoted by wliA®(1’),1). Next, (ka5 ANB,A)is
AN

denoted by ALEkE1’), while (k}zq,& AN B, B) is denoted by /\LCQJ}’B,A’@kﬁl'];.

We proceed analogously for IV)H7 lv)“, ¢, W and i by using V¥ and V.
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We have that (da,g,c,AN(BVC),(AANB)VC) is denoted by
VEANEVE(AR(1),15),18)  or  ABVEAR(1), VE(17,17)).

If the Gentzen terms f” and ¢’ denote the sequent arrows (f, A, B) and
(g,C, D) respectively, then ALAT(f” ") denotes (f A g,AAC,B A D),
while VEVL(f” ¢") denotes (f V g, AV C, BV D). If the Gentzen terms f”
and g” denote the sequent arrows (f, A, B) and (g, B, C') respectively, then
cutpp(f”,g") denotes (g f, A,C).

Take now a sequent arrow (f, A1"..."A,, Bp" ...V By1) of D where
n,m > 2. We have proved above that, for F' defined as in §4.5, the sequent
arrow (f, F(A1"..."A,), F(Bp" ...VBy)) is denoted by a Gentzen term
f". Then for g and h being respectively Af(.. . A%(1% ,1%.)...,1 ) and
Vi o vE(1G,,1%)) .. ), the Gentzen term cut g g(cutg g(g, f”'), h) de-
notes the sequent arrow (f, A1"..."A,, Bn" ... B1). =

§11.2. Cut elimination in D

In this section we will prove a cut-elimination theorem for the Gentzen
terms of D. Before stating and proving this result, we introduce some
technical notions and prove some auxiliary results.

A cut is a Gentzen term of the form cutr a(f,g). A cut-free Gentzen
term is a Gentzen term none of whose subterms is a cut. A cut cutr a(f,g)
is called topmost when f and g are cut-free.

We say that a Gentzen term is k-atomized when for every subterm of
it of the form k% or k% we have that A is an atomic formula, which here

means that it is a letter. Then we have the following lemma.

AToMIic-k LEMMA. For every Gentzen term g there is a k-atomized Gen-
tzen term g’ such that g = ¢’ in D. Moreover, if g is cut-free, then g’ is

cut-free.
ProOOF. By Semilattice Coherence of §9.1, in D we have
kinpf = NkBELS.

We show next that for f: I' - A we have in D
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L RA LT L(1.L L
kavpf = wygowpoavsV (kif ks f).

The right-hand side (RHS) of this equation is equal to

wao((fe K1 A)(fe kT B))° éi“,F,A,B o ("I "1vp) ° (0r" (A V B)),
by the equations (w y) of the preceding section. Next we have

RHS = fo wr k' yupocf ar pe€rrape(Wr " (AYB))e (" 1qvp),
by Lattice Coherence of §9.4,

— fo kM g e (b “N(AVB))o (mp " (AVB)) - (br ~(AVB))-
o (['"1%vp), by (k! nat) and (me),

= fo]glf”AVB, by (mw) and (lAf1 nat).
For k%, 5 and k% ; we proceed analogously. -

We call leaf formulae of a Gentzen term h the following occurrences of

formulae in the type of h:

when A is 1;’, the two occurrences of p in the type p - p of h,

when h is k% f, or ALf, or VE(f,g), the rightmost member of the
source of h,

when his kK f, or AB(f,g), or VE £, the leftmost member of the target
of h.

For example, the rightmost occurrence of A in the source I'*A of kL f :
A A is a leaf formula of k% f.

The occurrence of A in the type of wlél,...,rn,rf (i.e. in the source of
wlél)wrmr f), recognized according to the index T', is called the lower con-
traction formula of wlél,..i,rmr f. For every lower contraction formula A of
wl f there are two or more occurrences of A in the type of f (i.e. in the
source of f), recognized according to the indices I', ..., I';,, I', which we call

the upper contraction formulae of wlél,...,rn,r f. We determine analogously
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the lower and upper contraction formulae of wg, Ao Ay S (the difference is
that they are now in the targets of wf , A f and f).

For every unary Gentzen operation 7; and every Gentzen term - f,
according to the indices of 7; we can recognize in the type of 1 f what
basic sequences are the basic sequences I', I'y,...,[',, A, Aq,..., A, men-
tioned in the inductive clause for ;. We call these basic sequences the
lower parametric basic sequences of 1 f. Our inductive clauses for unary
Gentzen operations are such that for every lower parametric basic sequence
© of 7, f there is a unique basic sequence © in the type of f, recognized
according to the indices of v and the inductive clause for -1, which we call
an upper parametric basic sequence of 1 f. We determine analogously the
lower and upper parametric basic sequences of 12 (f, g) for a binary Gentzen
operation 2. Note that our inductive clauses for binary Gentzen opera-
tions are such that every lower parametric basic sequence O of vy, (f, g) leads
unambiguously to a unique upper parametric basic sequence © of y2(f, g)
in the type of f or in the type of g. (In terms of linear logic, these clauses
correspond to rules for connectives of the multiplicative kind.)

For any Gentzen term h: I' H A, and = a member of I or A, we have
that x is either a leaf formula of h, or a lower contraction formula of h,
or a member of a lower parametric basic sequence of h. We define the
notion of cluster of = in the following manner (this notion, called Bund in
German, stems from Gentzen; see [61], Section 3.41, [103], Section 2.621,
[36], Section 5, and [44], Section 2).

The cluster of  in h is a finite tree whose nodes are occurrences of the
same formula in the types of subterms of h. We assign to every node a label,
which is a subterm A’ of h such that the node occurs in the type of A’. The
root of the cluster of z in h is z, and the label of the root is h. If a node y is
a leaf formula of its label, then y is a leaf; i.e., it has no successors. If a node
y is the lower contraction formula of its label wléh__”rmrf or wIA{,Am.__,Alf,
then y has as successors the upper contraction formulae of wlél,...,l“n,l“ for
wX A A, [ These successors, of which there are at least two, all have f
as labels. If a node y is a member of a lower parametric basic sequence ©
of its label A/, then y has a single successor, which is the occurrence of the
same formula as y, at the same place, as a member of the upper parametric

basic sequence © of h'. If h' is here 71 f, then the label of the successor is
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f,and if A’ is v2(f, g), then the label of the successor is f or g, depending
on whether the upper parametric basic sequence © occurs in the type of f
or in the type of g. With that, we have defined the cluster of z in h.

For a cut cutr, a,(f,g), the two occurrences of the cut formula A in the
target of f and in the source of g, recognized according to the indices I's and
A, are called respectively the left cut formula and the right cut formula of
cutr, A, (f,g). (Note that the left cut formula is on the right-hand side of
F, while the right cut formula is on the left-hand side of |-.)

For any Gentzen term h: '+ A, and  a member of I' or A, let pp,(z)
be the number of nodes in the cluster of x in h. The left rank of a cut
cutt, A, (f, g) is py(z) where z is the left cut formula of cutr, a,(f,g), and
the right rank of cutr, a,(f,9) is pg(y) where y is the right cut formula
of cutr, a,(f,g). The rank of a cut is the sum of its left and right ranks.
The least rank of a cut is 2, and in that case the left rank and the right
rank are both 1. This definition of rank is analogous to Gentzen’s, except
that Gentzen counts the number of nodes in the longest path, while we
count the total number of nodes—either measure is good. (A very formal
definition of rank may be found in [14], Section 3.) As a matter of fact, we
are interested only in ranks of topmost cuts, but our definition applies to
any cut.

We announced in the preceding section (after the equations (w y)) that
we will sometimes omit the subscripts of Gentzen operations. In the defi-
nition below, and sometimes later on, we take for granted the subscripts of
wf,  p, p,and write just w”. We do the same with w”, and other Gentzen
operations, when their subscripts are cumbersome, but not important.

We say that a Gentzen term of the form w” f is a w” term. Subterms
that are w” terms are called w” subterms. We have an analogous terminol-
ogy with wf. The rank of a w” term w’ f is pwr () for x being the lower
contraction formula of w’ f, and analogously for w® terms. We are inter-
ested below only in ranks of cut-free w” terms, but our definition applies
to any w” term.

Let = be the left cut formula and y the right cut formula of the cut
cutr A(f,g). Then we say that a wl subterm h of g is tied to cutr a(f,g)
when h is the label of a node of n-ary branching for n > 2 in the cluster of y

in g, and we say analogously that a w!? subterm h of f is tied to cutr a(f, g)
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when h is the label of a node of n-ary branching for n > 2 in the cluster of
xin f.

We say that a w” term is blocked when it is of one of the following forms:

(wy1) wlé'l’,F;'AF’l,F; mix(f,g): T/ "TH T "C T = A"V A!
for f: T{"C"THF A" and g: T/ "C Ty + A,
(w~y2) wlé,l,F,QAF,l,I,Z,AR(f, g): T TH T O TY = (AN B)VA'Y A
for f:T{"C"Th = AVA" and ¢g: T{"C"T4y + BVA”,
(w~y3) wlé,l’F,QAF,I,’F/z,A(AVB)VL(f, g): T TH T O TYN(AV B) = AV A
for f: T{"C"T,"AF A" and ¢g: T/"C"TY"B - A",
(wA1) w o gAY fiT1" T (AAB)F A
for f:T1"(AAB)"T2"A*BF A,

(wVv1) wlé,l F,QAF,,,@\/L(f, g): T I T (AV B) = A™VA"
for f:T1"(AV B)"T4"AF A’ and g: T""BF A"
L L L T/AT AT A NN
(wV2) W aps o gV (f,9): T'"T{"TE AV B) - AVA
for f:T""AF+ A and ¢g: T{"(AV B)"I'y*"B+ A",
(wV3) w{ﬂ’;,rm;’,rg,va(fv g): DDA TYN(AV B) F AV A
for f: T{"(AV B)"T'4" A+ A" and g: T/*(AV B)"T{"BF A".

A w” subterm wh of f; tied to a topmost cut cutr a(f1, f2) is reducible
when it is not blocked and every wl subterm w¥t of f tied to cutr a(f1, f2)
such that w'h is a subterm of ¢ is blocked. We can prove the following

lemma.

REDUCIBILITY LEMMA. For every reducible w”h there is a cut-free Gentzen

term h' such that w“h = b’ in D and after replacing w™h in cutr A(f1, f2)

by h' all the reducible w’ subterms of k' are of rank lesser than the rank of
L

wh.

PrOOF. We proceed by cases depending on the form of h.
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(W1) First we have cases where wrh is wlé’p---,l“imf’h while h is vf :
ri~A AT NAMY A for f TN AN AT, "AMT A and vy s either
one of ¢, cf, kR wf and VE, or kX, w” and A with the occurrences of
A displayed in T} A" ... T~ AT = A’ members of the lower parametric
basic sequences of «vf. Then, by Semilattice Coherence of §9.1, we have
either wly f = yw” f or whel f = wlf.

(W2) For f:T1"A"..."T,"A*T' F A, by Semilattice Coherence, we have
that

L Le_ L L
wrl,...,rn,r,kaf = CrlA...Arn,,F,A,wwrl,...,Fn,rf-

(W3) Suppose we have f: T1"A"..."T,,"A"T F A and
w%hu_,pmpf: [NAN T MANTY A,

where I')"A" ... ~T] "A"T” and T1"..."T',"A"T" are designations of the
same basic sequence, and one of the occurrences of A displayed in the first
designation is the occurrence of A displayed in the second. Then we have
that

L L L
wry e, oW, rf = w0 f

L

with appropriate subscripts for w’ in wl f. If the rank of wlél,.i.,rn,rf is

k+1, and the rank of wf, ., pwf ¢ fis k+141+m, then the rank
1000t mo yeeslmy
of w” f on the right-hand side is k+1+1. (Here we have m > 2.)

(W4) For f:T1"(AAB)"..."T,"(AAB)"T*"A"B F A we have that

L Lp_ L L. L
wr, poroN f =wE A ap, pgANWE L, raansf

by Semilattice Coherence. Here, the right-hand side is blocked according
to (w A1). The w” term w1 passpf need not be blocked and may
be reducible, but it is of lower rank than the left-hand side (the difference
is n+1).

(W5) For f: ®F ¥ and g: 1A ... "T',,"A"T F A we have that

wﬁ ..... Fn,FA‘bmix(f»g):mix(fawlél ..... Fn,I‘g)
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by Semilattice Coherence and (m nat). We proceed analogously when

mixz (g, f) replaces miz (f,g).
For f: 1" A" ..."®,,"A"® | ¥ and g as above we have that

L .
wrl,.i.,rn,rwl,q>2,...,<1>m,<1>mm(f, g) =

L . L L
wrlA...AFH,FMblA...Aq:m,cpmm(w<1>1 ..... <1>m,<1>faw1“1

------

by Semilattice Coherence and (m nat). Here, the right-hand side is blocked
according to (w~y1). The w” terms w§, 4 ofandwf g need not
be blocked and may be reducible, but they are both of lower rank than the
left-hand side.

We proceed as in case (W5) when wlh is wlAB(f, g) (one of these cases
involves a blocked w” term according to (w~2)). We have cases analogous
to (W5) also when w'h is wEVE(f, g) (here we apply Semilattice Coherence
and (dX nat), and one of these cases involves a blocked w’ term according
to (wv3)). We have three additional cases when wh is wlVE(f, g), which
all yield blocked w’ terms according to (w V 1), (wV 2) and (w V 3). One
of these cases is the following.

(W6) For the Gentzen terms f: T{"(Av B)"..."T,"(Av B)"T""AF A’
and g: T'/"(AV B)"..."T'),"(AV B)"IT”""B + A" we have that

L L —
Wrr r ATy Ty, T g Y (f.9)=

n?

I LyL I
WLy A ATy ATy A AT T gV (wF’l,m,F;l,F/AAﬂwF’l’,.H,F;;L,F”ABg)

by Semilattice Coherence and (d¥ nat). Here, the right-hand side is blocked
: L L L

according to (w V 3). The w* terms wF/l)wF;“F,AAf and wri  p pongd

need not be blocked and may be reducible, but they are both of lower rank

than the left-hand side.

To conclude the proof of the lemma we have only to check that the
condition on ranks is satisfied in all cases, even in those where we have not
noted the fact. -

We have an analogous definition of blocked w® terms and of reducible w®
subterms. With that, we prove for w’ terms a lemma exactly analogous to
the Reducibility Lemma. As a corollary of these two Reducibility Lemmata,

we have the following lemma.
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BLOCKED-w LEMMA. Every topmost cutr a(f,g) is equal in D to a top-
most cutr A(f',¢") in which all wr and wf subterms tied to cutr a(f',9')
are blocked.

The proof of this corollary is based on a multiset-ordering induction, which
stems from Gentzen (see [61] and [35]).

The degree of a cut is the number of occurrences of connectives (in this
case, the number of occurrences of A and V) in the cut formula.

The complezity of a topmost cut is a pair (d,r) where d is the degree of
this cut and r is its rank. These complexities are ordered lexicographically
(i.e., we have (d1,71) < (da2,72) iff either dy < da, or di = dp and 1 < ro;
cf. §7.7).

According to the Atomic-k Lemma and the Blocked-w Lemma, every
topmost cut cutr a(f,g) is equal to a topmost cut cutr A(f’,g’) with the
same cut formula such that f’ and ¢’ are k-atomized and every w” or w?
subterm of f’ and ¢’ tied to cutr A(f’,¢’) is blocked. We call topmost cuts
such as cutr A(f',¢') clean cuts.

We can then prove the following theorem.

CuT-ELIMINATION THEOREM. For every Gentzen term t there is a cut-free
Gentzen term t' such thatt =t' in D.

PROOF. We show by induction on the complexity of clean cuts that they
are equal in D to cut-free Gentzen terms. This will suffice to prove the
theorem.

For the basis of this induction, take a clean cut of complexity (0, 2). This
means that this clean cut is of one of the forms displayed on the left-hand
side of the following equations of D:

cut@’@(lg, 1’;) = 1;’,

cutg (1), kkg) = kLyg,
cutgo(kff,10) =k f,

cutg (K f kL g) = miz(f,g).

For the first three equations we use (cat 1), while the fourth holds by defi-

nition. With that, we have proved the basis of the induction.
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Note that with the first three equations we proceed as Gentzen, but not
with the fourth. Instead of reducing the left-hand side of this equation to
the right-hand side, Gentzen would reduce it to a cut-free term obtained
either from f with a number of k%, ¢ and kT operations, or from ¢ with a
number of k%, ¢® and k¥ operations (cf. [60], Section I11.3.113.1-2). Such
reductions are, however, not supported by equations of D.

We pass now to the induction step. Suppose first that the complexity
of our clean cut is (d,2) for d > 0. When the cut formula is of the form

A A B, our clean cut must be of the form

cutg g(A*(f, 9), AR,
for f:T1FAYA,,g:ToF BYAs and h: I'"A"B F A. Then we have in D
the equation
cutgg(AF(f,9), AFR) = €R A, a, 0T ryry 0CUtr, o (fs cutgg(g, h)).

To show that this equation holds in D, we have that, with subscripts
omitted, the left-hand side is equal to

(h¥1)((1719)¥1)ede (17(171)) o (17€) o (1" f "g) =

(h¥1)odo(17€") o (1" f "g),
by (d¥ nat) and the fact that 1° and 1¢ are isomorphisms, while, again with
subscripts omitted, for the right-hand side we have
(1¢) 2 (h¥1)» (d 1)+ (1" 179) 1)« (10" €) 1) o do (1) + (1 &) =
(h¥1)e(1V€) o (d 1) ((1r" €)'1)od> (1" €)= (1" f"g),

by the bifunctorial equation (V2) of §2.7, (¢ nat) and (d* nat). It suffices

to note now that
do(1"€')=(1"¢)o(d"1)-((1"¢)'1)od-(1"¢)

holds by Symmetric Net Coherence of §7.6. When I is (), we have essentially
a case of the equation (¢) of §7.6.
We replaced a clean cut cutgg(AR(f,g), ALh) of complexity (d,2) by
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Cg,Ag,Ah(AC#,FQ,Fl ocutry o(f, cutp (g, h)).

According to the Atomic-k Lemma and the Blocked-w Lemma, the topmost
cut cutg (g, h) is equal to a clean cut cutg ¢(g’, h') of complexity (d’,r) with
d" < d, because the cut formula is now B instead of AA B. By the induction
hypothesis, cutyg(g’,h') = s for a cut-free Gentzen term s. The topmost
cut cutp, ¢(f,s) is equal to a clean cut cutp, ¢(f’,s") of complexity (d”,r)
with d” < d, because the cut formula is now A instead of AA B. So we can
apply again the induction hypothesis.

We proceed analogously when the cut formula is of the form AV B.
With that, we are over with the cases where the complexity of our clean
cut is (d,2) for d > 0. We dealt with them in the spirit of Gentzen.

Suppose now that the complexity of our clean cut is (d,r) for r > 2,
and suppose the right rank of this clean cut is greater than 1. We proceed
analogously if the left rank is greater than 1, and we need not consider this
case separately.

Suppose first that in our clean cut cutr, a,(f, vg) the cut formula occurs
in a lower parametric basic sequence of vg. Depending on various cases for
the unary Gentzen operation 7, we want to show that one of the following

two equations holds in D:

(T) CUtFQ,Az(fvfyg) :fYCUtF/Q,Afz(f,g),
(1) cutr, a,(f,79) = cFyeutry a,(f,9)
for a clean cut cutr; a,(f,g) of complexity (d,r’) with 7 = r—1. The

subscripts omitted in v need not be the same on the two sides of (}) or

(1), and often they are not such. We have the following cases.

(1) TIf vy is ¢l then (1) holds by Symmetric Net Coherence.

(2) If vis ¢f or kf, or w! or VI, then (f) holds by the bifunctorial
equation (V2).

(3) If v is k%, then (1) holds. To show that, we distinguish two cases. In
both cases, we have g: I'1" AT, F Az and kkg: I'1"A*T5" B F Az where
I',"B is I'y. In the first case, the basic sequence I';*T% is not @), and in the

second case it is (.
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In the first case, for the left-hand side of ({1) we have

(91) e (B, nanry571) o (1" €rynp,a) 1) ede (17(€ V1)) (17),
while for the right-hand side of (1) we have

(9"1) = (1" €)1 )ede(17(€ V1)) e (1 f) k1Y npyap, p o (1" €p.ry)
=(9"1)((1¢)"1)od-(17(¢ V1))- kli'l‘l/\F’Q/\(AQVAVAl),B ¢
o (1" epa,vava,) o (17 f)

=(9"1)=((1" €)1 edo (17(¢ V1)) o (K1 npy " Lagvava,) < (17f),
by Semilattice Coherence (this step cannot be made

if ['1"T% is (), since I?:lillAF;,B would not be defined),
= (9"1) < (1" €ry,a) 1) o (K1 apy 5"1)"1) ede (17(c V1)) (17 f),
which is equal to the left-hand side by Semilattice Coherence.

In the second case, when I'1"T, is @), for the left-hand side of ({1) we
have

(9"1) e (K} p 1) o (€p,a "1)ede(17(c "1)) = (1"f),
while for the right-hand side we have

(g"1)e (¢ "1)e foklf, pe €nr,
= (9"1) ok} qva,va, °(17(€ V1)) e (10f)
= (gv]-) ° (k2/]§,Av1A2vA1) ° dB,A7A2VA1 ° (]-A((v: vl)) ° (]-Af)a by (dk)7

which is equal to the left-hand side by (élAc) (see §9.1).

(4) If v is wl or AL, then (1) holds by various bifunctorial and naturality
equations.

Suppose next that in our clean cut cutr, a,(f,v(g,h)), the cut formula
A occurs in a lower parametric basic sequence of (g, h) (here, «y is a binary
Gentzen operation).

5) Ifvyis miz, thenfor f: '3+ AVAVAy, g: T F A and h: T AT, -
Y 2 3 2
A% we have in D the equation
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cutryary A, (f, miz(g, h)) =
ng,AgvAl ,Ag,@céﬂr;,rg,rg,@mw (9, cutty A, (f, h)),

where the complexity of the clean cut cutr; a,(f,h) is (d,r) with 7" = r—1.
By bifunctorial and naturality equations, the left-hand side of this equa-
tion is equal to (h1)o LHS* o (1"g" f) where

LHS* = (mp,nanryay¥1)e((10€)"1) o d> (1(¢ V1)),
while the right-hand side is equal to (h¥1) RHS* < (1"g" f) where
RHS* = (19 &) (1" ) 1)« (d¥1) - (1" (& V1))"1) -
TN ATLA (AR AY AL, AY ° ( é)-

We have LHS* = RHS* by Mix-Symmetric Net Coherence of §8.4. We
proceed analogously if g and h have types interchanged.

(6) If v is AT, then we have in D one of the following two equations:
cut (f,A(g,h)) = c P AT (cut (f, 9), ),

where the complexity of the clean cuts cut(f,g) and cut(f,h) is (d,r’)
with 7/ = r—1, and appropriate subscripts are assigned to cut. Both of
these equations are justified by Symmetric Net Coherence. We proceed
analogously if v is V.

With that, we are over with the cases of a clean cut cutr, a,(f,vg) or
cutty, A, (f;7(g, h)) of complexity (d,r) with r > 2 where the cut formula
occurs in a lower parametric basic sequence of vg or v(g, h). All these cases
are dealt with in the spirit of Gentzen, except for the case with miz, which
Gentzen did not envisage.

Now we proceed with the cases of complexity (d,r) with » > 2 where
the cut formula does not occur in this manner in a lower parametric basic
sequence. Then our clean cut must be of the form cut (f, w”g) with blocked
wlg tied to our clean cut, and we have to go through the cases (w~1),
(wv2),...,(wV3) for blocked w’ terms.

(wy1l) For f:T"CTLE A, g:T{"C*"TY FA” and h: T+ A1YC VY A,,
where I is T'{ "I, while ' is T'/"T'%, and A is A1 Ay, we have in D the

equation
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cutpzz/Al(h,wlé,l,réAF;,,Fé,mix(g,f)) =
cg,,AA,,’@wng,,’@wlé}jF,,7®mix(cutF;/7A1 (h,g), cutry A, (h, ),
where the complexity of the clean cut cutry a, (h, f) is (d,r") with v < r,
and analogously for the clean cut cutpy a, (h, g).
If f:T'"C'+ Alis fo(1" ¢ry,¢), while ¢': T""C + A" is g (1" €ry ),
and R’ is (éc,a,"1) o h, then, by Semilattice Coherence and bifunctorial and

naturality equations, the left-hand side of our equation is equal to
(mA/,A//vl)O((f/A /) )OLHS*O(].Ah/)

where LHS* is (10" erv.c "1¢)V1a) < ((1" We)V1) od, while the right-

hand side is equal to

(1V wa) o (1aY Cara¥1la)emarvaamvac((f/ V1) (g V1)) (d"d)e
o (17 ¢ 1) o (1" Weva) o (1K),

By the equation (m ¢™) of the preceding section, we have

(1ar¥ éara¥la)emarva arva = (Mmarar’Iava) e €n anaa-
So the right-hand side is equal to
(maran’1)<((f "g')"1)« RHS™ < (1"1')
where

RHS* = (1\/ A) eF'/\C I"AC,AA (d/\d) ° (1/\ é A].) ° (lATQJCVA)
(1Y awa) o€ o (dd) (17 ¢ "1)e (17ck) o (17(1Y Wa)) -

o (1" (¢ V1)), by Lattice Coherence, provided A is not 0,
= (1Y) ((17€*1)"1)edo (17€') o (17c¥) o (17 (1Va))

A

o (1" (¢ ¥1)), by Symmetric Net Coherence,
= (1) (17 € 71)"1) oo (17 (1ma,a)) « (10 (1 b)) -
o (1" (e V1)), by (mé),
= ((17¢ *1)V1)odo (1" (¢ ¥1)), by bifunctorial and naturality
equations, and (wm),

= LHS*, by (dV nat).
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If Ais @, then LHS* = RHS* by Semilattice Coherence.
(wvy2) For f:Ti"C "L F AYA', g: TY"C"TY F BYA” and h: T F
A1YCV Ay, with TV, T and A as in (w~y 1), we have in D the equation
C“tF’zhAl(hvw%;,r;Ar;',r;'/\R(ﬁ 9)) =

CZ/\B VA/7A,A//7@7~U§/%B VA/,A”,@w%}:‘F”,Q/\R(CU‘tFIQ,Al (h, f), Cutr‘/2/7A1 (h, g))7

where the complexity of the clean cut cutr; a, (h, f) is (d, ") with " <,
and analogously for the clean cut cutpy a, (h, g).

For f/:T'"C'+AYA', ¢':T""C+ BYA" and ': T F C' VA defined as in
(w~1), we have by Semilattice Coherence and bifunctorial and naturality

equations that the left-hand side of our equation is equal to
(Vanp 1) o (€4 p.arar 1) ((f"g)'1) e LHS" o (1"h)

where LHS* is (1" ¢ *1)¥1)+ (1" W¢)¥1) o d, while the right-hand side is

equal to

(1Y aba)e(1V€ V1) (1) e €y g avaarva (f YD) (g VD))= (d"d)e
o (1MWM17R) o (10 ¢ 1) o (17 dbr).

We have by Symmetric Net Coherence that
Y = (1 v V1 Y V1
eA7B,A/VA’A//\/A = ( (ANB)V AY CA,A” A)O(eA,B,A’,A” A\/A)O
Vv
° eth’,BVA’QA)A'

Then, by bifunctorial and naturality equations, and (¢¢) (see the List of

Equations), the right-hand side is equal to
(1np"1) o (€4 parar 1) e ((f"g) 1) e RHS" o (1")
where

RHS* = (1\//1.,\‘./)A) ° é%lAC,F/,/\C,A,A © (d/\d) ° (].A é /\1) ° (1/\’1_/,[\70\/A)

= LHS*, asin (w~y1).

(wvy3) For f: I "C'TY"A F A g: T{"C'TY"B F A” and h : T +
A1YC VYA, with IV, T” and A as in (w~ 1), we have in D the equation
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CUtF’z/AAvB,A1(haw#§7F§AF§/7F§'AAVBVL(f’ 9)) =

L R RA LT
Crinri 0, AVB,0CA A A QWAT A gWTY T AVB
\/L(CII-\I/7A7F,@CUZSF/2/\A7A1(h7 ), C%,,7B,Fymcut1‘/2//\B7Al(h,g)),
where the complexity of the clean cut cutrinaa, (h, f) is (d,7') with r <1/,
and analogously for the clean cut cutrysp a, (h,g).
For h': T F C' VA defined as in (w~ 1), we have by Semilattice Coherence

and bifunctorial and naturality equations that the left-hand side of our

equation is equal to
(f 9" 1)+ LHS* = (1) (1"155"1)

where LHS* is (€'V1)o((1" ¢ "1)¥1)o((1" ¢)¥1)odo (1" (W v1)), while
the right-hand side is equal to

(f"g"1) e RHS™ = (1"h/) = (1"15.5"1)

RHS* = (1Vwa)e(1Vé V1) ((17¢)V1V(1" ¢)V1) o (dVd) -
(1 8) (10 8)) < &'+ (17 8) o (11 & 71)» (1 o)
= (1Y wa) (V1) ((1" € 1)"1)=((1"€)"1)od=(1"€') =
o (1" Weva), by Symmetric Net Coherence,
= (1Ywa)e (V1) (17 € "1)"1)= ((1"€) 1) ed= (17€') =
@ (17ek) < (17(1Y wa)) = (17 (e V1)),
by Lattice Coherence, provided A is not ),

= LHS*, by (m¢), (wm) and bifunctorial and naturality equations
(cf. the case (w~v1)).

If A is (), then we obtain that LHS* = RHS* by Semilattice Coherence, in
a simplified version of the derivation above.
(wA1l) For f:T1"AABT,"A"BF A’ and h: T+ A1YA N BYA,y, with
I" and A as in (w~y 1), we have in D the equation

L Lry_
cut@7A1(h7wF,ﬂF/2)®/\ f)=

A LT L.L
wﬁf,@,@wpf,@,@ culp,a, (hy A Cr/, AAB.T,0 CUtFéAAAB,Al (hy £))s
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where the complexity of the clean cut Cut]_“/zAAAB’Al(h,f) is (d,r’") with
<.

Then, by the induction hypothesis, cutr,aarp a, (h, f) = f', for a cut-
free Gentzen term f’, which by the Atomic-k Lemma we may assume to be
k-atomized. (As a matter of fact, our procedure of cut elimination is such
that it produces out of a clean cut a k-atomized cut-free Gentzen term.)
The topmost cut cutg a, (h, /\LC%/,AAB,F,Q}f’)? whose right rank is 1, is clean,
and its complexity is (d,r’) with 7’ < r.

To justify the equation displayed above, we proceed as follows. For
B :TF AABYA defined as in (w~v1), we have by Semilattice Coherence
and bifunctorial and naturality equations that the left-hand side of our
equation is equal to

(f"1) e (1" 1%rp) 1) e LHS™ o (1"A1),

where LHS* is ((1" ¢ “1)V1)ed o (1" (Wasp V1)), while the right-hand side
is equal to

(f 1) = (1" 1%p) 1) - RHS™ = (1"1)

=
U
*
I
-
<
g
L
o
=
>
o>

)1)e(d"1)-((17€) 1) ede (1" Wanpva)
= (1" wa)>((1"€1)1)ede(1"€) o (1" Warpva),
by Symmetric Net Coherence,
(1¥aba) (11 & "1)* 1) (17&) « (17eF) - (17 (1 b))
o (1" (Wanp¥1)), by Lattice Coherence, provided A is not {),

= LHS*, by (m¢), (wm) and bifunctorial and naturality equations
(cf. the case (w~v1)).

If A is (), then we obtain that LHS* = RHS* by Semilattice Coherence, in
a simplified version of the derivation above.

(wv1l) For f: T1"AVB'TYAF A, g:T""BF A" and h: T F
A1YAV BYAg, with T and A as in (wv 1), we have in D the equation

cutg a, (h, U}I[‘//PF/ZAFN,@\/L(J[? 9)) =

CRr A A WAL A 9T g euto.a, (s VE (el o p geutryaa, (B, 1), 9)),
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where the complexity of the clean cut cutr;na a, (h, f)is (d,r") with v/ <.

Then, by the induction hypothesis, cutr;sa a, (h, f) = f' for a cut-free
Gentzen term f’, which by the Atomic-k Lemma we may assume to be
k-atomized. The topmost cut cutg a, (h, \/L(CIQ/yAI,@f’,g)), whose rank is
1, is clean, and its complexity is (d,r’) with ' < r.

To justify the equation displayed above, we proceed as follows. For
K :TF AV BYA defined as in (w~1), we have by Semilattice Coherence
and bifunctorial and naturality equations that the left-hand side of our
equation is equal to (fVg¥1)e LHS* ¢ (1"h') where LHS* is

(£V1)((1 & "1)"1) o do (17(1" 150 ) 1)) e (1" (.4 V1)),

while the right-hand side is equal to (f ¥g¥1)e RHS* o (1"h') where

A

RHS* = (1Vwa) o (1V¢E V1)« ((17¢)V1)o(dV1) o ((17¢)V1) o (e'V1)od o
o(17¢ 1) 0 (1" (15v"1)) e (1" WaypvA)
= (1" wa) e (V1) (1" € 1)"1)ede(17e) o (17 (155 1)) -
o (17 Waypva), by Symmetric Net Coherence,
— (1V4a) < (€71) (17 6 71)"1) o d e (1°') « (17 (155 V1)) -
o (17°e") o (17 (1Y wa)) » (1" (Wavp '1)),
by Lattice Coherence, provided A is not (),
= LHS*, by (m¢), (wm) and bifunctorial and naturality equations
(cf. the case (w~v1)).
If A is (), then we obtain that LHS* = RHS* by Semilattice Coherence, in
a simplified version of the derivation above.
We proceed analogously in the case (w V 2).
(wv3) For f:T1"AV BT, AR A g: T/"AV B"TY"B F A” and
h:T+HAYAV BYAy, with TV, T” and A as in (w~v 1), we have in D the

equation
L L _ R RA LT
cutg,a, (hywey pyary g oV (f19)) = €A a8 0WAT A7, 0,0WE 00,0
L(.L L
cutp,a, (hs VZ(ers apgeutrynan, (h, [, cpn grgeutryapa, (b, 9)),

where the complexity of the clean cut cutr;ra a, (h, f)is (d,r") with " < r,

and analogously for the clean cut cutrysp a, (h,g)-
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Then, by the induction hypothesis, these two cuts are equal to the cut-
free Gentzen terms f’ and ¢’, respectively, which by the Atomic-k Lemma
we may assume to be k-atomized. The topmost cut

cutga, (h,VE(cts o of's o prod))s

whose right rank is 1, is clean, and its complexity is (d,r’) with v’ < r.

To justify the equation displayed above we proceed as follows. For
h:TF AV BYA defined as in (w+1), we have by Semilattice Coherence
and bifunctorial and naturality equations that the left-hand side of our
equation is equal to (fYg¥1)e LHS* < (1"h') where LHS* is

(€71)2 (178 "1)71) (17 *1)“1) o do (17((1 1) 1))
(114 avp) 1)) e (1 (do.av 1)),

while the right-hand side is equal to (f ¥g¥1)e RHS* - (1"h') where

RHS* = (1Vwa) o (1Y) (1Y ¢ V1) o ((17€)V1Y (17 ¢)V1) o (dVd V1)~
(17 €)Y (12 8)1) - (1) oo (17 6 ")+ (1" (15.0571))
o (1" wavpva)e (1" Wavpva)
= (1Vawa)e (1Vawa)e(eV1)o (17 ¢ "1)V1) o ((17 ¢ "1)V1)od-

(1) (1) o (17 (1557 1)) « (18 doavisva) - (1 v va),
by Symmetric Net Coherence,

= LHS*, by Lattice Coherence, (m ¢), (wm) and bifunctorial and
naturality equations, provided A is not @) (cf. the case (w~1)).

If A is (), then we obtain that LHS* = RHS* by Semilattice Coherence, in
a simplified version of the derivation above.

Note that the cases (wv2), (wv3), (wAl), (wV1), (wVv2)and (wV3)
are dealt with in the spirit of Gentzen. The case (w~y 1), which involves

mix, was not envisaged by him. This concludes the proof. -

§11.3. Coherence of distributive lattice categories

The essential ingredient in our proof of coherence for the category DL is
the Cut-Elimination Theorem of the preceding section. Another ingredient

is Restricted Mix-Lattice Coherence of §10.2. Before proving coherence for
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DL, we consider some matters that serve to connect DL with the category
ML, but are also of an independent interest.
With the abbreviations

540D =df €4 acp°(@aNloyp): AN(CVD)E(ANC)V (AND),

gD,C,A =45 (1D/\C\/1\1/}A)°élD7c7A7A5 (DVAAN(CVAEDAC)VA,

tacp =4 (Wa Alovp)echcap: (ANC)V(AAD)FAA(CV D),

tpea =4 hoare(IprcVia): (DAC)VAF(DVA)ACY A),

we obtain the following equations in DL as an immediate consequence of

(meé), (mé) and (wm):

A A
tacp°Sac,p=larcvp)

V2 A\
Sp.ca°tpea=loarcyva-

This means that 5, . p is a right inverse (i.e. section) of tAA7C7D, while
$p.c.a is a left inverse (i.e. retraction) of %D’C’A (see [100], Section 1.5). It
is easy to see that I?AycyD and §A7C7D are not inverse to each other in DL,
since G(§A)C)D ° é\A’C’D) is different from G(1(ancyv(anpy); analogously,
¢ p.c.a and $ p.c.a are not inverse to each other. The types of the arrow
terms in the families § and s give what is usually called distribution of A
over V and distribution of V over A. However, these arrow terms do not
stand for isomorphisms in DL.

For every formula A of L4 v, let A be any formula of L\ in dis-
junctive normal form (dnf; see §10.2) such that there is an arrow term
4 Adnf - A of C(L) and an arrow term 54: A - A9 of C(DL) for which
in DL we have £4 o §4 = 14. (We do not require the uniqueness of 4 and
54, as we did not require the uniqueness of A%%.) That for every formula
A of L, there is a formula A" is shown by an easy induction on the
number of occurrences of V in the scope of an occurrence of A.

Dually, for every formula A of L, v, let A°Y be any formula in con-

junctive normal form (cnf; see §10.2) such that there is an arrow term
£4: At A of C(L) and an arrow term s*: A° I A of C(DL) for which
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in DL we have §4 o {4 = 1,4. That for every formula A of £, there is a
formula A is shown by an easy induction, as above.

For ¢ € {A, V}, the arrow terms £ are built out of arrow terms of the
form ;B’C’D and arrow terms of C(S) with the help of the operations A, V
and o on arrow terms, while the arrow terms §4 are built out of arrow terms
of the form $ p,c,p and arrow terms of C(S) with the help of the operations
A, V, and o on arrow terms. For example, if Ais pA ((¢V (rAs))Vq), and
A s (pAq)V ((pAT)As))V (pAq) (this is the source of the arrow term
~ we had as an example in §10.2), then we can take that 4 s

Ay A A

tp,qv(r/\s),q ° (tp,q,r/\s le/\q) ° ((1;0/\q N b;;r,s) N 117/\4)7
while 54 is

A_} A A
((1p/\q \ bp,r,s) \ 1p/\q) ° (Sp,q,r/\s \ 111/\q) ° Sp,qv(r/\s),q'
It is easy to verify, by referring to definitions, that a cut-free Gentzen

term of D of the type A+ B for A in L, and B in £y denotes an arrow
(f, A, B) of D such that f is an arrow term of C(ML). As a consequence

of that and of the Cut-Elimination Theorem of the preceding section, we

obtain the following.

PROPOSITION. For A in Lx and B in Ly, every arrow term of C(DL) of
type A+ B is equal in DL to an arrow term of C(ML).

Then we can prove the following lemma, which appeals to the notion of
settled normal form of §10.2.

NORMAL-FORM LEMMA. Every arrow term f: A% = B of C(DL) is

equal in DL to an arrow term of C(GMUL) in settled normal form.

PrOOF. As in the proof of the Normal-Form Lemma of §10.2, we make
an induction on the number of occurrences of V in A and A in B. If there
are no such occurrences of A and V, then we apply the Proposition above
and the Normal-Form Lemma of §10.2. For the remainder of the proof we
proceed as in the proof of that lemma in §10.2. _

Then we can prove the following.
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DISTRIBUTIVE LATTICE COHERENCE. The functor G from DL to Rel is
faithful.

PROOF. Suppose f,g: AF B are arrow terms of C(DL). If Gf = Gg, then
G(%B ofo 7?“) = G(%B ogo 7?“) By the Normal-Form Lemma above, we
have in DL that {2 o fo t4 = f' and {? ogo t4 = ¢ for f' and ¢ arrow
terms of C(ML). By Restricted Mix-Lattice Coherence of §10.2, we have
that f/ = ¢’ in ML, and hence also in DL. So in DL we have

v v A A v v A A
sBotBofotAosAszotBogotAosA

and hence f = g. -

A logical system synonymous with C(DL) may be obtained by taking
¢ or ¢’ as primitive transformations instead of d, since in DL we have the

equation

A
dapc=LarV kS o) apce(WaAlpyo),

which can easily be checked by Distributive Lattice Coherence. Analo-

Vv Vv . o . . .
gously, we could take e or €’ as primitive, since in DL we have

\2
dC,B,A - (1C/\B vV ﬁ/]A) ° é/(J,B,A,A o (klc',A A 1B\/A).

Alternative primitive transformations are § and §, whose members occur
in the two equations above. With such alternative primitives, however, we
have not managed to find an axiomatization simpler than what we have for
&(DL) and £(DL/).

A primitive of the same type as § was considered in [91] and [92] as an
addition to St ; extended with the isomorphism of A A L with L. In the
presence of this isomorphism, we cannot expect coherence with respect to
Rel with a functor such as our functors G. The coherence result of [91] is
a restricted coherence result in the sense of preorder, while the coherence
result of [92] is a result about a faithful functor into Rel, which differs from
our functor G with respect to A. The equations of those papers without T
and L hold, however, in DL.

If to £(DL) we add the equation 5, ¢ p ° tAA,aD = 1(arc)v(AnD) OF

the equation gD’C’A 0 §D707A = 1(pva)a(cva), then we can derive that all
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arrow terms of the same type are equal. Here is a proof of that fact for the
first equation. (We proceed analogously with the second equation.)
We have that

A A
a=52pp°tanpns=LAarB)vArB),

A A A A A A
B=(¢paVcpa)esganctpaac(CanVcan)=1arpyvanp):-

So a U 8 = 1ianB)v(arB), by (U idemp). By Distributive Lattice Coher-
ence, we infer that

2 4 2 2
1 2 1 2 _ .
(kanp.ans Ykans ans: Kanp ans Y Kans.ansl = LanB)v(ans);

therefore, with (Vf) (see the List of Equations), we have

11 11 1.2 1.2
karng.ane =Fkanp.ane YKarpans =Karp,ane-

For f,g: AF B, we have

[FALa,gALaloklingana = [FALA, 9 ALl k%4 ana
fALa =gAla, by (VB),
fe ]Aﬁh,A =ge ]2114,A’ by (k! nat),

from which we infer f = g with (ﬁ)l@) (see §9.1). So § and ¢ cannot be
inverses of each other in the context of DL without preorder, i.e. triviality.
(For a result of the same kind, see [22], Proposition 3.1.)

The category Set of sets with functions is a lattice category with A being
cartesian product x and V being disjoint union + (cf. §9.6). Products and
coproducts are unique up to isomorphism (see [100], Sections IV.1-2), and
so there is no alternative lattice-category structure in Set. Since Set is,
of course, not a preorder, we can conclude, according to what we said
above, that it is not a distributive lattice category with §,, . a x (b+¢)F
(a xb) + (a x ¢) and ¢ (axb)+ (axc)kF ax(b+ c) being up to
associativity like identity arrows (for example, with z € a and y € b, we have
b el (4,%) = (), %)). With dype defined as (Loxp V £2.0) e 8,4,
the equation (d g) of §7.2 does not hold in Set, as noted in [22] (Section 3;
the remaining specific equations of £(DA) hold in Set). At the same place,

a,b,c’
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an argument is presented that Set with A and V being x and + cannot
satisfy (d lv)) for any definition of d* and d®. Here is another argument to
the same effect.

The category Set is not a distributive lattice category. If it were that,
then we would have in it for every set a a function myq:a xa = a+a

that satisfies the following instance of the equation (cm) of §8.4:

A

v
Ma,a° Ca,a = Ca,a °Ma,a-

If a = {z}, then, since a x a = {(x,x)} is a terminal object, we obtain

Vv
Mg,q = Ca,a °Ma,a-

There are only two functions from a X a to a + a = {(z,*), (*,2)}, and
none of them satisfies the last equation, because ¢4 (7,%) = (x,2) and
¢a.a(*,2) = (z,%). This argument shows also that Set is not a mix-lattice

category.

811.4. Legitimate relations

At the end of §9.2, we made a brief comment on the image under the
functor G of the categories i\LT and L. Once we have proved Distributive
Lattice Coherence, it is of some interest to consider the image under G of
the category DL. We will devote the present section to this matter.

For A and B formulae of L4 v, we will say that a relation R C GAxGB
is legitimate when there is an arrow term f: A - B of C(DL) such that
Gf = R. We will prove two propositions that will enable us to decide
whether a relation is legitimate.

For k and [ finite ordinals, let k%! be the set {n+1 | n € k}. Other
notions mentioned in the statements and proofs of our two propositions are
defined in the preceding section and in §10.2.

PROPOSITION 1. In GA™ = ki + ...+ k,, forn > 1, and GBY =
L+ ...+ lm, form>1, let k;, fori e {l,...,n}, be GA; for a minimal
disjunct A; of A%, and let l;, for j € {1,...,m}, be GB; for a minimal
conjunct Bj of B, Then a relation R C GA¥ x GB® is legitimate
iff for every i € {1,...,n} and every j € {1,...,m} the relation R N

a4k Loty
(kbR l;”Jr Yy s not empty.
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PROOF. Suppose R is legitimate; i.e., there is an arrow term f: A9 - Benf
of C(DL) such that Gf = R. By the Normal-Form Lemma of the preced-
ing section, f is equal in DL to an arrow term of C(GML) in normal
form. Then the molecular correspondence (see §10.2) is enough to prove
the proposition from left to right, because for every molecular component
f’ we have that Gf’ is not empty. For the other direction, we build out
of the relations RN (k:jk1+"'+ki‘l X l;lﬁwﬂj’l) arrow terms of C(GML)
in bracket-free normal form, which we then combine, as molecular compo-
nents, to build an f in normal form such that Gf = R. a

We can check that the relation G7y, which we have drawn in §10.2,
satisfies the condition equivalent to legitimacy stated in Proposition 1. For
example, for the couple (Ag, B3) we have {(2,3),(2,4)} C Gy n (372 x
3+1%2). The molecular component of y corresponding to (As, B3) is 83U ;.

For the second of our two propositions, remember that, according to
the definition of §2.9, we write composition of relations from right to left,

as composition of functions.

PROPOSITION 2. The relation R C GA x GB is legitimate iff the relation
GiPoRoG 1A C GA x GBY s legitimate.

PROOF. The left-to-right direction of the proposition is trivial. For the
other direction, suppose G {PoRoG 4 is legitimate. Then

G§PeGlPR-G1*-G 8",
which is equal to R, is legitimate. n

By combining Propositions 1 and 2 we can decide whether any relation
R C GA x GB is legitimate.

For the mazimal relation Ryax € GA X GB we have (i,j) € Ryax when
the i4+1-th occurrence of letter in A (counting from the left) and the j+1-th
occurrence of letter in B are occurrences of the same letter. For v: A+ B
being our arrow term of §10.2, we have that G~ is not Ry.x C GAXGB. If
+' is obtained from ~ by replacing a3 and a4 by agUay, then G4 coincides
with Rmax € GA x GB.

We can use maximal relations to solve the theoremhood problem for the
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category DL. If any relation R C GA x GB is legitimate, then Ry.x C
GAXxGB is legitimate. So, to check whether there is an arrow of type A + B
in DL, it is enough to check whether R,,.x C GA x GB is legitimate. The
theoremhood problem for DL is, however, solved in a much more familiar
way by noting that there is an arrow of type A - B in DL iff the implication
A — B is a tautology.

811.5. Coherence of distributive dicartesian categories

To obtain the natural logical category DLt ;, we have that the logical
system C(DL ) isin L v 7,1, with the transformations « included in 1,
b, ¢, w-k, m, d and 0-0. The specific equations of £(DL~ ) are obtained
by taking the union of those of £(DL) and £(LT, ) minus the equations
(mé) and (m¢). We call natural DL | -categories distributive dicartesian
categories. The objects of a distributive dicartesian category that is a
partial order make a distributive lattice with top and bottom.

Note that the equations (6 d¥), (5 d*), (3 d®) and (& d®) of §7.9 hold

in DL ;. It suffices to derive the first two of these equations:
(d") dvpc= (05 V1c)°05ve:

4 \4
(5dL) daB L = 52/\3 O(lA A 53),

the remaining two equations then follow easily. For (¢ d¥), since 63, =

IQQT pves we have that the right-hand side is equal to

A
(0% V1c)e (k% g V1c)edrBC

by (dlAc), and this is equal to dt p,c. Conversely, as we noted in §11.1, one
can derive (dk) from (6 d-) by precomposing with A4 A1pyc. We proceed
analogously for (g d*).

With the help of (d/Af), (d/vc) and Lemma 2 of §9.6 we obtain the following
equations of DL | :

(ATT) darT =kynr1o(lanfrvr),

(dLl) di o= (FiaL V1c)e ki_,J_vC'
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With the help of (6 d*) or (dTT), together with Restricted Dicartesian
Coherence, we obtain that the equation (mT) of MLt ; (see §10.3) holds
in DLt ;. For (mLl) (see §10.3), we rely on (5 d¥) or (dL1), and Re-
stricted Dicartesian Coherence. So in £(DL+ ;) we have all the equations
of &ML, ).

The equations (mé) and (mé) of §11.1 are derivable for DLt . To
derive (m €), we first establish this equation for C' and D being T. We can
achieve that by relying on

mr,1e[6%, 65 =11y,
for which we use (dTT). So we have

AS A AN
1 1 N _ 1
(katVkpt)e€aptT=maB°kypTyT

Then we use
A A A A
Moo=k re(anhe), M=k oA ko),
A
kL (

A
_ 1 A A
ans.ovp= karp vt (lans A (ke V kb))

We proceed analogously for (m €).

Let C and C’ be respectively the logical systems C(DLt | ) and C(AT ),
while £ is £(DLt ;). Next, let B be C/€, that is DLt ;. Then it is easy
to see that the conditions (IVC) and (IVB) of §3.1 are satisfied. Since
the C'-core of C/€ is the category At |, by Bimonoidal Coherence of §6.1,
we have that the condition (IVG) of §3.1 is also satisfied. So (IV) holds,
and since AT | is a preorder, by Bimonoidal Coherence, we can apply
the Strictification Theorem of §3.1 to obtain that the category DL?EL,
that is DL%J_7 is equivalent to DL+ | via two strong C(DLT j )-functors.
According to §6.2, the objects of DL‘-AF’TJ_’L may be identified with form
sequences of L v 7,1 in the extended sense.

Let D be now the category DL?lL. We use the terminology of §11.1
with the following changes.

A basic sequence of colour ¢ € {A,V} of D is a form sequence of L v 7,1
in the extended sense that is either of the form (A;...A,, ¢), for n > 2
and A;, where ¢ € {1,...,n}, a formula of LA\ 7,1, or it is a formula of

LavT,1,oritis (B, ¢). The basic sequence (0, ¢) has no members.
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We define Gentzen terms by induction as in §11.1 with the following
additions. Besides 1;' : p F p, which, as before, denotes the arrow (1,,p,p)
of D, we put among atomic Gentzen terms 1% : (, A) - T, which denotes
(11,(0,A), T), and 19 : L F (0,V), which denotes (1,,1,(,V)). The
Gentzen operations ¢, ¢, k&, kR, wl, w?, cut, miz, AN¥, AE, vE and VE
are defined as before, save that ¢, w and d are now replaced by ¢, w” and
d’. In D we have now the equations

¢

i

£
Wihe = L.e, by (10) (see §9.2),
b 4= = Lon(ava), it © = (0,A) or Z = (B, V), by (6d%) or (8 d").

=1lgez, O =(0,¢) or == (0,¢), by (égé) (see §5.3),

oI
(1

¢ ¢
Note that now kl(@ o,z and k2% (0,¢) are defined in D, and they are equal

to f{% With this in mind, we may continue using the other abbreviations
we had before.

If 1% denotes (1, T, (D, A)), and 1% denotes (1, (®,V), L), then for
f: T F A we have in D the equations

(T) Kkf=fekif s =fo(LrRY)=fe(15),
(L) KR =k2 qof = (K7¥A)ef=(11"A) f.

For (T), we rely on the fact that 12124,3 = 64 o(ka Alp) in L+ and

6% = 1x in D, and analogously for ().

We prove the Gentzenization Lemma as in §11.1, with the following
additions. We have that (1+, T, T) is denoted by k%1% while (1,, L, 1) is
denoted by k%1 . To show that, we rely on the equations (T) and (L). We
also have that (K4, A, T) is denoted by k%1%, while (k4, L, A) is denoted
by k§19. (We can define the arrow terms in the family J-o in terms of
those in the family x; see §9.2.) If we have a sequent arrow (f,T'; A) and T
is (0, A\) or A'is (0, V), then we proceed as before by using 1% or 15 .

As before, a Gentzen term is k-atomized when for every subterm of it
of the form k% or k§ we have that A is a an atomic formula, which now
means that it is a letter or T or 1. We prove the Atomic-k Lemma of §11.2

exactly as before.
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Note that we keep the Gentzen operations ki and k% which need not
be in the spirit of Gentzen. For f: '+ A, Gentzen would perhaps equate
kL f with an arrow obtained from 1% : L + (0, V) by thinning with I' on the
left and A on the right, and he would equate kL f with an arrow obtained
from 1%: (), A) F T by thinning with I' on the left and A on the right. We
do not do that.

To define clusters and rank, we now count among the leaf formulae of
h also the occurrences of T and L in the types of 1% : (),A) F T and
19: L F (0,Vv) when h is one of these Gentzen terms.

With the definition of blocked w” and w® subterms copied from what
we had in §11.2, we can prove the Blocked-w Lemma as before. The degree
of a cut is as before the number of occurrences of connectives in the cut
formula; here we count T and L among these connectives. We can then

prove the Cut-Elimination Theorem for the new category D.

Proor oF THE CUT-ELIMINATION THEOREM. We enlarge the proof in
§11.2 with the following cases.

If the complexity of our clean cut is (d, 2) for d > 0 and the cut formula is
T, then our clean cut can be of the form cut g ¢(1%, k% f), which for f: I' - A
is equal to f in D by relying on (T) and the equation dii,‘r,((z),v) = 1pat of
D, which we obtain by using the equation (g d*). The remaining possible
form of our clean cut can be cutg g(kfg, k% f), which is equal to miz(f, g)
in D. (This last step is not in the spirit of Gentzen, who did not envisage
our miz.)

If the complexity of our clean cut is (d,2) for d > 0 and the cut formula
is L, then we proceed analogously. We rely now on the equations (L) and
(6 db).

If the complexity of our clean cut is (d,r) for » > 2 and the right rank
of this clean cut is greater than 1, then we proceed as in the proof of the
Cut-Elimination Theorem in §11.2. Note that 12:1’(’@ AL B is defined in D and

is equal to #’;. So case (3) can now be handled without distinguishing
cases as in §11.2.

We proceed analogously if the left rank is greater than 1, and the re-
mainder of the proof follows the proof of the Cut-Elimination Theorem of
§11.2. -
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We can then prove the following.

DISTRIBUTIVE DICARTESIAN COHERENCE. The functor G from DL~ | to
Rel is faithful.

We proceed as for the proof of Distributive Lattice Coherence in §11.3. In
the Proposition and in the Normal-Form Lemma of §11.3, and at other
appropriate places, we replace L5, Ly, DL and ML by LA 1.1, Lv.T,1,
DL+ ; and ML~ |, respectively. We now use Restricted Mix-Dicartesian
Coherence of §10.3 instead of Restricted Mix-Lattice Coherence.

When we look for conditions of legitimacy of relations, we take over for
DL~ | Proposition 2 of the preceding section as it stands. Proposition 1 of
that section can now have RN (k;rlir"'Jrki’l X l;ll+"'+lj_l)
either 1 isin A; or T is in B;.

As far as the maximality of DL and DLt ;| is concerned, we conjecture
that DL is not maximal. We conjectured at the end of §10.3 that we could

extend £(ML) with m,, = my,° ¢,, without falling into preorder. We

empty, provided

conjecture the same thing for £(DL). There are other such equations,
which we will not try to classify here. For DLt | we can show that it is
relatively maximal in the same sense in which L+ | is maximal (see §9.7).
Namely, every distributive dicartesian category that satisfies an equation
between arrow terms of C(DL ) that is not in £(DL+ 1) satisfies also
the equations (/Afl\%) and (lAclvf fg). The argument in §9.7 can be transferred
to the present context to demonstrate this fact. Some of these distributive
dicartesian categories may, of course, satisfy more, as indicated at the end
of §9.7.

It can be shown that the arrows of DL that are isomorphisms are de-
noted by arrow terms of C(S). So S catches the isomorphisms fragment
of DL (cf. [44] for an analogous result showing that S catches the isomor-
phisms fragment of f_,, and é-r the isomorphisms fragment of f_rr) That
can be established by an argument based on coherence and on distinguished

disjunctive and conjunctive normal forms.



Chapter 12

Zero-Lattice Categories

A kind of dual of the operation of union of proofs is the notion of zero proof.
With zero proofs, which are mapped into empty relations in establishing
coherence, we disregard provability in logic. With a zero proof we can pass
from any premise to any conclusion.

We first prove coherence for categories with finite products and coprod-
ucts to which we add zero arrows, i.e. arrows that correspond to zero proofs.
We call such categories zero-lattice categories. Zero arrows amount in this
context to the inverse of the mix principle of Chapter 8. Our technique for
the proof of coherence is based on composition elimination. Maximality,
i.e. the impossibility to extend axioms without collapse into preorder, is
easy to establish for zero-lattice categories.

As an example of a zero-lattice category in which the operations cor-
responding to conjunction and disjunction are not isomorphic, we have
the category Set, of sets with a distinguished object * and *-preserving
functions. By inverting the operations corresponding to conjunction and
disjunction, we have as a subcategory in every zero-lattice category, and in
Set, in particular, a symmetric double monoidal category with dissociativ-
ity, and without unit objects, such as those for which we proved coherence
in Chapter 7.

We also consider adding only zero arrows that correspond to proofs
in conjunctive-disjunctive logic, in the sense that we have also non-zero
proofs with the same premises and conclusions. We call such zero arrows

zero-identity arrows. We prove coherence when zero-identity arrows are

275



276 CHAPTER 12. ZERO-LATTICE CATEGORIES

added to the categories of Chapter 11, and restricted coherence when they
are added to the categories of Chapter 10. These categories are interesting
because Gentzen’s procedure can be modified to incorporate zero-identity
arrows. The modified procedure can yield coherence not only with respect
to the category whose arrows are relations between finite ordinals, but also
with respect to the category whose arrows are matrices, where composition

is matrix multiplication.

812.1. Zero-lattice and zero-dicartesian categories

To obtain the natural logical category ZL, we have that the logical system
C(ZL) is in L v, with the transformations « included in 1, b, ¢, w-k and
m~L. The specific equations of £(ZL) are those of £(L) plus

-1 22 -1 _ja 21 -1 _j2
(m=0) kA,B °Mmy p° kA,B = kB,A °Mp 4° kB,A>
A Vv A Vv
—1 1 -1 1 _ 72 -1 2 _
(m~1) kA,B °Mmy p° kA,B = kB,A °Mp 4° kB,A =14

We call natural ZL-categories zero-lattice categories. The reason for this
name will become clear below.

Note first that in ZL we have the equation

-1 —1 4 A —1
(em™") Mp A°CBA=CAB°My p,

which is dual to the equation (cm) of §8.4. We derive (cm™1) as follows,

with subscripts omitted:

— v
mlOC

[m='e k2,m~1o k1], by (&) and (K 3),

= ([k' om~ Vo k2, k1 omto 1), [k2 o1 o k2, k2 em 1o k1)),
by () and (K 3),
= (k2 om~to k1, k2 om0 k2], [kL om 1o k1, k1 om0 k2]),

by (m~10) and (m=11),

= (k2 om~Vo k1, kL om =t o k1), (k2 om Lo k2, k1 om e k2)],

by (in-out),

= ¢om1, by (K 3), (vn) and (&)

(see the List of Equations at the end of the book for all the equations

mentioned in this derivation).
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We can derive analogously the following dual of the equation (bm) of
68.2:

- -1 —1 iy 2 -1 —
(bm™1) (mapAlc)emaypcebdpc=b07pc Maprce(laV mB,lC)‘

The equations (bm) and (e¢m) are specific equations for the category MS
of §8.5. The remaining specific equations of £(MS) are delivered by the
equations of £(L). Since we have a functor G from ZL to Rel, and we
have coherence for MS, i.e. the faithfulness of G from MS to Rel, we
can conclude that ZL has a subcategory isomorphic to MS°’, with the
isomorphism being identity on objects.

If we assume the equation (cm™!) as primitive for £(ZL), then the
equation (m~!0) becomes superfluous, and from the equations (m=11) it is
enough to keep either 1?1}4,,3 omyly e 12}47,3 =1yo0r 1?123714 emply e lvsz’A =14.

A logical system C(0ZL) synonymous with C(ZL) (see the end of §2.4
for this notion of synonymity) is obtained by having as primitive instead
of m~1! the transformation 0 whose members 0 AB: AF B are called zero
arrow terms. Zero arrow terms, which denote zero arrows, are defined in

terms of m~! by

/\2 1 \/1
04, =df kA,B °My p° kA,B
1 -1 72 -1
= kB,A °eMmp 4° kB,Av by (m~10),
and m~! is defined in terms of 0 by

mZ,lB =4f ([14,0B,4],[04,5,1B])
= [(14,04,B),(05,4,1B)], by (in-out).

It is clear that GO 4 p is the empty relation ) C GA x GB.
The specific equations of £(0ZL) are those of £(L) plus

fo04,4=0ppef=04sz,

for f: A F B. These equations deliver immediately the more general

equations

(0) fo0c,a=0¢cBz, Opcof =040,
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and they also deliver that the arrows 04 4 make a natural transforma-
tion from the identity functor to the identity functor; namely, one of these

equations is

(0 nat) fo04,4=0pp-°f,

which becomes (1 nat) when 04 4 and Op p are replaced by 14 and 1p
respectively. It is straightforward to check that ZL and 0ZL are isomorphic
categories. (The notion of zero arrow satisfying (0) is considered in [100],
Section VIIL.2, and [95], p. 279.)

Note that in 0ZL, and hence also in ZL, we have the equations

(0¢) 04,c€¢05p =04cB,ccD,

for ¢ € {A,V}. To derive (OA) we have

OA’C A OB’D - <0A’C ¢ kzl473’ OB»D ° kz24,B>v by (/\)a
= (k¢ ps k& p) °0anB,cap, by (0) and (K 3),
= 0anB.cAD, by (An) and (cat 1), or by (0),

and we proceed analogously for (0V). The equations (0 ¢), which are anal-
ogous to the bifunctorial equations ( ¢ 1) of §2.7, are null cases of the equa-
tions (U ¢) of §10.1.

Another logical system C(d~'ZL) synonymous with C(ZL), and hence
also with C(0ZL), is obtained by having as primitive instead of m~1!, or 0,

the transformation d—! whose members are
dy'p i AV(BAC)E (AVB)AC.

The type of d;x,lB,c is converse to the type of dff,B’C. The specific equations
of £(d~1ZL) are those of £(L) plus

1 ~1 —1 L1 1
(d='1) kAvB,C OdA,B,C ° kA,B/\C —Ra,B>
A Vv
—1 2 —1 2 _ 1.2
(d=2) kAvB,C OdA,B,C ° kA,B/\C = kB,Ca

(d13) kL cdyly oo k2 = k2 o k!
AVB,C A,B,C A,BANC — A B B,C

> H[<

That 0ZL and d~!ZL are isomorphic is demonstrated with the following

definitions:
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A Vv
_ 2 -1 1
04,0 =ar kAvB,C ° dA,B7C ° kA,B/\C’

d;i,lB,C —df (1av k}a,()a [OA,Cv k2B,C]>
= [<k}4,B, 0A,C>; ki,B A1lg).

This demonstration is quite straightforward; we will here just check that in
d~1ZL we have

-1 _ 21 72 —1 11 1.2
dypco=11aVkpc lkhupcodapcekapne ks ol

We show first with the help of (d=11), (d=12) and (d~!3) that the right-
hand side RHS of this equation is equal to the following arrow term with

subscripts omitted:

Vv

(k1 od™ o kL, k1 od ™ o k2], [k2 od~ Yo k1, k2 od~ 1o £2)).

)

Then it is enough to establish that
/\Z_ Ai 1
kAvB,C °RHS = kAvB,C °dA,B,Cv

for i € {1,2}, and use (An).
In C(ZL) we define d:l,lB,C by combining the definition of d~! in terms

of 0 and the definition of 0 in terms of m ™1, or by the following arrow term:

(Lavs A (K o em3l)) o ch o (ha V1pac)
AVB A,c °Macl))°Caanp.c° WA BAC)-

That we can do so will be clear after we have established coherence for ZL
with respect to Rel. Note that Gd;}B’C is an identity relation, i.e. identity
function, in Rel.

The dissociativity principle of the type AV (BAC) F (AV B)AC
of dZ,lB,c is contained in the trivial part of the modularity law, which is

satisfied in any lattice:
ifa<e, thenaVv (bAc)<(aVb)Ac

(see [9], Sections I.5 and 1.7). In the presence of an arrow f: A+ C, we
have in the logical category L an arrow g: AV (BAC)F (AV B)AC,
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which is defined like d_:l,lB,C in terms of 0 save that 04 ¢ in this definition
is replaced by f. The relation Gg, however, is not an identity relation in
that case, while Gd;,lB,c is an identity relation.

With ZL we have abandoned the realm of conjunctive-disjunctive logic
as far as provability is concerned. The type AV B F A A B of m™! does
not correspond in general to a logical consequence; namely, the implication
AV B = AN B is not a tautology. In ZL we have 04 5: A - B for any
formulae A and B. This does not mean, however, that we have abandoned
the realm of logic as far as equality of proofs is concerned. The coherence
results that we have show that adding zero arrows will not enable us to
demonstrate new equations between arrow terms in which 0 does not occur;
namely, the extension with zero arrows is conservative. And this extension
can be useful to facilitate calculations (cf. §13.1).

Bits of zero arrows already existed in all our categories whenever we had
T and 1, and this not only in the -0 and x families, but in other families
« as well. For example, 11: T F T, Iz'ix,‘r: AANTEFTand dm: TETAT
all have an empty image in Rel under G, and behave like zero arrows.

We have seen in §8.1 that m is like Gentzen’s mix (Mischung) where ©

1

is the empty sequence. In a similar vein, m~" is related to the following

version of Gentzen’s mix:

T - ALO O,Ts F Ay
[, TaF AL A

where either Ay or I's is empty, while © is any nonempty sequence of for-
mulae, and not necessarily a sequence of occurrences of the same formula,
as Gentzen requires. Such a principle is not logically valid as far as prov-
ability is concerned, as we have seen above. It is, however, safe to introduce
it if we are interested not in provability, but in equality of proofs.

Note that the following arrow term of C(L):

<’uv)A,1Y1A>:A\/A|—A/\A,
which is equal in L to [#4, %] and to (wa A 1Y}A)0011€47A7A7A0(11\/A V a),

stands behind Gentzen’s mix, with © a sequence of occurrences of the same

formula. However, G (w4, 4) is different from Gm',.
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It is pointless to add m ™! to the categories I, A and S, with appropriate
equations that guarantee coherence, since the resulting categories would be
isomorphic to MI, MA and MS. We just interchange A and V. On the
other hand, the categories ZL and ML are not isomorphic. (Compare this
with the remark on the symmetries of A, S and L, made at the end of
§9.6.)

To obtain the natural logical category ZLT |, we have that the logical
system C(ZLt 1) isin L v 7,1, with the transformations « included in 1,
b, ¢, w-k, -0 and m~!. The specific equations of £(ZL~_ ) are obtained by
taking the union of those of £(ZL) and E(Lv ;). We call natural ZL | -
categories zero-dicartesian categories.

Note that in ZLt_; the following equations hold:

ka= f = 04T, for f: AFT,
ka= f = 0L 4, for f: LF A,

k1 =kt = 01T,

A Vv
kt = 1v = 01, kp =1, =04,

J— ” 2
2 1 Y
1,1 — kJ_,J_ = OL/\L, , kT,T = kT,T — OT,T\/ )

The arrow Ot ; : T F L is the inverse of 0; 7: L = T, and so T and L
are isomorphic in ZLt ;. Hence T and L are both terminal and initial
objects in ZLt ;, which means that they are null objects in the sense of
[100] (Section 1.5).

We also have in ZL~ | the equation

(0TL) Oap=#kpoO0T_ooha,

according to which Ot ; could be taken as an alternative primitive. The
equations (0) are derivable from (0T_L). So ZL+t  can be conceived as
obtained from Lt | just by adding the arrow O+, without any new equa-
tion, the equatlon (OTJ_) being taken as a definition. In this context, the
equations (k 1) and (k T) of §9.6 become derivable from the remaining
equations.

We can also conceive of ZLT | as being obtained from ZL whose objects
are formulae of L,y 1,1 with the additional equations 1+ = Ot 1 and

1, =0, , and the definitions Ra =4qr 04,7 and KA =ar 01 4.
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§12.2. Coherence of zero-lattice and zero-dicartesian
categories

Our purpose now is to prove the following.
ZERO-LATTICE COHERENCE. The functor G from ZL to Rel is faithful.

We proceed by enlarging the proof of Lattice Coherence in §9.4. Through-
out this section, we assume that ZL stands for 0ZL, where 0 is primitive.
The syntactical system C(GZL) is defined as C(GL) of §9.4, save that it
has as primitive arrow terms also the arrow terms 04 5: A F B. The equa-
tions of £(GZL) are obtained by adding the equations (0) to the equations
of £(GL). The syntactical category GZL, which is C(GZL)/E(GZL),
is isomorphic to ZL. The syntactical category GZLT |, isomorphic to
ZL+ |, is defined as GZL: we just replace L everywhere by Lt | .

We can prove Composition Elimination for GZL and GZL+ ; by en-
larging the proofs of Composition Elimination in §§9.1-2 and §9.4. The
equations (0) take care of all the additional cases.

Let a zero term of C(ZL) be defined inductively by: 14 and 04,5 are
zero terms for every A and Bj; if f and g are zero terms, then f¢g for
¢ € {A,V} is a zero term. A proper zero term is a zero term in which 0
occurs at least once.

It is easy to show by induction on the sum of the lengths of hy: AF B
and ho: B F C that if hy and hs are zero terms, then hsy o by is equal in ZL
to a zero term. (If at least one of hy and hy is a proper zero term, then
hs o hy is equal to a proper zero term.)

An arrow term goho f of C(ZL) is in standard form when f is an arrow
term of C(iv) and g is an arrow term of C(iA), while h is a zero term (cf.

§9.4). Then we can prove the following.

STANDARD-FORM LEMMA. FEvery arrow term of C(ZL) is equal in ZL to

an arrow term in standard form.

PROOF. We proceed as in the proof of the Standard-Form Lemma of §9.6,
save for the following additional cases involving 0. If in the proof of (x) we
have for fog that f: BF Cis Op,c or g: A+ B is 04 p, then we apply

the equations (0). Here we treat zero terms first as A-factors, and next as
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V-factors, or vice versa. We also appeal to the fact noted above that the

composition of two zero terms is equal in ZL to a zero term. .
We can also prove the following lemma.

ZERO-TERM LEMMA. For h: At B a zero term of C(ZL), if Gh = (), then
h =045 in ZL.

PRrROOF. We proceed by induction on the length of h. If h is 04 p, then
we are done. Here h cannot be 14, for if it were 14, then Gh would
not be empty. If h is hy ¢ he for ¢ € {A,V}, then from Gh = () we infer
Ghy = Ghy = 0, and by the equation (0¢) of the preceding section we
obtain h = 04 p. =

We have also the following strengthening of this lemma.

EMPTY-RELATION LEMMA. For h: A+ B an arrow term of C(ZL), if
Gh =0, then h =04 g in ZL.

PROOF. By the Standard-Form Lemma above, we have h = h3zohgohy in
ZL, where h; is an arrow term of C(f_;v) and hs is an arrow term of C(fA),
while hy: C = D is a zero term. From Gh = () we conclude that Ghy must
also be empty. So hgo = 0¢,p by the Zero-Term Lemma, and hence, by (0),
we obtain that h = 04 p. =

This last lemma entails Lemma 2 of §9.6 for ZL; namely, the assertion
that if for f,g: A+ B we have Gf = Gg = 0, then f = g in ZL. From that
we easily obtain the following.

INVERTIBILITY REMARK FOR A. Let f: Ay A Ay B B be an arrow term of
C(GL). If Gf = 0, then f is equal in ZL to an arrow term of the form

A A
K f', and to an arrow term of the form K% f".

This holds because if Gf = 0, then f = IAQ‘Q 04, 5= IA(?Al 04,.5-

By relying on that, we can prove the analogue of the Invertibility Lemma
for A of §9.6 where L is replaced by ZL and it is assumed that G f # 0. We
proceed as in the proof in §9.4, save in the case when B is By A By and f is
not of the form IA(félSﬂ_ f’. Then f must be of the form (f1, f2) (the condition
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on Gf precludes that f be an identity arrow term or a zero arrow term).

We apply either the induction hypothesis or the Invertibility Remark for A
AN

to fi: A1 A Aa k- By and fo: A; A Ag B B, and use the equation (K'3).

We have, of course, for ZL a dual Invertibility Lemma for V, based on
a dual Invertibility Remark for V. We can then imitate the proof of Lattice

Coherence in §9.4 to prove Zero-Lattice Coherence.

We can also prove the following in an analogous manner.

ZERO-DICARTESIAN COHERENCE. The functor G from ZLt | to Rel is
faithful.

Zero terms are defined as before, and, as before, the composition of
two zero terms is equal in ZLT | to a zero term. We have a definition of
standard form for arrow terms of C(ZL+ ;) analogous to that for C(ZL),
and the analogue of the Standard-Form Lemma for ZL .

We can also prove the Zero-Term Lemma with ZL replaced by ZL | .
In the basis of the induction, we have to consider the case where h is 1¢
for a letterless formula C'. This C' is isomorphic in ZLt ; both to T and
to L. For i: C+ T and i~': T - C being inverse to each other, in ZL~ |

we have

1c = iTleq
=41 °0T7T og, since 1T = 0'|'7‘|'7

= 0¢,c, by (0).

From the Standard-Form Lemma and the Zero-Term Lemma, for ZL+ |
we infer as above the Empty-Relation Lemma with ZL replaced by ZL .
For the remainder of the proof of Zero-Dicartesian Coherence, we imitate

the proof of Zero-Lattice Coherence.

An alternative, and presumably simpler, way to prove Zero-Dicartesian
Coherence is to rely on the fact that every object of ZL~ | is isomorphic
to an object of ZL, or to T and L. Then we use Composition Elimination
for GZLt | and Zero-Lattice Coherence.
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§12.3. Maximality of zero-lattice and zero-dicartesian
categories

In this section, we show that ZL and ZL+ ; are maximal in the sense of
§9.3. We deal first with ZL.

Suppose that for some arrow terms f1, fo: A B B of C(ZL) we have
Gfi1 # Gfs. Suppose that for some x € GA and some y € GB we have
(z,y) € Gf1 and (z,y) € Gfo. Then with the help of the arrow terms
l::f%’Az: A;F AV As, for i € {1,2}, together with

<1A1a0A1,A2>: A+ A1 /\Ag,
<0A2,A1a1A2>5 As AL AN Ay

and the operation of composition, we can build an arrow term hy: pH A
of C(ZL) such that Ghy = {(0,z)}. The (z+1)-th occurrence of letter in
A counting from the left is an occurrence of p. Analogously, with the help
of ]2:"31132: B A B F B;, together with

[131,032731]2 B1V By - Bl,
[031’32,132]1 B1V By - By

and composition, we build an arrow term ho: B F p of C(ZL) such that
Ghs = {(y,0)}. The (y+1)-th occurrence of letter in B counting from the
left is an occurrence of the same p we had for hy: p F A. This must be
the case because (z,y) € Gf;. Then for hoo f;ohy: pF p, where i € {1,2},
we have that G(hgo f1ohy) = {(0,0)}, while G(hgo faohy) = 0. It follows
from Composition Elimination for GZL and from the functoriality of G
that in ZL we have

hoo fieohy =1,
h2°f2°h1 = Op,p'

(This follows from Zero-Lattice Coherence too.) So, if we extend £(ZL)
with f; = fa, then we can derive 1, = 0, .

If an equation f; = fo that is not in £(ZL) holds in a zero-lattice
category A, then by Zero-Lattice Coherence we have Gf; # G fz. So 1, =
0, , holds in A. Then for f,g: aF bin A, with 1, = 0, , and the equations
(0) we obtain
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f:fOOa,a:Oa,b:g"Oa,a:g,

and hence A is a preorder. This proves the maximality of ZL.
Exactly the same argument serves to prove the maximality of ZL+ .

We just replace ZL by ZLt |, and appeal to Zero-Dicartesian Coherence.

812.4. Zero-lattice and symmetric net categories

The category ZL has a subcategory isomorphic to the category DS of §7.6.
We define a functor F' from DS to ZL in the following manner:

Fp=np,
F(AANB)=FAV FB, F(AVB)=FANFB,
Fly=1p4,

[ 7= 7 Py
FbA,B,c = bFA,FB,FC’ FbA,B,C = bFA,FB,FC

A Vv 2 A
FbXB,c = bFA,FB,Fc, FbXB,C = bFA,FB,FC»
Fcap = C¢rpra, Féap = Crp,ra,

_ -1
FdA,B,C = dFA,FB7FC’

F(fAng)=FfVFg, F(fvg)=FfNFy,
F(gof)=Fg-Ff.

To show that F' is indeed a functor, we have to check that if f = g holds
in DS, then F'f = Fg holds in ZL (cf. the penultimate paragraph of §2.4).
So suppose that f = g holds in DS; then Gf = Gg in Rel, and we have
GFf =Gf = Gg = GFg in Rel. By Zero-Lattice Coherence, we obtain
that F'f = Fg holds in ZL.

It is clear that F' establishes a one-to-one correspondence on objects.
To show that F' is faithful, which here implies that F' is one-one on arrows,
suppose that for f,g: A F B arrow terms of C(DS) we have F'f = Fg in
ZL. Hence in Rel we have Gf = GFf = GFg = Gg, and, by Symmetric
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Net Coherence, we obtain that f = g in DS. So the subcategory of ZL
that is the image under F' of DS is isomorphic to DS.

It was shown in §9.7 that Set, is a lattice category with A being X and
V being m@. If we define the function 045: a — b by 04(z) = *, then it is
easy to check that Set, is a zero-lattice category. It is also a zero-dicartesian
category with both T and L being {*}.

By what we have shown above, a subcategory of Set, is a symmetric net
category with A being @ and V being ®. The claim made in [22] (end of Sec-
tion 3) that Set, with A being X and V being | is a cartesian linearly (alias
weakly) distributive category, which would imply that it is a symmetric
net category, is not correct. The functions dgp:a R (bB¢) — (a R b) B ¢
defined at that place, which are there called §%, and for which one has
dabc(,(%,2)) = * and dgpc(,*) = ((x,%),%) for every x € a and every
z € ¢, do not make a natural transformation d. Take a = {z,*}, b = {x}
and ¢ = {z, }, and let the function h: ¢ — ¢ be defined by h(z) = h(x) = *.
Then we have

dap.e((La B (1p 8 ) (2, (+,2))) = ((2,%),%),
(1o ® 1p) 8 h)(dap.c(z, (+,2))) = *

The category Set. with A being ® and V being @ is trivially a sym-
metric net category when we take that d, p . is defined as Oy m (bmc),am (b@c)-
With that definition, however, it is neither a distributive lattice category, in
our sense, nor a linearly distributive category, in the sense of §7.9, because
the equations (dlAc) and (dlz:)7 or (6d") and (g d*), would not hold. For the
same reason, it is also not a cartesian linearly distributive category in the
sense of [22]. That no other definition of dy.:a® (bBc)) > (aRb) B C
can make of Set, a distributive lattice category or a cartesian linearly dis-

tributive category is shown in §13.2.

812.5. Zero-identity arrows

Let the natural logical category ZIL in L, v be defined as 0ZL save that
the transformation 0 has as members 04: A+ A (we write here 04 instead
of 04,4), which are zero-identity arrow terms that stand for zero-identity
arrows, and instead of the equations (0) we have only the following conse-

quence of (0):
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(0I) fo04=0p-g

for f,g: A+ B. By putting g for f, this equation delivers that 0 is a natural
transformation from the identity functor to the identity functor; namely,
we obtain the equation (0 nat) of §12.1 with 04 4 and Op g replaced by

04 and Op respectively. As other consequences of (0I), we have

foOA :g00A7
OBOf = OBoga

and the following equation:
(00) 0404 =04.

In ZIL we define 04,5 by

04, =dqr f°04

for some arrow term f: A F B of C(ZIL). This definition is correct because
we have fo04 = go04, as remarked above. We do not have, however,
04,5 in ZIL for every A and B of L, v, as we had it in ZL, but only for
those pairs (A, B) where there is an arrow of L of type A F B. It is easy
to show, as in §12.1, that the following instance of (0 ¢):

(0I¢) 04605 =04

holds in ZIL, and if 04,c and Op p are defined, then (0 ¢) holds too.

We cannot define in ZIL every mZ}B: AV BEF AA B of ZL, but only
those where there are arrows of the types AF B and B F A in L; and we
cannot define in ZIL every dZ}B,C: AV (BANC)F (AvV B)AC of ZL, but
only those where there is an arrow of type A+ C in L.

The natural logical category ZIL~ | in L v, 7,1 is defined as ZIL save
that it is based on Lt | instead of L. With ZIL and ZILt |, contrary to
what we had with ZL and ZL |, we stay within the realm of conjunctive-

disjunctive logic as far as provability is concerned (see §12.1).
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Problems arise for proving coherence for ZIL and ZIL+t ; with equa-

tions like
k%Avp)/\q,p ° ((k}él,q v Op) A Oq) = ((k,lax,p A 011) \ Op) ° k%A/\q)\/p,q

(cf. the end of the revised version of [47] and §7.9 above). We will not
consider this question here.

Let the natural logical categories ZIML and ZIML~ ; be obtained
from ML and ML+ | respectively by adding the zero-identity arrow terms
and the equations (0I) and

(U0) fUO4p=f

for every arrow term f: A+ B of C(ZIML) or C(ZIML~ ;). The arrow
terms 04 p are defined in terms of 04 as above. Instead of (UO), we could

alternatively assume its instance
14U 04 =14,

which yields (U0). In ZIML and ZIML ,, a hom-set whose arrows are
of type A+ B is a semilattice with the unit 04 g (which can be conceived
as either top or bottom).

Restricted Zero-Identity Miz-Lattice Coherence is formulated as Re-
stricted Mix-Lattice Coherence in §10.2, save that ZIML replaces ML.
To prove this coherence result for ZIML we proceed as for ML, with the
following modifications.

The syntactical category GZIML differs from the category GML by
having in C(GZIML) the primitive arrow terms 04 : A - A besides 14 :
A+ A; moreover, we assume for it in addition to the equations of £(GML)
the equations (0I) and (UO).

For A in dnf and B in cnf, arrow terms of C(GZIML) of type A+ B
that are in normal form are defined as in §10.2 save that we allow 0, to
replace 1, in arrow terms in atomic bracket-free normal form. Arrow terms
in atomic bracket-free normal form where instead of 1, we have 0, are
called zero atomic bracket-free terms, and those with 1, nonzero atomic

bracket-free terms. We use the same terminology of “zero” and “nonzero”
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for atomic components. An analogous terminology was used in §10.3. The
settled normal form is defined as for GML~ ; in §10.3.

We prove Composition Elimination for GZIML by extending the proof
for GML. In that proof we apply the equation (00) and the following
equations of GZIML:

Ky fo0unn, = Ky (052 ),

J

04,v4,° Kf};j g= Kqu(goOB),
for 4,7 € {1,2} such that i # j, which are easily derived with the help of
£
(0I) and (K 1), as well as

04,04, °(91,92) = (91°0¢,92°0¢),
[f1, f2]°04,va, = [0c ° f1,0c ° fa],

which are easily derived with the help of (0I) and (f( 3), for ¢ € {A,V}.

To prove the Normal-Form Lemma of §10.2 with GML replaced by
GZIML, we proceed as in the proof in §10.2, and we use in addition the
equation fUg = f for any zero atomic component g. This equation, which
is analogous to the equation (UOg) of §10.3, is derivable from (0I) and
(U0). We can then prove Restricted Zero-Identity Mix-Lattice Coherence
as Restricted Mix-Lattice Coherence in §10.2. We use in that proof the fact
that if f” and ¢” are zero atomic components of the same type, then they
are equal in GZIML by (0I) and (UO).

Restricted Zero-Identity Miz-Dicartesian Coherence is formulated anal-
ogously by replacing ZIML with ZIMLt | (cf. also §10.3), and is proved

in the same manner. The equations

kt =17 =0T,
fL =1, =0,
hold in ZILt , and hence also in ZIML~ ;.

Let the natural logical categories ZIDL and ZIDL ;| be obtained from
DL and DLt ; respectively by adding the zero-identity arrow terms and
the equation (OI). In these categories, we have an arrow of type A b+ B iff
the implication A — B is a tautology.

We define 04,5 by f°04, as before, and we can now derive (U0) in the
following manner. We have in ZIDL and ZIDL+ |
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Z’lj}AO(kh,A\/lA) daaa (1A/\k1147A)°(1A/\0A)°’LUA, with (OI)
Z’lj}AO(kh,A\/lA) Eanaa (La4N04)cwga, by (dk) of §11.1

¢ ¢
by Zero-Identity Lattice Coherence, or by applying (k' nat) and (wk), for
¢ € {A,V} (see §9.1 and the List of Equations). From 14U 04 = 14 we
easily obtain (U0), as we remarked above.

Then we can prove the following.

ZERO-IDENTITY DISTRIBUTIVE LATTICE COHERENCE. The functor G
from ZIDL to Rel is faithful.

ZERO-IDENTITY DISTRIBUTIVE DICARTESIAN COHERENCE. The functor
G from ZIDL~ | to Rel is faithful.

Let D be now the category obtained as the disjoint union of the stricti-
fied category ZIDL” and the trivial category with the single object ) and
the single arrow 1y : 0 = 0 (cf. §11.1). The Gentzen terms for this category
D are defined as in §11.1 with the addition in the basis of the inductive
definition that 0;’ : p F p, which denotes the arrow (0,,p,p) of D, is a
Gentzen term. We prove the Gentzenization Lemma of §11.1 and the Cut-
Elimination Theorem of §11.2 as before. In the proof of the Gentzenization
Lemma, we rely on (01¢). To define clusters and rank, we count among
leaf formulae the occurrences of p in the type p F p of O;,’ . In the proof of
the Cut-Elimination Theorem, we have as the only additional cases, when
the complexity of our clean cut is (0, 2), the left-hand sides of the following

equations of D:

cuty @(O:ID/, 1;/

cuty, @(1;2,0;)/

)
)
cuty (07,07)
)
)

’
/
’

/
/
/
PP
cutg p(0y, kyg 29,

cutg g( k’Rf, o’

0
0
0,
k
k

yf
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For the first two equations we use (cat 1), for the third (00), for the fourth
(/2:1 nat), and for the fifth (lv€2 nat).

For the remainder of the proof of the Cut-Elimination Theorem, we can
proceed as before, but we can also proceed differently in the cases where
our clean cut is of the form cut (f,w”g) with blocked w”g tied to our clean
cut. In all these cases—namely, (w~y 1), (wvy2),...,(wV3)—we applied an
equation of D where on the left-hand side we have a single occurrence of
h: T F A, while on the right-hand side we have more than one occurrence
of h; this is always two occurrences of h, except in case (w V 3), where we
have three occurrences of h. Now, we can put h on the right-hand side
for exactly one old occurrence of h, and replace the others by the cut-free
Gentzen term h° obtained from the cut-free Gentzen term h by replacing
every 17 in h by 0. It can be shown, by induction on the length of the cut-
free Gentzen term h, that in D we have h® = 0’ - h. This new procedure
would dispense us from applying the equation (wm) in the remainder of

the proof. Instead, we would rely on the following equations of ZIDL:

Wao(04V1a)omaaoia=1a,
Wao(LaV0a)omaaoia=1a,

which amount to (UO).

For the remainder of the proof of Zero-Identity Distributive Lattice Co-
herence, we proceed as for the proof of Distributive Lattice Coherence,
relying on Restricted Zero-Identity Mix-Lattice Coherence. We proceed
analogously for the proof of Zero-Identity Distributive Dicartesian Coher-
ence, relying on Restricted Zero-Identity Mix-Dicartesian Coherence.

It can be proved that ZIDL is maximal by imitating the proof of the
maximality of ZL in §12.3. The only difference in the proof is that for
f1, foa: A B we assume that only one letter p occurs in A and B (cf. the
proofs of maximality for L and L in §9.3 and §9.5). The category ZIDL~
is maximal in the relative sense in which L1 | is maximal (see §9.7).

Consider the natural logical categories ZIDL™ and ZIDL | that differ
from ZIDL and ZIDLT ; respectively by rejecting the equation (wm) for
m, or alternatively the idempotency equation (U idemp) for U. In these cat-
egories hom-sets are not necessarily semilattices with unit—they must be

only commutative monoids. Union of arrows becomes now disjoint union of
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arrows, or addition of arrows. The possibility indicated above to prove the
Cut-Elimination Theorem by not relying on (wm), but on (U0) instead, in-
dicates that we could prove that there are faithful functors G from ZIDL™
and ZIDL+ | not into Rel, but into the category Mat, which is isomorphic
to the skeleton of the category whose objects are finite-dimensional vector
spaces over a fixed number field, and whose arrows are linear transforma-
tions. (Note that this category of vector spaces is a subcategory of the
category Set, of §9.7, where the null vector is *.)

More precisely, the objects of the category Mat are finite ordinals, i.e.
natural numbers (the dimensions of our vector spaces), and an arrow of type
n F m is an n x m matrix. Matrices that are images under the functor G
will have entries that are natural numbers. Composition of arrows is matrix
multiplication, and the identity arrow 1,,: n F n is the n x n identity matrix
with the entries 1, (4,7) = (i, j), where § is the Kronecker delta.

Every n x m matrix M whose entries are only 0 and 1 may be identified
with a binary relation RM C n x m such that M (i, j) = 1 iff (i,j) € RM.
Multiplication of such matrices is the same as composition of relations if
we assume that 1+1 = 1.

For the proof of the faithfulness of G from ZIDL™ and ZIDL7 | into
Mat we would rely on restricted coherence results for the natural logical
categories ZIML™ and ZIML7 |, which are obtained from ZIML and
ZIML~ , respectively by rejecting the equation (wm). These restricted
coherence results are of the same type as those we had for ML, MLt |,
ZIML and ZIML~ ;. In producing the settled normal form, we just do
not rely on the equation (U idemp).

The fact that (wm) does not hold in Mat shows that this equation cannot
be derived from the remaining equations we have used to axiomatize the
equations of ZIDL and ZIDL | .

We conclude our consideration of zero-identity arrows with some re-
marks on formulae that are isomorphic in their presence. In ZIML we

have the isomorphism

([14,04],[04,14]): AVAEF ANA,

whose inverse is ma 4. Let A and B be formulae of the language E}{\{’ 5,

which is the language L4 generated by P = {p}. Then it is clear that
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there are in the category L arrows of type A+ B and B F A, and hence in
ZIML we have the isomorphism

<[1A>OB,A]7 [OA,BalBD: AV Bk A/\B,

whose inverse is my4 g. It is the easy to conclude that in ZIML and ZIDL
for every pair (C, D) of formulae of C}{f \}, such that in each of C' and D
there are n > 1 occurrences of p we have that C' and D are isomorphic.
(The category ZIML generated by {p} is isomorphic to the category ZML
of §13.1 generated by {p}.) If p™ stands for any of these formulae, then the
functoriality of G from ZIML and ZIDL to Rel implies that p™ and p™
cannot be isomorphic in ZIML and ZIDL for n # m. This characterizes
completely the formulae of E}{\If 3} isomorphic in ZIML and ZIDL.

Let EE\I:\}/,TJ_ be the language Lx v 7,1 generated by P = {p}. Then
every formula of 'Cj\z,)\}/,T,L is isomorphic in ZIDL+ ; to one of the form p"
forn>1,or p™ AL, or p VT for m > 0, where if m = 0, then p™ A L is L
and p™V T is T. To prove that, we use various isomorphisms of ZIDL~ |,
among which isomorphisms of the following types are prominent:

prV (p™ A L) prt,
prA (T VT E P,
(ANL)V(BALYF(AVB)A L,
(AVTIANBVT)E(AANB)V T,
(ANL)VTHEAVT,
(AVT)ALEFANL

For example, the following isomorphism is of the last of these types:

Vv A
(07 c(QaVvoT)edir )ALL)e by 1y o (LavT AdL).

Since in classical logic formulae in the classes p™, p™ A L and p™ VvV T
are equivalent respectively to p, L and T, formulae from distinct classes
among these three cannot be isomorphic. And that, within each class,
formulae with different superscripts n or m cannot be isomorphic is shown
by appealing to the functoriality of G from ZIDL~ ; to Rel.



Chapter 13

Zero-Mix Lattice Categories

Zero-mix lattice categories are categories with finite products and coprod-
ucts, with or without the terminal and initial objects, to which we add the
union operation on arrows of Chapter 10 and the zero arrows of Chapter 12.
This amounts to making products isomorphic to coproducts. In zero-mix
lattice categories hom-sets are semilattices with unit, and these categories
are related to categories whose hom-sets are commutative monoids, like
linear categories, preadditive categories, additive categories and abelian
categories. In zero-mix lattice categories we have dissociativity, and these
categories are distributive lattice categories in the sense of Chapter 11. We
prove coherence for zero-mix lattice categories with the help of composition
elimination and a unique normal form inspired by linear algebra. Zero-mix
lattice categories are maximal, in the sense that it is impossible to extend

their axioms without collapse into preorder.

The category whose arrows are relations between finite ordinals, on
which we relied throughout the book for our coherence results, is a zero-mix
lattice category. This category is isomorphic to a subcategory of another
zero-mix lattice category—mnamely, the category of semilattices with unit,
which is itself a subcategory of the category Set, of sets with a distinguished

object *, whose arrows are x-preserving functions.

295
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§13.1. Coherence of zero-mix lattice categories

To obtain the natural logical category ZML, we have that the logical system
C(ZML) is in L4 v, with the transformations « included in 1, b, ¢, w-k, m
and m~!. The specific equations of £(ZML) are obtained by taking the
union of those of £(ML) and £(ZL) plus

-1 -1 -1
(mm™") my pomap=1lans, ma,Bemy g = lavs.

So in ZML we have that A A B and A V B are isomorphic. The equations
(m nat) and (m~! nat) entail each other in the presence of (mm™1).

We call natural ZML-categories zero-miz lattice categories. The hom-
sets in a zero-mix lattice category are semilattices with unit (see §13.3 for
references concerning related kinds of categories).

According to what we had in §10.1 and §12.1, we can take for ZML
primitives alternative to m and m™!; for example, we can take U and O,
which are defined in ZML as before (see §10.1 and §12.1).

In ZML the following equations hold:
(km) kj p=[14,0p4]cmas, k% p = [0a,B,1p]°ma B,

(km)

< T[>

W =map°(14,0a8), k% p=map-(0pa,1g).
AN
Here is a derivation of the first (km) equation:

k4 g °m:1,1B = [k4 5 °m2,1B ° kh,Ba ki p °m;x,1B o k% 5l, by (Vn),
=[14,0p 4], by (m~'1) and (m~10) of §12.1;

then we apply (mm ™) (for (Vn) see the List of Equations at the end of the
book). Alternatively, we can rely on the following equation of ZL:

my's = ((14,05.4],[04,5,15)).

We proceed analogously for the remaining three equations of (]AC m) and
(km).
For f: A+ B, let us use the following abbreviations for arrow terms of

C(ZML):
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Zlcf:df mé,lc"kjls,c"fv Zlcf:dff"k,lq,c"m:x,lc*a

Z%f:df mE*,lB"kzc,B ° f, chf:dff°kzc,A°m5,lA-

With the equations (IAc m) and (Ivcm), it is clear that in ZML we have
ZLf=(f0ac): AF BAC,  ZLf=][f0c5]: AVCF B,
Z%f=(0ac,f): AFCAB, Z% f =[0¢B, f]: CVAFE B.

Then we can infer that for f;: C+ A; and g;: A; F C, where i € {1,2},
the following equations hold in ZML:
(2) (fi,fa) = ZY4, LU 25 fo,
(Z)  lg1,92) = Z4, 1 U Z% ga.

A
For (Z) we have
Vv Vv \ 2
1 2 _ N 1 2 A
koo Ukt o =weove o (kg o V kG o) ome,ce we
A
=me,ce W,
and from that, with (mm™!), we obtain
A =1 1 1.2
we =meg e (keoUke o),

A

which yields (Z). We derive (é ) analogously via
we = (kt,c Uk c) °m5,1c-
For every arrow term f: A+ B of C(ZML), in ZML we have also the
equation
(U0) fUOAB=f,

which we encountered already in the preceding chapter (see §12.5). Here is

a derivation of this equation:

14U 044 =wao(laV0aa)omaacia

=[14,044]cmaacia
A

=14, by (l?:m) and (k) of §9.1;
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from that we easily obtain (UQ) with the help of (U-).
Conversely, we can derive (mm~!) from (U0). Here is derivation, with

subscripts omitted, of the first equation of (mm™1):

m~ em = [(1,0),(0,1)]« (k' « k1) U (k2 o k2))

= (k' AO)U (0 A k2)) o @, with (Us) of §10.1,
=1, with (U¢) of §10.1 and (U0);

we proceed analogously for the second one by using m~! = ([1,0], [0, 1]).
So (U0), or 14U 04,4 = 14, could replace (mm™!) for the axiomatization
of £(ZML). The axiom (UO) is more appropriate than (mm™!) if U and 0
are primitive instead of m and m™!.

To prove the coherence of ZIML with respect to Rel we introduce, in
the style of the preceding chapters, a syntactical category isomorphic to
ZML for which we can prove Composition Elimination. The syntactical
system C(GZML) is formulated by combining what we had for C(GML)
in §10.1 and for C(GZL) in §12.2 (which is based on §9.4), together with
the primitive operations ézc on arrow terms, for ¢ € {A,V} and i € {1,2}.
The equations of £(GZML) are obtained by assuming in addition to the
equations of £(GML) and £(GZL) the equation (U0) and the four equa-

€.
tions given above immediately after the definitions of Z in C(ZML). Note
that in the presence of (U0), which is f U 04,5 = f, and of the analogous
equation 04, U f = f, we can replace (U assoc) and (U com) by the single

equation

(iU f)U(fsU fa) = (frU f3)U(f2U fa).

The syntactical category GZML is C(GZML)/E(GZML), and it is iso-
morphic to ZML.

We can prove Composition Elimination for GZML by extending the
proofs for GML and GZL, which are based on the proof of Composition
Elimination for GL in §9.4 and §9.1.

Next we introduce some definitions analogous up to a point to those
we had in Chapter 10 and §12.5. Arrow terms of C(GZML) of the form
Pi...P,Q1...Qn0, where n,m > 0, and 0 is of the form 1, or 0,4, for
some letters p and ¢, while P; for i € {1,...,n} is of the form I%IC, or IE'QC,
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or 210, or 2%, and Q; for j € {1,...,m} is of the form IA(lc, or IA(%, or éé,
or é%, are called atomic terms. We have a zero atomic term when 6 is of
the form 0, , (where p and ¢ can be the same letter), and a nonzero atomic
term when 6 is of the form 1,,.

Arrow terms of C(GZML) in normal form are defined inductively by
stipulating that atomic terms are in normal form, and that if f and g are
in normal form, then f U g is in normal form.

Let f be an arrow term of C(GZML) in normal form, and let f’ be a
subterm of f such that f’ is an atomic term, and there is no atomic subterm
f" of f with f’ a proper subterm of f”/. Then we say that f’ is an atomic
component of f.

Let p occur in a formula A of £, as the £+ 1-th occurrence of letter
counting from the left. Then there is a unique atomic term Q... Q1 :
AF psuchthat G(Q1...Qm1,) = {(x,0)}. We say that the word Q1...Qm
is bound to (z,0).

Let g occur in a formula B of Ly as the y+41-th occurrence of letter
counting from the left. Then there is a unique atomic term P;...P,1,:
g F B such that G(P;...P,1,) = {(0,y)}. We say that the word P;... P,
is bound to (0, y).

Hence there is a unique word P;... P,Q;...Q,, such that Q;...Q,, is
bound to (z,0) and P;...P, is bound to (0,y). We say that the word
Py...P,Q;...Qyy is bound to (z,y) € GA X GB.

An arrow term f: A+ B of C(GZML) is in settled normal form when it
is in normal form and there is a one-to-one correspondence between the set
G A x GB and the set of atomic components of f, such that for every atomic
component P;...P,Q1...Q,,0 we have that P;...P,Q1...Q,, is bound to
the ordered pair in GA x GB corresponding to it. To every ordered pair
in GA x GB corresponds either a zero or a nonzero atomic component
depending on whether ¢ is of the form 0,4 or 1,. Then we can prove the
following.

NORMAL-FORM LEMMA. Fuvery arrow term of C(GZML) is equal in

GZML to an arrow term in settled normal form.

ProOOF. Take an arrow term f: A F B of C(GZML). By Composition
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Elimination for GZML there is a composition-free arrow term f': A+ B
of C(GZML) equal to f in GZML.

Then we apply the equations (IA( 4) and (Iv( 4) (see §9.1 and §9.4), and
the following equations of GZML:

A \a
Oanpc = K504, Oavp,c = 2504,
A \Y
_ 1 _ 1
Oc,anp = Z50c, 4, Oc,avp = K5 0¢, 4,

in order to obtain a composition-free arrow term f” of C(GZML), equal
to f/ in GZML, in which every 1 and and every 0 have subscripts that are
letters. This procedure is arbitrary as far as zero arrow terms are concerned:
we could as well base it on IE( ? and 52 instead of [E( ' and é ' (We could
also use (U0) to omit zero arrow terms, which will reappear through (UO0)
in another garb afterwards; see below.)

¢
Next we apply to f” the equations (Z) and the following equations of
GZML:

£, ¢, £,
Xp(fug) =X, fUXyy,
KyKyf = KpKY f, ZuKy | = K324 f,
KD = ZuI4f. 2425 f = 247, f,
for X € {K,Z}, i,5 € {1,2} and ¢ € {A,V}, to obtain an arrow term f"”
of C(GZML) in normal form equal to f” in GZML.
To transform f”/ into an arrow term in settled normal form, we apply the
equations (0) and (UO) to put in the missing atomic components, and delete

the atomic components P;... P,Q;...Qn0,, for which we have already the

atomic components Pi... P,Q1...Qml,. =

Tt is easy to establish that if f,g: A+ B are arrow terms of C(GZML)
in settled normal form and Gf = Gg, then the set of atomic components
of f and the set of atomic components of g must be the same set of atomic

terms. We can then easily prove the following.

ZERO-MIX LATTICE COHERENCE. The functor G from ZML to Rel is
faithful.



§13.2.  Zero-mix lattice and distributive lattice categories 301

PROOF. Suppose f,g: A F B are arrow terms of C(GZML) in settled
normal form such that Gf = G¢g. By the Normal-Form Lemma, we have
the arrow terms f’ and ¢’ in settled normal form such that f = f' and g = ¢’
in GZML. By the functoriality of G, we have Gf = Gf' and Gg = G¢';
hence Gf' = Gg'. So f’ and ¢’ have equal sets of atomic components,
and they must be equal in GZML by applying (U assoc), (U com) and
(U idemp). Therefore, f = g in GZML. -

We could have used (U assoc), (U com) and (U idemp) to find a unique
term in settled normal form equal to an arrow term of GZML. The ad-
vantage ZML has over DL is that, due to zero arrows, we can reach this
unique composition-free normal form. For DL, a unique cut-free normal
form was not forthcoming.

We will see in the next section that DL is isomorphic to a subcategory
of ZML. For that we rely on Distributive Lattice Coherence and Zero-Mix
Lattice Coherence. The unique normal form we have for ZML can serve
as a substitute for the missing unique normal form of DL. For every arrow
term of C(DL) we take the arrow term of C(GZML) in normal form whose

image under G is the same.

813.2. Zero-mix lattice and distributive lattice cate-
gories

To obtain the natural logical category ZDL, we have that the logical system
C(ZDL) is in L v, with the transformations « included in 1, b, ¢, w-k, d
and m~!. The specific equations of £(ZDL) are obtained by taking the
union of those of £(DS) and £(ZL) plus (dlAf) and (dlvc) of §11.1 and (wm)
of §10.1 for m 4, 4 defined by (dm) of §11.1 understood as a definition. Note
that we do not assume here the equations (m €) and (m ¢€), which would
deliver immediately the equations of £(DL’), and hence of £(DL) (see
§11.1). We will see below, however, that all the equations of £(DL) are in
£(ZDL).

We will show that the categories ZML and ZDL are isomorphic with
the definition

A
(md) dapc=amarpcebspeoe(larAmp)
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in C(ZML) (this definition is derived from the equation (8 mL) of §8.3; an
alternative definition can be obtained from (E mL)), and the definition of
ma, g in C(ZDL) corresponding to the equation (dm) of §11.1.

It is easy to conclude from Zero-Mix Lattice Coherence of the preceding
section that with (md) all the equations of £(ZDL) plus (dm) hold in
ZML. To show that with the definition of m4 g corresponding to (dm) all
the equations of £(ZML) hold in ZDL, first we derive easily (m nat) for
ZDL, by using naturality equations of ZDL. Then we infer with the help
of (ﬁ)lﬁ:l&c) for ¢ € {A,V} (see §9.1 and the List of Equations) that in ZDL
we have (lvf1 0 lAcl) u (];2 0 122) = m, with subscripts omitted. Next we derive
easily (Uo) for ZDL with the help of naturality and bifunctorial equations.
The equation (U ¢) of §10.1 is derived for ZDL as indicated in §10.1, and
(U0) is derived for ZDL as we derived it for ZIDL in §12.5. With all
that, we obtain (mm™1) in ZDL as in the preceding section. Since in ZDL
we have all the equations of £(ZL), we have also (bm~!) and (em™1) (see
§12.1), which together with (mm™!) yield (bm) and (cm) in ZDL. (The
equation (m nat) follows from (m~! nat) with the help of (mm™!), but we
relied on (m nat) in the derivation of (mm™!).) It remains only to derive
for ZDL the equation obtained from (md) by replacing manp,c according

to (dm); namely,
/\1 \/2 /\*) 1
da,p.c = (kynp,p V1ic)odans.p,co(lansN kD c)° bF g oo (LaAmp o).

For that it is enough to derive (ZA) mL), as we did it for DL in §11.1, and
use moreover (mm~'). We can then conclude that ZML and ZDL are
isomorphic categories.

We can infer from Zero-Mix Lattice Coherence that all the equations of
E(DL) are in £(ZDL). Because of the question concerning the indepen-
dence of the equations (m €) and (m ¢) in our axiomatization of DL (see
§11.1), it is, however, of some interest to see how these equations are de-
rived in £(ZDL). We derive the equations (IA)mL)7 (émL) and (cm) as we
did it for DL’ in §11.1. Then we derive the equations (m ¢™) and (m ¢m)
as we did it for DL in §11.1. Note that we do not need the equations (m ¢€)
and (m ¢) for all these derivations. With (mm™1), we easily obtain from

(m¢m™) and (m ¢™) the following equations:
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AV _ A —1
€a,B,c,D = MAAC,BAD ° CZL’B,QD ° (1AAB A mC,D)’
vy —-1 v
epcpa=(MmpcVlpva)e € o pa°MDVBCVA-

We also have in ZDL

CIE,C,B,D ° éfal,B,C,D *(lanp Amc,D)
= ((]AC%,C v ]Af};,D) A (23?4,0 v IA‘:QB,D)) ° ﬁ)(A/\C)\/(B/\D) °MANC,BAD °
° % p.o.ps by (mem),
= ma,p A mc,p, by naturality equations and Lattice Coherence,
from which (m €) follows easily with the help of (mm~1). We proceed
analogously for (m ¢) by using (m ¢m).

We have seen in §12.4 that Set, is a zero-lattice category with A being
® and V being m. (It is also a symmetric net category with A being
B and V being ®.) If Set, with A being ® and V being @B were also a
symmetric net category, and (dlAc) and (dlvc) were moreover satisfied, then
a R b and a B b would be isomorphic in Set,, which is not the case. Note
that the equation (wm) played no role in inferring above that A A B and
AV B are isomorphic in ZDL; namely, in deriving the equation (mm™1)
for ZDL. Since the equations (d l?:) and (dlvf) hold in the cartesian linearly
distributive categories of [22] (cf. §11.5), this shows that no definition of
dope: aR (bBc) = (aRb) @ cin Set, can support the claim made in
[22] (end of Section 3), which we have already considered in §12.4. Since
products and coproducts are unique up to isomorphism (see [100], Sections
IV.1-2), there is no alternative lattice-category structure to the lattice-
category structure provided by ® and @ in Set,. (This invalidates also
Proposition 3.4 of [22].)

In ZML, the arrow ¢ ¢ g s (AAC)V(BAD) F (AVB)A(CV D) has
an inverse cA7B7C7D. (AVB)A(CVD)F(AANC)V (B A D). The natural
transformation ¢! could be taken as a primitive instead of m and m~!, or
U and 0, because, for f,g: C + B, in ZML we have the equations

ng_[leA7kAB]°ClBAAB o (kp B,A f, AB°9)
04,8 :[kB,A7kA7B]°ClB,A,A,B (k% 4+ B),

which are easily checked with the help of Zero-Mix Lattice Coherence.
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There are many ways to define 064’ p,c.p in ZML. One way is

l _ Al -1
ca.p,c,p =df €ap,cp°(MapAlevp),

and another

l . —1 vy
¢p,B,c,a =df Ipac VMg 4)€p cpa

These two definitions show that the equations (m¢€) and (m¢é) of §11.1 are

in ZML immediate consequences of

k ! _
CA.c.B,D°CA,B,Cc,p = L(AVB)A(CVD);
c ock =1

A,C,B,D °tA B,c,D — +(AAB)V(CAD)-

§13.3. Coherence of zero-mix dicartesian categories

To obtain the natural logical category ZML~ |, we have that the logical
system C(ZMLT ) isin Ly 7,1, with the transformations « included in
1, b, ¢, w-k, -0, m and m~!. The specific equations of £(ZML~ | ) are
obtained by taking the union of those of £(ZML) and £(L, ). We call
natural ZML+ | -categories zero-mix dicartesian categories.

Zero-mix dicartesian categories are linear categories in the sense of [95]
(p. 279). The difference is that linear categories need not satisfy (wm),
which amounts to (U idemp). So the hom-sets of linear categories are com-
mutative monoids, and not necessarily semilattices with unit, as in zero-
mix dicartesian categories (cf. the categories ZML™ and ZML7T | below).
Closely related notions are the notions of Ab-category (or preadditive cat-
egory) and additive category, where the hom-sets are abelian groups (see
[100], Sections 1.8 and VIII.2, and [57], p. 60). These notions enter into the
notion of abelian category (see [100], Section VIIL3, [57], Chapter 2, and
[59], Section 1.591).

The syntactical category GZML | is defined by combining what we
had for GZML and GL~ ;| in §9.6. We can then prove Composition Elim-
ination for GZML~ ;| as for GZML.

We define the atomic terms of C(GZML~ ) as we did for C(GZML)
in §13.1, save that the indices p and ¢ of 0,4 (but not those of 1,) can
be replaced by T or L. Arrow terms of C(GZML+ ;) in normal form,
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and their atomic components, are then defined analogously to what we had
in §13.1. Let the settled normal form for an arrow term f: A - B of
C(GZML~ ) be defined as for C(GZML) when GA # () and GB # (). If
either GA = () or GB = ), then f is in settled normal form when it is 04 5.

We can prove as in §13.1 the Normal-Form Lemma where GZML is
replaced by GZMLT |, with the following additions. We use the following
equations of GZML | :

A Vv
Ka =047, ka =01 4,
1+ =0t T, 1, =0y 4,

together with (0) and (UO0), to remove superfluous atomic components. We
can then prove as before the following.

ZERO-MIX DICARTESIAN COHERENCE. The functor G from ZML+ | to
Rel is faithful.

We prove the maximality of ZML and ZML~ | as we proved the max-
imality of ZL and ZL~ ; in §12.3.

Let ZML™ and ZML7 | differ from ZML and ZML~ | by omitting
(wm), or alternatively (U idemp), from the specific equations. In these
categories hom-sets are not necessarily semilattices with unit—they must
be only commutative monoids. We can prove that there are faithful functors
from ZML™ and ZML7 | into the category Mat of §12.5. For these proofs
we proceed as for ZML and ZML+ ;. Note that we did not need (wm) for
Composition Elimination in GZML and GZML~ | . (We needed (wm) for
the cut elimination of DL in Chapter 11, but not for the cut elimination of
ZIDL in Chapter 12; see §12.5.) The settled normal form is now defined
by making every ordered pair from GA x GB correspond to a nonempty
set of atomic components bound to that pair; more precisely, a nonempty
set of occurrences of a single arrow term bound to that pair such that each
occurrence is an atomic component (cf. §13.1). This is a multiset based
on a singleton. Whether zero atomic components are duplicated in this
multiset is without importance, but we count the number of nonzero atomic
components; this number corresponds to an entry n > 1 in the matrix. The
categories ZML™ and ZML~ | are clearly not maximal, since we can add

the equation (wm) without falling into preorder.
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§13.4. The category Semilat,

In this section we will consider as an example of a zero-mix dicartesian
category the category Semilat,, whose objects are semilattices with unit,
and whose arrows are unit-preserving semilattice homomorphisms. This
category is a subcategory of the category Set, of §9.7. Note that Semilat, is
not the category Sets! of §10.1, which is isomorphic to the category Semilat
of semilattices with semilattice homomorphisms.

We want to summarize matters in this section; so we give again the

following definitions from §9.7:

I={x}, a ={(x,*) |z €a—1} V' ={(x,y) |y €b-1},

a®b = ((a=1) x (b-T1) UL
aRb=(ax®b)Ua Ub"’,
a@b=dUb UL

If {a1,-,*) and (ag,-,*) are semilattices with unit, then we define the
semilattice with unit (a1, -, *) € {(ag, -, *), for ¢ € {A,V}, as (a1 R ag, -, *),
where X corresponds to cartesian product. For - and * we have the following

clauses (taken over from §10.1):

(z1,22) - (Y1,92) = (¥1 - Y1, 22 - Y2),
(w1, 22) - % = % - (w1, 22) = (21, 72),

%k = %,

We have that T = L = I = {«} is the trivial semilattice with unit.
The functions k¢, : a1 R az — a4, for i € {1,2}, are defined by

ay,az”
kal,ag (56171‘2) = Ty, kzl,ag (*) = *]

for f;: ¢ — a;, the function (f1, f2): ¢ = a1 R ag is defined by

(f1(2), f2(2)) if fi(z) # * or fa(z) # *

o =1 | if £1(2) = falz) = *

and the function £,: a — I is defined by &, (z) = *.
The functions k? 1 a; — a1 R ag are defined by

ay,az”
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Vv Vv

kL an (z) = (z, %), K2, an (z) = (x,2), forx # x,
kgl,ag (*) = *’

for g;: a; — ¢, the function [g1, g2]: a1 ® as — ¢ is defined by

[91,92](5617332) = 91(3?1) '92(3?2)7
[91, g2] (%) = *;

and the function kq: I — a is defined by k, (*) = *. (The clauses in the

definitions of l?;i

i ar (f1,f2), Rq and K, are taken over from §9.7, where

they were given for Set,, while the clauses for %Zl,aQ and [g1, g2] are taken
over from §10.1, where they were given for Set:'.)

For f,g: a — b, we define the function fUg:a — b by

(fUg)x) = f(z)-g(x)

(as for Sets! in §10.1), and, finally, we have the function 0, : a — b defined
by

0(z) = *

(as for Set, in §12.4). It is straightforward to check that with all these
definitions Semilat, is a zero-mix dicartesian category.

The category Semilat, is a subcategory of the category ComMon of
commutative monoids with monoid homomorphisms. By repeating what we
had above, we can show that ComMon, with both A and V being cartesian
product, and both T and | being the trivial single-element monoid, is a
natural ZML7 | -category. The category Mat of §12.5 is isomorphic to a
subcategory of ComMon, which is itself a subcategory of Set,.

Let us summarize in a table the connections between the three subcate-
gories of Set, that we had as examples for various kinds of lattice categories
(see §9.7, §10.1, §10.3 and §12.4):

H category ‘ A ‘ V ‘ T ‘ 1

Set?! = Semilat mix-lattice ® Tu{z} | I
Set, zero-dicartesian X 2! I I

Semilat, || zero-mix dicartesian | X X I 1
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Note that Setﬁl is not a dicartesian category, but only a sesquicartesian
category with T and L as in the table. We also had in §9.7 the dicartesian
category Setg, where, in contradistinction to Set,, we had that L is (); but
this category is not a zero-lattice category.

The category Rel is a zero-mix dicartesian category with both A and V
being +, and both T and L being 0; the operation U in Rel is union, and
the zero arrows are empty relations.

The category Rel is isomorphic to a subcategory of Semilat,. We define
a functor F' from Rel to Semilat, by

Fn = (Pn,U, ),

where Pn is the power set of the ordinal n and U is binary union of sets;
for RC nxm and X € Pn we have

(FR)(X)={y € m| for some z € X, zRy}.

It is straightforward to check that F is a faithful functor from Rel to
Semilat,, which is one-one on objects. So the image under F' in Semilat, is
isomorphic to Rel. The functor F' is a strong, but not strict, C(ZML~ | )-
functor (see §2.8). The semilattice with unit (Pn,U,0) is, up to isomor-
phism, the free semilattice with unit with n free generators.

It is known that Rel is the skeleton of a category isomorphic to the
Kleisli category of the power-set monad (or triple) on the category of finite
sets with functions (see [90], Section 0.6, p. 32). In this isomorphism, every
relation R C n X m is mapped to a function fr : n — Pm such that
y € fr(z) iff zRy, and fr can then be extended in a unique way to an
()-preserving semilattice homomorphism FR from (Pn,U, () to (Pm,U, ).



Chapter 14

Categories with Negation

In this, final, chapter of the book we bring to completion our proposed
codification of the proof theory of classical propositional logic. We first
prove a general coherence result that enables us to pass from coherence
proved in the absence of negation to coherence with a De Morgan negation
added. De Morgan negation is involutive negation that satisfies the De
Morgan laws, but does not yet amount to Boolean negation.

To obtain Boolean negation, i.e. an operation corresponding to comple-
mentation, we need extra assumptions, which, if we want coherence with
respect to the category whose arrows are relations between finite ordinals,
must be zero arrows. The effect of having these zero arrows, which yield the
zero-identity arrows of Chapter 12, is that all theorems, i.e. all propositions
proved without hypotheses, will have zero proofs. Then we prove coherence
for our Boolean categories, by reducing it to a previously proved coherence
result of Chapter 12.

We end this chapter with comments on alternatives to our approach
in categorifying the proof theory of Boolean propositional logic. Besides
the approach through bicartesian closed categories, i.e. cartesian closed
categories with finite coproducts, which with natural assumptions about
negation collapses into preorder, there are alternatives with relations be-
tween finite ordinals being replaced by a more complex kind of relation on
the sum of the ordinals in the domain and codomain. We discuss problems
that arise with these alternatives.

We conclude that if our codification of the general proof theory of clas-
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sical propositional logic is acceptable, then this proof theory is simpler than
the general proof theory of intuitionistic propositional logic, codified in bi-
cartesian closed categories, or, equivalently, in a typed lambda calculus
with product and coproduct types. In particular, equality of derivations is
easily decidable for classical logic. The categorial structure of this classical
proof theory is, however, quite rich. It covers all the categorial structures
considered in this book, except the zero-mix lattice structure of Chapter
13, and extends them conservatively with respect to identity of proofs. It
comes close to the zero-mix lattice structure, through which it is related to

linear algebra.

§14.1. De Morgan Coherence

If £ is one of the languages L v and LA v, T,1, then let £ be the language
obtained by assuming in the definition of £ that we have in addition the
unary (that is, l-ary) connective — of negation. The language £77 is, on
the other hand, defined like £ save that the set of letters P is replaced by
the union of P and the set P~ = {-p | p € P}.

The syntactical system C(I™) is defined by taking first for its objects
the formulae of L ,/; next, for every A, B € L, ,, we have the primitive

arrow terms

10:AF A,
ny: AR A, ny: AF A,
r4p: “(AANB)F-AV-B, Mgt "AV B (AN B),
¥XB:_‘(A\/B)F_‘A/\_‘37 %XB:—.A/\_,BF_\(A\/B),

and as the operations on arrow terms we have composition, A and V. Let

the family n-r be the union of the families n™, n*", 77, 7, ¥~ and 7.

The equations £(I7) are obtained by assuming the categorial equations,
the bifunctorial equations for A and V, and the isomorphism equations
ny ony = 1.4, ngoeny =1a,
%X,B ° ?ZB = ]-ﬁ(A/\B)a ?XB ° ?’ZB =1.av-5,

Ve V_y _ V_y Ve _
TAB°TAB = loavn), TAB°Tap = l-ar-B.
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The syntactical category I7 is C(I™)/E(I™). Due to the presence of cat-
egorial and bifunctorial equations, we can easily prove the Development
Lemma (see §2.7) for I™ (this presupposes a definition of S-term where
can be one of the families n ™, n*", 77, etc.).

An arrow term of C(I7) is called —-directed when < does not occur as
a superscript in it. The formulae of £, that are also formulae of £,%,
are said to be in normal form. We can then prove the Directedness Lemma
(see §4.3) for I". The proof of this lemma is obtained by relying on the
bifunctorial equations for A and V. This lemma enables us to prove the

following.
I" COHERENCE. The category 1™ is a preorder.

The proof is analogous to the proof of Associative Coherence in §4.3.

Consider the following definitions in C(I7):

_ — _ — — _ —
=14 =g 1.4, N, =af N4, TNy =df Mg,
= — — — =
P4 g =df Waape(MA ANE) T4 g
N— M— — — —
=g =df "Sa-p (M Ang)eng.p,
vy Ay
ST A g =df Waype (N Vng)erl, g,

- 7V"XB =df 7A”fA,ﬁB o(ny Vng)enip.
=(g°f) =df —f ey,

(fAg) =ar Papo(=fV=9)° D g,

S(fVg)=dq 75p°(~f AN=g)e D p-

It is easy to see that — is a functor from I™ to I 7P i.e. a contravariant

functor from I to I™. It follows easily from I Coherence that n™, n* |

7 and 75“<_, for ¢ € {A, V}, define natural transformations between functors
defined in terms of the identity functor, the contravariant functor — and
the bifunctors ¢. Our official definition of logical category does not cover
I, but it is clear how we can extend this definition to cover also categories

like I
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The syntactical category Iy | is defined as I " save that its objects are

from £, , + |, and we have in C(I7 | ) the additional primitive arrow terms

p—: T HF L, pe: LT,
prioLE T, pe: TE-L,

and in E(IT ) the additional isomorphism equations

— o P

ﬁ(— o ﬁ—> = 1—\Ta

< >
D >

]-La
— o P 1.

peopr =11,

We call p the union of the families p—, p+, p— and p+.

By extending the proof of I Coherence, we easily obtain the following.
I+ | COHERENCE. The category It | is a preorder.

In C(IT ;) we can introduce the definition of —f as in C(I") with the

following additions:

A v A v
—\p—> :df n?op—), —|p<— :dfp<— on?,
i _ — A v _ A —
TP =df Ny e P TP =afpeoeng,

and obtain a functor from I | to I .

Let K be a logical category in £. Then the syntactical category K,
whose objects are formulae of £, will be obtained from K as I " is obtained
from the variant of I in the language L4 v, or as I | is obtained from the
variant of I in the language L.\ 7.1. For example, in the syntactical
system C(DL7 ), whose objects are formulae of £, , + |, we will have
besides the primitive arrow terms in the families 1, b, ¢, w-k, -0, m and
d, those in the families n-r and p, and the equations of £(DL7 ) will be
obtained by assuming the union of those of £(DLt 1) and (I, ).

We define a functor F' from K7 to K in the language L£77; we call
the latter category K P. The category K7 is exactly like the old logical
category K save that it is generated not by P but by P U P~ (see the end
of §2.7).

We define a functor F' from K~ to K% by the following graph-morphism
from C(K™) to C(K™P):
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Fp=p,
F¢=¢, for¢e{T,L1},
F(A¢B)=FA¢FB, for¢e{A V},

Fﬁp = ﬁp7
F-T=1, F-1=T,
F——A = FA,

F-(AANB)=F-AvV F-B, F-(AV B)=F-AN\F-B;
for f: AF B in the families n-r and p,

Ff=1p4s (here FA is equal to FB),

Fou,,. A, =aFa,,. . FA,,

F(gef)=Fg-Ff,

F(feg)=FfeFg, for¢e{n v}
It is easy to check that F' is indeed a functor; namely, f = g in ™ implies
Ff=Fgin K™ (cf. the penultimate paragraph of §2.4).

Next, we define a functor F~ from K to K~ by the graph-morphism

from C(K™?) to C(K™) for which we have F"A = A, and F"f = f. It is
clear that F' and F™ are strict C(K)-functors.

We define by induction on the length of A € L, the arrow terms
ia: AFFAandi': FAF Aof C(I17):

iA:iglzlm if Aisp or —p,
iajen, =ia, €1a,, Tor & € {AV},
i—|—‘B = ZB OTLE?

. . . Ay . . . V_y
a(Aindg) = (Gmay Viaag) o T4 ays  Gn(Arvay) = (fmay Ninay) o T4, 4,

1 1 . =1
igen, =in, $1a,, forée {n,V},

1 A 1 1 1 Ve 1 1
Zﬁ(Al NAz) TAL,A;° (ZﬁAl Vv ZﬁAQ)’ Zﬁ(Al VAs) T TA A ° (ZﬁAl A ZﬁAQ)'

If A€ L, 1 1, then we define the arrow terms is: A - FA and it
FAR Aof C(I7 | ) with the additional clauses:
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ic =1, for¢e{T, L},

. _ A . o Vv
i =p, il =Py

1

_ —1
T =

A _ Vv
P g =P

It is clear that we have i 'oiq =14 andigei,' =1pain I~ or I7 . We

can prove the following.

AUXILIARY LEMMA. For every arrow term f: A+ B of C(K™) we have
f=igoFfoiainK .

PrOOF. We proceed by induction on the length of f.

If f: AF B is in the families n-r and p, we have that f = igl oFfoig
by I'" Coherence or I | Coherence.

If fisaa,,. a,: MH(AL, ..., Ag) B NV (A, .o Ag), then dnpua,,.ay)
is M*(iay,-..,04,) and iJ_V}’(Al,...,Ak) is N”(i;ll,...,izi); we obtain f =

ifgl o F'f oi by using (« nat).
If fis foo f1, then we have

foo fi= igl oFfyoico ial o F'f1 oi4, by the induction hypothesis,

=ig o F(f2e fi)ia.
If fis fi¢fa, for € € {A,V}, then i4,e4, 1S 14, €14, and @;32 is
z;} 13 i;;; we obtain f = igl o F'f oi4 by using bifunctorial equations. .

K™-K P-EQUIVALENCE. The categories K~ and K™ are equivalent via the
functors F' and F™.

Proor. We have FFTA = A and FF™f = f. That ¢ is a natural iso-
morphism from the identity functor of K™ to the composite functor FF

is shown by the Auxiliary Lemma. -

Let the functor G from K™ to Rel be defined by extending the definition
of the functor G from K to Rel with the clauses
G-A=GA,
Gf=1ca,
for every arrow term f: A+ B in the n-r and p families. Here GA must
be equal to GB, and 14 is the identity relation, i.e. identity function, on
GA. Then we can prove the following.
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DE MORGAN COHERENCE. If G from K to Rel is faithful, then G from K~
to Rel is faithful.

PROOF. Suppose that for the arrow terms f,g: A+ B of C(K™) we have
Gf = Gg. Then we have GF f = GFg, where F' is the functor from K~
to K™ we have defined above. Since G from K to Rel is faithful, we have
that G from K™ to Rel is faithful and hence F'f = Fg in K™P. From
K™-K P-Equivalence we conclude that f =g in K. —

We can define the functor — from K™ to K™ by extending the defini-
tions we have for I and I | with the following clauses, provided C(K™)
has the required arrow terms on the right-hand side:

A 2
— — ., N N — N> A
= bX o =df Taprc°(1-aVTgc)ebSy pco(PapVlc)e o
b pe =4 Pinse o (Fip V1ae)e b2 c(LaaVige)e #7
A,B,c —df "AnB,C A,B -C -A,~B,-C -A B,C A,BAC)H
A A Vv A
S CAB =df T p° C-A-B°TE A
A _ \ A—s
WA =df W-A°T4 A
7 N Li ;
~ kg =af Tap okl _p for i € {1, 2},
L — N Y= R N N
_‘dA,B,C =df T"a,BvC ° (1-aV TB,C) ° dﬁA,ﬁB,ﬁc ° (TA,B ANl.c)e TAAB,C»

R A N L A= N—
—dé g a =df Toup,a°(TopV1aa)edZo g a°(1-c ANTE 4)°TC BrAs

— N N—
TMAB  =df TA,B °M-A-B°TA B>
-1 . Ve 1 Ay
TMaAp Tdf TAB°M-A-B°TAB>
~(fug) =4 ~f Uy,
=048 =ar 0-B,-4;

2 Vv
the clauses for — bZ B.C and — bZ) p.c are obtained from the clauses for

AN N
= b4 g o and 7 by g - respectively by interchanging A and V;

v Ve A V_y
T CAB =df T A°C-A-B°TA B

v o Ve A
WA =df Taac° Wa4,

x>

2 .
kY g =df kLa B~ %ZB’ for i € {1,2};
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A A M

2 0% =af Tt eo(laaV pe)e 05y,
Vv

0y =ap 0Ty o(1aV p=) e Py,

N A v
n07 =af T ac(pe V1ia)e oSy,

m 0 =ap 0y o (pm V1aa)e BT 4

A\ Vv
the clauses for = 677, = 0%, - (\7/'X and — 5X are obtained from the last

four clauses by interchanging A with VvV, and T with L;
A Vv AN Vv Vv A
_|K’A:df /{_\Aop—>, _‘/{A:d‘f p—>o/§;_‘A.

The coherence of K™ is a sufficient (though not a necessary) condition for
the correctness of these definitions. By the coherence of ™', we also obtain
that n=, n*, + and +* for ¢ € {A,V} define natural transformations
between functors defined in terms of the identity functor, the contravariant
functor — and the bifunctor ¢.

The category DL corresponds in the following sense to the system E¢ge
of tautological entailments of [1] (Section 15, and Section 18 by J.M. Dunn;
see also [6]): there is an arrow of type A+ B in DL iff A — B is a theorem
of E¢qe. The algebraic models with respect to which Egqe is complete are
called De Morgan lattices, distributive involution lattices or quasi-Boolean
algebras (see [1], Section 18, and references therein; see also [113], Section
I11.3). Complementation in De Morgan lattices is not in general Boolean

complementation (see the next section).

§14.2. Boolean Coherence

The syntactical system C(B) is defined by taking first for its objects the
formulae of £ , + | ; next, the primitive arrow terms of C(B) are those of
C(ZIDL7 , ), i.e. those in the families 1, b, ¢, w-k, 0-0, m, d, 0 (whose
members are 04: AF A), n-r and p, plus

na: TH-AVA,
ea: AN-AE L,

forevery Ain L, |, + |, and the operations on arrow terms are composition,

A and V. The equations of £(B) are obtained by assuming the union of those
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of £(ZIDLT | ), i.e. those of £(DL~ 1) plus (0I), and those of £(I1 | ). The
syntactical category B is C(B)/£(B). Here, B comes from Boolean.

We define 04 g in B by f <04, as we did in ZIDL~ ,, and we can infer
that the following equation holds in B:

na =mnaclr,
= 77A°OT7 since ]—T = lAiT = OT,T,

=07 -4ava.
We derive analogously e4 = 04r-4,1. Since n4 and €4 are zero arrows, we

assume that Gna and Ge 4 are empty relations.

The following equation holds in B:

A
(0775) 04 = 5’2 O(EAV1A)OdA’_.A7A0(1A /\77A)° 5;,
since

€A =€a°04n-24
=Epc° (OA AN 0—|A)7 by (Olf) Of §12-57

which with naturality and bifunctorial equations yields that the right-hand

side RHS of (0ne) is equal to RHS »0,4. The equation (0ne) shows that we

need not take 04 as a primitive arrow term: we can take it as defined in

terms of n4 and €4. We could then conceive of B as obtained by extending

DL7 | with the arrows 74 and €4 and the equations (0I) for defined 04.
The following equations too hold in B:

(MA)  MBaa = (7A"(§,A V1ppa)e gﬂBvﬂA,BAA ° éSB,A,—\B,ﬂAO
A
o (¢~ A Ca-a)e(ne Ana)e 6%,

(nV)  mBva = (T4 V1lva)e€lp _apac(BAna)e 0%,

c(eaVep)oey g a-p°LarB A4 ),
c(eaVep)o(EoaaV éopn)oel pape

° éAvB,ﬁA/\ﬂB ° (1AVB A 7V"ZB)7
; (€T) er=07 (11 A p=),

— A
T I
<, (el) er=07 (1L Ap—).
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The syntactical system C(C) is defined by taking first for its objects
the formulae of L'X?V,T’l, namely L, v 1,1 generated by P UP; next, the
primitive arrow terms of C(C) are those of C(ZIDL~ ), i.e. those in the
families 1, b, ¢, w-k, m, d, 6-0 and 0 (whose members are 04: A + A) plus

np: T F-pVp,
ep:pA-phk L,

for every p € P, and the operations on arrow terms are composition, A
and V. As equations of £(C) we assume those of £(ZIDLt | ), i.e. those of
E(DLT 1) plus (0I). The syntactical category C is C(C)/E(C).

We define 04,5 in C by f-04, as we did in ZIDL+ ; and B, and as in
B we infer 1, = 07 —pvp, €p = Opr—p, 1 and (0ne) with A replaced by p.

The category C is obtained from C as Iy | is obtained from It y;
namely, we have as objects the formulae of £, + ;, we add to C the
arrows n-r and p, and we assume in addition the equations of £(I7 | ).

The category C is isomorphic to the category B. We define 14 and
€4 in C” inductively with the help of (n¢) and (e ¢) for ¢ € {A,V}, and
(n¢) and (e¢) for ¢ € {T, L}. Our purpose now is to show that the functor
G from C to Rel is faithful, and use this coherence result, together with
results analogous to K7-K P-Equivalence and De Morgan Coherence, to
infer that G from B to Rel is faithful, i.e. that B is coherent.

Let A[T] be a formula of £,%, + | with a particular occurrence of T,
and let A[B] be obtained from A[T] by replacing this particular occurrence
of T by the formula B of L:;;,DV,T,L' Then it is clear that there is an n-term
Alnp]: A[T]F Al-p Vv p].

We define the arrow term ﬁA[B]: A[T] AN B + A[B] of C(DL~ 1) by
induction on the length of A[T]:

g =05: TABF B,
ﬁC’/\A[B] = (].C A -é\A[B})O baA[T],B: (C/\A[T]) /\B F C/\A[B],

dapinc = (Gap Ale) o (Epam) ALe)e UG arryo ° CalTInC, B!
(A[TIANC)ANBFE A[B]IAC,

Govap = (e V Gaip) ° A6 am 5 (CVA[T) ABECVA[B],
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ﬁA[B]vc = (ﬁA[B] V1g)e(ép.amm V 1c)°d§’,4m,c° CA[TIvC, B!
(A[T]V C)ABF A[B] Vv C.

Then we can prove that the following equations hold in C:

A

(9m)  Alnp] = Gappvp) ° (Larr) AO-pyp) o (Lapr) Atgp) o 057y

We proceed by induction on the length of A[T]. If A is T, then

A

AN
0 pvp o (1T AO—pyp) e (11 Amp) e 65
= 0-pvp°np, by (33) and naturality equations,

=1y, by (0I) and Ot =hT= 17.
If Ais C A D[T]’ then

(1o A dps) e gED[TLB > (Loap[m) A O-pvp) e (Leanrm) AMp) (/S\g/\D[T]
= (Lo A gpm) - (e /i (1p A OZpr)) ° (IACA/\ (Ipiry Amp)) e
o(le A ) bY (b+ nat), (bd) and isomorphisms,
= 1¢ A Din,l, by the induction hypothesis.

We proceed analogously when A is D[T]AC, C vV D[T] and D[T]V C,
by applying naturality equations and Distributive Dicartesian Coherence.

For A[L] a formula of £,%, + | with a particular occurrence of L, and
A[B] obtained from A[L] by replacing this particular occurrence of L by
B, we have an e-term Aley]: Alg A —~¢] F A[L].

We define the arrow term ﬁA[B}: A[B]+ A[L]V B of C(DLT, 1) by

§p =65 BFTVB,
dova) = bcapyp e (e V gam): CVAB] - (CVALL]) VB,

JaBve = CALLVC,B ° bs ap,c° (¢,ay V1) (gap Vo) :
A[B]V C F (A[L]VC)V B,

denap) = 46 apyp° (e A gap): CANA[BIE (CAAL) VB,

§A[B]Ao = gA[J_]/\C,B °d1§7A[l],c ° (EB,A[J_] A 10) ° (éA[B] A 10) :
ABIACFE (A[L]AC)V B.
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Then, in a dual manner, we can prove by induction on the length of
A[L] that the following equations, analogous to (gn), hold in C:

(ge) Algg] = 0411y ° (Lapy Veg) o (Qapy V 0gang)° ﬁA[qAﬁq]-

From (gn) and (ge), we easily infer with naturality and bifunctorial equa-
tions the following equations of C:

for f: B A[T],

(9nf)  Alp)e f = Garpp) * (F A O-pup) e (Lp Amp) e 055,
for f: A[L]+ C,

(gef)  feAleg] = 85 (Lo Veg) o (f V 0unng)® G aignol:

Note that in the relations G(A[n,] - f) and G(ﬁA[ﬁpvp] o (fAO-pyvp)) We
have the same sets of ordered pairs, and in the relations G(f - Ale,]) and
G((f V Ogn—q)° g}A[q/\ﬁq]) we also have the same sets of ordered pairs.

Suppose now that we have two arrow terms f1, fo: B+ C of C(C) such
that Gfy = Gfs. Let p1,...,pn, with n > 0, be the set of all occurrences of
letters that are subscripts of subterms of f; and f> of the form n,,, where
1€{l,...,n}, and let ¢1,. .., Gm, with m > 0, be the set of all occurrences
of letters that are subscripts of subterms of f; and f> of the form ¢/,
where j € {1,...,m} (the same letter may be repeated in pi,...,p,, or
Qs s Gm)-

We introduce the following abbreviations by induction:

770 = 1B7 EO = 1C7
k+1 _ , k k+1 _ _k
n = A npk+17 € ="V 8qk+l7
AY Vv
0 =1z, 0° =1,
AY AN Vv 4
k+1 _ (K k+1 _ Ak
0 =0"A 0ﬁpk+1\/Pk+1v 0 =0"V OQk+1/\ﬁQk+1’
AN Vv
BY =B, c? C,
AN A Vv Vv
BEtl = BE AT, oFtl=Chvl,
AN 4
60 = ]-Bv 60 = ]-C»
AN AN AN 4 Vv 4
Skl = § o ok Skl = gk o 37
/\k ) \/k7
B C
T €
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2 V.
By =5 ¢y =c.
B;C—H - B’f‘ APr+1 V Prt1), th—H = O; V(qr+1 AN Qr+1),
) Yo
hf = 137 hf — 1C7
/\k : . .
Nl hf AN Lpia Vi if Mpjyq 15 10 f
h hk o Rl i . b
foRaA if np,,, is not in f,
B;{c)ﬁpk+lvpk+1
\/k . . .
Vit RV g i vagria if e, ., isin f
T 3 o BE it is not in f
Gk Gor1 Ah f Eqit1 .
q’ g

Then, by relying on (gnf) and (gef), for i € {1,2} we obtain in C the

equations

A

G S T PR TR TS

fl_ og o o fiofio fio 077 o

where f/ is an arrow term of C(ZIDL”, ), and for f;’ being
O™ o Ko flo i} o 07

we have G f' = G f3. Since fi’ and f3 are also arrow terms of C(ZIDL-") ),
by Zero-Identity Distributive Dicartesian Coherence of §12.5 we conclude
that fi' = fJ in ZIDL-T-{D ', and hence f; = f3 in C. This establishes that
the functor G from C to Rel is faithful.

We prove as in the preceding section X 7-KX P Equivalence for X7 being
C and K™ being C. (We stipulate that F8, = 8, and F7f, = S, for
B € {n,e}.) Then, as in the proof of De Morgan Coherence, we use the
faithfulness of G from C to Rel and K7-K P Equivalence to establish that
G from C7 to Rel is faithful. The isomorphism of the categories C and
B then yields the following.

BooLEAN COHERENCE. The functor G from B to Rel is faithful.

We can define the functor — from B to B°? by extending the definitions

in the preceding section with
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AN Vv
—\7’]A :dfpe OEAO(’[’LX /\ 1“A)Or:)A,A7

—ea =af Tl oa o (1ma Vi) enae po.

The transformations n and e are dinatural transformations (see [100],
Section IX.4), which means that for f: A+ B we have

(1-aV f)ena =(=fV1g)eng,
EAO(].A/\ﬁf) ZEBO(f/\l_.B).

These equations are satisfied trivially in B, because 14, 15, €4 and ep are
ZE€ro arrows.

We leave open the question of maximality for the category B. In the
light of the results of §9.7, it seems natural to conjecture that this category is
not maximal. Note, however, that the category ZIDL, which is isomorphic
to a subcategory of B (see Chart 3), and covers the conjunction-disjunction
fragment of classical propositional logic, is maximal (see §12.5). For the
conjunction-disjunction fragment of classical propositional logic with the
constants T and L, we have the category ZIDL+ |, which is also isomor-
phic to a subcategory of B, and is maximal in the relative sense in which
L+, is maximal (see §9.7 and §12.5). The technique of §9.7 suggests how

to prove some sort of relative maximality also for B.

§14.3. Boolean categories

A distributive dicartesian category A for which we have a functor — from
A to A°P  natural isomorphisms like those in the families n-r and p, and
dinatural transformations € and n will be called a Boolean category.

A Boolean category is called a zero-identity Boolean category when for
every 0, defined by (0ne) of the preceding section, where A is replaced by
the object a, we have for every f, g: a F b the equation (0I), namely f -0, =
0p0g. The category B is the zero-identity Boolean category generated by
P.

The connection of Boolean categories with Boolean algebras is the fol-
lowing. We have an arrow of type AF B in B iff A — B is a tautology of

propositional logic. This is how B is connected to classical propositional
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logic. A partially ordered Boolean category, which must be a zero-identity
Boolean category, is a Boolean algebra (in which top and bottom are not
necessarily distinct).

Note that the equations of B cover cut elimination—i.e. they enable us
to prove a cut-elimination theorem, such as we had in §11.2. They cover
first the cut elimination of ZIDL~ ;. As far as negation is concerned, the
key equation is (07e), whose right-hand side corresponds to the cut

Fr(N)F-AYA gi AMSAE (0,Y)
cut (p,n),0v)(f,9): AFA

With (0ne), we have that cut g a),@,v)(f,g) is not equal to 14: A= A, but
to04: A A.

To prove a cut-elimination theorem, we can rely on Gentzen terms like

those in §11.1, to which we would add dual primitive Gentzen terms and
Gentzen operations where ~A A -B, =AV =B, T and L are replaced re-
spectively by =(AV B), =(A A B), =L and —T. For example, we would
have the operation

f:T*=A"-BF A

_‘\/Lf:dnfo( A Z/\B)O(FA,\/,HIA,B):FA_‘(A\/B)l_A

Our strictification result should be adjusted to support such operations. As
additional primitive Gentzen terms, we would have 17, =p = —p, 0 p - p,
0”,:—pF —p, ny: (0,A) F —pYp and g : p"—p k- (0, V), and we would have
the additional Gentzen operations

f:TAF A
—|—\Lf =dn f ° (I‘An%’f/‘): I'"-—AFA

f:THAYA
=R f =g (MTAVA) o f: T —mAYA

A similar idea underlies a sequent system in [1] (Section 17) for tautological
entailments, which correspond to De Morgan lattices.

The usual introduction and elimination rules for negation:



324 CHAPTER 14. CATEGORIES WITH NEGATION

f:TFAA fTPAFA
=Lrr=-AFA -BfTE-AYA

would be admissible in the cut-free system; i.e., we can find cut-free Gentzen
terms that define =~ f and =% f. This does not mean that the operations
—L and = are defined in terms of the postulated Gentzen operations; in
such a case, we would speak of derivable rules. The arrow terms =~ f and
—f f involve zero arrow terms.

Zero-identity arrows make equal in B many arrow terms of the same
type involving negation. In particular, all arrow terms of the type T F A
where A is a tautology are equal. However, B is far from being a preorder.

There is an argument from which it is usually concluded that it is hope-
less to try to find a categorification of Boolean algebras. All plausible
candidates seem to be categories that are preorders. To present this ar-
gument, we rely on notions defined in [90]. The argument is based on the
fact that in every bicartesian closed category (i.e. cartesian closed category
with finite coproducts), for every object a there is at most one arrow of
type a = L, for L an initial object. In [90] the discovery of that fact is
credited to Joyal (p. 116), and the fact is established (on p. 67, Proposition
8.3) by relying on a proposition of Freyd (see [58], p. 7, Proposition 1.12)
to the effect that if in a cartesian closed category the hom-set Hom(a, 1)
is not empty, then a = 1; that is, a is isomorphic to L. Here is a simpler
proof of the same fact (from [40], Section 5).

PROPOSITION 1. In every cartesian closed category with an initial object

L we have that Hom(a, L) is either empty or a singleton.

PROOF. In every cartesian closed category with 1 we have l?;ﬁ_ | = lgf_ K

L ALE L, because Hom(L AL, 1) = Hom(L,LL). Then for f,g:abt L
AN N

we have k] | <(f,g) =k3 | *(f,g), and so f = g. =

In [90] (p. 67) it is concluded from Proposition 1 that if in a bicartesian
closed category for every object a we have a = ——a, where the negation —b
is L0 (which corresponds to b — L), then this category is a preorder.

If the requirement a = ——a is deemed too strong, here are other simi-
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lar propositions (taken over from [40], Section 5), in which preordering is

inferred from other natural requirements.

PROPOSITION 2. Every cartesian closed category with an initial object L in
which we have a natural transformation whose members are n,’ : =—a - a

is a preorder.

Proor. Take f,g: -—a F b, and take the canonical arrow n} : a - —a,
which we have by the cartesian closed structure of our category. Then we
have == (fon{") = ==(g-n) by Proposition 1, and from

ny e m(feng ) =my e mm(geng ),
by the naturality of n™, we infer

Jeng eng = geng eng

Since n{ on,” = 1_., by Proposition 1, we have f = g.
Then, for T terminal, we have
Hom(c,d) = Hom(T,d°)
Hom(——T,d°),

1%

since T & ——=T, and Hom(——T,d°) is at most a singleton, as we have

shown above. =

PROPOSITION 3. FEwvery bicartesian closed category in which we have a
dinatural transformation whose members are ng: T F —aV a is a preorder.

PRrOOF. Take f,g: T Fa. Then —f = =g by Proposition 1, and from
(f V1a)ena = (mgV 1a)ena,

by the dinaturality of 1 we infer
(L1 vV f)ent = (11 Vg)enT.

Since nt: T F =T V T is an isomorphism, we obtain 1_+V f =17V g,
from which f = g follows with the help of o+. —
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(For an argument along similar lines, based on De Morgan isomorphisms,
see [124].)

With Boolean categories, and with B in particular, we have, however,
that A is isomorphic to =—A, and we have also that n™ is a natural trans-
formation and 7 a dinatural transformation, without falling into preorder.
We believe that our notion of Boolean category, which does not imply pre-
order, gives a reasonable categorification of the concept of Boolean algebra.
Moreover, this notion delivers cut elimination, as we have indicated above.

That n4 and €4 ended up by being zero arrows in B is dictated by
Rel, since we have no other choice in Rel for Gna and Ge4 save the empty
relation. With another category, replacing Rel for coherence results, we
need not take n4 and €4 as zero arrows.

A category that could replace Rel is the category whose objects are
finite ordinals and whose arrows are split equivalence relations (see [50] and
[51]). These are equivalence relations defined on the sum of the ordinals in
the source and target. For that category, Gn, and Ge, would correspond

to the diagrams

/Y Gp N Gep

In that context, the left-hand side 04 of (0ne) would be replaced by 1 4,
and that equation would become similar to a triangular equation of adjunc-
tion (see [100], Section IV.1). But in this direction there is a heavy price
to pay. The transformations in the families w-k, -0 and x cannot remain
natural if we want coherence. (Lack of naturality for these transformations
jeopardizes cut elimination.) For example, for the following instance of

(W nat):

ﬁ]ﬂpr omp = (Mp A 1p) © W

we would not have that G(W_py, °np) is equal to G((n, A n-p) o W), as

can be seen from the diagrams
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T T
N Gnp G
-pVp TAT
/)& Gﬁf—'pr m m G(np A np)
(=p V p)A(=pV p) (=p V p)A(=p V p)

One may perhaps envisage a categorification of Boolean algebras where
these transformations are not always natural, as they are in our Boolean
categories. (In [67], Section 5.4, rejecting bifunctoriality is envisaged for the
same purpose; we have no reason to reject bifunctoriality here.) Problems
would, however, not cease once naturality is rejected for w-k, §-o and k in
the presence of negation.

The question is should G ﬁ}p be the relation in the left one or in the

right one of the following two diagrams:

AN

The second option, induced by dealing with equivalence relations, or by
connecting all letters that must remain the same in generalizing proofs,
would lead to abolishing the naturality of 1 even in the absence of negation.

For example, in the following instance of (1 nat):

A Vv Vv Vv A
Wy o kp = (Fp A Kp) oWy

we do not have that G (1, o £,) is equal to G((kp A Kp)o W1 ):

J_ Vv
Glip Gwl
p 1 AL
/F\ G, Gy A Ky)
p N p p N p

We obtain similarly that £ cannot be natural.
If, on the other hand, we keep for G0, the relation in the left diagram—
the same we had in Rel—there would still be problems. We foresee problems

for cut elimination based on equality of arrow terms, such as we understood
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it in this book. This would, however, involve dealing with matters outside
of the scope of the book.

Although in the introduction we have motivated the category Rel by
the Generality Conjecture, it should be stressed that this category does not
always correspond to the intuitive idea of generality. This is so even if we do
not consider the split equivalence relations of [50] and [51], but stay within
Rel. For arrows of Rel capturing generality it is natural to assume that
they are difunctional in the sense of [114] (Section 7), a binary relation R
being difunctional when Ro R~!o R C R (in other words, if xRz, yRz and
yRu, then xRu). Tt is easy to see that the image under G of an arrow of DL
is not necessarily difunctional. For example, G(mp , U (lézlw 0 l?:%’p)) is not
a difunctional relation. The claim made in [40] (Section 4) that the image
under G of any arrow of L is difunctional is not correct. A counterexample
is provided by G([lAc},,p, 1,], [IACI%,p,

The category Rel captures, however, the intuitive idea of generality for

1,]), which is not difunctional.

all categories in Chart 1 except for L and the three categories above L. Tt
captures this idea for the category MDS, too, and for all categories below
MDS in Chart 2.

§14.4. Concluding remarks

Our coherence results show that a number of logical categories that we have
investigated here are isomorphic to subcategories of the Boolean category
B, and B is isomorphic to a subcategory of ZML~ ;. We record all these
results about subcategories in Charts 1-3. Such results about subcategories
are sometimes taken for granted, and, indeed, they are not surprising, but
it is not trivial to establish them. One means of proving them is via coher-
ence, which, as we have seen, is often established with considerable effort.
(Another means can be via maximality.)

In general, we have the following situation. Suppose a syntactical system
S’ is a subsystem of a syntactical system S. Suppose also that we have the
syntactical categories S'/&" and S/€ such that the set of equations &' is
a subset of £, the functor G from S'/&’ to Rel is faithful, and there is a
functor from S/€ to Rel that extends G. Then S'/E’ is isomorphic to a
subcategory of §/&, with the isomorphism being identity on objects.
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To show that, it is enough to show that the identity maps on the objects
and arrow terms of &’ induce a functor from §'/€" to §/€ that is inclusion
on objects and one-one on arrows (see the penultimate paragraph of §2.4).
This amounts to showing that for f and g arrow terms of S of the same
type we have f = g in §'/&" iff f = g in S/E. Tt is clear that f = g in
S'/E implies f = g in S/&, since &' is included in €. For the converse,
from f = g in §/€ we infer Gf = Gg, and then, by the faithfulness of G
assumed above, we obtain that f = g in §’'/&’ (cf. the end of §4.3). Note
that &’/&’ is only isomorphic to a subcategory of S/€, and is not actually
a subcategory of S/&, because an arrow term f of &’ stands in S’/&’ for an
equivalence class of arrow terms (this is an arrow of §'/£’) that is a subset,
maybe proper, of the equivalence class for which f stands in §/& (see §2.3).

Note that if for S" a subsystem of S and £’ a subset of £ we have that
S'/€" is a preorder, then we can ascertain that S'/€’ is isomorphic to a
subcategory of §/& without appealing to the functor G and Rel. We have
such a situation with many of our categories where coherence amounts to
preorder, but we also have it where preorder does not amount to coherence,
as with the categories 8" and S of 86.5.

There are coherence results with respect to Rel, related to the coherence
results of this book, about categories that have arrows of the w kind, but
not those of the k kind, and vice versa, about categories that have arrows
of the k kind, but not those of the w kind. These categories are tied to
substructural logics: the former to relevant logic, and the latter to affine
logic. These coherences are proved in [108] for logical categories in the
language LA T in between éT and iT.

Speaking of categories tied to relevant logic, there is in the neighbour-
hood a sort of category interesting for strictification. If to the relevant
natural logical category in £, which is like L save that it lacks the natural
transformations lAci, we add the natural isomorphism -1, whose members
are ﬁ)zlz ANALF A, and whose inverse is @, then we obtain a groupoid
that is a preorder. (The logical principle standing behind w-1 is called
mingle in relevant logic; see [1], Section 8.15.) If this groupoid, which is
a preorder, happens to be the category G involved in the strictification of
some category, the equivalence classes introduced by strictification will cor-

A
respond to finite nonempty sets. When G is S plus 3,4’,4: 1404, then we
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have multisets instead of sets (cf. §7.7), and with A we have sequences (see
§4.5).

We need not, however, assume that w—1 is an isomorphism. We can keep
just ﬁ)Zl oWa=1y4, reject W4 o ﬁ)Zl = 144, and have only equations that
will yield coherence with respect to Rel with the assumption that Gﬁ)zl is
equal to G(ﬁ:}&A U 12124’14). Defining @7 " by 12}4,14 U ]?7,24,;1 we have all these
equations in DL, and hence also in B. (Another possibility is to define ﬁ)zl
as just ]2114,A’ or just IACI%"A.)

If we are right that B provides a reasonable notion of identity of proofs
in classical propositional logic, and if bicartesian closed categories provide
the notion of identity of proofs in intuitionistic propositional logic, we can
conclude that the general proof theory of the former logic is simpler than
that of the latter. Equality of derivations in classical propositional logic,
i.e. equality of arrow terms in B, would be decided via Rel, in an elementary
way. It was assumed before that classical general proof theory should be
simpler, because it was assumed that all derivations with the same premise
and conclusion are equal in classical logic. In other words, it was assumed
that for a given premise and conclusion we cannot have more than one proof.
We do not agree with that, and though we provide with B a relatively simple
codification of that proof theory, it is not that simple.

It is true that all theorems, i.e. all propositions proved without hypothe-
ses, will have zero proofs, which is not the case in the standard formulations
of intuitionistic general proof theory. If we are right, with the theorems of
classical logic we do not find a record of the deductive metatheory. But
this metatheory of proofs from hypotheses exists, and it is not trivial. Our
charts (see Charts 1-3) give an idea of the number of important mathe-
matical structures that enter into the notion of Boolean category. We can
also note in Chart 3 how with B we have come close to ZML~ |, which is

related to linear algebra.



Problems Left Open

1)

2)

10)

How to axiomatize the equations & such that C(DA~ ;)/€ is a pre-
order (see §7.9)7

Let C(DS+ 1) be like C(DAT ;) with the transformation ¢ added.
How to axiomatize the equations £ such that C(DS+ ;)/€ is coherent
with respect to Rel (see §7.9)7

How to axiomatize equations for mix-bimonoidal categories, symmet-
ric or not symmetric, dissociative or not dissociative, for which one

could prove coherence with respect to Rel (see Chapter 8)7

How to axiomatize the equations £ such that C(L, ,)/€ is coher-
ent with respect to Rel (see §9.6, and the revised version of [47]—in
particular the end)?

For K being ZIL or ZIL~ ;, how to axiomatize the equations £ such
that C(K)/& is coherent with respect to Rel (see §12.5)7

Can one prove coherence with respect to Rel for ML, ML+ ; , ZIML
and ZIML+ | (see §§10.2-3 and §12.5)7 If not, what extended ax-

iomatization delivers coherence?

For K being ML, ML~ |, DL or DLt |, prove that one could prop-
erly extend £(K) without falling into preorder (see §10.3 and §11.5).

Classify the equations that give such extensions.

Can one derive the equations (m ¢€) and (m ¢) from the remaining
axioms of £(DL) (see §11.1)?

Find concrete examples, distinct from DL, DL+ | and B, of distribu-
tive lattice, distributive dicartesian and Boolean categories in which
A and V are not isomorphic (see Chapters 11 and 14).

Consider the maximality question for the category B (see the end of
§14.2).

331



List of Equations

We list here the equations assumed as axioms for the logical categories
in our book. Besides that, we list prominent equations and definitions
that were used in derivations or alternative axiomatizations. We mention
in parentheses the sections where the equations were first introduced. A
number of equations for V were not stated explicitly in the main text, but
appear here for the first time. We put the equations for V immediately
below the dual equations for A. Otherwise, the list follows the order in
which the equations appear in the book.

Categorial equations:
(catl) foly=1pof=f:akb (§2.2)
(cat2) he(gef)=(hog)f (§2:2)

Bifunctorial equations:

(A1) 1anlp=1lanp (§2.7)
(V1)  1aVilp=1lavs (§2.7)
(A2)  (g1of1) A(g2ef2) = (g1 A g2) o (fi A f2) (§2.7)
(V2)  (g1°f1) V(g2°f2) =(q1V g2)°(frV f2) (§2.7)

Naturality equations (for f: AF D, g: BFE and h: C+ F):

(b= nat)  (fAG)AR)ebZ g =b5ppe(fA(gAR) (52.7)
(b= nat)  ((fVg)Vh)e EX,B,C =5 ppe(fV(gVh) (52.7)
(b= nat)  (FA(gAR) b 5o =bpppe((fAg)AR) (52.7)
(b nat) — (FV(gVh)ebype= bD oo ((fVg)Vh) (52.7)
(6 nat)  fody =07 o (fAlr) (52.7)
(6 nat)  fody =05 «(fV1L) (52.7)
(6= nat)  (fAl7)edq =05 f (52.7)
(6= nat)  (fV1i)ed5 =05 f (52.7)
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(0= mat)  feoy =0p (1T Af) (§2.7)
(0= nat)  fooy =0p (1L Vf) (§2.7)
(0¢+ nat) (At Af)eoy =05 f (§2.7)
(e mnat) (AL V f)eoy =65 f (§2.7)
(¢ nat) (gNf)oéap=¢Cpre(fAg) (§2.7)
(¢ nat) (gV f)e¢pa=crpo(fVyg) (§2.7)
(W nat) (fAf)eta=1dp-f (§2.7)
(w nat) fewa=wpe(fVf) (§2.7)
(k' nat) [kl =kbpe(fAg) (52.7)
(k' nat)  (gVf)okh o=k peg (52.7)
(R mat) gk 5 =Fkppe(/Ag) (52.7)
(k2 nat)  (gV f)oky =KL p o (52.7)
(k nat) lroka=rkpof (82.7)
(K nat) foka=kKkpol, (§2.7)
(d" nat)  ((fAg)Vh)ed]pc=dpgro(fA(gVh) (§2.7)
(d" nat) (hV(gNf)edEpa=dippe((hVg)Af) (§2.7)
(m nat) (fVg)emap=mpre-(fAg) (§2.7)
(m~ nat)  (fAg)emy's =mplge(fVyg)

Specific and other equations:

(8 5) ZA77/\15’,0,D ° 8ZB,CAD = (?)ZB,C Alp)e ZA’ZBAC,D o(1a A 8§,C,D)
v \ v Y Y v (§42)
(b5) bave.cep VA povp =0Fpc V1) bipyep e (laV by cp)
(88) 817,13,0 ° 823,0 = lansnc) 8ZB,C ° 8XB,C = Lanpnc (84:3)
(lv’z) lV’XB,c ° ZV)ZB,C =lavvo), lv)ZB,C ° ZV)XB,C =Laveyve

(88) 8507 =lant, 0705 =1a (54.6)
(88) S5 ed7 =lavs, 0705 =14



o> O< o>
< >

JE & &
N— S~—

— —~ Y — —~ —~ —~ —~
o<
[
-

81(4705'2:1‘@\,4, 8’208::1,4
Vv Vv Vv Vv

oG 0y =11ya, 04 0% =1,
b o= (05 Ale)e(1aAb2)
AT, c —\04a c A C

Vv Vv

— — — X —
bA,J_C_((SA Vlc)O(lA\/UC>

N AN

- _ L~
T =0T
4

- _ Y
1L =97
AN A

CcB,A°CAB=1larB

Vv Vv
ca,B°CBA=1lavp

List of Equations

(§4.6)

(54.6)

(84.6)

(84.6)

(84.6)

(85.1)

A " A A A A
capre =bgoac(ApAcac)obgace(Canphle)ebyipe

v v v (85.1)
¢pvca=0bFc4°(1BV ¢ca)ebg 40 (CaV1c)ob)p
baT=0b50°0% (§5.3)
Eia=08500%
¢oc =1lcac, for letterless C (§6.4)
¢oc =1leve, for letterless C (§6.4)
Caa=1ara (§6.5)
¢aa=1ava (86.5)

A A
L _ (1 L L —
dAAB,C,D = (bA,B,c v 1D) OdA,B/\C,D ° (1A A dB,C,D) ° bA,B,CvD

(87.2)

\2 Vv
L — h L L —
dp.c.pva =0bro.a°([dbcepV1a)odh oypac(IpAbE g a)

(872)
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(dA)

(dv)

A c.aa = 1DV ZA78,3,14) *dff cap.ac(df cp N1a)e 8BVC,B,A
v S )

dﬁvB,C,D =bipcapo(1aV dg,C,D) ° dﬁ,B\/C,D (b pcN1lbp)
e

dirp.cpe (A4 5.0 Np) =d5 gope(QaNdE op)e b pyep
v (57.2)

(% pcV1p)ediypop =bd prep > (LaVdicp)odi povn
(8§7.2)

dg,B,A =¢oprac(CapVile) Odﬁ’B,C o(LaAépc)e Covp.a

) (§7.6)
ea,B.c.0 =dfdapprce(LaAép aac)e(1aANdp.cp)° by g oyp:
(AAB)A(CVD)F(AAD)V(BAC) (8§7.6)

¢y p.op=df €aBDCc°(lars /A ¢pc):
(AAB)A(CVD)F(ANC)V (BAD) (57.6)

¢BAC,AND © €A.B.0.D = € 4.0.p°(CaB ANlovD) (87.6)

€D,C,B,A =df IVJBAC,B,A o(dp.cpV1a)e(CovppV1la)edovs.p.a:
(CVB)A(DVA)F(DAC)V(BVA) (§7.6)

vy A v .
€p,c,B,A —df (¢e,p V1pva)© €c,D,B,A:

(DVB)A(CVAF(DAC)V(BVA) (8§7.6)
(Ipac V €B.A)°€p cap = €D.0B.A° EDvaCYB (87.6)
dt o =05 V1c)e05,c (87.9)
dg,B,J_ = gX/\B o(Lan 53) (87.9)
dg,B,T =(1cV SE) ° 38v3 (87.9)
dl pa= Tgan (05 A1a) (87.9)
[Cg=4(fVg)omap, forf:ArDandg:BFE (88.1)

(910 g2) e (fiAf2) = (g1 V g2) o (f1 O f2) = (91 f1) © (g2° fa)
(88.1)

ma,B =dqf 1a<1lp (88.1)
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AN 2
(bm)  (mapV1lc)emanscebipc= bipcomanpvee(laAmpc)

) ] (§8.2)
(fOg)Oh)e by pc=bppr(fOgOh)) (§8.2)
(bmL) manpoe by pe=d5poo(laAmpc) (§8.3)
(bmL) b3 peeomanve = (mapVie)ods s o (§8.3)
(bmR) me.paacbspa = dB g 4o (mes Ala) (§8.3)
(bmR) b5 p a4 mevpa = (Lo Vmpa)-di 5, (§8.3)
(em)  mpa°Cap=Cpaomasn (§8.4)
(gO f)ecap="Crpo(fOg) (§8.4)
(b)) b7 4o (QaAda)eda= (daAla)edin (§9.1)
(bid)  dba o (LaVaba)e b5 44 = ha o (04 V 14)
(60) Ban-Da=1Da (59.1)
(éw)  waolaa=14

éT,B,C,D =af b3 cpap c(LaN(bGp p e (épcAlp)e bB.c.p))° b B.oap:
(AANB)A(CAD)E(ANC)N(BAD) (89.1)

(bew) banp = 6ZL,A,B,B o (Wa A Wp) (89.1)

éZ,B,C,D =4 b3 povp °(LaV (b5 op° (¢gcV1p)e b p.p)) e bicvp:
(AVC)V (BV D)+ (AV B)V (CV D)

(lv’é%) Wavp = (WA VWp)e €F 4 pp

(bk) (kY ALo)o by o =Ta AR o (§0.1)
(lv)/vf) bapce (/Vfix,B Vig) =14V IVCQB,C

(k) KA p=hbaecan (§9.1)
(é]é) kap= EA’B ° kB a

(k) ki 4 oda =14, foric{L,2} (§9.1)
(k) waoki =14, forie{L,2}



List of Equations 337

(821) 23,14AB,C =1aA 2:113,0) ° gXB,c (89.1)
(bk1)  Fhupe=bZpee(aV k)
(bk2) k2 ppa = (k2 5 A 1a) o b 4 (§9.-1)
(lv)]éz) k& pya = ZV)EB,A ° (IVC%’,B V1y)
(@kE) (W AR p)e Darp = Lans (§9.1)
(Wkk) wavp o (kY 5 VIS ) = Lavs
((,2)) {f1, f2) :df(fl/\fg)oﬁ)c, for f1: CF Ay and fo: CF Ay (89.1)

(91, 92] =ar we o (g1 V ga), for gi: Ay = C and go: A - C (§9.4)

(A fAg={fekYpgekip), for frAFDandg:BFE  (§9.1)
(V) f\/gz[lvch’Eof,l?:QDEog]7 for f: A-Dand g: BFE

(84) ZA7ZB,C = (14N 23%;,0’ ]223,0 ° ]2',24,3/\0> (89.1)
(B<—) zXB,C =[1aV lvf}a,Ca ];?A,BVC ° ]:323,0}

(b<)  bpa = (kb p o kbnpas k25 ALa) (89.1)
(lvﬁ) EE’,B,A = [Iélc\/B,A ° Ivflc,B7 /vfzc,B V 14]

(&) eap =k gkl p) (89.1)
(&) Ean =R kY )

(@)  wa=(la,1a) (§9.1)
(w)  wa=[1a,14]

(AB) iy 4 o (i, fo) = fin for f;: CH Ay and i€ {1,2} (§9.1)
(VB) 91, g2] - ]éféll,Az =g;, forg;:A;FCandie{1,2}

(Am) (kY 4, chok L ch) =h, for h: CH Ay A A (59.1)
(Vi) [hekh, a ke k2 4] =h, forh: A{V Ak C

Ky, g1 =apg1° ki, n,, forgi: AtFC (89.1)

KY fi=as Ky, 4, o f1, for fi:CF A, (§9.4)
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K%, go=argoo 4 4, forge: Ask C (§9.1)

K%, fo=as K3, 4, o fo, for fo: OF A (§9.4)
for i € {1,2}, and f, g, f; and g; of appropriate types,
(K1) go Kiyf =Ky (9= f) (§9.1)
(K1)  Kiygef=Ki(g-f) (59.4)
(K2)  Kige(fi.fa)=g°f; (§9.1)
(K2)  [g1.g2le Kis f=giof (§9.4)
(K3)  {g1,92)°f = (g1 f.92°f) (§9.1)
(K3) (59.4)
(K4) (59.1)
(K4) (59.4)
(K5) (59.1)
(K5)

K3 gelfi, fo] =lgef1,9° fo §9.4
K4)  1anp = (K414, K% 1p) §9.1
K4)  1avp = [KL14, K415 §9.4
K5) Ky (f.0) = (K4 £, Ky g) §9.1
K5)  Kiylf.g) = [Kiy f, Ky g]
W4y =ar Ky, 1a, (89.1)
B, 4, =ar Ky, 1a,
M2, =ar K2 L, (§9.1)
K a, = K%, 1,
(ko) kYyr=b7 (89.2)
(kd) kY, =0y
(@8) o7 = 0% (59.2)
(hd) by =07
fa=a k7o 0% (89.2)
Koa = 07 o k2 | (§9.6)
(k1) AT =11 (§9.2)
(K1)  #i=1, (§9.6)
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(k) ka=f, for f:AFT
(k) ka=f, forf:1lFA
05 = (Laka)
oy = (ka,1a)

By =07 o (La A k)
K p = 65 o (Ra Alp)
(23]%) ]2117,17 = ]2127717
(/é/é) ]é}l),p = 'Ivfz%m

(n-out) ([f,gl,[h,5]) = [{f ), (9, 5)]

k A 2 72 2.2
cap.op =d kapVktp kapVkép):

)

(AANB)V(CAD)E(AVC)A(BV D)
Vv 2 Vv 4
C’ﬁl,B,C,D = [k,lax,c A le,D? kQA,C A k2B,D]
Wavp = g ppeo(WaVWp)
Warg = (Wa AWg)e CIZ,B,A,B
A A A A
éXB,C,D = <k,14,B A klc,Dv k124,B A kQC,D>
2 Vv Vv 2
ETB,C,B,A =[kp e VkpakhoVEL Al
i1 =111

Vv
¢, T =11vr

L kL =kl L for f,g:ak b
b1 ol ok =kyrogok, o orf.g:a
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(wm)

Ue)

U com)

UA)

uv)

(
(
(
(U idemp)  fUf=f
(
(

List of Equations

Wy omaae s =1y §10.1
fUg=gptopo(fOg)ea, forf,g:AFB §10.1
MA.B :dffv(IBfAlelAva(if%zAlB 810.1

(fUg)eh=(feh)U(geh), he(fUg)=(hof)U(hog) (§10.1

(§10.1)

(§10.1)

(§10.1)

(§10.1)

U assoc)  fU(gUh)=(fUg)Uh (§10.1)
fug=guUf (§10.1)
(§10.1)

(f1Uf) A1 Ug2) = (fi Ag1) U (f2 A g2) (§10.1)
(f1Uf)V(g1Ug) = (fiVg)U(f2Vg2) (§10.1)
ic.p.p°marc.BaD® ¢ g.op =MaB AMoD (§10.1)
¢ p.o.p °MAVC,BYD °Ch p.o.p = MaB Y M. D (§10.1)
mA,T = %}47 ° 2:114,1' (§10.3)
maL =k, o kY | (§10.3)
mac = ]?511470 o I%LC, for letterless C' (§10.3)
me,a = }4/;%714 o 2%‘,,47 for letterless C (§10.3)
1ayT U Iv(,%;f%AvT =1avT (§10.3)
1aa1 U IA(%/%A/\L =1an1 (810.3)
fug=f, foranull term g (§10.3)
]2124,3\/0 = (’2,2473 V1g)edas.c (§11.1)
kbnp,a=dopa-(lo Akl ) (§11.1)
mac =y 5 V1c)odapeoe(Lanky o) (§11.1)
mac=1aV ko) edi ookl 5 Ale) (§11.1)
donpeCancnp=masAloup (§11.1)
€p.c.a®Chepa=1prcVmpa (§11.1)
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A A A A

(kh,c v le,D) ° e;l,B,C,D =MmMA,B-° klA/\B,C\/D (§11.1)
Vv 4 Vv

élD,C,B,A ° (kQD,B A k%’,A) = kZD/\C,B\/A °mp,A (§11.1)

(wme) (waAlevp)ech o apeaacope (@aAlovp) =1ancvp)

(§11.1)
(wmé) (IpacVa)o€pcaaccheans(IpacVda)=1prcywa

(§11.1)
(mcm) manc,Bap éZ’,B,C,D = é;&,B,C,D >(laarp Ame,p) (§11.1)
(mém) €3 opaempyova= (mpoVilpya)e€hopa (§11.1)

§A,C}D =4 é;wAﬁc,Do(zf;A Aleyp): AN(CVD)E(AANC)V (AAD)

(§11.3)

$p.oa =df AprcVa)e€pcaa: (DVAYA(CVAE(DAC)VA
(§11.3)

tacp =ar (Wa Alavp)ochcap: (ANC)V(AAD)FAA(CVD)
(§11.3)

tpca=daf hoaas(IpacVia): (DAC)VAE (DVA)A(CVA)
(§11.3)
?A,C,D ° §A,C,D = lancvD) (§11.3)
gD,C,A ° %/D,C,A =1prc)va (§11.3)
dapc=(Lans VM o) e &y apeo(@anlpve) (§11.3)
dopa = (e Viha)oéopaae (k4 Alpya) (§11.3)
(dTT) da7r =kYrr o (Lanhrer) (§11.3)
(dLl) dic=(Fia Vie)o k2 | e (§11.3)
(m~10) ]2,24,3 My g lvfix,B = 23}3,A e %QB,A (§12.1)
(m~'1) ]Af,lq,B My p e /Vfix,B = 22B,A @M 0 IVCQB,A =14 (§12.1)
(bm™1) (ma'p Ale)emyyp oo IV)X,B,C = 823,0 emypac e (1aVmpc)

(em™) mplyeépa=_Capomyy (§12.1)
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List of Equations

/\2 1 vl /\1 1 \/2
O0aB=dafkapomapokap=kpaompackpa

( )
my'p=ar ([14,05.4],[04,8,15)) =[(14,04,5), (05,4,15)] (§12.1)
fo044=0ppof=04p, forf:AFB ( )
fe0c,a=0cp, Opcef=04¢, forf:AFB (§12.1)
fe044=0pp-f, forf:AFB ( )
04,c ANOB,D = 04aaB,cAD ( )
04,cVO0BD=04avBcvD (812.1)

Vv

dy'po = (1aV kp i 04,0k o)) = [(K) 5 0a,0), K 5 Alcl]:
AV(BAC)F(AVB)AC (8121

/\2 1 \/1
04,0 =ar kAvB,C °dA,B,c ° kA,B/\C‘ §12.1
3 A7t okl — kL 12.1
AVB,C %A B.c°MAaBAC T MAB §
;2 A7l o k2 — k2 12.1
AvB,Cc °%A.B,c°VA,BAC = FB,C §
A 71 2 2 A
k,lawB,c OdA,B,C ° k1247B/\C = k’,2473 ° k}ic §12.1
ka=f= 0471, for fr AFT §12.1
/%A:f: OJ_’A, fOI“f:J_}—A §121
/%L:/Y;T:OLVT 812.1
Rt =17 = 011
KL =1,
A

ki’L = l?:iL = 01a1,1

Fip =k = 0r 7y
Oup=kpoOT [ oka
fe04=0pg-g, for f,g: A+ B
fo04=go0y, for f,g: A+ B
Ogof=0g-g, for f,g: A+ B
04°04 =04

(
(
(
(
(
(
(
(
=0, (§12.1
(
(
(
(
(
(
(
04,3 =dqf f°04, for f: AFB (
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(0IA)  04AO0p =04pp

(0Iv) 04VO0p=0ayp

(Lo) fUuOap=f for f: AF B
1,004 =14

(mmil) mZ}B oma,B = 1lanrp, MmaB OWZ}B =14vB

(/2 m) /Afh,B =[14,0B,4]°ma B, 72?4,3 =1[04,8,1B]°oma B

(/me) 76}4,3 =map°(la,04B), 1;‘?4,3 =map°(0Ba4,15)

for f: AF B,
élcf =df mé,lc" ]Vle,c of =(f,0ac): AFBAC
élcf =qf fe /2,14,(; Om,}}c = [f,0¢8]: AVCHF B
2?;]‘ —af mglpe lvc?C,B of =(0ac,f): AFCAB
Z%f =a fo l?%,A omgly = [0c,p, f]: CVAFB

<f1,f2> = Z‘142 fl @] Z1241 fQ, fOI‘ f12 C l_ Al and f22 C l_ A2

—~ —
N« N>
SN~— N~—

[91,92] = é,langl U éi‘l g2, for g1: Ay FC and go: As F C
e = mE,lc ° (’élc,c U ]Vfgc,c)

we = (]27%10 U /Af%,c) °m5,lc

(f1Uf)U(fsU fi) =(f1U f3)U(faU fa)

(md)  da,B,c =dfmanB,c° IA?ZB,C o (1a Ample)

€4 B.c,p = TANC,BAD © éZL,B,C,D o(Lan A mE’,ID)

i _ —1 \4
€p.opa=(mpcVlpva)e CB cpa°mMDyBCVA

qu,B,c,D =df éfax,BnC,D ° (mZ,lB ANlevp):
(AVB)A(CVD)E(ANC)V (BAD)

! 1y,
¢p.p,c,a =df IpacVmp a)o€p cpa

27 72 ! 11 12
fug=[kp 4, kA,B] °CB A,AB°® <kB,A o f k4B °9)

2 72 ! 12 11
048 =lkp askaploch anpe (kB askap)
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cljl,C,B,D °Cf4,B,c,D = 1(avB)A(CVD) (§13.2)

dac..p°Ch B.o,p = LanB)v(cAD) (§13.2)

niony =14 (§14.1)

nyony =14 (§14.1)

Mp e Tas = 1.anB) (§14.1)

Pap e Mip = laav-B (§14.1)

"o tap =1 (avn) (514.1)

7V"ZB ° 7V”XB =1-ar-B (§14.1)

peopor =17 (§14.1)

p—op=1, (§14.1)

pe o pr =11 (§14.1)

p= e pe =17 (§14.1)

(One) 04 =567 o(eaV1a)edaaae(laAna)edy (§14.2)

(MA)  nBaa = (P54 V1BAa)° CoBv=A.BAA ° € 4B -a°

(8B A la-a)e(mpAna)e 0 (§14.2)

(nV) TIBVA = (¥§,A Vigya)e él—uB,—\A,B7A o(nB Ana)e 3‘? (§14.2)

(eA)  eanp =0T o(eaVen)oy pnpe(Lans APLp) (§14.2)
(eV)  cavm =07 o(eaVen)o(baaaV éopp) et s page

o CavB~an-B °(lavB AT A ) (§14.2)

(nT)  ur = (p=ViT)e oy (§14.2)

(L) mu=(pe V1o % (§14.2)

(eT)  er =07 (11 A p—) (§14.2)

(el) el =07 (1L Ap) (§14.2)

(1oaV foma=(=fVlg)eng, for f: AFB (§14.2)

eac(lan—f)=epe(fAl.p), forf:AFB (§14.2)



| section |
§4.1
§11
§4.2
§4.3
§6.1
§4.6
§6.1
§6.1

§6.1

specific equations

—~ o~
<b >b
<o >to
<0 >0
~—

- -~ o~
—

N e
< O >0

= = =~
Yo} 10 <o >o
<O >0 <o o
S N N N

1, b,
o-0

L
Ly
Lay
LA
Ly
Lay

Lav,T, L

| category | language | families |

AT |

categories we deal with in the book. We present the categories involving V

immediately below the dual categories involving A. Otherwise, we follow
the ascending order in which the categories appear in the Charts that follow,

We list in the table below the logical categories and some other related
which is close to the order in which they appear in the book.
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LA
LA
Ly




List of Categories

346

=i
Sl ™ 12 ~ — - AN © = -
‘.nbv Ne) Nej Nej D D D D D D
o) w” [Verl [Verl [Verl [Verl wn wn wn wn
72}
—~ ~| =< =< —~ = —~ —~ —~ —~ ~ —~
n <O >0 | <O >0 <Q >0 <Q >Q <Q >Q <Q >Q
2k >0 ko >0 <O >0 -~ - <~ - >r0 ~ <O - ~ >0 - ~ <O - >0 -
= 2D == X =X = =< = = = = — = = — = = = =
= S - -~ <6 >b -3 ] =23 | -8 =< - >3 <>b <3 ] =3~
~ ~ | —~ ~—~~ < > —~~ < —~~ > ~~~ < < ~~~ > > —~~ < ~~ >
T <0 >0 <0 >0 <O 20 Ar.m vw <© AIM AAIE 20 v..m vvkw < A..M AA.k Ac.,M 20 v..M vv.bw va < A..M AA.k 20 v..M vvk
B|[<C >0 <0 >0 <0 >0 TS QL <B|>0 72 28| <0 L B >0 T8 >3 QB B0 B
DQ.VA ~— —| ~— ~— ~— ~— ~ JR e L ~— i - ~— i - ~— R B R
2 g2 gl sl fa s SN2 %8 25258 |magd=ass
E D 2R KL > S KR > & I8 >V AAkC >0 I8 vvkc <D 5 AAkC 65 >0 I8 vvkc e <o 8 AAkC > 18 vaCm
m A@V@A@V%\(A%\vw ~ ((A%\ ~ /l\v%\ ~ /I\A%\ —~ — V%\ —~ — A%\ ~ /I\V%\ A
) [ T Ty I S R N N - .= - A~ .
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Charts

The charts we present on the next three pages are to be read as follows.
When the category A is joined by an upward-going line to the category B,
this means that A is isomorphic to a subcategory of B, with the isomor-
phism being identity on objects. The assertion that 4 is isomorphic to a
subcategory of B is established by appealing to the fact that A is a pre-
order or that A is coherent with respect to Rel, as explained in §14.4. The
three charts could be combined into a single chart by pasting them together
in growing order over the parts in which they overlap. For practical, and
aesthetical, reasons we have preferred not to make this pasting, and have
three separate charts.

We have established coherence with respect to Rel for all categories in
the charts except é’, S, DA+ |, Lt ., ML, ML~ ,, ZIL, ZILt , , ZIML
and ZIML~ ;. For S’ and S’ we have that they are preorders, though they
are not coherent with respect to Rel (see §6.5). The category DAt | was
considered in §7.9. For L+ ;, ML, ML+ ;, ZIML and ZIMLT | we have
proved only a restricted form of coherence (see §9.6, §510.2-3 and §12.5).
This explains the absence of some lines in Charts 2 and 3.

Of the categories with negation, we have mentioned only two, B and
ZML~ |, at the top of Chart 3, which is also the top of all the charts pasted
together. We have, however, coherence for categories with negation where
we have coherence without negation (see §14.1), and there are replicas of

Charts 2 and 3 involving such categories.
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