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Preface

This study is the continuation of a project in categorial proof theory, which
occupied us in the last few years and yielded the book [22]. This is a kind
of appendix to that book, whose results are applied here. An acquaintance
with that previous book is not absolutely necessary, provided the reader
is prepared to trust the results on which we rely. It is, however, very
desirable. Practically no other literature is presupposed, except for the
sake of motivation. We rely only on very standard notions of logic and
category theory, which, if by any chance they are not already known to the
reader, may be found in [22].

The aim and context of our work are set forth in the introductory
chapter. Our results should be of general interest to graduate students
and researchers in general proof theory. They demonstrate how general-
ity of proofs provides a criterion of identity for proofs. We believe these
results bring something also to categorists interested in coherence ques-
tions, to whom they may illustrate the usefulness of syntactical methods
in category theory. They should be of particular interest to investigators
of linear logic, symmetric monoidal closed categories and star-autonomous
categories. These or related matters seem to be interesting too in the bor-
derline areas of theoretical computer science. This is, however, not a text
belonging to that science. Our aims, our terminology and our style come
from the related but, nevertheless, different and older field of logic.

The writing of this study, which started in September 2004, was sup-
ported by a project of the Ministry of Science of Serbia (1630: Representa-
tion of Proofs) and by the Mathematical Institute of the Serbian Academy
of Sciences and Arts in Belgrade.

Belgrade, March 2005
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Chapter 1

Introduction

In this introductory chapter we state the aim of this work, and present the
context, i.e. previous work related to the subject matter we treat. We also

give a summary of the whole text.

§1.1. Aim and context

The aim of this work is to give a systematic account of the connection
that exists between star-autonomous categories and the Kelly-Mac Lane
graphs implicit in proof nets for the multiplicative fragment without propo-
sitional constants of linear logic. Star-autonomous categories are sym-
metric monoidal closed categories that have an object L such that the
canonical natural transformation from the identity functor to the functor
(_ — 1) — L isanatural isomorphism (see §§3.1-2 and §3.8; here _ — __
is the internal hom-bifunctor).

For some results of this work it will perhaps be claimed that they are
known—that they have already been established. We do not believe this
claim is justified, and we have decided to present matters anew because
we are not satisfied with the treatment they have received up to now. But
even if it were true that these results are known, we think that they deserve
a systematic and detailed presentation, following the canons of rigour that
used to be the rule in logic. We feel there is a need for such a presentation,
and we want to supply it.

There are in mathematics theorems that are more difficult to conjecture
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than to prove. Such is, for example, the Theorem of Pythagoras, or the
theorem that /2 is not rational. There are, on the other hand, theorems
that are more difficult to prove than to conjecture (and there are no doubt
theorems were the conjecture and the proof are of equal difficulty).

The results we are going to present are of a kind called in logic com-
pleteness theorems. Such theorems are often not difficult to conjecture, but
their proofs can be quite demanding. The prime example of such a result is
the completeness theorem for first-order predicate logic. The axiomatiza-
tion of this logic existed long before a precise completeness proof was given
by Gdédel, and throughout this period it was assumed the axiomatization is
complete, with a more or less precise notion of completeness being envis-
aged. Nearer to our topic, we have the coherence theorem for symmetric
monoidal closed categories proved by Kelly and Mac Lane in [32] (see the
end of §3.1), where it also seems it was easier to conjecture the theorem
than to prove it.

From the inception of proof nets in the late 1980s (see [26] and [13]),
it could have been realized that they are connected with the graphs one
finds in Kelly’s and Mac Lane’s coherence theorem. The earliest explicit
reference for that we know about is [4] (see also [5]). It was also soon
suggested that the multiplicative fragment of classical linear logic, which
has an involutive negation that satisfies De Morgan laws, is closely related
to Barr’s star-autonomous categories, which stem from [1] (see [33], [42]
and [2]). A number of results have been proposed since as completeness
results connecting proof nets and particular categories (see the beginning
of [28] for a recent survey). It seems to be an accepted opinion nowadays
that, in the words of [28], “...the identifications [of proofs imposed by proof
nets] correspond to coherences of free star-autonomous categories”. The
purpose of our work is to examine this opinion, and find out how much
truth there is in it.

The problem with this opinion is that on the side of proof nets we do not
have in the standard treatment the multiplicative propositional constants,
while on the side of star-autonomous categories we have the correspond-
ing unit objects. In the presence of these units, an unrestricted coherence
theorem with respect to graphs of the Kelly-Mac Lane kind is not forthcom-

ing. Kelly and Mac Lane had for their coherence theorem for symmetric
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monoidal closed categories of [32] a proviso concerning the unit object of
the monoidal structure (see the end of §3.1, and see [43] for further work
concerning this proviso), but we are not aware that a similar coherence
involving a proviso for the units of star-autonomous categories has been
proved up to now. (We provide such a result in Chapter 4 below.)

Two courses are open in this situation. The first course, which we will
follow, is to reject the units on the side of star-autonomous categories,
define precisely the resulting notion of category, and prove a standard, un-
restricted, coherence result for it, akin to Kelly’s and Mac Lane’s coherence.
(We do that in Chapter 2.) It is desirable to show here that the proposed
notion of star-autonomous category without units catches exactly the cor-
responding fragment of star-autonomous categories, in a sense to be made
precise in terms of category theory. (We do that in Chapters 3 and 4.) After
that only, one can establish a match between the equations assumed for the
categories and those imposed by the proof nets without the multiplicative
propositional constants, and so vindicate the established opinion.

Relying on the unrestricted coherence for star-autonomous categories
without units, one can obtain a restricted coherence theorem for standard
star-autonomous categories. This coherence theorem has a proviso concern-
ing the units: they are allowed to occur only in places such that the objects
in which they are involved are isomorphic either to objects not involving
the units or to one of the units. (This is the coherence result of Chapter 4
mentioned above, which will be phrased precisely in that chapter.) We will
show that this proviso is of the same kind as the proviso that Kelly and
Mac Lane had.

The second course is to add the multiplicative propositional constants
without restriction on the side of proof nets, and claim that a completeness
result connecting the modified proof nets and star-autonomous categories
is the desired coherence result. This second course is more favoured in the
existing literature, cited below and in Chapter 7. We should immediately
notice that with this course coherence cannot be understood in the sense of
Kelly and Mac Lane. Also, no precise notion of star-autonomous category
without units arises.

As far as we know, the only coherence result in the style of Kelly and

Mac Lane proved up to now for star-autonomous categories is still Kelly’s
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and Mac Lane’s own result of [32], which is, as we said above, about sym-
metric monoidal closed categories with a proviso concerning the unit object
of the monoidal structure. Richard Blute in [5] purports to prove a gen-
eral coherence result, which should yield coherence for star-autonomous
categories without units with respect to Kelly-Mac Lane graphs. We find,
however, this proof excessively wanting. The notion of star-autonomous
category without units is not precisely defined. We do not know what is
the “usual theory without units” of star-autonomous categories (mentioned
in [5], pp. 9, 15), and one of our purposes in this work is to supply a lan-
guage of arrow terms for that theory and the appropriate equations between
these arrow terms. We could not find either of these in [5], or anywhere else.
Recently, attempts have been made in [35] and [27] to define a notion of
star-autonomous category without units, but the approach of these papers,
different from ours, is not equational (at least not in our sense).

It is not, however, the case that once the notion of star-autonomous
category without units is made precise, one obtains from the sketch in [5]
(p. 23, right-to-left direction of Theorem 10.2) a recipe for proving coherence
for this notion. A substantial part of the proof is covered by the sentence:
“This amounts to a straightforward case analysis.” This sentence occurs
in a context where no specific equations are stated, and it is claimed that
these equations cover a cut-elimination procedure. This is usually the most
arduous part of a proof of coherence (see, for example, [32]).

Robert Seely and Robin Cockett in [12] (p. 104) consider coherence
for star-autonomous categories without units to be “fairly straightforward,
even trivial”, and they refer to [5] and [6] for an exposition. We have already
discussed [5], while in [6] we find neither a definition of star-autonomous
category without units, nor a coherence result for them in the sense of
Kelly and Mac Lane. Instead, the latter paper is about coherence for star-
autonomous categories with units (and it is presumed that these are the
weakly distributive categories of [11] with negation added) with respect to
an extension of proof nets with multiplicative propositional constants. The
subject of our work is to a great extent this matter previously dismissed as
straightforward, or even trivial.

We will give an equational formulation of the notion of star-autonomous

category without units, which we call proof-net category, and we will prove
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coherence for this notion with respect to Kelly-Mac Lane graphs, which
means that there is a faithful functor from the proof-net category freely
generated by a set of objects into the category whose arrows are these
graphs. Another possibility would be to define the notion of proof-net
category by coherence, i.e. by the existence of the faithful functor into the
category whose arrows are graphs. This way, however, we would have no
information about the axioms, which are the combinatorial building blocks
of our notion.

The notion of monoidal category was introduced in such a nonaxiomatic
way, via coherence, by Bénabou in [3], and in the axiomatic way, such as
we favour, by Mac Lane in [37]. For Bénabou, coherence is built into the
definition, and for Mac Lane it is a theorem. One could analogously define
the theorems of classical propositional logic as being the tautologies (this is
done, for example, in [9], Sections 1.2-3), in which case completeness would
not be a theorem, but would be built into the definition.

To take another example, we could easily define nonaxiomatically a no-
tion of Boolean category with respect to graphs of the Kelly-Mac Lane kind.
(In this notion, conjunction would not be a product, because the diagonal
arrows and the projections would not make natural transformations, and,
analogously, disjunction would not be a coproduct; see [22], Section 14.3.)
The resulting notion would not be trivial—the resulting freely generated
categories would not be preorders—, but its nonaxiomatic definition would
be trivial. We are looking for nontrivial axiomatic definitions. Such def-
initions give information about the combinatorial building blocks of our
notions, as Reidemeister moves give information about the combinatorial
building blocks of knot equivalence (see [8], Chapter 1). Our axiomatic
equational definition of proof-net category is of this nontrivial, combina-
torially informative, kind. Coherence of proof-net categories is for us a

theorem, whose proof requires considerable effort.

§1.2. Summary

This study is a continuation of [22], whose ideas and style we have followed
in general. Many notions we need are exposed more systematically in that

book, which the reader may consult for more detailed explanations and
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definitions, and also for motivation from the perspective of general proof
theory or categorial proof theory. At some key points, we rely on results
proved before. In Chapter 2 we rely on matters proved in [20], [21] and [22],
and in particular on a coherence result from [22] (Symmetric Net Coherence
of Section 7.6). In Chapter 3 we rely on the coherence result of Kelly and
Mac Lane for symmetric monoidal closed categories of [32]. We rely also
on some well-known elementary notions of category theory, which may all
be found in [38] or [22], and for the sake of motivation we rely on some
acquaintance with linear logic and the proof nets of [26]. Except for that,
we have strived to make our exposition self-contained to a great extent.

First, we give in Chapter 2 a precise definition of a notion that may be
considered to correspond to star-autonomous categories without units. This
notion, which we call proof-net category, is obtained by extending with an
operation that corresponds to negation the notion of symmetric net cate-
gory of [22] (Section 7.6); the notion of symmetric net category corresponds
to the notion of linear (alias weakly) distributive category of [11] without
units. For proof-net categories we prove in Chapter 2 a coherence result
with respect to Kelly-Mac Lane graphs.

In Chapter 3, we prove precisely in categorial terms the equivalence of
the notion of star-autonomous category with a notion amounting to the
notion of linearly distributive category with negation of [11]. The latter
notion is obtained by extending with the units our notion of proof net cate-
gory. This categorial equivalence result was foreshadowed in [11] (Section 4,
Theorem 4.5), but there its “straightforward” proof was said to depend on
“pretty horrid” diagrams, and practically the whole of it was left “to the
faith of the reader”. The proof we supply is indeed pretty lengthy, though
we have shortened it considerably by relying on Kelly’s and Mac Lane’s
coherence for symmetric monoidal closed categories and on our coherence
from Chapter 2 for proof-net categories. We can only imagine how “horrid”
it would be without these tools, which are not mentioned in [11].

In Chapter 4, we prove that with the notion of proof-net category we
have not only caught the notion of star-autonomous category without units,
but with its help we can also obtain a coherence result for star-autonomous
categories with respect to Kelly-Mac Lane graphs—a result of the same kind

as Kelly’s and Mac Lane’s coherence result for symmetric monoidal closed
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categories. This result involves a proviso concerning the units, but does
not exclude them completely (as we announced in the preceding section).
This coherence of star-autonomous categories is a powerful tool for verifying
whether a diagram of arrows commutes in star-autonomous categories.

After all that, the established opinion on the connection between proof
nets and star-autonomous categories, which we mentioned in the preced-
ing section, may be rephrased as the statement that the identifications of
proofs imposed by proof nets correspond well to the equations of proof-net
categories, and since proof-net categories catch the unit-free portion of star-
autonomous categories, the opinion seems vindicated. We find that before
it was accepted just on faith.

It is not true, however, that the identifications of proofs imposed by
proof nets stem only from the cut-elimination procedure. There are also
equations that serve to equate different cut-free proofs. These are equations
similar to the so-called permutative reductions of natural deduction, which
permute the order of rules in cut-free proofs, and also equations that atom-
ize the identity axiomatic sequents. Such equations are indeed incorporated
in the usual notion of proof net, and are there invisible, but in modifica-
tions of this notion they may reappear (cf. [24]). It is, in general, tricky to
justify equations just by reference to cut elimination, because cut elimina-
tion tends to be sensitive to a particular syntax, and also to a particular
procedure (cf. [14], Section 0.3.1 and passim). A justification independent
of the vagaries of syntax is obtained by coherence theorems in the style of
Mac Lane.

In Chapter 5, we consider how the assumptions concerning the involutive
unary operation corresponding to negation, which we have in proof-net
categories and star-autonomous categories, are tied to a particular kind of
adjunction where an endofunctor is adjoint to itself.

In Chapter 6, we consider proof-net categories that have arrows corre-
sponding to the mix principle of linear logic, and we prove coherence for the
resulting notion by adapting the coherence proof for proof-net categories of
Chapter 2.

In Chapter 7, the final chapter, we discuss the relationship between the
Kelly-Mac Lane graphs and proof nets, which justifies the name we have

given to proof-net categories. In general proof theory, one of the main
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problems is the investigation of identity of proofs (see [15] or [22], Sections
1.3-4), and it is desirable to find efficient means to check this identity. We
approach coherence questions in that spirit, and we expect coherence theo-
rems to yield a decision procedure (preferably easy) to answer the question
whether a diagram of arrows commutes. From that standpoint, Kelly-Mac
Lane graphs are the relevant core of proof nets, which we can use to answer
efficiently the question whether two proofs are equal in the multiplicative
fragment without propositional constants of linear logic, and also, accord-
ing to the coherence theorem of Chapter 4, in a larger fragment of linear
logic, where the multiplicative propositional constants occur at particular
places. At the very end, we discuss further papers related to our work, and
express some opinions on proof nets in the context of general proof theory.



Chapter 2

Coherence of Proof-Net
Categories

In this chapter we define our notion of proof-net category. This notion is
based on the notion of symmetric net category of [22] (Section 7.6); these
are categories with two multiplications, A and V, associative and commu-
tative up to isomorphism, which have moreover arrows of the dissociativity
type AN (BVC)— (AN B)V C (called linear or weak distribution by the
authors of [11]). The symmetric net category freely generated by a set of
objects is called DS. To symmetric net categories we add an operation on
objects corresponding to negation, which is involutive up to isomorphism.
With these operations come appropriate arrows. A number of equations
between arrows, of the kind called coherence conditions in category theory,
are satisfied in proof-net categories.

We introduce a category Br whose arrows are called Brauerian split
equivalences of finite ordinals. These equivalence relations, which stem from
results in representation theory from the 1930s, amount to the graphs used
by Kelly and Mac Lane for their coherence theorem of symmetric monoidal
categories. Brauerian split equivalences express generality of proofs in linear
logic (see [20] and [21]).

The coherence theorem for proof-net categories says that there is a faith-
ful functor from the proof-net category PN freely generated by a set of
objects into Br. We call theorems of this kind coherence theorems. The

coherence theorem for PN yields an elementary decision procedure for

9
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verifying whether a diagram of arrows commutes in PN, and hence also
in every proof-net category. This is a very useful tool, which will facilitate
calculations later on.

The coherence theorem for PN is proved by finding a category PN,
equivalent to PN 7, in which negation can be applied only to the generating
objects, and coherence is first established for PN by relying on coherence
for symmetric net categories, previously established in [22] (Chapter 7),

and on an additional normalization procedure involving negation.

§2.1. The category DS

The objects of the category DS are the formulae of the propositional lan-
guage L v, generated from a set P of propositional letters, which we call
simply letters, with the binary connectives A and V. We use p,q,r,...,
sometimes with indices, for letters, and A, B, C, ..., sometimes with indices,
for formulae. As usual, we omit the outermost parentheses of formulae and
other expressions later on.

To define the arrows of DS, we define first inductively a set of expres-
sions called the arrow terms of DS. Every arrow term of DS will have a
type, which is an ordered pair of formulae of £, . We write f: A+ B when
the arrow term f is of type (A, B). (We use the turnstile F instead of the
more usual —, which we reserve for a connective and a bifunctor.) We use
f,9,h, ..., sometimes with indices, for arrow terms.

For all formulae A, B and C of L, v the following primitive arrow terms:
14: AF A,
b7 po: ANBAC)F(AAB)AC, b3po: AV(BVCO)F(AVB)VC,
b po: (AABYACHAAN(BAC), bSpo: (AVB)VCEAV(BVC),
éA,B3 ANBFBAA, EA,B: BVAFAVB,
d/hB,CZA/\(B\/C)'_(A/\B)\/C
are arrow terms of DS. If g: AF B and f: B+ C are arrow terms of DS,
then fog: AF Cis an arrow term of DS; and if f: AF D and g: B+ FE are

arrow terms of DS, then fég: A¢ BF D¢ F, for ¢ € {A,V}, is an arrow
term of DS. This concludes the definition of the arrow terms of DS.
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Next we define inductively the set of equations of DS, which are expres-
sions of the form f = g, where f and g are arrow terms of DS of the same
type. We stipulate first that all instances of f = f and of the following
equations are equations of DS:

(cat 1) fela=1gof=f:AF B,

(cat2)  he(gef)=(hog)ef,
for ¢ € {A,V},

(1) 1461 = 1aep,

(¢ 2) (91°f1) € (922 f2) = (91 € g2) = (f1 € f2),
for f: AFD,g: BFEand h: CF F,

(b7 nat) ((Feg)eh)ebxpo=bDmp-(f¢(geh)),
(¢ nat) (gAf)eeas==Cpr-(fAg),
(¢ nat) (gV f)eépa=C¢rpe(fVg),
(dnat)  ((fAg)Vh)edapc=dpere(fA(gVh)),
(éf’) EZB,C ° zXB,C = 1(aeB)ec; zfax_,B,c ° ;)ZB,C = 1a¢(Bec)s

¢ ¢ ¢ ¢ ¢ ¢
(b5) b4 p.cep °Vacpop =(1a € bgop)ebapeop°(Vapce € 1p),

A A
cB,A°CaB = 1lanB,

A A AN A A A
(1A cca)ebpoaccanrcebipeoe(Cpanle)=0b5,c,

(cc)
(¢¢) éapeépa=1layp,
(be)
\% v{_ 4 \/<_ \% _ \/<_
(be) (IpV cac)e bB,C,A ° CBVC,A ° bA,B,C °(capVilc)= bB,A,C’
A A
(dn) (b5 p.c V1p)odans,c,p =dagrc,pe(laNdpep)ebypcoyps

\ Vv
(dV) dp,cavac(Ip AbE g 4) = b5ac a4 °(dpcs vV 1a)odp,cvp,a,

for df p 4 =ar cc.Bra °(€as V1c)edapcoo(laA épe)e Covp.a
(CVB)NAFCV(BAA),

A

(db) dﬁ/\B,C,D ° (dA,B,C A lD) =da,B,cAD® (1A A dg,C,D) ° bXBvC,Dv

4 \4
(db) (1pVdc,p,a)-° dg,C,B\/A =bpconBac (dg,C,B V1a)edpve,B,a-
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The set of equations of DS is closed under symmetry and transitivity

of equality and under the rules

f=h g=0ag1
fég=rhéqm

(cong ¢)

where ¢ € {o,A,V}; if ¢ is o, then fog is defined (namely, f and g have
appropriate, composable, types), and analogously for f o g;.

On the arrow terms of DS we impose the equations of DS. This means
that an arrow of DS is an equivalence class of arrow terms of DS defined
with respect to the smallest equivalence relation such that the equations of
DS are satisfied (see [22], Section 2.3, for details).

The equations (¢ 1) and (¢ 2) are called bifunctorial equations. They
say that A and V are biendofunctors (i.e. 2-endofunctors in the terminology
of [22], Section 2.4).

It is easy to show that for DS we have the equations

3

(5= nat) (Fe(geh)ebipe =boppre((feg)eh),
(d@% nat) (hV(gA[f))edfpa=dippe((hVg) Af)

We call these equations and other equations with “nat” in their names, like
those in the list above, naturality equations. Such equations say that 13%7
lAﬂ—, ¢, etc. are natural transformations.

The equations (dA), (dV), (dlA)) and (dé) stem from [11] (Section 2.1; see
[10], Section 2.1, for an announcement). The equation (dz) of [22] (Section

7.2) amounts with (lng) to the present one.

82.2. The category PN

The category PN is defined as DS save that we make the following changes
and additions. Instead of L, v, we have the propositional language £, A v,
which has in addition to what we have for £  the unary connective —.
To define the arrow terms of PN, in the inductive definition we had
for the arrow terms of DS we assume in addition that for all formulae A

and B of £, A v the following primitive arrow terms:
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Apa: AFAN(~BV B),
éB,A5 (B/\—\B)\/AFA,

are arrow terms of PN . We call the index B of AB’A and EVIB’A the crown
index, and A the stem index. The right conjunct =B V B in the target of
ABA: At AN (=BV B)is the crown of AB,A, and the left disjunct B A =B
in the source of iB,A: (BA-B)V AF A is the crown of ZVJB’A. We have

oy . . AN
analogous definitions of crown and stem indices, and crowns, for 3, A,

3, A, ¥ and A’, which will be defined below. (The symbol A should be
associated with the Latin dexter, because in AB,A, AZRA, AB,A and A/B,A
the crown is on the right-hand side of the stem; analogously, ¥ should be
associated with sinister.)

To define the arrows of PN, we assume in the inductive definition we
had for the equations of DS the following additional equations, which we
call the PN equations (and not PN equations):

(A nat) (fA1-pyp)eApa=App-f,
(i nat) foéB,A:Xv]B,D"(]-B/\—\B\/f)a
(bA) b5 p_cve © Acans = 1a A Acp,
(lvﬁv]) Ev3c,BvA 0 I;(EMQB,A = Ev30,13 V1a,
for Sp.a =af éa-pvp o Apa: AF (<BV B)A A,
(dé) d-ava,B,Ce éA,Bvc = éA,B Vg,
for Ap o =ar Sp.ac épnopa: AV (BA-B)F A,
(dé) AA,C/\B odc,B,an-4 = 1o A AA,Ba
(ZA) iA,A oda-a,A° AA,A = 1g4,
for AIB’A =4 (LaACp-B)e AB’A :AF AN (BV-B)and

v/ \

ZB,A =4f XB,A O(éﬁB7B V14):(-WBAB)VAEA,

AN

v/ AN
(XA) ¥y acd-an-ac By =14

It is easy to show that for PN we have the equations
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(Z nat) (1ﬂB\/B/\f)OEB7A:EB’D Of,

4

(A nat) fOAB,A:AB,D"(f\/lB/\ﬁB)-

The naturahty equations (A nat) and (Z nat) together with these say that
A E $% and A are natural transformations in the stem index only, i.e. in
the second index.
We also have the following abbreviations:
AN
ZBA =df CAB\/ﬁB OABA At (B\/—\B)/\A

v/ v/

Ap a=df Ypa- ¢-paB,Aa: AV (=BAB)F A.

¢
If = stands for either A or ¥ and ¢ € {A, V}, then for every (Z nat) equation
g/ 3
we have in PN™ the equation (= nat), which differs from (= nat) by re-
3 g/
placing = by = , and the index of 1 by the appropriate index. For example,

we have

AT N

(A" nat) (f A 1pv-p)eAg 4 =App-f.

As alternative primitive arrow terms for defining PN we could take one
V.

Ay Y] ~ i
of Z or Z and one of = or =.
We can also derive for PN the following equations:
ASANAY /\(_ AN AN
(bAY) b _pve.c °(ApaANlc)=1aAXpc,
TAYAY /\*) AN AN
(b%) b=cve,B,a © Xc,Baa = Ye,B A la.

For the first equation, with indices omitted, we have

A

“o(AN1) =beolo(IAA) &, by
—beolob-oAol, by
(

and for the second equation we have
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Vv Vv

We derive analogously with the help of (bX) the equations

(bAY) (ApaVic)ebiprpe=1aVEp0,

VvV Vv Vv V_} Vv
(bA) AC,A\/B ° bA,B,C/\—\C =1V AC,B'

The arrows AB,AI A+ AN (=BV B) and XA]ByA: AF (-BV B)A A are
analogous to the arrows of types AF AA T and AF T A A that one finds
in monoidal categories. However, A B,A and XA] B,A do not have inverses in
PN™. The equations (IA)A), (3&%), (gﬁl) are analogous to equations that
hold in monoidal categories (see [38], Section VII.1, [22], Section 4.6, and
§3.1 below). An analogous remark can be made for EVJB,A and AB’A.

We can also derive for PN the following equations by using essentially
(d¥) and (dA):

R A R A A
(d A) dC,B,ﬁA\/A ° AA,CvB = 1C \ AA,Ba

R V V. R V.
(d™%) Ya,Brc °dypnapc =XaB Nlc.

These two equations could replace (d E) and (d A) for deﬁmng PN™. The
analogues of the equations (dZ) (dA) (d A) and (dRE) may be found
n [11] (Section 2.1), where they are assumed for linearly (alias weakly)
distributive categories with negation (cf. [22], Section 7.9).

It is easy to infer that in PNﬁ we have analogues of the equations (lAJA),
(bAS), (b)), ( ), (bAY), (bA), (d3), (dA), (B A) and (d*3) obtained

/

by replacing = by Z, and the indices of the form -BV B and B A =B by
BV =B and =B A B respectively. For example, we have

AAY} /\(_ AT AT
(bAY) by B.ov-c ° Boang =1aNAg .

We can also derive for PN the following equations by using essentially
(ZA) and (X'A):
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’ v/

A R A/
) Ay pody aa°X44=1a,

D><

( /!

A Vv R A
(AX) Ap-aodiypg°Xa-4=1-a.

><

These two equations could replace (EVJA) and (é/A/) for defining PN". The
equations (XV)A), (élﬁl), (Alﬁ/) and (Aﬁ) are related to the triangular
equations of an adjunction (see [38], Section IV.1, and §5.1 below; see also
the next section). The analogues of these equations may be found in [11]
(Section 4).

A proof-net category is a category with two biendofunctors A and V, a
unary operation — on objects, and the natural transformations IAJH, lA)“, ZV)H,
é<—, ¢, ¢, d, A and ¥ that satisfy the equations (157 5), (lg)lg))7 e (élﬁ/) of
PN". The category PN is up to isomorphism the free proof-net category
generated by the set of letters P (the set P may be understood as a discrete
category).

If 8 is a primitive arrow term of PN except 1p, then we call S-terms
of PN the set of arrow terms defined inductively as follows:  is a S-term;
if f is a O-term, then for every A in £, \ we have that 14 ¢ f and f¢ 14,
where ¢ € {A, V}, are S-terms.

In a B-term the subterm g is called the head of this S-term. For example,
the head of the ?)E”C’D—term 14N (gg’C’D V1g)is /I;g’C’D.

We define 1-terms as B-terms by replacing 8 in the definition above by
15. So 1-terms are headless.

An arrow term of the form f, e ... o f;, where n > 1, with parentheses
tied to o associated arbitrarily, such that for every i € {1,...,n} we have
that f; is composition-free is called factorized. In a factorized arrow term
fno ...of; the arrow terms f; are called factors. A factor that is a S-term
for some 3 is called a headed factor. A factorized arrow term is called
headed when each of its factors is either headed or a 1-term. A factorized
arrow term f, o ... o fy is called developed when f; is a 1-term and if n > 1,
then every factor of f, o ... o fy is headed. It is sometimes useful to write
the factors of a headed arrow term one above the other, as it is done for
example in Figure 1 at the end of §2.5.

By using the categorial equations (cat 1) and (cat 2) and bifunctorial

equations we can easily prove by induction on the length of f the following
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lemma.

DEVELOPMENT LEMMA. For every arrow term f there is a developed arrow
term f' such that f = f' in PN

Analogous definitions of S-term and developed arrow term can be given for

DS, and an analogous Development Lemma can be proved for DS.

§2.3. The category Br

We are now going to introduce a category called Br, which will serve to
prove our main coherence result for proof-net categories. We will show
that there is a faithful functor from PN to Br. The name of the category
Br comes from “Brauerian”. The arrows of this category correspond to
graphs, or diagrams, that were introduced in [7] in connection with Brauer
algebras (see [45]). Analogous graphs were investigated in [23], and in [32]
Kelly and Mac Lane relied on them to prove their coherence result for
symmetric monoidal closed categories (see §3.1).

Let M be a set whose subsets are denoted by X, Y, Z, ... For i € {s,t}
(where s stands for “source” and t for “target”), let M’ be a set in one-
to-one correspondence with M, and let i: M — M" be a bijection. Let X*
be the subset of M" that is the image of the subset X of M under i. If
u € M, then we use u; as an abbreviation for i(u). We assume also that
M, M?® and M" are mutually disjoint.

For X, Y C M, let a split relation of M be a triple (R, X,Y) such that
R C (X*UY"2 The set X*UY"! may be conceived as the disjoint union
of X and Y. We denote a split relation (R, X,Y) more suggestively by
R:XFEY.

A split relation R: X F Y is a split equivalence when R is an equivalence
relation. We denote by part(R) the partition of X* UY" corresponding to
the split equivalence R: X Y.

We say that a split equivalence R: X Y is Brauerian when every mem-
ber of part(R) is a two-element set. For R: X Y a Brauerian split equiva-
lence, every member of part(R) is either of the form {ug,v:}, in which case
it is called a transversal, or of the form {us,vs}, in which case it is called a

cup, or, finally, of the form {u;, v¢}, in which case it is called a cap.
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For X,Y,Z C M, we want to define the composition P * R: X - Z of
the split relations R: X Y and P: Y + Z of M. For that we need some
auxiliary notions.

For X,Y C M, let the function ¢*: X UY? — X° UY? be defined by

) = us ifueX
YT u ifuevt,

and let the function p': X*UY — X* UY"? be defined by

(u) = v ifueX?®
v ) u ifuev.

For a split relation R: X F Y, let the relations R~ C (X UY")? and
R™' C (X*UY)? be defined by

(u,v) € R™% iff (o' (u),¢'(v)) € R

for i € {s,t}. Finally, for an arbitrary binary relation R, let Tr(R) be the
transitive closure of R.
Then we define P x R by

PxR=4Te(R'UP )N (X*UZH)%

It is easy to conclude that P R: X F Z is a split relation of M, and that
it R: X FY and P: Y I Z are (Brauerian) split equivalences, then P % R
is a (Brauerian) split equivalence.

We now define the category Br. The objects of Br are the members of
the set of finite ordinals N. (We have 0 = {) and n+1 = n U {n}, while N
is the ordinal w.) The arrows of Br are the Brauerian split equivalences
R:mFE n of N. The identity arrow 1,: n F n of Br is the Brauerian split
equivalence such that

part(1,) = {{ms,m:} | m < n}.

Composition in Br is the operation * defined above.
That Br is indeed a category (i.e. that * is associative and that 1, is
an identity arrow) is proved in [20] and [21]. This proof is obtained via

an isomorphic representation of Br in the category Rel, whose objects are
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the finite ordinals and whose arrows are all the relations between these
objects. Composition in Rel is the ordinary composition of relations. A
direct formal proof would be more involved, though what we have to prove
is rather clear if we represent Brauerian split equivalences geometrically (as
this is done in [7], [23], and also in categories of tangles; see [31], Chapter
12, and references therein).

For example, for R C (3* U9%)? and P C (9% U 1*)? such that

part(R) = {{0s,0¢}, {1y, 3¢}, {2, 6¢}} U {{ne, (n+1):} | n € {1,4,7}},
part(P) = {{2s, 0¢}} U {{ns, (n+1)s} | n € {0,3,5, 73},

the composition P * R C (3% U 1%)2, for which we have

part(P * R) = {{0s,0:}, {1s,25}},

is obtained from the following diagram:

R
NN

0

Every bijection f from X*® to Y corresponds to a Brauerian split equiva-
lence R: X Y such that the members of part(R) are of the form {u, f(u)}.
The composition of such Brauerian split equivalences, which correspond to
bijections, is then a simple matter: it amounts to composition of these
bijections. If in Br we keep as arrows only such Brauerian split equiv-
alences, then we obtain a subcategory of Br isomorphic to the category
Bij whose objects are again the finite ordinals and whose arrows are the
bijections between these objects. The category Bij is a subcategory of the
category Rel (which played an important role in [22]), whose objects are the
finite ordinals and whose arrows are all the relations between these objects.

Composition in Bij and Rel is the ordinary composition of relations. The
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category Rel is isomorphic to a subcategory of the category whose arrows
are split relations of finite ordinals, of whom Br is also a subcategory.

We define a functor G from PN to Br in the following way. On objects,
we stipulate that GA is the number of occurrences of letters in A. (If A
has n=1{0,1,...,n—1} occurrences of letters, then the first occurrence
corresponds to 0, the second to 1, etc.)On arrows, we have first that Ga is
an identity arrow of Br for a being 14, Ig)ZBC, ZS)ZBC and da p,c, where
¢ e {A,V}.

Next, for i, € {s,t}, we have that {m;,n;} belongs to part(G ¢ 5) iff
{ni,m;} belongs to part(G ¢ 4 p), iff i is s and j is t, while m,n < GA+GB

and

(m—n—GA)(m—n+GB) = 0.

In the following example, we have G(p V q) = 2 = {0, 1} and G((¢V—r)Vq)=
3 =1{0,1,2}, and we have the diagrams

(pVva) A ((gV-r)Vaq) ((qv-r)Vqg)V(pVa)
0 1 2 3 4 0 1 2 3 4
G ép\/q,(q\/ﬂr)\/q G ép\/m(q\/ﬂr)\/q
0 1 2 3 4 0 1 2 3 4
((qv-r)Vag) A(pVa) (pVva)V((gVv-r)Vq

We have that {m,,n;} belongs to part(G ABA) iff either
i is s and j is t, while m,n < GA and m = n, or

i and j are both ¢, while m,n € {GA,...,GA+2GB—1} and
|m—n| = GB.

In the following example, for A being (¢V —r)V ¢ and B being p V ¢, we
have
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(gVv-r)Vgq
0 1 2

GAPV%(qVﬁT)Vq

8%

0 1 2 3 4 5 6
((gv-r)vg A(=(pVa)V(pVa)

We have that {m;,n;} belongs to part(G éB’A) iff either
iis s and j is t, while m € {2GB,...,2GB+GA—-1}, n < GA
and m—2GB = n, or
i and j are both s, while m,n < 2GB and |m—n| = GB.

For A and B being as in the previous example, we have

(pva)A=(pVaq)V(lgVv-r)Va)
0 1 2 3 4 5 6

L

Gszq,(qVﬁr)\/q

0 1 2
(qv-r)Vgq

Let G(f-g) = Gf x Gg. To define G(f ¢ g), for ¢ € {A,V}, we need an
auxiliary notion.

Suppose bx is a bijection from X to X; and by a bijection from Y to
Y1. Then for R C (X*UY")? we define Ry C (X5 UY{)? by

(ui,v) € RpY i (i(by' (u), j(by' (v)) € R,

where (4,U), (5,V) € {(s,X), (t,Y)}.
If f: AF D and g: B+ E, then for ¢ € {A,V} the set of ordered pairs
G(feg)is

GF UGG
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where +GA is the bijection from GB to {n+GA | n € GB} that assigns
n+GA to n, and +GD is the bijection from GE to {n+GD | n € GE}
that assigns n+GD to n.

It is not difficult to check that G so defined is indeed a functor from
PN to Br. For that, we determine by induction on the length of derivation
that for every equation f = g of PN we have Gf = Gg in Br.

Consider, for example, the following diagram, which illustrates an in-
stance of (é&)

pAgq

A

m Apng.pag

(e ANON=(AgV(PAQ))

d

PAG,—(PAQ),PAG

(A A=(pAQ)V(PAQ)

v
M Zp/\q,p/\q

pAq

This diagram shows that the equation (éﬁ), as well as the equation (élﬁl),
which is illustrated by analogous diagrams, is related to triangular equations
of adjunctions (cf. [14], Section 4.10, and [16], Section 7). The triangular
equations of adjunctions are essentially about “straightening a sinuosity”,
and this straightening is based on planar ambient isotopies of knot theory
(cf. [8], Section 1.A).

We have shown by this induction that Br is a proof-net category, and
the existence of a structure-preserving functor G from PN to Br follows
from the freedom of PN .

We can define analogously to G a functor, which we also call G, from the
category DS to Br. We just omit from the definition of G above the clauses
involving A B,A and 5 B,4A. The image of DS by G in Br is the subcategory
of Br isomorphic to Bij, which we mentioned above. The following is proved
in [22] (Section 7.6).
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DS COHERENCE. The functor G from DS to Br is faithful.

It follows immediately from this coherence result that DS is isomorphic to
a subcategory of PN™ (cf. [22], Section 14.4).
Up to the end of §2.7 we will be occupied with proving the following.

PN COHERENCE. The functor G from PN to Br is faithful.

For this proof, we must deal first with some preliminary matters.

82.4. Some properties of DS

In this section we will prove some results about the category DS, which we
will use to ascertain that particular equations hold in PN™. We need these
results also for the proof of PN Coherence.

First we introduce a definition. Suppose z is the n-th occurrence of
a letter (counting from the left) in a formula A of £ Ay, and y is the
m-th occurrence of the same letter in a formula B of £, 5. Then we say
that z and y are tied in an arrow f: A+ B of PN when in the partition
part(Gf) we have {(n—1),, (m—1);} as a member. (Note that to find
the n-th occurrence we count starting from 1, but the ordinal n > 0 is
{0,...,n—1}.) We have an analogous definition of tied occurrences of the
same letter for DS: we just replace £ A v by LA,y and PN by DS.

It is easy to establish by induction on the complexity of f that for every
arrow term f: A - B of DS we have GA = GB. Moreover, every occurrence
of letter in A is tied to exactly one occurrence of the same letter in B, and
vice versa. This is related to the fact that every arrow term f: A+ B of
DS may be obtained by substituting letters for letters out of an arrow term
/' A’ B’ of DS such that every letter occurs in A’ at most once, and the
same for B’ (see [22], Sections 3.3 and 7.6).

Suppose for Lemmata 1D and 2D below that f: A - B is an arrow term
of DS such that A has a subformula D in which A does not occur and B
has a subformula D’ in which A does not occur, and suppose that every
occurrence of a letter in D is tied to an occurrence of a letter in D’ and

vice versa. Then we can prove the following.

LEMMA 1D. The source A of f is D iff the target B of f is D'.
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This follows from the fact, noted above, that GA = GB. The arrow term f
in this case can have as subterms that are primitive arrow terms only arrow

W 2
terms of the forms 1g, by p o, b5 p o OF 5E7F. We also have the following.

LEMMA 2D. If DA A" or A’ A D is a subformula of A, then D' AN B’ or
B’ AD’ is a subformula of B for some B’.

We will not go into the inductive proof of this lemma, in which we use
Lemma 1D, because we need just a corollary of this lemma (Lemma 2

below), which is more easily proved directly.

Suppose for Lemmata 1C and 2C below that f: A F B is an arrow term
of DS such that B has a subformula C' in which V does not occur and A
has a subformula C’ in which V does not occur, and suppose that every
occurrence of a letter in C is tied to an occurrence of a letter in C’ and vice
versa. Then we have the following duals of Lemmata 1D and 2D, proved

in an analogous manner.
LEMMA 1C. The target B of f is C iff the source A of f is C".

LEMMA 2C. If CV B’ or B'V C is a subformula of B, then C'V A’ or
A’V O is a subformula of A for some A'.

Suppose for the following lemma, which is a corollary of either Lemma 2D
or Lemma 2C, that f: A+ B is an arrow term of DS such that an occur-
rence x of a letter p in A is tied to an occurrence y of p in B. This lemma

is easily proved by induction on the complexity of f.

LEMMA 2. It is impossible that A has a subformula x N A" or A’ ANz and
B has a subformula yV B’ or B’V y.

Suppose for Lemmata 3D, 3C, 3 and 4 below that f: A+ B is an arrow
term of DS, and for i € {1,2} let z; in A and y; in B be occurrences of the
letter p; tied in f (here p; and ps may also be the same letter).

LEmMA 3D. If in A we have a subformula Ay V As such that x; occurs in
A;, then in B we have a subformula B1 V By or By V By such that y; occurs
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This is easily proved by induction on the complexity of the arrow term f.

We prove analogously the following.

LemMma 3C. If in B we have a subformula By N\ By such that y; occurs in
B;, then in A we have a subformula Ay N\ Ay or As A A1 such that x; occurs

As a corollary of either Lemma 3D or Lemma 3C we have the following.

LEMMA 3. It is impossible that A has a subformula x1 V xo or x2 V x1 and
B has a subformula y1 A y2 or ya A y1.

The following lemma, dual to Lemma 3, is a corollary of Lemma 2.

LEMMA 4. It is impossible that A has a subformula x1 A\ xo or xo A x1 and
B has a subformula y1 V y2 or yo V y1.

Lemma 3 is related to the acyclicity condition of proof nets, while Lemma 4
is related to the connectedness condition (see §7.1).

Next we can prove the following lemma.

p-¢-r LEMMA. Let f: A+ B be an arrow of DS, let x; for i € {1,2,3}
be occurrences of the letters p, q and r, respectively, in A, and let y; be
occurrences of the letters p, q and r, respectively, in B, such that x; and
y; are tied in f. Let, moreover, xo V x3 be a subformula of A and y1 N ya
a subformula of B. Then there is a dp q-term h: A" &= B’ such that ) are
occurrences of the letters p, q¢ and r, respectively, in the source p A (qV r) of
the head of h and y; are occurrences of the letters p, q and r, respectively, in
the target (p A q) V r of the head of h, such that for some arrows f,: A+ A’
and fy: B't+ B of DS we have f = f,oho fy in DS, and x; is tied to x} in
[z, while y; is tied to y; in f,.

PROOF. The proof of this lemma, of which we give just a sketch, relies on a
cut-elimination and related results of [22] (Sections 7.7-8). We first find in
the category GDS introduced in [22] (Section 7.7) a cut-free Gentzen term
/' X +Y, which corresponds to f, by the relationship that exists between
DS and GDS. According to the equations at the beginning of Section 7.8 of
[22], which are used for the proof of the Invertibility Lemmata in the same
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section, in GDS we have the equation f’ = f” for a Gentzen term f” that
has as a subterm either A, 4(1,, Vqr(1g, 1)) or Vg (Apqe(1p, 14), 1) both
of type pA(gVr)F (pAg)Vr. By the relationship that exists between
DS and GDS, we can find starting from f” an arrow term f, o he f, equal
to f in DS, which satisfies the conditions of the lemma. -

The full force of the Cut-Elimination Theorem of Section 7.7 of [22] is
not essential for this proof, but applying this theorem simplifies the proof.

§2.5. The category PN

We now introduce a category called PN, which is equivalent to PN . In the
objects of PN, the negation connective — will be prefixed only to letters,
and hence A B,A and Xv] B,A will be primitive only for the crown index B
being a letter. Here is the formal definition of PN.

For P being the set of letters that we used to generate L, and L A v
in §§2.1-2, let P~ be the set {—p|p € P}. The objects of PN are the
formulae of the propositional language £,%, generated from P U P~ with
the binary connectives A and V. To define the arrow terms of PN, in
the inductive definition we had for the arrow terms of DS we assume in
addition that for every formula A of £,%, and every letter p

A

Apar AFAN(-pVD),
é%A: (pA-p)VAEA

are primitive arrow terms of PN.

To define the arrows of PN, we assume as additional equations in the
inductive definition we had for the equations of DS the PN equations of
§2.2 restricted to the arrow terms AP,A and Xv]pyA. This means that in
(A nat) and (i nat) the crown index B will be p, in (8&) and (Ei) the
crown index C' will be p, and in (dﬁ]), (dﬁ)7 (éA) and (élﬁl) thve/crown

AT v/ A/

index A will be p. We define ép,A, AP,A, Ap,A’ EP’A, Ep,A and Ap,A for
PN as they were defined in PN in terms of AP’A and Ev]p)A.

The following equations of PN, and hence also of PN, which we call
stem-increasing equations, enable us to have in developed arrow terms only

A \
A4 p-terms and ¥4 p-terms that coincide with their heads:
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(IANA) 14A APVB = ij,B,ﬁp\/p ° Ap,A/\Ba by (bA),

A A A
(A AN 1) Ap,B AN ].A = é\AvB/\(ﬁpvp) ° bXB,—\p\/p ° (éB,A A ]-ﬂp\/p) ° Ap.,B/\Aa

by (£8), (¢ nat), (LA A) and (A nat),

(1 V A) 14V Ap,B = dﬁ,B,ﬂpr o Ap,A\/B> by (dRA),

N N N

(AV1) Ay V1la= Cpapvp)a i pppo(Can Alopup)e Dppya,
by (¢8), (¢ nat), (1V A) and (A nat),

(XV1) B pV1a=3ppvacbi,pa by (b3),

V. V. Vv
(1VY) 14V =Ypavs °(Ipa-pV EA,B) ° b;\ﬁp,B,A ° (v:(p/\ﬂp)\/B’:Av

by (¢&), (¢ nat), (X V1) and (2 nat),
(E A 1) Epo ANly = EIHB/\A Od;}/\“p,B,A’ by (dRE),

V. V.
(LAY) 14AY,5 =%, a8 °1pa-pV C5.a) Odf/\—\p,B,A ° éx‘h(zrmﬂzn)vff7

by (£8), (& nat), (X A1) and (2 nat).

Note that in the stem-increasing equations the stem index B of A and ¥
becomes more complex on the right-hand sides, whereas the crown index p
does not change. We have analogous stem-increasing equations for é, A/,
é/, A, s and A

We will next prove several lemmata concerning PN, which we will find
useful for calculations later on. For these lemmata we need the following.

Let DS be the category defined as DS save that it is generated not
by P, but by PUP. So the objects of DS™ are formulae of L., i.e.
the objects of PN. For A and B formulae of £,%,, we define when an
occurrence of p in A is tied to an occurrence of p in B in an arrow f: A+ B
of DS analogously to what we had at the beginning of the preceding
section.

Let é for ¢ € {A,V} stand for either é, or ZI, or Xg), or Xgl/, and let a
éB7A—t6rm be defined as a S-term in §2.2, save that 3 is replaced by éB,A.
We use also O as a variable alternative to =. Then we have the following.
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£ PERMUTATION LEMMA. Let g:CFDbea ép,B—term of PN such that
x1 and —xo are respectively the occurrences within D of p and —p in the
crown of the head ép,B of g, and let f: D+ E be an arrow term of DS™?
such that we have an occurrence y1 of p and an occurrence —ys of —p within
a subformula of E of the form y1 V —ys or —ys V y1, and x; is tied to y; for
i €{1,2} in f. Then there is a (:)p,B/-term g : D'+ E of PN the crown of
whose head is 11 V —y2 or —ys V y1, and there is an arrow term f': C = D’
of DS™? such that in PN we have fog=g'o f'.

PROOF. By the Development Lemma we can assume that f is a developed
arrow term, and then it is enough to consider the case when f is either a
B-term for B a primitive arrow term of DS™ or f is 1g. Note that in the
developed arrow term f, e ... o f1, which is equal to f, we have that f; is
1p, and that fo, if it exists, cannot be a dpj —p-term or a dp —p p-term
such that z; and -9 are the occurrences of p and —p in the right conjunct
of the source BA (—pV p) or BA (pV —p) of the head of fo. Otherwise, in
the target of the head of fo we would obtain as the left disjunct B A —p or
B A p, which together with Lemma 2 would contradict the conditions put on
f, and hence also on f,, o ... o f1, in the formulation of the = Permutation
Lemma.

The case when f is 1g is trivial, and there are also many easy cases
settled by bifunctorial and naturality equations. The remaining, more in-

teresting, cases are settled by the following equations of PN:

2 A N AA
b3 Bpvp ° (La A BpB) = Ap ang, by (bA),
f\ A N A A
bgl,Bm—‘p\/p ° AP:Bl/\BQ =1p, A Ap,327 by (bA),
2 & A AN A
VX —pvps (LA AN EpB) = Apa N, by (bAX),
2 A A AN A
b5 —pupa ° (Bpp N1a)=1p A Sp 4, by (bAS),
2 & A AA
b pvp,B1,Bs © T, BinB: = Xp,y A B, by (b),
P & A AA
b pup.3.a ® (3p.B AN1a) =2y Bra, by (b32),
CB,pvp ° Ap,B = ép,B, by definition,

A A
Copvp.B ° 2p.B = Dp B, by definition and (¢¢),
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A N~

(1B A Cp-p)e Dpp =14, p, by definition,

s

AL

(¢p—p A1p)o ﬁ:po =X, g, by definition and (¢ nat),

A A
dﬁp\/ILBl,Bz ° Yp BivB, = 2p,B; V1, by (dz)

Besides these equations, we have analogous equations where —p V p is re-
placed by pV —p, while A and ¥ are replaced by A" and &' respectively,

and vice versa. -
We prove analogously the following dual of the preceding lemma.

= PERMUTATION LEMMA. Let g:DEC bea éwg—term of PN such that
x1 and —xo are respectively the occurrences within D of p and —p in the
crown of the head ép,B of g, and let f: E+ D be an arrow term of DS™P
such that we have an occurrence y1 of p and an occurrence —ys of =p within
a subformula of E of the form y1 A —ys or —ys A y1, and y; is tied to x; for
1€ {1,2} in f. Then there is a épﬁ/—term g : E+ D' of PN the crown of
whose head is y1 A —y2 or =2 A y1, and there is an arrow term f': D'+ C
of DS™P such that in PN we have go f = f'og’.

Next we prove the following lemma, which involves the p-¢-r Lemma of

the preceding section.

p-—p-p LEMMA. Let x1, ~xo and x3 be occurrences of p, —p and p, respec-
twely, in a formula A of L X,, and let y1, —y2 and y3 be occurrences of p,
=p and p, respectively, in a formula B of L.Y,. Let =z V x5 or x3V —x2
be a subformula of A and y1 A —ys or —ys Ay1 a subformula of B. Let
gr: A'F A be a épyc—term of PN such that —xo V x3 or x3V —xg is the
crown of the head of g1, let go: B+ B’ be a (Z)p’D-teTm of PN such that
y1 Ay or —ys Ayy is the crown of the head of g2, and let f: AF B be
an arrow term of DS™P such that x; and y; are tied in f for i € {1,2,3}.
Then go o f o gy 1s equal in PN to an arrow term of DS™P.

PROOF. By the p-¢-r Lemma, f: A+ B is equal in DS™P, and hence also
in PN, to an arrow term of the form f,ohe° f,, where h is a d, -, ,-term,

and the other conditions of the p-¢g-r Lemma are satisfied. So in PN we
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have

gaefegr=gacfyche from Zf@/,(’gé"h"g’ﬁf;»

by the é—Permutation Lemmata above. Here the head of g must be
Apyp: pEDPA(—pVp), the head of his dp —pp:p A (—pVp)F (pA—p)Vp,
and the head of g5 must be Ev]m,: (p A —p) VptE p. By applying (EVJA), and
perhaps bifunctorial equations, we obtain that g5 o ho g} is equal in PN to
an arrow term of the form 14, and hence we have ga o f o g1 = f; ° f; in PN,

which proves the lemma. —

To give an example of the application of the p-—p-p Lemma, consider the
diagram in Figure 1. This diagram corresponds to G(Xv]wmq oho A,”,Aq)
for an arrow term h of PN, which is of the form go° fog; for g; being
Ioag A (1 V EA]p’q), g2 being (1,A Ev]pﬁq) V1paq and f an arrow term of
DS™. Then by applying the p-—p-p Lemma we obtain an arrow term f’ of
DS™ equal to go ¢ fog1 in PN, and next by applying the p-—p-p Lemma
(as a matter of fact, the ¢-—¢-¢ Lemma), we obtain an arrow term h’ of
DS™ equal to iq’p/\q o flo Aq,pAq in PN. By DS Coherence of §2.3, we
may conclude that A’, and hence also iq,p/\q oho Aq,pAq, is equal to 1,n4
in PN.

Here is a lemma analogous to the p-—p-p Lemma.

—p-p-—p LEMMA. Let —x1, x2 and —x3 be occurrences of —p, p and —p,
respectively, in a formula A of L, and let —y1, y2 and —ys3 be occurrences
of =p, p and —p, respectively, in a formula B of L,X,. Let g1: A+ A be a
ép’c-term of PN such that o V —x3 or —x3 V o is the crown of the head
of g1, let go: BF B’ be a épp—term of PN such that —y1 A ya or y2 A 1
is the crown of the head of g2, and let f: AF B be an arrow term of DS™P
such that x; and y; are tied in f for i € {1,2,3}. Then gao fog1 is equal

i PN to an arrow term of DS™P.

To prove this lemma we proceed as for the p-—p-p Lemma, relying on the
Vo A
equation (X'A") of PN.
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§2.6. The equivalence of PN and PN

In this section we show that the categories PN and PN are equivalent
categories. We define inductively a functor F' from the category PN to

PN in the following manner. On objects we have

Fp=p, forp a letter,

F(A¢e By=FA¢FB, fore¢ e {A V},
F—p=—-p, forp a letter,
F-—-A=FA,

F-(AANB)=F-AV F-B,

F-(AvV B)=F-ANAF-B.

On arrows we have

Foy, .. A, =QFa,,. . . FA,,

¢ ¢
. ¢
for aa, ... a, being 14, bZB,C’ bZB,C, ¢a,p or da p,c where ¢ € {A,V},

>

F
F

p,A :Ap,FAZFA}_FA/\(_‘pr),
p, A :Ep,FA: (p/\ﬁp)\/FAFFA,

M<

FAﬁB,A = (1FA A éFB’FﬁB)OFABVA: FAFFANA (FB\/F—\B),
FY pa=FSpac(érpppVlpa): (F-BAFB)VFAF FA,

A v Vv
FAppnc,a = (1ra A((Ep-p,r-c V1rBarc)© VP c p-p rBAFC ©

o (].F—‘C Vv (dl{zﬁB,FB,Fc © éFC,F—\BVFB OFAB,C)))) OFAC»A:
FAFFAAN((F-BV F-C)V (FBAFQ)),

FY¥proa = FYca°((Apc N (FYB~c °drB,F-B,F-C))°
° bFC,FB,FﬁB\/FﬁC ° (éFB,FC A p-Byr-c))V 1Fa):
((FBAFC) A (F-BV F-C))v FAF FA,
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FApyca = (1paA(Er-cr-BV1lppyrc)e bFCAF-B FB,FC °
o ((dp=c,r-BrB°FAp_c)V1pc)))e FAc a:
FAFFAAN((F-BANF-C)V (FBV FQ)),
FYpyca = FYcae(FYpce¢rpar-ro°dic pp pop) Nr-c)e°
* bpovr. pop.p-c° (CFoFB AN 1p-Bar-c)) V 1ra):
(FBVFC)N(F-BAF-C))VFAF FA,
F(feg)=Ff-Fg,
F(feg)=FfeFg, foree{A V}

It is easy to infer

FAﬁB,A:FA/BA, FéﬁB7A=F§]IBA7
Fﬁ/ﬁB,A = FABAv FZV)QB,A = FéB,/h
FApa =FApra, FYpa =FXYpra.

To ascertain that F' so defined is indeed a functor, we have to verify
that if f = ¢ is an instance of one of the PN equations, then Ff = Fg
holds in PN. This is done by induction on the number od occurrences of
connectives in the crown indices occurring in these equations.

For (A nat) and (Xv] nat) this is a very easy matter. For (ZA)A), (lv)il),
(d ﬁ)) and (dﬁ) we use essentially naturality equations. (In that context,
it might be easier to rely on the equations (d* A) and (df i), which are
alternative to (dEA]) and (dﬁ))

To verify (i&) in cases where A is of the form B A C or BV C, we rely
on the induction hypothesis that if f = ¢g is an instance of a PN equation
such that the crown indices are B and C, then we have F'f = Fg in PN.
This induction hypothesis entails that we can proceed as in the proof of the
p-—p-p Lemma in the preceding section, first for p replaced by B, and then
for p replaced by C. Finally, we apply DS Coherence (see the example at
the end of the preceding section). To verify (éﬁ) in case A is of the form
- B, we rely on the induction hypothesis for the equation (EVJ/A,)

To verify (élﬁ/) we proceed analogously. In case A is BAC or BV C,

we rely on the proof of the —p-p-—p Lemma in the preceding section, and
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in case A is =B we rely on the induction hypothesis for the equation (EVIA)
This concludes the verification that F is a functor from PN to PN.

(To verify that the functor F from PN~ to PN is a functor we could
have proceeded by establishing PN Coherence first, before introducing the
functor F'. We do not need the functor F' to prove PN Coherence in the
next section. From f =g in PN we pass to Gf = Gg, from which by
relying on the first paragraph of §2.7 we pass to GF' f = GFg, which by
PN Coherence implies F'f = Fg.)

In the definition of F, there is some freedom in choosing the clauses for
FéchyA, where Z € {A, X} and ¢, € {A,V}. We chose ours to be able
to apply easily the p-—p-p and —p-p-—p Lemmata in verifying that F' is a
functor.

We define a functor F~ from PN to PN by stipulating that F"A = A
and F7f = f. It is clear that if f =g in PN, then "' f = F"g in PN ;
so F™ is indeed a functor.

Our purpose is to show that PN and PN are equivalent categories via
the functors F' and F™. It is clear that FF"A = A and FF™f = f. Since
FT"FA=FA, we have to define in PN an isomorphism i4: A+ FA. For

that we need the following auxiliary definitions in PN :

v/ A
ny ZafY¥ogq 0 danamaae Bama i ToAE A,

Vv AL
nA :df EA,‘\‘!A OdA,ﬁA,ﬁﬁA ° AﬁA,A : A }_ _\_|A’
v/
TA 5 =df Y anp-av-p°d=anB).anB.-av-B° (1-(ans) A (LarBV ¢-a,-B)°
v Nt AN
* binp,~B,-A° ((da,B,-B° AB,A) V1.4)))e AA,ﬁ(A/\B) :
-(AAB)F —=AV B,
Fop =¥ Ry eas 10)e b2
"ap =df Baanp) (B a°dZapp) ALa) o bTayp B a®
AN
°(1-av-B A éA,B)) v ]-ﬁ(A/\B)) ° dﬁAvﬁB,A/\B,ﬁ(A/\B) ° AA/\BﬁAVﬁB :
~AV-BF (AN B),
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v/
Fa B =df ¥ avp.-an-s® d-(avB),avB,-an-5 ° (1oave)N((¢a,BV1-ar-B)°
\2 R A/ AL .
oG aan-p° AV (di_a_p°Xa_p))))e Ap avp

~(AV B)F -AA-B,
v/ v/

A
7vAATB =df EBﬁ(AvB) (1= A (EA,B °dﬁA,A7B)) ° be,ﬁA,AvBo
AN/
° (éﬁA,ﬁB A 1A\/B)) \ 1ﬂ(A\/B)) °dﬂA/\ﬂB7AvB,—\(AvB) ° AAvB,ﬁAAﬁB :

~AAN-BF —(AV B).

It can be shown that in PN we have the following equations:

nXonX: 1A7 TLXOTLX:]-ﬁﬁAy

— A
aB°TAp=1.anB),

=>

N— N
TAB°Tap=1l-av-B;

<

—

N— Noi— e
TA7BO’I"A,B—1ﬂAA—.B, TABOTA7B_1—\(A\/B)a

)

which means that n™ and n*", as well as #7 and #* are inverses of each
other. To derive these equations in PN, we use essentially (& nat),
(é nat), the p-—p-p and —p-p-—p Lemmata, and DS Coherence. (If an
equation holds in PN, then every substitution instance of it obtained by
replacing letters uniformly by formulae of £- A v holds in PIN"; this en-
ables us to apply the p-—p-p and —p-p-—p Lemmata.) The definitions of
n—, n%, #~ and 7§"<_, for ¢ € {A,V}, are such that they enable an easy
application of the p-—p-p and —p-p-—p Lemmata.

Then we define i4: AF FA and its inverse i;‘l: FAF A by induction
on the complexity of the formula A of £ Ay (cf. [22], Section 14.1):

ia= i;l =1,4, if Aispor —p, for p a letter,

iAreA, = ia, 14y, ialen, =i €iq), for & € {AV},

i-B =1iB°NEg, ilp=ng-ig,

in(Ainan) = (imay Vica) o T4 a5 (anny = Tias© (04, Vis,),

in(Arvag) = (imay Ninag) o T2 Ay 504 vay = T4, ° (04, NiTh,)-
We can then prove the following (cf. [22], Section 14.1).

AUXILIARY LEMMA. For every arrow term f: AF B of PN we have
f=ig'oFfois in PN,
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PrROOF. We proceed by induction on the complexity of the arrow term
f. If f is a primitive arrow term 14, IE)ZB,@ 223’07 éA,B or da p,c, for
¢ € {A,V}, then we use naturality equations, and the fact that ip is an
isomorphism.

If fis A D,A, then we proceed by induction on the complexity of D.
(This is an auxiliary induction in the basis of the main induction.) If D is
p, then we use (A nat) and the fact that i4 is an isomorphism.

If D is =B, then we rely on the following equation of PN, analogous
to the clause defining FAﬁBA above:

(An)  Aipa=(LaA(nf Vip)eAy,,
together with the induction hypothesis. To derive (A n) we have
N

(Tan(ng Vi-p))eAp 4

= (]-A A\ (EB,—\—\B Vv ].ﬂB)) ° (1,4 A\ (dB’_‘B’ﬂ_\B V 1—\B)) o

N

c(LaAn(ALppV1p))e A,B,A, by bifunctorial equations,

= (1A A\ (EB,—\—|B \/1_.3)) o (1,4 AN ((dBﬁB’ﬂ_\B V 1_\3) o

© Cpa(-Bv--B),-B °Aip 5 _py-p° (-5 Alpy--p)))e

A AT A
0% p.pv-p °(Bpa Alopv—p)e(La A Cop~B)° Aopa,
by stem-increasing equations involving Al analogous to (1 V A) and (1 A A)
of the preceding section, and also (A" nat). The equation (An) follows by
applying the —p-p-—p Lemma (with p replaced by B), and DS Coherence.
If D is B A C, then we rely on the following equation of PN, analogous

AN
to the clause defining FFAprc,4 above:

A Vv
(Ar)  Aprca=1aA (PG e ¢-B~0)V1Bac)® blo g pac
A A
°(1-c vV (dlp p oo ¥B.c)))) e Aca,

together with the induction hypothesis. To show that (A ) holds in PN~
we proceed as above, by applying essentially stem-increasing equations to-
gether with the p-—p-p Lemma. We proceed analogously when D is BV C.

The cases we have if f is é p,4 are dual to those we had above for f
being A p,4. In all these cases we proceed in an analogous manner. This
concludes the basis of the induction.
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If fis foo f1, then by the induction hypothesis we have

foofr=ig' e Ffacicoig! e Ffioia

which yields f = ig,l o F foia, by the fact that i is an isomorphism and
by the functoriality of F'.

If fis f1efo, for € € {A,V}, then i4,¢a, IS 4, £i4, and 2511532 is
igll 13 ig;; we obtain f = igl o F'f oi4 by using bifunctorial equations. -

The Auxiliary Lemma shows that ¢4 is an isomorphism natural in A,

and so we may conclude that PN and PN are equivalent categories.

§2.7. PN Coherence

We define a functor G from PN to Br as we defined it from PN to Br.
In the clauses for AB’A and %JB,A we just restrict B to a letter p. For f
an arrow term of PN we have that GF'f coincides with Gf where F' is
the functor from PN to PN of the preceding section, G in GF'f is the
functor G from PN to Br and G in Gf is the functor G from PN to Br.
To show that, it is essential to check that GF' AB,A and GF iB’A coincide
with GABA and GEVJBA respectively.

In this section we will prove that G from PN to Br is faithful. This
will imply that G from PN to Br is faithful too.

Analogously to what we had at the beginning of §2.4, we define when an
occurrence x of a letter p in A is tied to an occurrence y of the same letter
pin B in an arrow f: A+ B of PN. We say that x and y are directly tied
in a headed factorized arrow term f,, o ... o f; of PN when x and y are tied
in the arrow fo ... f1, and for every i € {2,...,n} if f; is a ép’c—term
and z is one of the two occurrences of p in the crown p A —p of the head of
fi, then x and z are not tied in the arrow f;_1 0 ... o f; (see the end of §2.2
for the definition of headed factorized arrow term).

An alternative definition of directly tied z and y in a headed factorized
arrow term fyo ... o f,, of PN is obtained by stipulating that x and y are
tied in the arrow fieo ... f,, and for every i € {2,...,n} if f; is a A%D—
term and z is one of the two occurrences of p in the crown —p V p of the

head of f;, then z and y are not tied in the arrow fyo ... o f;_1.
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For example, the occurrence of ¢ in the source p A ¢ and the occurrence
of ¢ in the target ¢ A p of

é1>7q ° (me A 1q) ° (dpﬁpyp A 1q) ° (Apm A 1q)

are directly tied in this headed factorized arrow term of PN, while the two
occurrences of p in its source and target are not directly tied.

Take a headed factorized arrow term of PIN of the form g o f o g; where
g1 is a Ap,p—term and go is ipp—term. Let —x1 V 22 be the crown of the
head of g; (so x; and x5 are both occurrences of p) and let yo A —y; be
the crown of the head of go (so y; and yo are also occurrences of the same
letter p). We say that g1 and go are confronted through f when z; and y;
are directly tied for some ¢ € {1,2} in the arrow term f.

Let a Ap, a-term that is a factor of a factorized arrow term f be called a
A- factor. We have an analogous definition of 3- factor obtained by replacing

A by s, We can then prove the following lemma.

CONFRONTATION LEMMA. For every headed factorized arrow term go o f o g1
of PN such that g1 and go are confronted through f there is a headed fac-
torized arrow term h of PN with a subterm of the form g5 f' o g] such that
gi isa A-factor, gh is a i-factor, g4 and gb are confronted through f’, and,
moreover,

(1)  f"is an arrow term of DS™7,

(2)  g2°feg1=hin PN,

(3) the number of A—factors is equal in go o f o g1 and h, and the same

for the number of Xv]—factors,

PROOF. We proceed by induction on the number n of factors of f that are
A-factors or S-factors. If n = 0, then the arrow term f’ coincides with the
arrow term f.

If n > 0, then let gso fog; be of the form fyogo f; for g a A%E—term
(we proceed analogously when g is a EVJ,L p-term). According to the stem-
increasing equations of §2.5, we may assume that g coincides with its head

A

Ay g. Then by (A nat) we obtain in PN

AN

gaofogr = fao(fi ANlogug)e Ag .



§2.7. PN Coherence 39

After f1 Al_gvg in foo(f1 Alogyg) is replaced by a headed factorized ar-
row term gz o f" o (g1 A 1-qvq), we may apply the induction hypothesis to
this arrow term, because it can easily be seen that g; A 144 and go are
confronted through f”, and f” has one A-factor less than f. -

A headed factorized arrow term of PN that has no subterm of the
form goo fogy with g1 and go confronted through f is called pure. For a
pure arrow term f there is a one-to-one correspondence, which we call the
A—cap bijection, between the A-factors of f and the caps of the partition
part(Gf). In this bijection, a cap ties, in an obvious sense, the occurrences
of p in the crown —pV p of the head of the corresponding A-factor. There is
an analogous one-to-one correspondence, which we call the Evl-cup bijection,
between the S-factors of f and the cups of part(G f) (see §2.3 for the notions
of cup and cap). Intuitively speaking, this follows from the fact that in a

sequence of cups and caps tied to each other as in the following example:

*

N

*

cups and caps must alternate. For a pair made of a cap and a cup that is
its immediate neighbour, like those marked with * in the picture, we can
find a subterm go o f o g1 such that g; and g are confronted through f.

We can then prove the following.

PURIFICATION LEMMA. FEvery arrow term of PN is equal in PN to a pure

arrow term of PN.

PROOF. We apply first the Development Lemma of §2.2. If in the resulting
developed arrow term h we have a subterm g, o f o g; with g; and g» con-
fronted through f, then we apply first the Confrontation Lemma to obtain
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a developed arrow term h’ with a subterm of the form g o f' - ¢} where g}
and g4 are confronted through f’, and f’ is an arrow term of DS™.

Suppose that —xo V x3 is the crown of the head of g1, and y; A —ys is
the crown of the head of g5. Suppose x5 is tied to yo in f'. Then, by
Lemma 3 of §2.4, it is impossible that z3 is tied to y1, and so there must
be an occurrence 7 of p different from x3 in the source of f/ such that z;
is tied to y; in f’, and there must be an occurrence y3 of p different from
y1 in the target of f’ such that x5 is tied to y3 in f/. Next we apply the
p-—p-p Lemma of §2.5 to conclude that g} o f' < g} is equal to an arrow term
h" of DS™P.

After replacing gho f'og) in A’ by h”, we obtain a headed factorized
arrow term in which there is one A-factor and one S:-factor less than in b’ ,
and hence also than in h, by clause (3) of the Confrontation Lemma.

If 23 is tied to y;, then we reason analogously by applying Lemma 3 of
§2.4 and the —p-p-—p Lemma of §2.5.

We can iterate this procedure, which must terminate, because the num-

ber of A-factors and Y-factors in h is finite. -
We can then prove the following.
PN COHERENCE. The functor G from PN to Br is faithful.

PROOF. Suppose for f and g arrow terms of PN of the same type AF B
we have G f = Gg. By the Purification Lemma, we can assume that f and
g are pure arrow terms. Since G f = Gg, by the A—cap and Xv)—cup bijections
we must have the same number n > 0 of A-factors in f and g and the same
number m > 0 of S-factors in f and g. We proceed by induction on n+m.

If n+m = 0, then we just apply DS Coherence. Suppose now n > 0.
So there is a A-factor in f and a A-factor in g that correspond by the
A—cap bijections to the same cap of part(Gf), which is equal to part(Gg).
By using the stem-increasing equations of §2.5, together with (A nat), we
obtain in PN

N N

[=1°A0pa, g=9"°Apa

for f and ¢’ pure arrow terms of the same type A A (—p V p) F B, and such

that the number of A-factors in f" and ¢’ is n—1 in each, and the number
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of S-factors in f" and ¢’ is m in each, the same number we had for the

S-factors in f and g. So we have
G(f'eApa)=Gf =Gg=G(g > Apa).

We can show that Gf’ = Gg’. This is because we obtain Gf’ from
G(f - Ap 4) in the following manner. We first remove from the partition
part(G(f' AP,A)) acap {ke, ¢}, where the k+1-th occurrence of letter in B
is an occurrence of p in a subformula —p of B, and the [+ 1-th occurrence
of letter in B is an occurrence of p that is not in a subformula —p of B
(here we have either k < or [ < k). After this removal, we add two new

transversals:

{GA57kt}a {(GA+1)s»lt}a

A

and this yields part(Gf’). Since G¢’ is obtained from G(g’' > A, 4), which is
equal to G(f' - ApA) in exactly the same manner, we obtain that Gf' = Gg'.

Then, by the induction hypothesis, we have that f’ = ¢’ in PN, which
implies that f = g in PN. We proceed analogously in the induction step

when m > 0, via S-factors. -

From PN Coherence and the equivalence between the categories PN
and PN, proved in the preceding section, we may conclude in the following
manner that the functor G from PN to Br is faithful.

Proor orF PN COHERENCE. Suppose that for f and g arrows of PN
of the same type we have Gf = Gg. Then, as we noted at the beginning of
this section, we have GF' f = GFg, and hence F f = Fg in PN by PN Co-
herence. It follows that f = ¢g in PN by the equivalence of the categories
PN and PN. -

So we have proved PN Coherence, announced at the end of §2.3.

§2.8. The contravariant functor —

In every proof-net category A we can define a contravariant — functor from
A to A by relying on the following definition. For f: A+ B, we have
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AT

V. /
-f =4 EB@A od-ppa°(l-gA(fV1.a))e AA,—uB: -BF —A.
It is easy to check that we have
(=) ~f=Ap-acdiyp po((1-aVf)ALlop)eXa 5,

which gives an alternative definition of —f.

To verify that — is a contravariant functor we have first
(1) —1a=14

by PN Coherence (namely, we use here the equation (EVI/A/), or alterna-
tively (AY), of §2.2).
Next, for f: A+ B we have the following equation:

(3 dinat)  Saco((AaA-f)Vie) =Yg (fAlp)V 1),

which together with (f] nat) says that Y is a dinatural transformation in
the sense of [38] (Section IX.4). To verify (X dinat) we have

i3A,C o ((1an—f) Vi)
=Sac o (LaABpaaed®y 5 ) V1e)o(LaA((1oaV f)Alop)e
°$a-8)) V1), by (),

=Ypc°((Xapeda-aB)A1.p)o by _ayp_p)Vic)e
o (

(AaAN(((1oaV f)A1_p)e f)AﬁB)) V1¢g), by PN Coherence,

=Ypc°((fA1-pV1g),

by bifunctorial and naturality equations, and PN Coherence. We verify

analogously the equation
(A dz’nat) (]-C N (—\f \% 13)) ° AB,C = (10 A (1_”4 V f)) ° AA,C,

From these equations we derive easily other analogous equations, which
AN N N V. AN \2
we call dinaturality equations, for 3, A, A/, 2/7 3" and A’ For example, we

have
(8 dinat)  (~fV1g)Ale)eSpe=((1oaV F)Ale)e Sac,

vV v/ v/
(' dinat) X, oo ((f A1a)Vie) =Yg oo ((1op A f)V 1),
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We can derive now the following equation:

(—2) A(fref2) = ~faenfi
for fi: AF B and fo: CF A. We have

—\f2 o—|f1
V. / AT
=Y, c°((=finla)V1c)ed-pa-co(l-pA(f2V1c))eAn_p,
by (A/ nat), (A2) and (d nat),

v/

N
=Yg (oA fi)V1c)edapa-co(l-A(f2V1c))e An_p:
by (i/ dinat),
==(f1°f2), by (d nat) and (A2).

This proves that for every proof-net category A we have that — is a con-
travariant functor from A to A.

In every proof-net category A, for every object A and for ¢ € {A,V},
we have a functor A¢ from A to A, i.e. an endofunctor (1-endofunctor
in the terminology of [22], Section 2.4), which on arrows is the operation
14 ¢. It can easily be shown with the help of PN Coherence that in every
proof-net category A A is left adjoint to =AV, and —A A is left adjoint to
AV (cf. §3.6 below; see [38], Section IV.1, or §5.1 below, for the notion of
adjunction).






Chapter 3

Star-Autonomous Categories

The goal of this chapter is to prove the categorial equivalence between the
star-autonomous category SA; freely generated by a set of objects and the
proof-net category with units SA’ freely generated by the same set of ob-
jects. Our notion of proof-net category with units, which is obtained by
extending the notion of proof-net category with unit objects and appropri-
ate arrows and equations between these arrows, amounts to the notion of
linearly distributive category with negation introduced in [11].

This chapter is rather technical. It demonstrates the equivalence of two
notions of category formulated in two different languages, which happens
to involve some pretty complex syntactical matters.

Since the language for star-autonomous categories we rely on only over-
laps with the language for proof-net categories with units, we introduce two
auxiliary freely generated categories called SA and SA’, for which we have
the union of these two different languages. The proof of equivalence of SA
with SA’ is broken into proofs of equivalence of SA, with SA and SA’,
with SA’, and a proof of isomorphism of SA with SA’.

In the proofs of these equivalences and of this isomorphism, we rely heav-
ily on Kelly’s and Mac Lane’s coherence theorem for symmetric monoidal
closed categories, on our coherence theorem for PN from the preceding
chapter, and on a coherence theorem for a freely generated category PN, |,
intermediary between PN~ and SA’, which is equivalent with PN~. With-
out these tools, the computations needed would be excessively difficult, as

it was prefigured in the literature (see [11], Section 4, Theorem 4.5).

45
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In the course of these proofs, we define in §3.4 a nonsymmetric net
structure in the sense of [22] (Section 7.2) in the category Set of sets with
functions, and a nonassociative semiassociative structure in the sense of

[22] (Section 4.2) in the same category.

83.1. The category SMC

First we define the category SMC, which is the symmetric monoidal closed
category (see [38], Section VIL.7) freely generated by the set of letters P.
The objects of the category SMC are the formulae of the propositional
language L1 A, generated by P with the nullary connective (i.e. proposi-
tional constant) T and the binary connectives A and —.

To define the arrows of SMC, we define inductively the arrow terms of
SMC by assuming as primitive arrow terms 14, 823,07 IA)XB’C, ¢ap (see
§2.1), plus

07 ANTF A, 05 AFANT,
81473214/\(14—)B)FB7 UA,B:BFA*)(A/\B);
as operations on arrow terms we have o and A (which we know from DS;
see §2.1) and the unary operations A —, for every object A, such that for
f: BF C wehave the arrow term A — f: A — B+ A — C. This concludes
the definition of the arrow terms of SMC.

The equations of SMC are obtained by assuming besides f = f the
following equations: (cat 1), (cat 2), (A 1), (A 2) (see §2.1), plus

(A=1) A—=1p=14,3,

(A=2) A= (fo9)=(A—=[) (A=),
(3H nat), (¢ nat) (see §2.1), plus for f: AF- B

(6= nat) fod7 =0d5°(fA1T),

(e nat) feeca=¢ecse(1cN(C—f)),
(nnat)  (C— Qe Af))enca=nceef,

A

(bd), (b5), (£8), (b&) (see §2.1), plus
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A

A
14, 00 =1anaT,

M

Ay
Ae°0
-

o

>
o =T

>
>
~—
>
>

— —
A,B, T AAB*lA/\

]

(
(
(en N) ea,anB°(laAnaB) =1lans,
(

en —) (A—=ceaB)onaasp =1asp.

The equations (A — 1) and (A — 2) say that A — is a functor, while the
last two equations are the triangular equations of an adjunction (see [3§],
Section IV.1, or §5.1 below).

The set of equations of SMC is closed under symmetry and transitivity
of equality, under the rules (cong ¢) for ¢ € {o,A} (see §2.1), and also
under the rules

f=y9
A—f=A—yg
This defines the equations of SMC.

It is easy to see that for SMIC we have the naturality equation

(0« nat) (fAL7)eds =05 «f.

With the definitions

8’22 (/5\ A T,A AH dfCAT (5

we obtain that 63 and 6% are inverse to each other. Note that there
is an analogy between AB,A: At AN (-BV B) and 5 AF AN T, and
between ﬁ)BA: AF (=BVB)AA and 6+: AF T A A, though AB,A and
b B,A are not isomorphisms. This analogy, which is the reason for our
notation, is manifested by comparmg the equation (bA) of §2.2 and (b5)
above. (Note that the equation (b5) above is not exactly the equation (b5)
of Section 4.6 of [22], but the two equations follow from each other in the
presence of isomorphism equations.)

For g: AF D and f: BF C, we introduce the following definition in
SMC:

g— f=ap (A= (ep,co(gN(D = f)))enapsp:D—+B+FA—-C.
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With the help of (¢ nat), (A — 2) and (en —) we obtain that

1y f=A—f

(For the sake of uniformity, we will later prefer to write 14 — f, rather
than A — f.) We then obtain

(= 1) 14— 1p=14,3,
(=2)  (ficq1) = (920 f2) = (g1 = g2) o (f1 = f2);

for (— 1) we use (A — 1), while for (— 2) we use essentially (A — 2), (A2),
(em A), (¢ nat) and (n nat). So — is a bifunctor from SMC? x SMC to
SMC (see [38], Section IV.7, Theorem 3).

For f: A+ B, we derive in SMC

(e dinat) cace(lan(f—1¢))=¢epce(fANlpso),
(n dinat)  (1a = (fA1c))enac=(f = lpac) nB.c;

for (e dinat) we use (¢ nat) and (en A), while for ( dinat) we use (n nat),
(em A) and bifunctorial equations. We call these two equations dinaturality
equations for ¢ and 1. Together with (¢ nat) and (1 nat), these dinaturality
equations show that ¢ and 7 are dinatural transformations in the sense of
[38] (Section IX.4).

We define a functor G from SMC to Br by using the appropriate clauses
we had for the functor G from PN to Br in §2.3, to which we add that
G is an identity arrow of Br also when « is 5 2 and 5 % » and the following
clauses:

Geap= GéA,B»
Gna,p= GéA,B
(see §2.3). We define G(f-g) and G(f1 A f2) as we did in §2.3. For
f: BE C, the set of ordered pairs of G(A — f) is
Gl UGFISEY

(see §2.3 for GfLEH).
For a Brauerian split equivalence R C (X* UY")2, we define the Braue-
rian split equivalence R°? C (Y* U X*)? by replacing every ordered pair
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(ui,vj) of R by (uir,v; ) where i,j € {s,t}, while s’ =t and ¢’ = s. With
that, for g: AF D and f: B+ C it can be checked that the set of ordered
pairs of G(g — f) is

Gg? UGFIEY.

We call a formula A of L+ A _, consequential when for every subformula
B — C of A we have that either B is letterless or C has letters occurring
in it. An alternative way to characterize consequential formulae is to say
that these are formulae A of L1 A _, for which there is an isomorphism of
type AF A’ of SMC such that either T does not occur in A" or A" is T.
(To establish the equivalence of these two characterizations, one may rely
on the results of [17].)

Let SMCF® be the full subcategory of SMC whose objects are conse-
quential formulae. (The category SMCF is a replete subcategory of SMC
in the sense of [29], Section A1l.1; namely, every object of SMC isomorphic
to an object of SMIC€ is in SMC€.) The functor G from SMC to Br may
be restricted to a functor G from SMC® to Br. The following result is
proved by Kelly and Mac Lane in [32].

SMC® COHERENCE. The functor G from SMC€ to Br is faithful.

83.2. The category SA

The objects of the category SA are the formulae of the propositional lan-
guage LT | - a,v,— generated by P with the nullary connectives (i.e. propo-
sitional constants) T and L, the unary connective — and the binary con-
nectives A, V and —.

To define the arrows of SA, we define inductively the arrow terms of
SA by assuming as primitive arrow terms all the primitive arrow terms we
had for SMIC (with A, B and C ranging over the formulae of L1 | A v.—)
plus

vy (A—1)— LFA,
A "AFA— L, A :A— LF-A,
vt AVBF(A— 1) =B, vipi (A= 1) = BFAVDB;



50 CHAPTER 3. STAR-AUTONOMOUS CATEGORIES

the operations on these arrow terms are as for SMC.
The equations of SA are obtained by assuming all the equations we

have assumed for SMC, plus for

vip=df (lasp = (eaB° ¢asBa))onaspa:AF(A—B) =B

the equations

- = _
(vv) vy evy = 1a, Viieva =Lluasi)s1,
(AN) AT oA = 1A, A o7 =14,
(vv)  vipevip =lasiyysn,  Vipevaip = lavs.

The set of equations of SA is closed under the same rules as the set of
equations of SMC.

The equations (vv) assert that vj | is an isomorphism. This is the
assumption used by Barr in [2] (Section 2) to define star-autonomous cat-
egories. The isomorphism equations (A\) and (vv) are auxiliary, and will

be discarded in a language where = and V are not primitive (see §3.8).

§3.3. The category SA’

The objects of the category SA’ are as for SA the formulae of the propo-
sitional language £t | - Av,— generated by P. As primitive arrow terms
we have 14, lA)X’B’C, 82370’ CA.B, I;ZB7C’ IV)XB,C, ¢ap, dapc (see§2.1),
AB,A, iB’A (see §2.2), SX, SX (see §3.1), plus

57 AV LEF A, S AR AV L,
map:A— BF-AVB, Ty "AVBEA— B

These primitive arrow terms together with the operations on arrow terms
o, A and V (the same we had for DS and PN~ in §§2.1-2) define the arrow
terms of SA’'.

The equations of SA’ are obtained by assuming all the equations we
have assumed for PN (which are the equations of DS of §2.1 plus the
PN equations of §2.2), plus (c§—> nat), (3(@), (83) (see §3.1), with the dual

equations
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A A A
(do) dr.B.c°0gyc =05 Vlc,
Vv \/_> V_>
(dd) Ocap > doB,L=1c N by,
() TAp°Tap = l-avs, TapeTap=1lass.

The set of equations of SA’ is closed under symmetry and transitivity of
equality and under the rules (cong ¢) for ¢ € {<,A,V} (see §2.1). This
defines the equations of SA’.

It is clear that in SA’ we have the naturality equations (g < nat) (see
§3.1) and

(0 mat)  (FV11)edq =0% of.
Analogously to what we had in §3.1, we define 677 and

o =df g;’ °© AL O =df 1A 527
which give isomorphisms in SA’. Note that 67: L V A+ A is analogous to
EVIB,A: (BA-B)V At A, though EVIB,A is not an isomorphism. The equa-
tion (?Jfl) of §2.2 is analogous to the following equation of SA’ (an equation

of monoidal categories):
Fun s brpa =55 V1
Opva°V1 pa=0pR A-

The equations (do) and (dg ), which amount to the equations (o d*)
and (gdL) of Section 7.9 of [22] (these equations stem from [11], Section
2.1), are analogous to the equations (df]) and (dﬁ) of §2.2. The equations
(wm) are auxiliary, and will be discarded in a language where — is not
primitive (see §3.8).
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§3.4. SA’in SA

Our purpose now is to define the SA’ structure in SA, and then show that
the equations of SA’ hold in SA for this defined structure.

To define Zv)z> B,c and E‘A_ B,c i SA we need some preliminary definitions.
We note first that in SMC, and hence also in SA, we can introduce the

following definitions:

A
ixpc=d La—= (Ip— (canp,co (€5, ALanB)—0) 05 4 (anp) ) ®

SNBAN(ANB)—=C))) °NA,(anB)—»c : (ANB) = CF A — (B — C),

A

iy pc=d (laap = (eBc°(lpANeapc)e b5 4580 °

o (€a,B N1¢))) o NanB,as(B—c) A= (B—C)F (AAB) = C.

By SMC*® Coherence of §3.1, we can immediately conclude that in SMC,
and hence also in SA, the arrows i} p - and ij g o are isomorphisms in-
verse to each other. By applying naturality and dinaturality equations, we
can also conclude that i~ and ¥ are natural transformations of SMIC and
SA in all their three indices A, B and C.

In SA we have the following definitions:

jZB =df VX/\(B—»J_) ° (iZB%J_,J_ = 11)e((la = vy) —11):

(A->B)—- LFAAN(B— 1),

Jipe =df (la = vge) = 1c) (14 pooc = 1) Vinpoo,c
ANB—-C)F(A— B)—C.

The definition of j§ 5 . can be given already in SMC, but not the definition
of ji'p. It is easy to see that in SA we have that j'p and ji p | are
isomorphisms inverse to each other.

We also have the following definitions in SA:

c-'<

AB.C =df (Jap— 1c) VAN
A-(B—=1)=-COF({(A—=B)—1)=C,

bXB,c,D =df iX,B—>D,C ° (.jXB,D —1c):
(A-B)—-D)—-CFHA— ((B—D)—0(C).
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The second of these definitions can be given already in SMC. It is easy
to see that in SA we have that %X p,c and %X p,c,. are isomorphisms
inverse to each other.

If L is an arbitrary object, and we define AV B as (A — 1) — B and
fVvgas(f—1,)— g, then we can check that in SMIC, and hence also in
every symmetric monoidal closed category, we have for this defined V the
bifunctorial equations (V1) and (V2) (see §2.1), while for lv)j p.c replaced
by BZAL,B’C# we have (lvﬂ— nat) and (lv75) of §2.1. So every symmetric
monoidal closed category is a semiassociative category in the sense of Sec-
tion 4.2 of [22]. Therefore, every cartesian closed category, and in particular
the category Set of sets with functions, is a semiassociative category with
AV B being (A — 1) — B, commonly written B(LA), where L is an arbi-
trary set, not necessarily the initial object () of Set. For L distinct from §
and from a singleton, we have that A Vv (B V C) need not be isomorphic to
(AvB)VvC.

With AV B being (A — @) — B, the category Set is an associative cat-
egory in the sense of Section 4.3 of [22]. We can check that in Set the
arrow ZVJXB’C, defined as vaﬁ@,B,c,@a is an isomorphism, and hence in Set

we have a natural transformation whose members are of type
(A=0)—>(B=0)—=C)F((A—=0)— B)—0) —C;

this defines the inverse b p o of b g ¢, i.e. of Y4 5 ¢
Then we have the following definitions in SA:

Vv Vv
b4 p,c =df Vavp,c® (vip—11) = 1c)e by, poe(lasy — Vo)

cvapyc AV (BVCO)F(AVB)VC,

Vv Vv
by g,c =df Ui Bve® (lasi — UEC) °by, oL ((UX,B —11)—1c)e

cUivp.c (AVB)VCF AV (BVO).

To define ¢4 p: BV A+ AV Bin SA, we need some further preliminary
definitions. In SMC we have

N
sapc =df (I1psc = (1a = (epce(eanNlpse)e bl a o))
°NA,(A=B)A(B—C) ° éB—>C,A—>B)) °NB—C,A—B
A—-BF(B—-C)— (A= C).
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By applying naturality and dinaturality equations, we can verify that s is
a natural transformation of SA in its first two indices A and B, and a
dinatural transformation in its third index C.

We have in SA the following definitions based on s:
Cap=a (las1 —vg)espsia1:(B—L1)—AF(A— 1)— B,
éA,B =aqf UXBO éA7BoU§A :BVAFAVB.

Next we have in SMC:

_ P P .
da,scp=daf (i p—1c)ejapspco:

AN(B—=D)—-C)F((AANB)— D)—C,

dg,B,A,D —df (lewp = ((€C—>D,B Ala)e bg—>D,(C’—>D)—>B,A)) °
°NC—D,((C—D)—B)AA *
((C—= D)= B)ANAF (C — D) — (BAA).

Note that both d and df are natural transformations in all their four
indices.
If, as above, we define AV B in Set as (A — 0) — B, and b as

EX»@,B,C,(Z)’ while IVJZB’C is its inverse, and if, moreover, A is cartesian
product, while dﬁ,B,C isda, p,cp and dg’B’A is dg’B’A’@, then we can check
that Set with this structure is a net category in the sense of Section 7.2
of [22]. To verify the equations of net categories (which stem from [11]),
it here helps a lot to apply SMC® Coherence. In this net structure of
Set all arrows with the same source and target are equal, i.e. all diagrams
commute; this follows from the Net Coherence of [22] (Section 7.3). This
net structure of Set is not symmetric, because (A — () — B need not be
isomorphic to (B — ) — A. Note that Set with A being cartesian product
and V being disjoint union cannot be a net category for any definition of
d¥ and d? (see [11], Section 3, and [22], Section 11.3).
With the help of d 4 p,c,1, we have the following definition in SA.:

da,B,c =af UX/\B7c°dA,B,C,i°(1A /\’UEC) :ANBVC)E(AANB)VC,

and for f: A+ D and g: B+ FE also the following:
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fVg=a UB’EO((f—>1J_)—>g)oUZB:A\/BI—D\/E.

With that we have finished defining what was missing to obtaln the DS
structure in SA. (We already have in SA the arrows 14, bA B,C> bA B.C
and ¢4 p, and the operations on arrows o and A.)

To define AB7A1 A+ AA(-BV B) and EVJB,A: (BA-B)VAF Ain SA
we introduce first the following preliminary definitions in SMC:

AB,A =df (1,4 /\((13 — 53)°"73,T))° 5: AR A/\(B — B),
for F being BA (B — (),

XBAC =df EEEA° C(EmE)—AF—E ° AB (FsE)—>A ©
°o(lg = epc) = 1a): (BA(B—C))—=C)— AF A

These definitions are not the only possible. It is easy to see with the help of
SMCF¢ Coherence that many other definitions would do, and, in particular,
shorter definitions of 3 B,A,c are possible. (The present one was chosen to
facilitate calculation in §3.7 below.)

Then we have the following definitions in SA:

Apa=a QaA(Wppe (g (g —11)) = 15)) Apa:
AF AN (-BV B),

\2 \
Ypa=daf pa1Lo(IpAAG) = 11) = 1a)ovgpa:

(BA-B)V AF A.

For the remainder of the SA’ structure we have the following definitions
in SA:

<

def UXO’UZL:A\/J_}—A,

<

N deZJ_OI/XJ_SAFA\/J_,
ﬂ-ZB:df UfA’BO((VZO()\X—>1J_)>—>1B):A—>B|——\A\/B,

WXB =ar ((AZ — 1L)°VX¢) — 1B)°UjA7B :=AVBFA— B.
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Note that with WZ p defined as above we have

A A
Apa =4 (LaANTEp)° Ap.a.

With that we have finished defining what was missing to obtain the SA’
structure in SA.

It remains now to verify that the equations of SA’ hold for this defined
structure in SA. The equations (V1), (V2), (lv)ﬁ nat), (¢ nat) and (lelv)) of
§2.1 are trivial to check. (We rely here and later on isomorphism equa-
tions without mentioning that explicitly.) For (é 5) we appeal to SMC*
Coherence, while for (¢¢) we need some preparation.

We have the following equations in SA:

«— — =
(VAHJ_,J_) Va1 =vy =11,
— — e
(Va 1) VA, = Va — 1L

To prove these equations it is enough to establish

— —
(VA,B —1p)e Va,pp=1lass,

which follows from SMC® Coherence, and then use isomorphism equations.

To verify (¢¢) we use the following:

Vv Vv
CapocCpa=1a,) —vg)espoi,a1°o(lpo) = vy )esasl BL
_ — —
=ass —vg)e((vy = 10) = LBoi)s1)oSBol,(Asl)sl, L0
°SA1,B,1, by the naturality of s,
_ - —
= (1A—>J_ — Vg ) ° (VA—>L,L — ]—(B%J_)%J_) °SB—1,(A—1)—1,1°
°SA-1,B,1, by (Vi) 1)

=Q1a51 »vg)e(lasy — VEJ_), by SMC® Coherence,

= ]—(A%J_)%B~
Vv
To verify (b¢) we use the following equation of SA:
v Vbe v i)e
(1p»1 —cCac)e B—1,0,A,1° C(B=1)=C,A° Py, BoL°

\4
c((cap—=11)=1c)=bg | 40,
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To verify this equation we use the naturality of b and s, and the equation
(i, 1) where A is instantiated by A and B. In this verification, for the
arrow g(p,q,r) of SMC defined as

Vv
(Lgor= (o102 Lo n)s1) ° 8oL o) s L)) b o)LL ®

Vv
°Sp—l,(g=L)—r,L° (1psi— (qu—u_,J__> 1)) b;?ﬁj_’(qaj_)aj_’nj_ °
*((sg=1p1—11) = 1;),

where L is an arbitrary letter, we have that Gg(p, q,r) corresponds to the
diagram

(¢ = L)=p)=>L)=r

&

@ = D= = L= — L) = 1)
and so, by SMC® Coherence, the following holds:

g(A,B,C) = (]-B—>L — (]-A—>L — V&L))ObgeL,A,C,L'

The equation (d nat) is easily inferred from the naturality of d in all
its four indices. To verify the equations (dA) and (dV) we apply SMC*
Coherence.

For the equations (d ZA)) and (dé) we verify first that for

R v A v A
dé p.a =df coBaac(CapVlc)edapcoe(laA cpc)e Cov,a

of type (CVB)ANAFCV (BAA) (see §2.1) we have in SA

R I R —
dépa=vopracdopayc(vapAla).

For that we use the naturality of s and d, the equation (vj_,, ), and
SMCF€ Coherence. After this verification, we use essentially SMC® Coher-
ence to obtain (dg) and (dlv)) in SA. With that we have all the equations
of DS in SA.

We pass now to the PN equations of §2.2. It is trivial to check in SA
the equations (A nat) and (i nat). For the equations (IA) A), (lv) Xv]) and (df])

we apply various naturality equations and SMC® Coherence.



58 CHAPTER 3. STAR-AUTONOMOUS CATEGORIES

For the equation (d A) we verify first that we have

— —
vong,L = de,p,1,1° (1o Avg 1),

by SMIC¢ Coherence; so in SA we have
Veng.L°(loeAvg) =deop,i, 1.

We use this equation, together with the naturality of %) and SMC® Coher-
ence, to verify for E being AN (A — 1)

V
— —
YacnB,L°(Ap—1 = vgap)eSccnB)—»L,B,1°doBE1L =

V
1c A (BaB,1°(lgs1 = VE)oSBS 1B 1),

from which (dA) follows.
For (XA) it is enough to verify the following:

Yaa1°daasia1°o(QIan(vy —14))cAaa
=caac(lan@iy = 1a)e(Lan(vy —1a))c Ay a,
by SMIC¢ Coherence,
=14, by (vv)and SMC® Coherence.

For (élﬁ/) it is enough to verify the following:

V
Saast1°(Casia—11) = 1ayi)odass aasiio
A
c(last AN(Tast = vy, 1 )esasny»1,4,1° (V) = 1a))) e Aaasl =

1A—>L7

which is done by using the equation (v, | ), the naturality of s, the first
(vv) equation and SMC® Coherence. With that we have finished verifying
the PN equations in SA.

It remains to deal with the equations introduced in the preceding sec-
tion. It is trivial to verify in SA the equations (gﬁ nat) and (55), while
for (Zg ) we apply the naturality of v~ and SMC® Coherence. For (d&)
we rely again on SMIC® Coherence, which also delivers readily

dcag =do,1L°(lcAdg)
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—an equation that, in the presence of (5 5 ), amounts to (dg ). It is trivial
to verify the equations (7m), and with that we have finished verifying all
the equations of SA’ in SA.

§3.5. The category PN_ |

As an auxiliary for the proof of the isomorphism of the categories SA and
SA’, which will be completed in §3.7, we introduce a category intermediary
between PN and SA’ equivalent with PN~ which we call PN_, . As
a consequence of the equivalence of PNZ, | with PN, we will obtain a
coherence result for PNZ, | with respect to Br, and this will enable us to
shorten very considerably calculations in SA’ in the next two sections.
The objects of the category PN_, | are all the formulae of the language
L7, 1 - v — generated by P in which T does not occur and in which L
occurs only in subformulae of the form A — 1. The arrow terms of PN_, |
are defined as those of PN (in the extended language of formulae), save

that among the primitive arrow terms we also have
map:A— BF-AVB, myp:"AVBEA— B,
where B cannot be L, since =A Vv L is not an object of PN, |,

AT AR Ao L, ATt A= LE Al

The equations of PN_, | are defined as those of PN plus the equations
(rm) of §3.3 and (AX) of §3.2. All the equations of PNZ, | will hold in
SA’ once Ay and Ay are defined in SA’ as in the next section. This is an
important fact for the applications we will make of the coherence of PN_, |
in the next two sections.

We will now show that PN and PN, | are equivalent categories. From
PN to PN_, | we have a functor I such that I A is A for every object A
of PNZ, |, and If is f for every arrow term f of PN". From PN_,  to

PN we have a functor H defined inductively as follows. On objects we

have

Hp =p, for p a letter,
H-A=-HA,
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H(Ae¢eB)=HAc¢HB, for¢e{AV},
H(A— B)=-HAV HB, if Bisnot L,
H(A— 1)=-HA.

On arrow terms we have

Hoy, . A, = QHaA,,. HA,,
for a4, ..., aprimitive arrow term different from 7" 5, 7y 5, Ay and Ay,
Hnyp=Hryp=1-navusp,
HA7 = HNy = 1.44,
H(feg)=Hfe¢Hg, fore¢e{e AV}

It is clear that for every object A of PN we have that HIA = HA = A.
For every object A of PN_, | we have I[HA = HA, and we define an arrow
ha: HAF A of PN, |, which is a member of a natural isomorphism of
PN_, | (natural in A), with inverse h;;*: A HA. The arrows hs and ;"
are defined inductively as follows:

hp =hy' =1,, for p a letter,

hasg = ha ¢ hp, haep =hy' €hg',
for ¢ € {A, V},
h_‘A:ﬁh‘Zl’ h:}‘:“hA,

where the operation — on arrows is defined as in §2.8,

hasp =74 pe (=hx' Vhg), halp = (=haVhg') °TA B
if B is not L,
hasyi = Az o—hyt, hal, | = —haoAg.

For f: A+ B we prove that we have
foeha=hp-Hf

in PNZ, | by induction on the complexity of the arrow term f of PNZ, | . In

this induction we rely on various bifunctorial, naturality and isomorphism
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equations. We rely on (A dinat) and (Z dinat) of §2.8, in addition to
(A nat) and (i nat) of §2.2, when f is AB 4 and ZB A. This establishes
that h is a natural isomorphism, and it follows that the categories PN_, |
and PN are equivalent via the functors H and I.

Let Ga be an identity arrow of Br when « is my g, mi g, Ay or Aj.
With other clauses for G being as for PN we obtain a functor G from
PN_,| to Br. Note that GA=GHA. For every arrow f of PN, | we
have that Gf = GHf. Then we can prove the following (cf. the proof at
the end of §2.7).

PNZ, | COHERENCE. The functor G from PNZ, | to Br is faithful.

ProoOF. Suppose that for f and g arrows of PN_, | of the same type
we have Gf = Gg. Then GHf = GHg, and Hf = Hg in PN by PN
Coherence. It follows that f = ¢ in PN_, | by the equivalence of PN_, |
with PN™. -

Note that in PNZ, | we can define v p: AVBF (A— 1) — B and
vip:(A—= 1) = BF AV B asin SA’ in the next section, and it is easy
to see that the equations (vv) of §3.2 hold for these defined arrows.

§3.6. SA in SA’

This section is opposite to §3.4. We will define in it the SA structure in
SA’, and then we will show that the equations of SA hold in SA’ for this
defined structure.

First, we have the following definitions in SA’:

€A,B =df LA,B OdA,ﬁABO(lA/\?TZB) :AN(A— B)F B,
NA,B =df WXA/\BOd}jA,A,BO EA,B :BHFA— (A/\B),

A= f=a mhice(QaV flenip: A= BFA—C, for f: BFC.

With that we have defined what was missing to obtaln the SMC structure
in SA’. (We already have in SA’ the arrows 14, bA B.C bA B.C CAB, 6X

and 8% ., and the operations on arrows o and A.)
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For the remainder of the SA structure we have the following definitions
in SA":

AF =ap T 05 mAF A L,

NG =ap 07y omd L A= LE -4,

vy =gf g oAy oA, (A= 1) > LFA,

UZB =5 WquvBo((—\)\jonX)vlg):A\/BI—(A—)L)—)B,

’UXB =df ((nXO_')‘X)\/lB)OWXHJ_,B : (A*)J_)*)BFA\/B,

where the operation — on arrows is defined as in §2.8, the arrows A}, A%
and A§_, | on the right-hand sides are defined as above, whileny : =——AF A
and ny : AF -—A are defined as in §2.6. With that we have finished
defining what was missing to obtain the SA structure in SA’.

It is not difficult to show with the help of (f] dinat) and PN~ Coherence
that for g: A D and f: B C in SA’ we have the equation

9= f=7hc°(~gVf)mpp

where g — f on the left-hand side is defined in SA’ as in §3.1 in terms
of ep,c, na,p—p and the operations A — and D —, which are themselves
defined in SA’.

We verify next that the equations of SA hold for the defined SA struc-
ture in SA’. For the equations of SMC of §3.1 we have that (4 — 1)
and (A — 2) are trivial to check, (¢ nat) and (n nat) follow from various
naturality equations, while (en A) and (e —) follow from PN Coherence.
For the equations of §3.2 we have that (A\) follow from (55) and (7m) of
§3.3, while for (vv) we use (7wm), (AX), the isomorphism of n (see §2.6)
and (—2) of §2.8.

It remains only to verify (vv) of §3.2. We will do that after some
preparation, which will enable us to apply the PN_, | Coherence of the
preceding section.

We have the following equation in SA':

1—¢) 1y —ep,L = )\XO Ap -a o(lo4V(1p AA{B;))O”TZB/\(BAL)
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where ep | and — on the left-hand side 14 — €p, 1, which is equal to
A — ep,1, are defined in SA’, and so are A} and A\ on the right-hand

side. By definitions and isomorphism equations, for g being
Vv Vv Vv
074 °(1-aV Ep.1)e(1-aV(dp-p,Lo (1A 0E))),
in SA’ we have
1a—ep 1L = )\X ogo(l-aV (1lp AAE))OWZB/\(B—)L)'
Next we have

Vv \2 2 4
g=074°(Ap-aV1L)e bjA,B/\—\B,J_ °(1-aV o5a.p):

= AB,ﬁA, by (5* nat), (Ivag) and (55),

which establishes the equation (1 — ¢).
We can now verify (vv) by establishing in SA’ the equation

— & — —
Va1 = AA oAy oy .

The left-hand side v} | of this equation is equal to

(Last —ear)e(last = Casi,a)oNasi A

(see §3.2), where we can replace 14,1 — €4, according to the equation
(1 — ¢), and then apply PNZ, | Coherence. With that we have finished
verifying all the equations of SA in SA’.

§3.7. The isomorphism of SA and SA’

In this section we will show that SA and SA’ are isomorphic categories.
We have a functor F from SA’ to SA that is identity on objects and that
maps every arrow of SA’ to the homonymous arrow in the defined SA’

structure of SA. For example,

Vv 4
— —
Fbypo=04pc
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where the ZZX p,c on the right-hand side is defined as in §3.4. We define
analogously a functor F’ from SA to SA’ which is identity on objects and
which maps every arrow of SA to the homonymous arrow in the defined
SA structure of SA’. That F and F’ are indeed functors follows from what
was established in §3.4 concerning the equations of SA’ in SA, and in the
preceding section concerning the equations of SA in SA’.

Tt is trivial that F'FA and FF’'A are both A. We will show next that
F'Ff=finSA’, and FF'f = f in SA, from which it will follow that SA
and SA’ are isomorphic categories.

To verlfy F'Ff=fin SA’, we have to verlfy thls equation for f being
bABC? bABC? CAB7 dABCv ABA, EBA, 5A’ 5A’ 7TAB andﬂAB, and
we also have to verify that in SA’ we have

(F'F¢) F'F(feg)=FFfe¢F'Fg

for ¢ being \/ It is tr1v1al that in SA’ the equatlon F'Ff = f holds for
f being 14, bA B.C» bA B.CH CA B, 5A and 5 ; the equations (F'F ¢) for
¢ € {o,A} hold trivially too.

To verify F'Ff = f in SA’ for f being Z;ZB,C, IV)XB’C, etc. we need
some preparation. We have for f: A + B the following equation in SA’:

(f=1) fo1i=X ~fAp,

with the help of the equation (¢ — f) of the preceding section, together with
the definitions of A} and A§, and the equations (5—> nat) and (55) The
equation (f — 1), together with the equation (1 — ) established for SA’
in the preceding section, will enable us to apply below PN_, | Coherence
of §3.5.

By PN_, | Coherence we have that F'F f = f holds in SA’ for f being
I;XB7C, ¢aB, dapc, 75 and 74 5. We only have to check by using
(1 —¢) and (f — 1) that the arrow term F'Ff is equal in SA’ to an
arrow term of PN_, | . This is a lengthy, but straightforward, exercise. We
also need to verify that GF'Ff = Gf.

Once we have shown that F'F ZZZB,C = ZV)ZB,C in SA’, we can use that

to obtain the following;:
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Vv 4 4 4
/ < — / < — <
F FbA,B,c =F FbA,B,c ° bA,B,c ° bA,B,c
4 Vv Vv
— — / — —
=F FbA,B,C o F FbA,B,C ° bA,B,c
4

_
= bA,B,C’

by the functoriality of F’ and F, though F'F ZV)ZB,C = ZV)ZB,C can also be
verified directly with the help of PN_, | Coherence (this is not such a short
verification).

For F'F A B,A= A B,A we have a verification very much analogous to
the verification of (1 — €) in the preceding section. In this verification we
establish that in SA” we have

(A) Apa=(laA7gp)e Apa,

and then, by using the equatlons (f — 1) and (A) together Wlth PNZ, |
Coherence, we obtain F’FABA = ABA For F’FEBA = EBA we use
1—¢), (f—1)and (A), together with PN_, | Coherence.

For F’F(§X = 52 we use

Vv
<+ I Y —
Al = 0041y ° Tas i 1o

which holds in SA’ by definition (see the preceding section), and then
we apply (5% nat), (—2) of §2.8, and isomorphism equations. We obtain
F’ng = 52 from F’ng = SX (see the verification of F'F EXB,C =
I;X,Bc above).

It remains to derive (F'F V) in SA’. For this rather straightforward
derivation we use (—2) and (5 + nat), together with isomorphism and bi-
functorial equations.

To verify FF'f = f in SA, we have to verify this equation for f being
€A,B> NA,Bs V4 s A4, Aa, V4 g and vl 5, and we also have to verify that
in SA we have

F'(A—g)=FF'A— FF'y.

For that we rely on lengthy, but also rather straightforward, derivations,
in which we apply various bifunctorial, naturality, dinaturality and isomor-
phism equations. We also use the equations (v}, ) and (v, ) of §3.4,
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and we apply SMC¢ Coherence of §3.1. It is trivial that in SA the equa-
tion FF'f = f holds for f being 14, 223,0, ZA)Z,B’C, éap, 67 and 0%
the equations obtained from (F'F ¢) for ¢ € {,A} by replacing F'F by
FF' hold trivially too. With that we have finished establishing that SA

!/ . . .
and SA’ are isomorphic categories.

§3.8. The categories SA, and SA/

The objects of the category SA are the formulae of the propositional lan-
guage L1 1 A, generated by P, which are the formulae of the propositional

77777

terms of SA, are defined as those of SA save that we omit in the defini-
tion the primitive arrow terms Ay, A%y, vy p and vy 5. The equations of
SA; are defined as those of SA save that we omit the equations (A\) and
(vv). This means that to the equations assumed for SMC we add only the
equation (vv). The category SAj is the free star-autonomous category in
the sense of [2] (Section 2) generated by P.

We will establish that SA and SA;, are equivalent categories. From
SA; to SA we have a functor I such that IA is A for every object A of
SA,, and If is f for every arrow term f of SA,.

From SA to SA; we have a functor H defined inductively as follows.
On objects we have

HA =A, for A aletter,or T, or L,
H-A=HA— 1,
H(A¢B)=HA¢HB, for¢e{n —},
H(AvB)=(HA— 1) — HB.

On arrow terms we have
Haa,,.. A, = QHA,,... .HA,
for aa, ..., 4, a primitive arrow term different from A}, Ay, vy  and v} g,

HX7 =HX{ =1gasy,

— _ < —
Hvyp=Hvuy g =Y nas1)»un,
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H(feg)=Hf¢Hg, foree{-,A},
HA— f)=HA— Hf.

It is clear that for every object A of SAg we have that HIA = HA = A.
For every object A of SA we have THA = HA, and we define an arrow
ha: HAF A of SA, which is a member of a natural isomorphism of SA
(natural in A), with inverse h': At HA. The arrows hy and h,' are

defined inductively as follows:
ha = h;ll =14, for A aletter, or T,or L
hoa =Aqo(ht — 1), hZi = (ha = 11)° A7,
hans =ha A hs, Wans = ha' A,
have =vipe((ha = 11) = hp), hylp=((hy' = 11) = h5')ov7p,
hasp =h3" = hs, halp =ha = hyg'.
For f: A+ B we prove that we have
foha=hp-Hf

in SA by induction on the complexity of the arrow term f of SA. In this
induction we rely on various bifunctorial, naturality, dinaturality and iso-
morphism equations. This establishes that h is a natural isomorphism, and
it follows that the categories SA and SA, are equivalent via the functors
H and I.

From this equivalence we can deduce that SA; is isomorphic to a full
subcategory of SA. For every object A of SA; we have that HA = A and
ha =14. So, for A and B objects of SA; and f: A+ B an arrow term of
SA, there is an arrow term Hf: AF B of SA, such that in SA we have
f=Hf, because hy =14 and hg = 1p.

The objects of the category SA’, are the formulae of the propositional
language £+ | - a,v generated by P, which are the formulae of the propo-
sitional language L1 | - A,v,— of §3.2 in which — does not occur. The
arrow terms of SA’ are defined as those of SA’ save that we omit in the
definition the primitive arrow terms 7 5 and 7 5. The equations of SA’
are defined as those of SA’ save that we omit the equations (7).

With the definitions
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L =4 62,5 °ApT: TH-BVB,
715” =qf iBJ_ ° 5§AﬁB :BA-BF 1,
in SA’, on the one hand, and
Apa=q (AaATE)ed5: AF AN (=BV B),
Spa =g 67 c(BV14): (BA-B)VAF A,

on the other hand, it can easily be established that SA’, is isomorphic to the
free symmetric linearly (alias weakly) distributive category with negation in
the sense of [11] (Section 4, Definition 4.3) generated by P.

We will establish that SA’ and SA/, are equivalent categories. From
SA’ to SA’ we have a functor I such that IA is A for every object A of
SA’, and If is f for every arrow term f of SA’.

From SA’ to SA’, we have a functor H defined inductively as follows.

On objects we have

HA =A, for Aaletter,or T,or 1,
H-A=-HA,
H(Ae¢eB)=HA¢HB, fore¢e{AV}
H(A— B)=-HAV HB.

On arrow terms we have

Haa,,.. A, = QHA,,... .HA,

A, a primitive arrow term different from 773" 5 and 7% 5,

.....

Hnyp=Hryp=1-navusp,
H(fég):Hngga fOI‘{G{O,/\,\/}.

It is clear that for every object A of SA’, we have that HIA = HA = A.
For every object A of SA” we have IHA = HA, and we define an arrow
ha: HAF A of SA’, which is a member of a natural isomorphism of SA’
(natural in A), with inverse h;': A HA. The arrows hy and h,' are

defined inductively as follows:
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ha = h;xl =14, for A aletter,or T, or L

h-a ==hy', Za=ha,
hAﬁB:hAthv hglgB:h‘Zlfh'glv fOI’fE{/\,\/},
hasp =74 (=hy' Vhg), hil,p=(-haVhg')enp.

We check as before that & is indeed a natural isomorphism, which es-
tablishes that the categories SA’ and SA’ are equivalent via the functors
H and I. As we established that SA; is isomorphic to a full subcategory
of SA, so we establish that SA’, is isomorphic to a full subcategory of SA’.

By combining the equivalences of SA with SA, and of SA’ with SA/,
and the isomorphism of SA with SA’, established in the preceding section,
we obtain that SA; and SA’, are equivalent categories. This is presumably
what was meant in [11] (Section 4, Theorem 4.5) by saying that the notion
of symmetric linearly distributive category with negation and the notion of
star-autonomous category “coincide”.

To establish the equivalence of SA, and SA’, directly, without proceed-
ing via SA and SA’ as we did, is possible, but this cannot be easier than
what we did (as a matter of fact, this seems to us much more tangled).
One cannot escape that way all the calculations we made in verifying the
isomorphism of SA and SA’. These calculations must be made at least
implicitly. We were able to shorten them via SMC® Coherence of §3.1 and
our PNZ, | Coherence of §3.5, which is based on PN Coherence.






Chapter 4

Proof-Net and
Star-Autonomous Categories

In this chapter we prove that the free proof-net category PN is isomor-
phic to a full subcategory of the free proof-net category with units SA’,
and hence also to full subcategories of the categories SA’ and SA of the
previous chapter. All these categories are freely generated by the same set
of objects. The proof is based on a Gentzen sequent formulation of SA’,
a cut-elimination theorem for this formulation, and a key technical lemma
(Lemma 3 of §4.3). The proof of the cut-elimination is facilitated very much

by relying on coherence for proof-net categories.

As a corollary, we obtain a coherence theorem with respect to Br for
the category SAC, which is the full subcategory of SA whose objects are
isomorphic either to objects in which units do not occur, i.e. to objects of
PN, or to one of the units. The restriction on the objects of SA brought by
this coherence theorem for SAC is of the same kind as the proviso concerning
the unit object that Kelly and Mac Lane had in their coherence theorem
for symmetric monoidal closed categories of [32] (see the end of §3.1). This
restricted coherence of star-autonomous categories is a very useful tool for

deciding whether a diagram of arrows commutes in these categories.

71
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§4.1. The Gentzenization of SA/

We will now define a new language of arrow terms to denote the arrows of
the category SA! of §3.8. We call these arrow terms Gentzen terms, and
we prove for Gentzen terms a result analogous to Gentzen’s cut-elimination
theorem, which we will use to prove that the category PN is isomorphic
to a full subcategory of SA”.

As the arrow terms of SA’, Gentzen terms will be defined inductively
starting from primitive Gentzen terms. As primitive Gentzen terms we
have 14: A+ A, for A being a letter, or T, or L. To define the opera-
tions on Gentzen terms, called Gentzen operations, which are mostly partial
operations, we need some preparation.

We define inductively a notion that for ¢ € {A, V} we call a ¢-context:

(] is a ¢-context;

if Z is a ¢-context and A an object of SA’, then Z ¢ A and A ¢ Z are

¢£-contexts.

A ¢-context is called proper when it is not [J.

Next we define inductively what it means for a ¢-context Z to be applied
to an object B of SA’,, which we write Z(B), or to an arrow term f of SA’,
which we write Z(f):

0O(B) = B, O = f,
(Z¢A)(B) = Z(B) ¢ A, (ZeA)(f)=2Z(f)€1a,
(A¢Z)(B) = A¢ Z(B); (AeZ)(f) =1ac Z(f).

We use X, perhaps with indices, as a variable for A-contexts, and Y, per-
haps with indices, as a variable for V-contexts.
Then we have the Gentzen operation B, which involves types specified
by
i X(AN(BAC))ED
BSf: X(AANB)AC)F D

This is read “if f is a Gentzen term, then é;f is a Gentzen term”, all that

of the required types. We use this rule notation for operations also in the
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future. The Gentzen term é; f denotes the arrow of SA’ named on the

right-hand side of the =4, sign below:

Bxf =an [ X(04 p.c)-
We also have the following Gentzen operation:
fiDEY(AV(BV())

Vv

BYf =i Y (03 pc)ef: DFY((AVB)VO)

and the following four analogous Gentzen operations, where the types can

be easily guessed:

A Vv

BYf =an [ X (04 p.c) By [ =i Y(bipe)ef,
Cxf =an feX(Ca,B), Cyf =an Y(éan)ef.

We also have the Gentzen operations in the following list:

f+AFB fiBFA
T f=anfo04: TAAFB L f =g d5 of: BFAV L
g: TANAFB g:BFAV L
T g=ange 0{: AFB 17 g =g oy og: BFA

for g/D,C,B,A =4t (¢c,p V1pva)e borp,p.a °((dop.B° ¢pvp,c)V1la)e
edpvp.c,a: (DVB)AN(CVA)F(DANC)V (BVA),

fliBl}_Al\/Cl fQ:BQI_AQ\/CQ
A(f15 f2) =dn €'a, ay.c0.00° (J1 A f2) i BLABa b (AL A Ag) V (C1 V Ca)

A
Ay v
for €'y p o p =df da,c.Bap°(1a A (Copap °dB,p,c))° b B pyc ©

o(Laap A ¢pc): (AANB)A(CV D) (AAC)V (BAD),

flzCl/\Al}—Bl fQZCQ/\AQ"BQ
V(f1, f2) =an (fLV f2) e €0, 0p.8,,,1 (C1AC2) A (A1 V As) = By V B
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(see [22], Section 7.6, for ¢’ and ¢’),

f:BFAVC

v/

_‘Lf =dn ZA,C OdﬁA,A7co é\A\/C7‘|A O(f/\lﬁA): BA-AFC

ffCNAFB

AN
“Bf =40 (14 V f)o €anonaodo,a-ae Ayc:CH-AVB

To define the remaining Gentzen operations, we need some preparation.

For every proper A-context X we define inductively as follows an object
EX of SAIS

Eoas = Epao = B,

Exrp = FEx ANB, for X proper,

Egrx = BANEx, for X proper.

For every proper A-context X and every object A of SA’ we define induc-
tively as follows an arrow term 7x 4: Ex A A+ X(A) of SA”:

TBAO.A =df 1eaa: BAAF BAA,

Teax.a =af (1B ATxa)obg g, 4 (BAEx)NAF BAX(A),
for X proper,
$D/\B,A =df 63714:3/\14'—14/\37

TxaBA =df (Tx,a A1) bg apo(lex ACpa)ebdy, pa:
(Ex N\B)ANAF X(A)AB, for X proper.

For every proper V-context Y we define inductively as follows an object
Dy of SA”:

Doyp = Dpvo = B,
Dyyp = Dy VB, forY proper,

Dpyy = BV Dy, forY proper.

For every proper V-context Y and every object A of SA’, we define induc-
tively as follows an arrow term 7y 4: Y (A) = AV Dy of SA’:
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7V'[]\/B,A =g lavp: AVBFAVB,
7v'y\/B7A =df bZ,Dy,B 0(7v'y7,4 V1g):Y(A)VBF AV (Dy V B),

for Y proper,
TBvO,A =df Ca: BVAF AV B,

Vv v Vv
TBvv.A =df Uy g p,°(¢aBV1p,)ebg 4 p o1V Tya):
BVY(A)F AV (BV Dy), forY proper.

For f: A+ B, the following equations hold in SA’:

(7A' TL(lt) X(f)O’IA'X’A:’TA'X’BO(].EX/\f),
(7 nat)  (fVipy)e Tya=7v,p°Y(f);

they are proved by applying naturality equations.

It is clear that for ¢ € {A,V} and 7§'X7A: A1 F As there is an arrow term
é;(}A: Ay = A of SA'S, which is a “mirror image” of ﬁx,A, such that in
SA’ we have

€1 3 3 €1
Tx.a°Tx,A=1la,, TX,A°Tx 4= la.

For example, with

A A A
TrA(CADIAB),A = (1F A (bGap°(lcA ¢p.a)° b&p.a))e bEonp.a

we have

N AN AN
?F}\((CAD)/\B),A =b0pcapa°(Ar A(0Zp 4 °(1c A Cap)ebE 4 p))-

Officially, %}1 4 is defined inductively as 7 X,A, in a dual manner.

Next, we introduce the following abbreviation:

dx, Ay =df ﬂ_/,lX(A) o(Tx.AV1p,)oduy A Dy > (lEx A Ty,a)° ?}?Y(A) :
X(Y(A)) FY(X(A)).

When X or Y is [J, then we assume that dx 4y stands for 1x(y(4)), which
is of type X(Y(A)) FY(X(A)), ie. Y(A)FY(A) or X(A)F X(A).
We can finally define the remaining Gentzen operations, which are all

of the following form:
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g: BFY(A) [+ XA +C
cutx y(f,9) =an Y(f) o dx,ay-X(g): X(B) FY(C)

This concludes the definition of Gentzen operations. The set of Gentzen
terms is the smallest set containing primitive Gentzen terms and closed
under the Gentzen operations above.

It is easy to infer from DS Coherence of §2.3 that the following equations
hold in SA’:

(dAX)  danx,cy = dano,x ),y °(laNdxcy),
(dXN) dxna,cy = dona,x(c),y ° (dx.cy ANla),
(dvY) dx.c,avy = (1aVdxcy)edxy(c)avo,
(dY'V) dx,cyva = (dx,c,y V1a)edx y),0va-

The equation (dAX) is analogous to the equation (dA) of §2.1, while (dVY')
is analogous to (dV) of §2.1.
We can then prove the following.

GENTZENIZATION LEMMA. Every arrow of SA’ is denoted by a Gentzen

term.

ProOOF. We first show by induction on the complexity of A that for every
A the arrow 1 4: A F A is denoted by a Gentzen term. For A being a letter,
or T, or L, this is trivial. For the induction step we use the following
equations of SA:

(N) 171~ éE ANLE f1, L5 f2) = fi A fa,

(V) TEToBagV(T?fi, T f2) = f1V fa.
For (A) we use
é/iAl,AQ,L,L = (1A1/\A2 \/ 5?) ° 621/\142 ° (521 /\ 622)’

which follows essentially from (55 ) and (dg) of §3.3 (we may apply here

the Symmetric Bimonoidal Coherence of [22], Section 6.4, which reduces to
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Mac Lane’s symmetric monoidal coherence of [37]; see [38], Section VIL.7,
and [22], Section 5.3). We proceed analogously for (V).
We also have for the induction step the following equations of SA’:

1R Og-L1c1, = T Cg-RT71, = 1.4,

Vv Vv Vv \ A
for which we use (d4), (b%') and (X'A"), among other obvious equations.
The Gentzen term that denotes 1 4 is written 1 4.

Next we have the following in SA’:

A A v_, v,
Bolanpac =dn b4 5 s Bolavve) =dn b4 5 oo
/\(7 A \/F Vv
BolanBac) =dn bXB,C’ Boliaveyve =dn bXB,C’
A A Vv v
Coleaa =dn Ca,B, Coleva =dn Ca,B,

cutano,0ve(lans, 1ve) =dn da,B,c;
by using abbreviations according to (A) and (V) above,
A A
T Co(laA-RT71p) =4, Ap a,
Vv V.
17 Co(=YL715V 14) =4, X5, a,

CaT14 =an 07, 171 av1 =an 07,
T Cnlant =an 0%, 114 =gp 0

(For the equations involving ABA and i]B,A we rely on (d&) and (dg) of
§3.3, and on the stem-increasing equations of §2.5.)

For composition we have the following equation of SA’:

CUtD,D(fa g) = fogv

and for the operations A and V on arrows we have the equations (A) and
(V) above. =

§4.2. Cut elimination in SA/

For the proof of the Cut-Elimination Theorem below we will introduce ana-
logues of Gentzen’s notions of rank and degree. We need some preliminary

definitions to define these notions.
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For ¢ € {A,V}, we define first by induction the notion of ¢-superficial
subformula of a formula of L1 | A v:

if A is of the form p, 1, A; V Ay, or —=A’, then A is a A-superficial
subformula of A;

if A is of the form p, T, A; A Ay, or —=A’, then A is a V-superficial
subformula of A;

if A is a ¢-superficial subformula of B, then A is a ¢-superficial sub-
formula of B¢ C and C ¢ B.

Consider a Gentzen term f of the form
/\(fl, fz)t By AN By - (Al A Ag) \Y (Cl V 02)

The V-superficial subformula A; A As that is the left disjunct of the target
of f is called the leaf of f. All the other V-superficial subformulae of the
target of f, which are subformulae of C; or Cs, and all the A-superficial
subformulae of the source of f, which are subformulae of By or B, are
called lower parameters of f.

To every lower parameter x of f, there corresponds unambiguously
a subformula y in the target or the source of either fi: By - A; vV Cy or
fo: Ba b Ay V Oy, which we call the upper parameter of f corresponding to
x. The lower parameter z is a A-superficial subformula of the source of
f iff the corresponding upper parameter y is a A-superficial subformula of
the source of either f; or fo (it cannot be in both), and analogously for
parameters that are V-superficial subformulae of targets. If y is in the type
of f1, then fi is called the subterm of f for the upper parameter y, and
analogously for fs.

For example, if f is
ANlpvg, L71): (pVg) ArE(pAr)V(gV L),

then p A r in the target is the leaf of f, while ¢ in the target of f and pV ¢
and 7 in the source of f are lower parameters of f. To the lower parameter
q of f corresponds the upper parameter of f that is the occurrence of ¢ in

the target of the subterm 1,v4:pV ¢ pV g for this upper parameter; to
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the lower parameter p V g of f corresponds the upper parameter of f that
is the source of the subterm 1, for this upper parameter; and to the lower
parameter r of f corresponds the upper parameter of f that is the source
of the subterm 1 1,:rF rV L for this upper parameter. Note that the
subformula L in the target of f is not a V-superficial subformula of this
target, and hence is not a lower parameter of f.

If the Gentzen term f is of the form

\/(fl,fg)l (01 A CQ) A (Al V A2) F BV By,

then the A-superficial subformula A; vV A, that is the right conjunct of the
source of f is the leaf of f, while all the other A-superficial subformulae of
the source of f and the V-superficial subformulae of the target of f are the
lower parameters of f. The upper parameters of f corresponding to these
lower parameters, and the subterms of f for these upper parameters, are
defined analogously to what we had in the previous case.

The leaf of = f: BA—-AF C is the A-superficial subformula —A that
is the right conjunct of its source, while the leaf of =R f: C' - -AV B is
the V-superficial subformula —A that is the left disjunct of its target. In
both cases, the remaining A-superficial subformulae of the source or the
remaining V-superficial subformulae of the target are lower parameters, to
whom correspond, analogously to what we had before, upper parameters
in the source or target of the subterm f for these upper parameters.

If our Gentzen term is of the form
B;f7 B;f7 B;)f,B;f7 CXf7 CYf7T_>f7 T<—f7 Jf_f) J~_>f7 or CUtX,Y(fag))

then it has no leaves, and all the A-superficial subformulae of its source
and all the V-superficial subformulae of its target are lower parameters, to
which upper parameters correspond in an obvious manner.

Finally, the Gentzen term 1,: p - p has two leaves, which are its source
p and its target p. There are no parameters of 1,, neither lower nor upper.
The Gentzen term 1+: T F T has as its leaf the target T, and no parameters
(the source T of 17 is not a A-superficial subformula of itself). The Gentzen
term 1, : 1 F 1 has as its leaf the source L, and no parameters (the target

L of 1, is not a V-superficial subformula of itself).
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Let = be a A-superficial subformula of the source of a Gentzen term f
or a V-superficial subformula of the target of f. Then the cluster of x in f
is a sequence of occurrences of formulae defined inductively as follows:

if x is a leaf of f, then the cluster of x in f is =z,

if x is not a leaf of f, then x is a lower parameter of f, and for y;
being the upper parameter of f corresponding to x, take the cluster
Y1...Yn, where n > 1, of y; in the proper subterm f’ of f that is
the subterm of f for the upper parameter y; (the sequence y; ...y,
is already defined, by the induction hypothesis); the cluster of z in f
is the sequence zy; ... yn.

All occurrences of formulae in a cluster are ¢-superficial subformulae for
¢ being one of A and V. If ¢ is A, then the cluster is a source cluster, and
if ¢ is V, then it is a target cluster.

A cut is a Gentzen term of the form cutx y(f,g). For g: BF Y (A)
and f: X(A) F C let the formula A be called the cut formula of the cut
cutx y(f,g). Let x be the displayed occurrence of A in the source X (A4) of
f, and let s be the length of the cluster of x in f (we write s because we
have here a source cluster). Let y be the displayed occurrence of A in the
target Y (A) of g, and let ¢ be the length of the cluster of y in g (we write
t because we have here a target cluster).

Depending on the form of A, we define a number r, which we call the
rank of the cut cutx y (f,g). If the cut formula A is of the form p or —A’,
then

r =min(s,t)—1, if Ais p,
r=s+t—2, if Ais A"

(As a matter of fact, when A is p, we could stipulate that r is either s+t —2,
as when it is =A’, or s—1, or t—1, but the computation of rank we have
introduced makes the cut-elimination procedure run faster, and does not
complicate the proof.)

If the cut formula A is of the form T or A; A Ay, then r =t—1. If,
finally, the cut formula A is of the form 1 or A; V Ay, then r = s—1.

We define the degree d of a cut as the number of occurrences of A, V and

- in its cut formula. The complezity of a cut is the ordered pair (d, r), where
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d is its degree and r its rank. The complexities of cuts are lexicographically
ordered (i.e., (d1,m1) < (d2,72) iff di < da, or d1 = ds and 71 < 73).

A Gentzen term is called cut-free when no subterm of it is a cut. A
cut cutx y(f,g) is topmost when f and g are cut-free. (Since in the proof
below, we compute the rank only for topmost cuts, our definition of cluster
can be shortened a little bit by not considering the parameters of cuts; but
this is not a substantial shortening.)

We can then prove the following.

CuT-ELIMINATION THEOREM. For every Gentzen term h there is a cut-free
Gentzen term I/ such that h = h' in SA.

Proor. It suffices to prove the theorem when h is a topmost cut. We
proceed by induction on the complexity (d,r) of this topmost cut.
Suppose r = 0 and d = 0. Then h can be of one of the following forms:

cutx o(f,1a) for A beingpor T,
cutgy(la,g) for A being p or L,
and we have in SA/,

CUtX,D(f’ 1A) = fv

cutty (1a,9) = g.

This settles the basis of the induction.

Suppose r =0 and d > 0. Then the cut formula must be of the form
Ay NAg or Ay V As or —A’. In the first case, for f: X(A; A As) b D,
gi1: Bi1F Ay vy and go: Bo F Ay vV Oy we have the equation

Vv
cuty Ov(c,ves) (fs A g1, 92)) = B cutxr gve, (cutxr .gve, (f, g1), 92)

where X'(C) is X(C A As) and X”(C) is X(B1 A C). To prove this equa-
tion we apply naturality equations and DS Coherence.

The complexity of the topmost cut cutx’ ove, (f,91) is (d,r") with
d < d, and we can apply the induction hypothesis to obtain a cut-free
Gentzen term f’ equal to it in SA. The complexity of the topmost cut
cutxr Ove, (f', g2) is (d”,r") with d” < d, and we can again apply the in-
duction hypothesis.
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In case the cut formula is A; V Ay, we have an analogous equation, for
which we use again DS Coherence, and we reason analogously, applying
the induction hypothesis twice.

In case the cut formula is —=A’, for f: DAA'+ Fand g: B A’V C we
have the equation

Vv A
cutpan,ove(—"g, "% f) = CoCa cutpao,ove(f, 9),

which holds by naturality equations and PN Coherence. Then we apply
the induction hypothesis to the topmost cut on the right-hand side, which
has a smaller degree.

Suppose now r > 0. If r was computed as s—1, or as s+t—2, where

s > 1, then we may apply equations of SA’, of the following form

(*) CUtX,Y(’yf/ag) :71-"’YnCUtX’,Y(fI7g)

for v, 71,...,v, unary Gentzen operations. If (d,r) is the complexity of
the topmost cut cutx y(vf’,g), then the complexity of the topmost cut
cutx: y (f',g) is (d,r — 1), and so we may apply to it the induction hypoth-
esis.

If v is a unary Gentzen operation different from T, T, 1= and 17,
then so are 1, ..., Vs, and to prove (x) we apply naturality equations and
PN™ Coherence (sometimes DS Coherence suffices, depending on 7). We
have analogous equations involving binary Gentzen operations, which are
proved analogously, relying on DS Coherence (cf. [22], Section 11.2, Case
(6), where on p. 251, in the second line A®(f, cut(g, h)) should be replaced
by Af(g, cut(f,h)), and in the third line cut(g, h) should be replaced by
cut(f, h)).

Ifyin (x)is T, then n = 1 and v is T . To prove (x), we then apply

essentially the equation

V(6% a)) cdrax,ay = dx,ay ° 0%y (a))

which we obtain with the help of (dAX) of the preceding section, (d&)
of §3.3, and (7 nat) of the preceding section (as a matter of fact, we may
apply here the Symmetric Bimonoidal Coherence of [22], Section 6.4). We

proceed analogously if v is T.
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If v in (x) is LY or L7, then we apply essentially Mac Lane’s symmetric
monoidal coherence of [37] (see also [38], Section VIL7, and [22], Section
5.3).

If » was computed as t—1, or as s+t—2, where £ > 1, then we proceed
in a dual manner. Instead of (*), we have equations of SA’, of the following

form:

cutx,y (f,79) = - ymcutx,y: (f,9).

This concludes the proof of the theorem. -

84.3. SA° Coherence

There is a functor G from the category SA’ of §3.3 to Br, which is defined
as the functor G from PN to Br (see §2.3) with the additional clauses

that say that Ga is an identity arrow of Br for « being gz, EX, T4 p and
7y g, where ¢ € {A,V}. There is analogously a functor G from SA! to Br,
which is defined as G from SA’ to Br save that we do not have the clauses
for 74 p and 7y p. It follows from the existence of these functors and PN™
Coherence that PN is isomorphic to subcategories of SA” and SA’, (cf.
[22], Section 14.4).

Our purpose in this section is to prove the following theorem.

CONSERVATIVENESS THEOREM. If A and B are objects of PN, then for
every arrow f: A+ B of SA/, there is an arrow term f': A+ B of PN”
such that f = f' in SA’.

This theorem implies that PN is isomorphic to a full subcategory of SA’,
from which, according to what we established in §§3.7-8, we can conclude
that PN is isomorphic to a full subcategory of SA’, and of SA too. In
these isomorphisms every object of PN is mapped to itself, and so every
object of PN in SA’, SA’ or SA is in the image of PN .

Let the functor G from SA to Br be defined as G from SMC to Br (see
§3.1) with the additional clauses that say that Ga is an identity arrow of
Br for a being vy, Ay, Aiy, v4 g and vy 5. One can easily check that this
functor G restricted to the subcategory of SA isomorphic to PN satisfies
all the clauses of the definition of the functor G from PN to Br (see §2.3).
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Let SA” be the full subcategory of SA whose objects are all the objects
A of SA such that there is an isomorphism of type A+ A’ of SA for A’
an object of PN ™. (The category SA” is a replete subcategory of SA; cf.
the end of §3.1.) Then we can restrict the functor G from SA to Br to a
functor G from SA” to Br, for which we can prove the following, relying on

the Conservativeness Theorem.

SA” COHERENCE. The functor G from SA’ to Br is faithful.

PROOF. Suppose A and B are objects of SA”, and let j4: AF A’ and

jp: Bt B’ be isomorphisms of SA for A’ and B’ objects of PN . Suppose

that f1, fo: A+ B are arrows of SA, i.e. of SA”, such that Gf; = G fs.
Since PN is isomorphic to a full subcategory of SA such that every

object of PN in SA is in the image of PN, we have in SA that

jpefioist = fi
fori € {1,2} and f/ an arrow term of PN ™. It follows that G f{ = G f}, and,
according to what we said immediately after the definition of the functor

G from SA to Br, by PN~ Coherence we have that f{ = f§ in PN™, and
hence also in SA. So f; = f5 in SA. -

The category SA” is a category equivalent to PN, and its coherence
is a consequence of PN Coherence. We can find full subcategories of
SA”, some of which are full subcategories of SA, too, that are not only
equivalent, but also isomorphic to PN .

Let SA® be the full subcategory of SA whose objects are all the objects
A of SA such that there is an isomorphism of type A+ A’ of SA for A’
being either an object of PN, or T, or L. (The category SA® is as SA” a
replete subcategory of SA.) Then we can restrict the functor G from SA
to Br to a functor G from SA° to Br, for which we can prove the following,

relying on the Conservativeness Theorem and on SA” Coherence.
SA® COHERENCE. The functor G from SA® to Br is faithful.

PrOOF. There is no arrow of type TF L in SA. (Otherwise, classical

propositional logic would be inconsistent.) There is also no arrow of type
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1 FTin SA. If f: L F T were such an arrow, then we would have in SA

the arrow
((517)"(11)/\]0))\/ 1q)°dp,L,q°(1p/\g?)5p/\qFPVQ~

Hence, by the Conservativeness Theorem, there would be an arrow term
f*pAqFpVqof PN”, and that such an f’ does not exist can be shown
by appealing to the connectedness condition of proof nets (see §7.1).

Suppose A and B are objects of SA®; so A and B are isomorphic in SA
to respectively A’ and B’, each of which is either an object of PN, or T,
or L. Suppose that fi, fo: A+ B are arrows of SA; i.e. of SA®, such that
Gfr=Gfs.

As we have seen above, it is excluded that one of A’ and B’ is T while
the other is L. If A’ and B’ are objects of PN, then we apply SA”
Coherence.

Let SA, be SA generated by P U {p} for a letter p foreign to P, and
hence also to A and B. Let SAY, be the SA” subcategory of SA ;. In the
remaining cases, if either A" or B" is T, then G(f1 A1,) = G(fa A 1,). It
is easy to see that f1 A1y, f2a Al,: AApE B Ap are arrows of SAY ), and
so fi A1, = fa A1, in SA,, by SA” Coherence applied to SA! . Then in
SA generated by P we have fi A 11 = fo A 17 (we just substitute T for p
in the derivation of f1 A1, = fa A1, in SA,,), and so we have in SA

fi=fied7 00, by (89),
=05 < (A ALT)e 85, by (57 nat),
=07 o (faA1T)e 8%

If either A’ or B’ in the remaining cases is L, then G(f1 V 1,) = G(f2 V 1,),

and we proceed analogously. .

Both SA” Coherence and SA® Coherence are analogous to Kelly’s and Mac
Lane’s SMC® Coherence (see the end of §3.1); for SA® Coherence the anal-
ogy is complete.

Note that many computations of equality of arrows in Chapter 3, which

we could not settle previously by SMC® Coherence or PN~ Coherence
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alone, are now settled by simple applications of SA® Coherence. As a mat-
ter of fact, SA” Coherence suffices. (Of course, we used these computations
to establish SA® Coherence, and we can judge now only retrospectively
that they are dispensable in the presence of this coherence.) With SA® Co-
herence we have found a powerful tool to establish equality of arrows in a
considerable fragment of SA, and also of SA. This covers the {A, —} frag-
ment, the {—, A, V} fragment, and also other fragments of star-autonomous
categories involving T and L at some particular places.

Coherence with respect to Br for the whole of SA or SA; presumably
does not hold. According to [6] (Sections 4.2, 2.3), in SA; we do not have

VX—}T,T ° (V<A_,T — ]-T) = 1((A—>T)—>T)—>T

(cf. [32], [43]), nor
i1 =11n1, érr =1ryT,

while if f = g is one of these equations we have Gf = Gg. (The claim made
in [6], Section 2.3, that the category of sets with functions is a linearly
distributive category is not correct.)

The remainder of this section is devoted to the proof of the Conser-
vativeness Theorem. This will be accomplished with the help of several
lemmata, for whose formulation we introduce the following terminology.

An object of SA’, i.e. a formula of L1 1,4, 18 constant-free when
neither T nor L occurs in it. In other words, the constant-free objects of
SA’ are the objects of PN .

An object of SA is called literate when at least one letter occurs in it;
otherwise, it is letterless. Every constant-free formula is literate (but not
conversely).

For ¢ € {A,V}, we define inductively when a formula of L+ | — v is

£-nice:

T is A-nice and _L is V-nice;
constant-free objects of SA’ are ¢-nice;
if A and B are ¢-nice, then A ¢ B is ¢-nice.

For a ¢-nice formula A we define inductively an arrow term 5 A AFAT
of SA’, such that A" is constant-free if A is literate, A™ is T if A is letterless

and A-nice, and A" is L if A is letterless and V-nice:
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pr =1, p =1y, ﬁA =1y, for A constant-free,
5AsB = 514 13 53, for A and B literate,
pEAsB = ‘;X 0 (5A 3 53), for B letterless,
ngsB = ég’ ° (pgA 13 53), for A letterless.

It is clear that 5 4 is an isomorphism of SA’, with inverse pgzll: AT EF A

We can then prove the following lemma.

3

LEMMA 1. Let f: AF B be a bg p g-term for C, D and E literate &-nice
g

formulae. Then there is bgr pr gr-term f7: A" B" for C", D" and E"

constant-free such that

3 ro €
PBOf:f °pPy-

:
PrOOF. We proceed by induction on the complexity of f. If f is bg p g,

then we have that
€ € € €
Pcepyer = (Po € Pp) € Pps

and we apply (ls)H nat). For the induction step, suppose fisgé1lp: G¢ F F
H ¢ F (we proceed analogously when f is 1g ¢ g). Then we have two cases.
If F is literate, then 5H£F = ng 13 51«“7 and we just apply bifunctorial
equations and the induction hypothesis.
If F is letterless, then for ¢ € {T, L} we have

3

prer 2 (9€1p) =05 o (py € pr)o(9€1p)
3

= 63 O(grf 1{)"(5(; 3 /§F)7

by bifunctorial equations and the induction hypothesis. Then we apply

€
(67 nat) to obtain g" ¢ ngEF. =

We have analogous lemmata, which we call also Lemma 1, when f is a

¢
b& p p-term or a éc,p—term. We also have the following.
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¢ ¢
LEMMA 2. Let f: Al B be a b p p-term, bg p p-term or ¢o.p-term for
C or D or E being a letterless ¢-nice formula, or let f be a 5?—term,

¢ ¢
ffj;-term, 05 -term or 65 -term for F being ¢-nice. Then
ppef="0a-

PRrROOF. We proceed either by induction, applying essentially the following
equations of monoidal categories:

¢ ¢ ¢
bcp,c =0¢ep °(lc € 0p),
¢ ¢
cep =00 € 0F,
I _ (S £ —
cp,e= (05 &€ 1g)° 0 g,
where (is T if € is A, and L if ¢ is V,
AN Vv
cTa=0% 0%, CLa=0% 0%,
or we infer that under the conditions of the lemma A™ and B" must be equal,

and then we apply essentially Mac Lane’s symmetric monoidal coherence
of [37] (see also [38], Section VIL.7, and [22], Section 5.3). o

We prove next the key lemma of this section, whose corollary is the Con-

servativeness Theorem (we just instantiate statement (1) of this lemma).

LEMMA 3. Let f: A+ B be an arrow of SA’, such that A is A-nice and B

s V-nice.

(1)  If both A and B are literate, then there is an arrow term f7 :
A"+ B" of PN such that in SA., we have

5B°f°PA;;1:fT~

(2) If A is letterless and B 1is literate, then for every constant-free
C there is an arrow term f": C'+= C A B" of PN such that in
SA’ we have

(e A(pgofeopy))eos =f
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(3) If A is literate and B 1is letterless, then for every constant-free
C there is an arrow term f7: A"V CF C of PN such that in
SA’, we have

oc ((ppefepa)Vic)=f"

Before we start the proof of this lemma, note that it is impossible that A
and B be both letterless. Otherwise, we would have an arrow of the type
TrFLinSAL.

ProoF OF LEMMA 3. By the Gentzenization Lemma and the Cut-Elimina-
tion Theorem of the preceding two sections, we may suppose that f is a
cut-free Gentzen term. Then we proceed by induction on the complexity
of f.

In the basis, we have that f can only be 1,:pkp. It cannot be
17: THTor 1,: 1L F 1, because T is not V-nice and 1 is not A-nice.
Then f" is also 1,, and statement (1) of the lemma is satisfied, since
v A—1
Pp=Pp =1y

. . /\<_ /\_> \/_>

Suppose f is of the form S f; for f1: A1 F By and S being By, By, By,
Vv JAY Vv
By, Cx, Cy, T, T<, 1= or 1. Then, by the induction hypothesis,
we have either statement (1), or (2), or (3), of the lemma for f replaced by
f1, and A and B replaced by A; and Bj.

Suppose (1) is the case for f;. Then by Lemmata 1 and 2 above we
have that

ﬁB ° Sfl ° /921
is equal in SA’, to one of the following arrow terms of SA’:

/\)/Boflof/)\zllogrv foereing B17

g"e P ofie py',  for Abeing Ay,

A—1
ﬁBl o fio Pa
- N e € . . .

where g" is a bg p g-term, or be p p-term, or ¢c p-term, with ¢ being A in
the first arrow term and V in the second arrow term. In either case, by the

induction hypothesis, we infer (1) for f.
If (2) is the case for fi, then by Lemmata 1 and 2 we have that
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(Lo A(ppeSfiepat) oG
is equal in SA’, to one of the following arrow terms of SA’:

(Lo Ag")e(e A(pg,ofiepy'))e o0&, for Abeing Ay,
(le A (pp,efie PAXII))" 08,
where ¢ is as above with ¢ being V. In either case, we apply the induction
hypothesis, and infer (2) for f. We proceed analogously if (3) is the case

for fi.
Suppose that for f;: B; = A; V C;, where i € {1,2}, we have that f is

/\(fl, fg)t B AN By - (Al AN AQ) \Y (Cl V CQ)

Here A; and As must be constant-free; otherwise, the target of f would
not be V-nice. Let g be

v v/
p(A]/\AQ)V(Cl\/Cz) © €A, A5,C1,C5

Depending on whether C; is literate or letterless, we have the following
equations in SA’:

if C7 and Cy are both literate, then

I g= éfql,Az,c;,cg" (vavaI A va2v02)3
if C is literate and Cs is letterless, then

D) g=(Casa, Vicr)odasa,ore Caver.ane (Pave, NP ajve,)s

by applying essentially (ég ) and (dg );
if C is letterless and Cj is literate, then
(I11) g=da, as.05°(Pa,ve, N Payve,)s
by applying essentially
(Lasna, Vog,)e lv)Xg/\Al,L,Cg = 52’2AA1 Vi,

(cf. the second equation displayed in the proof of Lemma 2) and (dg );
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if C1 and Cs are both letterless, then

(IV) g = vava1 A vavaQ, by applying essentially (Iv)g) and (dg)

Suppose statement (1) of the lemma holds for both f; and fs. Then B
and Bs are literate, and we have
pv(Al/\Az)v(CvaQ) ° /\(fh f2) ° 653/\32 =9g- (fl A f2) ° (ﬁg} A 515;)
= he(fI A f3)
for h a PN "-term; here we apply one of (I)-(IV) and the induction hypoth-
esis. So (1) holds for f.
Suppose (1) holds for f; and (2) holds for fo. Then B is literate and
B> is letterless, and we have
v A—1 A—1 A—1 N
p(A1/\A2)\/(C1\/Cz) ° /\(fla f2) °PBAB, — 9° (fl A f2) ° <IO31 A pBQ) ° 5(3_{
= he(ff Navesyr)e f3

for h a PN -term; here we apply again one of (I)-(IV) and the induction
hypothesis, which for f5 yields

(1B{ A (Pvszc2 o fae ﬁéi)) ° 53{ =f3.
So (1) holds for f.

If (2) holds for f; and (1) holds for f2, then we proceed analogously to
what we had in the previous case. Here, the induction hypothesis for f;
yields

((Payvey o fre Ppy) Alpy)e 05 = Epy avenr © f1-

Suppose (2) holds for both f; and f>. Then both B; and By are letter-
less, and we have

(10 A (;\)/(Al/\AQ)\/(ClVC2) ° /\(fla f?) ° 1651/\32)) ° g

= (e A (ge(finfa) e (P, A PBy) e 05))e 05

= (1o Ah)e(Lo A ((Layveyr AP ave, ° fae ﬁ]};)) ° 0 a,voyyr)) e
°(le A (nglvc1 o fie PAéll)) ° 58

=QQcAh)e(XeAf3)efT,
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for h a PN "-term; here we apply again one of (I)-(IV) and the induction
hypothesis. So (2) holds for f. Since statement (3) of the lemma cannot
hold for f; and f, this exhausts all possible cases when f is A(f1, f2).

If fis V(f1, f2), then we proceed in a manner dual to the case when f is
A(f1, f2), relying on statement (3) of the lemma in places where previously
we relied on statement (2).

Suppose that for f;: C A AF B we have that f is =R f;: C F -AV B.
Here A must be constant-free; otherwise the target of f would not be V-nice.

We derive first the following equations of SA’:

AT _
V) Coacna ode,aae Ayce pot =
_ AT
(1-aV (,501 Aly))e 5ﬁA,C7‘/\A cdcr A-a° AA,C"7
N/ A
(VD) (ApA(é-aTracdra-acd,1))edp =

(Ap A (1-aV (?TX))O AA,D7

by applying naturality equations for (V), and essentially (83,) and (d &)
for (VI).

We have to consider four cases:

(i

)
(i)
i)

)

both B and C are literate,
B is literate and C is letterless,
B is letterless and C is literate,

both B and C are letterless.

(iii

(iv

In case (i), we obtain easily by using (V) and the induction hypothesis
that statement (1) of the lemma holds for f.
In case (ii), for D constant-free we have

(Ap A (PoaypeRfre pah))e 0y =

N — A A
(AIpA(Q-aV (ppeofio(pct AN1a)e6%)) e Aap,

by using (V) and (VI), and from that, by applying

(Po' N1a)e 05 = Pana
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and the induction hypothesis, we obtain that statement (2) of the lemma
holds for f.

In case (iii), we obtain that statement (1) of the lemma holds for f by
applying (V) and the induction hypothesis, which yields

0o ((Ppofio Pona) V1aa)=f1

In case (iv), we obtain that statement (2) of the lemma holds for f by
applying (V), (VI) and the induction hypothesis.
The only remaining case is when f is =" f;, and this is settled dually to

the previous case, where f is =R f;. -






Chapter 5

Involutive Adjunctions and
Proof-Net Categories

One finds in the notion of star-autonomous category the well-known adjunc-
tion of symmetric monoidal closed categories involving the tensor (multi-
plicative conjunction), denoted by A in §3.1, and exponentiation (linear
implication), denoted by — in §3.1. The functor A A is left adjoint to the
functor A — (see §3.1). In proof-net categories, the functor A A is left ad-
joint to the functor —A V, and the functor —A A is left adjoint to the functor
AV (see the end of §2.8).

There is also in proof-net categories, and hence also implicitly in star-
autonomous categories, something generalizing the notion of adjunction,
which involves dissociativity da,g.c: AN (BVC) F (AAB)V C, and is
perceived on another level, where the objects A and —A are conceived as
functors. We have remarked in §§2.2-3 that the equations (‘Z?A), (§/A/)7
(Alﬁll) and (Aﬁl) are related to the triangular equations of an adjunction.

The goal of this chapter is to show that there is in proof-net categories
yet another phenomenon of adjunction. The assumptions of proof-net cat-
egories involving only negation are a particular, trivial, case of an adjoint
situation that we call an involutive adjunction. The notion of involutive
adjunction amounts, in a sense to be made precise, to adjunction where an

endofunctor is adjoint to itself, which in [18] is called self-adjunction.

95
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§5.1. Self-adjunctions

To fix notation and terminology, we will rely on the following definition of
the notion of adjunction (cf. [38], Section IV.1, and [14], Section 4.1.3).

An adjunction is a sextuple (A, B, F, G, p,~) where

A and B are categories,

F from B to A and G from A to B are functors,

© is a natural transformation of A from the composite functor
FG to the identity functor of A, which means that the following
equation holds in A for every arrow f: A; - Ay of A:

(90 nat) f°<pA1 = PA, OFGf7

~ is a natural transformation of B from the identity functor of
B to the composite functor GF', which means that the following
equation holds in B for every arrow g: By - Bs of B:

(v nat) GFgevp, =B, °9,
the following triangular equations hold in A and B respectively:

(v F) orp°Fyp=1pp,

(7G) Goaevaa = lga.

A self-adjunction is a quadruple (S, L, p,~) where (S,S,L,L,p,7) is

an adjunction (this notion is taken over from [18], Section 10). So, in a

self-adjunction, L is an endofunctor, and the equations (p nat) and (v nat)

become

fewa, =@a, o LLf,
LLfoya, =va,°f,

while the triangular equations become
(pvL) wraeLya=Lpacypa=1pa.

A [C-self-adjunction is a self-adjunction that satisfies the

equation

additional
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(p7K) L(pacya) = ora°vra,

and a J-self-adjunction is a self-adjunction that satisfies the additional

equation

(1 T) paeya =14

(these notions are also from [18], Section 10). It is easy to see that every
J-self-adjunction is a K-self-adjunction (the converse need not hold).
A TJ-self-adjunction that satisfies

(ve) Yacpa=1rpa

is called a trivial self-adjunction. Note that for trivial self-adjunctions it
is superfluous to assume the equations (v nat) and (¢yG), or alternatively
(¢ nat) and (pyF'); these equations can be derived from the remaining ones.

The free self-adjunction (S, L, p,~y) generated by {p} (we call p a letter,
as before) is defined as follows. The category S has as objects the formulae
of the propositional language generated by {p} with a unary connective
L. We may identify the formulae p, Lp, LLp,. .. of this language with the
natural numbers 0, 1, 2,...

The arrow terms of S are defined inductively out of the primitive arrow
terms

1A:A|—A, QDA:LLAFA, ’yA:Al—LLA,

for every object A of S, with the help of the operations of composition o
and the unary operation that assigns to the arrow term f: A F B the arrow
term Lf: LAF LB. On these arrow terms we impose the equations of self-
adjunctions (cf. §2.1). In the set of these equations we have of course all
the equations f = f, and this set is closed under symmetry and transitivity
of equality, under the rule (cong ¢) for ¢ being o (see §2.1), and also under
the rule

=g

(cong L) m

We define analogously the free K-self-adjunction, the free [J-self-adjunc-
tion and the free trivial self-adjunction generated by {p}, just by imposing

additional equations.
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§5.2. Involutive adjunctions

Consider a category A and a contravariant functor — from A to A, which
means that for f: AF Bin A we have —~f: =B F =Ain A, and the equations
(=1) and (—2) of §2.8 are satisfied. The contravariant functor - may be
conceived either as a functor from the category A°? to A, which we denote
by — too, or as a functor from A to A°?, which we denote by —°P.

Suppose that for every object A of A we have an arrow ny : ~—AF A
of A. The arrow ny becomes the arrow ny P: A+ ==A4 in A.

We say that (A4, —,n7") is an n~" -adjunction when
<A, A0p7 -, “Op, n—>’ n—> Op>

is an adjunction. This means that in A we have for every f: A; - As the

equation

—

(n™ nat) feny =ny oaaf,

alternatively written fon = ny - f, which also delivers (n™ °? nat)

in A°?, and the equation
(n™ triang) nlye—mny =14,

which delivers both the equation (¢vF), i.e. (n7n™° =), in A, and the
equation (¢vG), i.e. (n7n~ °P =°P) in A°P.

Suppose now that we have as before a category A and a contravariant
functor = from A to A, and that for every object A of A we have an arrow
ny: AF ==A of A. The arrow n'y becomes the arrow n’y V: —=—A+ A in
AP

We say that (4, —,n*") is an n* -adjunction when
<“40p7 ./4, _|op’ -, n(— op7 n<—>

is an adjunction. This means that in A we have for every f: A; F Ay the

equation

—

(n* nat) —afeny =ny e f,

which also delivers (n*” °? nat) in AP, and the equation
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(n* triang) néont, =14,

which delivers both the equation (¢vF), i.e. (n* %Pn =), in A, and
the equation (pyG), i.e. (n* %°n* =), in A. Note that what we call n* -
adjunction is called self-adjunction in [40] (Section 3.1; cf. also [39], Section
1.8), which should not be confused with our notion of self-adjunction in the
preceding section.

We say that (A, —,n,n*") is an involutive adjunction when (A, =, n™")
is an n"-adjunction and (A, -, n*") is an n* -adjunction.

A K-involutive adjunction is an involutive adjunction that satisfies the

additional equation
(n7n"K) “(ny eny) =nJyony,

and a J -involutive adjunction is an involutive adjunction that satisfies the
additional equation

(n7nJ) nyony =1a.

It is easy to see that every J-involutive adjunction is a KC-involutive ad-
junction (the converse need not hold).
A J-involutive adjunction that satisfies
(ntn7) nyony =14
is called a trivial involutive adjunction.
Note that for trivial involutive adjunctions it is superfluous to assume

< nat) and (n* triang), or alternatively (n~ nat) and

the equations (n
(n™ triang); these equations can be derived from the remaining ones. In

trivial involutive adjunctions we have the equations

i

S
S
I

—|7’L‘Z>7
—|’[’sz7

S
J
S

which should be compared with the equations (v}, |) and (v, ) of
§3.4.
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The free involutive adjunction (A,—,n~,n*") generated by {p} is de-
fined as follows. The category A has as objects the formulae of the propo-
sitional language generated by {p} with a unary connective —. We may
identify these formulae with the natural numbers.

The arrow terms of A are defined inductively out of the primitive arrow

terms
14: AF A, ny:——AF A ny: AbF =4,

for every object A of A, with the help of the operations of composition
o and the unary operation that assigns to the arrow term f: AF B the
arrow term —f: 2B = A. On these arrow terms we impose the equations
of involutive adjunctions (cf. §2.1 and the preceding section). In the set of
these equations we have of course all the equations f = f, and this set is
closed under symmetry and transitivity of equality, under the rule (cong ¢)
for ¢ being o (see §2.1), and also under the rule

=g

(cong —) 7ﬁf —

We define analogously the free K-involutive adjunction, the free [J-
involutive adjunction and the free trivial involutive adjunction generated
by {p}, just by imposing additional equations.

Note that the category of the free involutive adjunction generated by
an arbitrary set having more than one letter would be the disjoint union
of isomorphic copies of the category A of the free involutive adjunction
generated by {p}. An analogous remark applies to the category of the free
self-adjunction generated by an arbitrary set having more than one member:
it would be the disjoint union of isomorphic copies of the category S of the

free self-adjunction generated by {p}.

85.3. Self-adjunctions and involutive adjunctions

We are now going to prove that in the free self-adjunction (S, L, ,~) and
the free involutive adjunction (A, —,n7,n*"), both generated by {p}, the

categories S and A are isomorphic categories.
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First, we define =, n™ and n* in S in the following manner. On objects
we have that — is L, while for the arrow term f: A+ B of S we define the

arrow term —f: =B F = A of § inductively as follows:

21y =L14=114 =14,

YA = L’VA;
—va = Lpa,
=(feog) =—ge~f,

That this defines an operation — on the arrows of S is shown by verifying
that if f = ¢gin S, then —f = g in §; we verify, namely, that the equations
of § are closed under the rule (cong =) of the preceding section. This is
done by a straightforward induction on the length of the derivation of f =g
in §. For that we use the fact that for every arrow term f of S the arrow
term —f is equal in S to an arrow term of the form Lf’.

Finally, we have

Ny =df ¢a, niy =df YA

Next, we define L, ¢ and v in A in the following manner. On objects
we have that L is -, while for the arrow term f: AF B of A we define the
arrow term Lf: LAF LB of A inductively as follows:

L1g=-14=1-4=14,
Iny =-n¥,

Iny=-ny,

L(feg) = Lf-Lg,
L—f = —~Lf.

That this defines an operation L on the arrows of A is shown by verifying
that if f =g in A, then Lf = Lg in A; we verify, namely, that the equa-
tions of A are closed under the rule (cong L) of §5.1. This is done by a
straightforward induction on the length of the derivation of f = g in A. For
that we use the fact that for every arrow term f of A the arrow term L f

is equal in A to an arrow term of the form — .
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Finally, we have

©A =df Na, YA =df Ny -

We verify easily by induction on the complexity of the arrow term f
that both in § and in A we have the equation

(LL-=)  LLf=-f.

Next we verify that the equations of involutive adjunctions hold for the
defined =, n and n*" in §. This is done in a straightforward manner by
induction on the length of derivation. In the basis of this induction, we use
(LL—7), (¢ nat) and (v nat) to verify (n™ nat) and (n* nat), while the
equations (n™ triang) and (n* triang) reduce to (pyL). In the induction
step, we rely on the closure of S under (cong —), which we established
above.

We verify also that the equations of self-adjunctions hold for the defined
L, ¢ and v in A. This is done again in a straightforward manner by
induction on the length of derivation. In the basis of this induction, we use
(LL==), (n™ nat) and (n* nat) to verify (¢ nat) and (v nat), while the
equations (¢yL) reduce to (n™ triang) and (n* triang). In the induction
step, we rely on the closure of A under (cong L), which we established
above.

We have a functor F 4 from S to A that maps the object of S corre-
sponding to the natural number n to the object of A corresponding to n,
and that maps every arrow of S to the homonymous arrow in the defined
S structure of A. For example,

_ _ —
Favorrp = p-——p=n"",.

We define analogously a functor Fs from A to S (cf. the functors F' and
F’ in §3.7). That F4 and Fs are indeed functors follows from what we
established above.

It is trivial that on objects we have that FsF 4 A is A, and that F4FsB
is B. We show next by induction on the complexity of f that in S we have

FsFaf=f.
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When f is of the form Lf’, we make an auxiliary induction on the com-
plexity of f’, in which we use (LL——). We show analogously that in A we

have
FyFsg=g.

This concludes the proof that S and A are isomorphic categories.
We demonstrate analogously that the categories of, respectively,

the free K-self-adjunction and the free K-involutive adjunction,
the free J-self-adjunction and the free [J-involutive adjunction,

the free trivial self-adjunction and the free trivial involutive ad-
junction,
all generated by {p}, are isomorphic categories.

The interest of considering I and J versions of self-adjunctions and
involutive adjunctions comes from connections with Temperley-Lieb alge-
bras and the associated geometrical interpretation (see [18] and references
therein). Roughly speaking, K is what we find in Temperley-Lieb algebras,
where only the number of circles (which correspond to ¢4 °y4 or ny en%)
counts, while in J circles are disregarded. (How these circles arise may be
grasped from the first diagram in §2.3, where there is a circle involving 7
and 8.)

The free trivial self-adjunction, and hence also the free trivial involutive
adjunction, are preorders; namely, all arrows with the same source and
target are equal. This follows from the results of [18] (unabridged version)
or [19].

85.4. Trivial involutive adjunctions and proof-net
categories

In every proof-net category we encounter a trivial involutive adjunction,
where — is defined as in §2.8, while n™ and n* are defined as in §2.6.
That all the equations of trivial involutive adjunctions are satisfied with
these definitions in proof-net categories is easily verified with what we have
in §2.8, naturality equations and PN~ Coherence. According to what we

established in the preceding section, in every proof-net category we have a
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subcategory that is a trivial self-adjunction. This does not mean, however,
that in every proof-net category, and in PN in particular, we can define
the endofunctor L of the trivial self-adjunction.

The notion of star-autonomous category arises out of the notion of
symmetric monoidal closed category by assuming in addition the arrows
vy:(A— 1) — L+ Aand the isomorphism equations (vv) that tie these
arrows to the arrows vy | : A (A — L) — L of the symmetric monoidal
closed structure (see §3.2). For every symmetric monoidal closed category
A we have that (A, _— L, v ) is an n"-adjunction. With v~ added
together with the equations (V;), we obtain a trivial involutive adjunction
(see §5.2).

A non-equational definition of star-autonomous category is obtained by
assuming instead of the arrows v, and the equations (vv) just that A
and (A — 1) — L are naturally isomorphic. That v}, is an isomorphism
follows then from a lemma in [30] (Lemma 1.3; see also [29], Section Al.1,
Lemma 1.1.1) and the fact that (A, _— 1, v ) is an n" -adjunction.
Ifig:(A— 1) — LF Ais amember of a natural isomorphism, then the
inverse of vj | : AF (A— 1) = Lis

ine(((iy" = 1)evi,, )= 1) (A= 1) = LFA

Since i is a natural isomorphism, we have 44, 1)1 = (ia — 11) = 1.



Chapter 6

Coherence of Mix-Proof-Net
Categories

In this chapter we add miz arrows of the type AA B+ AV B to proof-
net categories, with appropriate conditions that will enable us to prove
coherence with respect to Br for the resulting categories, which we call
mix-proof-net categories. The mix arrows, which underly the mix principle
of linear logic, were treated extensively in [22] (Chapters 8, 10, 11, 13).
The proof of coherence for mix-proof-net categories is an adaptation of the

proof of coherence for proof-net categories given in Chapter 2.

86.1. The category MDS

The category MDS is defined as the category DS in §2.1 save that we have

the additional primitive arrow terms

map: ANBFAVB

for all objects, i.e. for all formulae, A and B of L v, and we assume the

following additional equations:

(mnat) (fVg)emap=mpr-(fAg), forf:AFDandg:BFE,

N N

(bm) mang,c° by pc=dapce(laAmpc),
2 Vv

(bm)  bopacmeva = (mepV1a)edos,a,
(cm) mp,A-° 8A,B = 5B,A °MA B-
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The proof-theoretical principle underlying m4 p is called miz (see [22],
Section 8.1, and references therein).

To obtain the functor G from MDS to Br, we extend the definition of
the functor G from DS to Br (see §2.3) by adding the clause that says that
Gmy,p is the identity arrow 1gayrgp of Br. Then we have the following
result of [22] (Section 8.4).

MDS COHERENCE. The functor G from MDS to Br is faithful.

In the remainder of this section we will prove some lemmata concerning
MDS, which we will use for the proof of coherence in the next section. For
that we need some preliminaries.

For = a particular proper subformula of a formula A of L4 v, and ¢ €
{A,V}, we define A~% inductively as follows:

(Bex)™" = (x¢B)™" = B,
for x a proper subformula of C,

(BeC)"=BeC™,

(CeB)*=C""¢B.

For ¢ € {1,2}, let A; be a formula of £, with a proper subformula
x;, which is an occurrence of a letter ¢, and let x; be the n;-th occur-
rence of letter counting from the left. We define the following functions
wi: N —{n;,—1} - N:

(n) = n ifn<n;—1
Rl =df 1 1 ifn>n;—1.
The definition of tied occurrence of a letter in an arrow of MDS is

analogous to what we had in §2.4. Then we can prove the following.

LEMMA 1. For every arrow term f: A1 b Ay of MDS such that x1 and x4
are tied in the arrow f, there is an arrow term f~9: A7™* + A" of MDS
such that the members of part(Gf~7) are {s(u1(m1)),t(u2(mz))} for each
{s(mq),t(m2)} in part(Gf), provided m; # n;—1.

PRrROOF. We proceed by induction on the complexity of the arrow term f.

If f is a primitive arrow term ap, .. g, then for some j € {1,...,m} we

,,,,,
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have that z; occurs in a subformula B; of A;. If x; is a proper subformula
of this subformula B;, then B; ™ is defined, and f~9 is

o e
Bi,...,Bj—1,B; “1,Bjt1,..,Bm

(note that B ** and B; ™ are the same formula). If z; is not a proper
subformula of the subformula B;, then d;f’q’BS is mp, g, or f741is ].Ai—.'ni.

If fis goh, then f~%is g=%ch™ 9 and if f is g¢ h for ¢ € {A,V}, then
f~%1is either g79¢h, or g¢ h™9, or g when h =1,,, or h when g =1,,.

Note that this lemma does not hold for DS, because we cannot cover
—q
Bi1,q,B3"

Here is an example of the application of Lemma 1. If f: A; - A5 is

A
A A — A .
((Mg,prg° (Lg A Cqp)° Canp,g) V 1p) o dgnp,qp bgp.avp ° Cpalavp).q:

(pA(gVvp)ANak(gV(pAa)Vp,

where 27 is the second (rightmost) occurrence of ¢ in (p A (gV p)) A g, while
X9 is the second occurrence of ¢ in (¢V (pAq)) Vp, then f~7: AT A7 is

((mqyp ° (1q A 1p) ° ép,q) v 1p) *dp,qp° 1p/\(qu) °Ipa(qvp) *

pA(gVp)F(gVp)Vp,

which is equal to ((mgp° €pq) V 1) odpqp- As another example, we have
that (((mg,p° €p,q) V 1p) o dpqp)? is equal to my, .
We define inductively a notion we call a context (analogous up to point

to notions introduced in §4.1):

(] is a context;

if Z is a context and A a formula of L, v, then Z ¢ A and A¢ Z are
contexts for ¢ € {A, V}.

Note that now we have contexts like p A (¢ vV [J), which are neither A-
contexts nor V-contexts in the sense of §4.1. We define Z(B) and Z(f) as
in §4.1, and we use X, Y, Z, ... for contexts.

For f: AF C an arrow of MDS, we say that an occurrence z of a

formula B as a subformula of A and an occurrence y of the same formula
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B as a subformula of C are tied in f when the n-th letter in z is tied in f
to the n-th letter in y.

Let f: X(p) ABFY(pA B) be an arrow term of MDS such that the
displayed occurrences of p in the source and target, and also the displayed
occurrences of B, are tied in the arrow f. Then, by successive applications
of Lemma 1, for each occurrence of a letter in B, we obtain the arrow term
f~B: X(p) - Y(p) of MDS, and the displayed occurrences of p in X (p)
and Y (p) are tied in the arrow f~5.

Let fT: X(p A B) F Y(p A B) be the arrow term of MDS obtained from
f~B by replacing the occurrences of p that correspond to those displayed
in X (p) and Y (p) by occurrences of p A B. This replacement is made in the
indices of primitive arrow terms that occur in =2, and it need not involve
all the occurrences of p in these indices. For example, if X is [J A (¢ V p)
and Y is (¢ v ) V p, while f=5 is

((mgpe Cpg) V1p)odpgp:pA(gVP)F (qVD)Vp,
then fT is
((mq,pAB ° ép/\&q) \ 1p) *dpAB,gp: (pAB)A(qVp)F(qgV(pAB))Vp.

Then we can prove the following.

LEMMA 2A. Let f: X(p) ABFY(pAB) and fT: X(pAB)FY(pA B) be
as above. Then there is an arrow term hx: X(p) ABF X(p A B) of DS
such that f = fTohx in MDS.

Proor. We construct the arrow term hx of DS by induction on the
complexity of the context X. For the basis we have that hg is 1,o5. In

the induction step we have

hzna = (hz AN1a)e CazpaB © IA?XZ(p)’B > (Cz(p),a N1B),
hzva = (hzV 1a)e Czpynpa ° A5 50 5o (Caz@p) AlB),
hanz = (AaNhz)e lA’fZ,z(p),B’
havz = (1aVhz)e dB 40

It is easy to see that Gf = G(fT+hy), and then the lemma follows by
applying MDS Coherence. n
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Let f:Y(BVp)F BV X(p) be an arrow term of MDS such that the
displayed occurrences of p in the source and target, and also the displayed
occurrences of B, are tied in the arrow f. Then, as above by Lemma 1,
we obtain the arrow term f~2:Y(p) - X(p) of MDS, and the displayed
occurrences of p in Y (p) and X (p) are tied in the arrow f~5.

Let f1: Y(BVp)F X(BV p) be the arrow term of MDS obtained from
f~B by replacing the occurrences of p that correspond to those displayed
in Y(p) and X (p) by occurrences of BV p (cf. the example above). Then

we can prove the following, analogously to Lemma 2A.

LEMMA 2V. Let f: Y(BVp)F BV X(p) and fT:Y(BVp)F X(BVp) be
as above. Then there is an arrow term hx: X(BVp)F BV X(p) of DS
such that f = hx o fT in MDS.

§6.2. MPN" Coherence

The category MPN™ is defined as the category PN in §2.2 save that
we have the additional primitive arrow terms my g: AA B+ AV B for all
objects A and B of PN, and we assume as additional equations (m nat),
(lA) m), (lv) m) and (ecm) of the preceding section. To obtain the functor G
from MPN" to Br, we extend the definition of the functor G from PN™
to Br by adding the clause that says that Gma g is the identity arrow
1lga+gp of Br.

A miz-proof-net category is defined as a proof-net category (see §2.2)
that has in addition a natural transformation m satisfying the equations
(IA) m), (Iv)m) and (e¢m). The category MPN ™ is up to isomorphism the free
mix-proof-net category generated by P.

The category MPN is defined as the category PN in §2.5 save that we
have the additional primitive arrow terms m 4 g for all objects of PN, and
we assume as additional equations (m nat), (8 m), (lv)m) and (em). We can
prove that MPN™ and MPN are equivalent categories as in §2.6. (We
have an additional case involving m 4 p in the proof of the analogue of the
Auxiliary Lemma of §2.6, and similar trivial additions elsewhere; otherwise
the proof is quite analogous.)

We have a functor G from MPN to Br defined by restricting the defi-
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nition of the functor G from MPN" to Br (cf. the beginning of §2.7), and
we will prove the following.

MPN COHERENCE. The functor G from MPN to Br is faithful.

The proof of this coherence proceeds as the proof of PN Coherence
in §2.7. The only difference is in the 2 Permutation and Z-Permutation
Lemmata of §2.5.

The formulation of the Z-Permutation Lemma is modified by replacing
PN and DS by respectively MPN and MDS ™, where the category
MDS™ is defined as MDS save that it is generated not by P, but by
PUP™ (cf. §2.5); moreover, we assume that y; and -y, occur in E within
a subformula of the form p A (-y2 Vy1) or =p A (y1 V —y2). We modify the
proof of this lemma as follows.

If in F we have p A (—y2 V y1), then by the stem-increasing equations
of §2.5 we have that the épyg—term g: CF D is equal to f”o A%c for
"+ C A (—=pVp)E Dan arrow term of DS™, and so for f: D F E an arrow
term of MDS ™" satisfying the conditions of the lemma we have in MPIN

Feg=fef"Apc.
Then we apply Lemma 2A of the preceding section to
fof"*CA(=pVp)F E,
where C'is X (p), -pVpis Band Eis Y(p A (-pV p)). So for
hx: X(p) A(=pVp)E X(pA(-pVDp))
an arrow term of DS™?, and
(fo /)= XA (V) EY (A (P VD)
we have
fof"=(fef") ehx.
By the £ Permutation Lemma of §2.5 we have

A Y,
hX"Ap,C:g Of
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A

where ¢’ is the A, ,-term X (Ap »), and by bifunctorial and naturality equa-

)

tions we have

(fof) e X(A,,) =Y (Ay,)e(fof”) VD).

Note that (feo f”)! is obtained from (fo f”)=("PVP): X (p) F Y (p) by re-
placement of p.
So we have in MPN

feg =feof" Apc
=(fof")ehxoApo
= (fof)TeX(AQpp)ef
=Y(App)e f”
for f”, which is (f o f”)~("PVP)o ' an arrow term of MDS ™.
We proceed analogously if in F we have —p A (y1 V —y2); instead of
A Ay
A, we then have A

D.p°
Permutation Lemma of §2.5, with a proof based on Lemma 2V of the pre-

Vv
We have an analogous reformulation of the =-

ceding section.
Instead of Lemma 2A of the preceding section, we could have proved,

with more difficulty, an analogous lemma where f is of type
Z(X1(p) AN X2(B)) Y (p A B),

and f1 is of one of the following types:
Z(X1(p A B) N (X2(B)"P) Y (p A B),
Z(X1(pAB))FY(pAB).

Then in the proof of the Z-Permutation Lemma modified for MPN we
would not need to pass from g to f” o AILC via stem-increasing equations,
but this alternative approach is altogether less clear.

Note that we have no analogue of Lemma 2 of §2.4 for MDS. The lack
of this lemma, on which we relied in §2.5 for the proof of the £ Permutation
and E-Permutation Lemmata, is tied to the modifications we made for these
lemmata with MPIN. We have also no analogue of Lemma 4 of §2.4, but
the analogue of Lemma 3 of §2.4 does hold.
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From MPN Coherence and the equivalence of the categories MPN™
and MPN we can then infer the following.

MPN " COHERENCE. The functor G from MPN" to Br is faithful.

If we extend the definition of the category SA’ with the primitive arrow
terms ma p: AN BF AV B, together with the equations (m nat), (2m),
(lv) m) and (¢m), we obtain a star-autonomous category of the mix kind. In
this category we have arrows of the types L AAF Aand AF AV T, and
also L FT. (Arrows of type L F T may be used to define arrows of the
type of m4. p; see the proof of SA® Coherence in §4.3.)



Chapter 7

Proof Nets

In this, final, chapter we justify the name we have given to proof-net cat-
egories. We show how they are related to a two-sided version of the proof
nets of [26], such as have already been considered in the literature. Roughly
speaking, the Brauerian split equivalences of §2.3 are the graph core of proof
nets. As we have shown previously, we need just this core to prove coher-
ence for proof-net categories (see Chapter 2) and restricted coherence for

star-autonomous categories (see §4.3).

We discuss next the usefulness of proof nets in general proof theory.
While they may be useful to decide the question whether there is an arrow
of a particular kind (of a given type, or of a given type with a given graph),
we do not find proof nets very useful to answer the question whether a
diagram of arrows commutes. We find that this question, which is one of
the central questions of general proof theory, is answered more efficiently

by the graph core of proof nets.

§7.1. Proof nets and proof-net categories

The connection between proof-net categories and the proof nets of [26] is

the following.
For an object C' of the category PN of §2.5, we define inductively the

target tree t(C) of C in the following manner:

113



114 CHAPTER 7. PROOF NETS

t(p) and t(—p) are the one-node tree labelled by respectively p and —p;

t(A)  UB) t4)  HB)
t(AAB) is \/ and t(AV B) is
AAB AV B

We define the source tree s(C) of C inductively in a dual manner:

s(p) and s(—p) are the one-node tree labelled by respectively p and —p;

ANB AVB
s(AAB)is . and  s(AVB)is //A\\
s(4)  s(B) s(4)  s(B)

We have in target trees and source trees edges of two kinds: solid edges, like
those in the clauses for t(A A B) and s(AV B), and dotted edges, like those
in the clauses for t(AV B) and s(AA B). Nodes are labelled by subformulae
of C.

An occurrence x of a letter in an object A of the category PN is called
negative when —x is a subformula of A; otherwise, the occurrence is positive.

An arrow ¢: GA F GB of the category Br of §2.3 is said to respect A
and B when every member of the partition part(y) satisfies the following:

if it is of the form {mg,n;}, then the m+1-th occurrence of letter in
A (counting from the left) and the n+1-th occurrence of letter in B
are occurrences of the same letter, and they are either both positive
or both negative;

if it is of the form {m;,n;} for i € {s,t}, then the m-+1-th and the
n—+1-th occurrences of letter in A, when i is s, or in B, when 7 is t,
are occurrences of the same letter, and one of them is positive while
the other is negative.

We call proof structures graphs of the form
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where ¢p: GAF GB is an arrow of Br that respects A and B. The leaf of
t(B) labelled by the n-th occurrence of letter in B is identified with n—1 in
the target GB of ¢ (more precisely, with (n—1); in GB;), and analogously
with s(A) and the source GA of ¢. So all the nodes of this graph are nodes
of the trees s(A) and t(B), while ¢ provides only edges, which are solid.

A proof structure where ¢ is Gf for some arrow f: AF B of PN is
called a proof net. This notion of proof net is a two-sided version of the
notion, like notions that may be found in [6], [11] and [41].

A two-sided proof net, such as we have introduced above, is transformed
into a one-sided proof net, such as those of [26], in the following manner:

The source tree s(A) is now conceived as being tied to F—A (see §2.6), and
the semicircles in Gf are called axiom links.
There are one-sided proof nets in [26] which are not obtained in this

manner from our two-sided proof nets. For example, proof nets like
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These proof nets are not tied to the category PN, but to the arrows of SA/,
or SA’ whose source is T and whose target is an object of PN. We cover
only one-sided proof nets corresponding to the sequents - —A, B, but this
is not an essential departure from the format of [26].

Composition, i.e. cut, of our two-sided proof nets is reduced to compo-

sition in Br in the following manner:

s(A)
Gf )
“B) s(A)
Gf
Gy

s(B)
t(O)

Gg

¢(C)

where

GB GB

is transformed into a strip of semicircles



§7.1.  Proof nets and proof-net categories 117

GB GB

called cut links. So applying cut to one-sided proof nets also reduces to
composition in Br.

One-sided proof nets serve to answer the question whether a given for-
mula is provable in the multiplicative fragment of linear logic without propo-
sitional constants. (This question can also be answered, with apparently
not more difficulty, by using standard sequent tools.) Formulated in terms
of two-sided proof nets and categories, this is the question whether for a
given type A F B there is an arrow of this type. We call this the theorem-
hood problem. A variant of the theoremhood problem, which we call the
graph-theoremhood problem, is the problem whether for a given type A+ B
and a given arrow ¢: GA = GB of Br there is an arrow f: A - B such that
Gf = ¢. Proof nets may serve to solve also this problem (which is of lesser
complexity than the general theoremhood problem) for the categories PN
and PN™. Both the general and the graph-theoremhood problem can be
understood either constructively or nonconstructively, depending on the
reading of the quantifier “there is” in the formulation of these problems.
When only one ¢ respects A and B (and this is the case when A+ B is
diversified; i.e., when each letter occurs in it exactly twice), then solving
the general theoremhood problem for A - B reduces to solving the graph-
theoremhood problem.

Proof nets are connected more remotely with the question whether two
arrow terms f and g of the same type A+ B stand for the same arrow.
To answer this latter question, which makes what we call the commuting
problem, we do not need s(A) and ¢(B). One could say that in that context
s(A) and t(B) are irrelevant material. As our PN Coherence shows, it is
enough to check whether Gf is equal to Gg to answer this question: PN
Coherence solves the commuting problem for the category PIN.

The theoremhood problem for the category PN is solved by the acyclic-
ity and connectedness conditions of proof nets (see [13]; another condition,

equivalent to these two, may be found in [26]). A switching is a graph
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obtained from a proof structure by erasing for each pair of dotted edges
growing in the same direction out of a common node one of these edges.
A proof structure is called acyclic when each of its switchings is an acyclic
graph, and it is called connected when each of its switchings is a connected
graph.

It follows from [13] that a proof structure is acyclic and connected iff
it is a proof net. Acyclicity implies Lemma 3 of §2.4, while connectedness
implies Lemma 4 of §2.4. When we pass from PN to the category MPN of
§6.2, so that in proof nets Gf arises out of an arrow f of MPN instead of
PN, then connectedness is rejected and acyclicity is kept only. A solution
of the theoremhood problem for PN and MPN yields a solution of this
problem for the categories PN and MPN .

As far as we know, a definition of the category PN of §2.2, and of the
general notion of proof-net category, has first been given in this study. This
is an equational definition. The same applies to the category PN. (It is
not clear whether the non-equationally defined star-autonomous categories
without units of [35] amount to our proof-net categories; the authors of [27]
conjecture that their definition is equivalent to ours.) Related categories
with the units T and | have, however, been defined previously. These
are either the symmetric linearly distributive categories with negation of
[11], or the star-autonomous categories of [1] or [2] (see §3.8 for these two
notions). Results that might be interpreted as coherence theorems for these
categories with respect to proof nets, instead of the category Br, are stated
in [11] and [6]. To these papers should be added as the most recent [24],
[25] and [34], which are contemporaneous with our work.

In all these papers the categories envisaged have the units, and coher-
ence in our sense with the units is not forthcoming (cf. §4.3). It is not clear
how the results of [24], which are about proof nets with T and L, overcome
the difficulties brought in by adding T and | to PN, of which the authors
of [6] are aware. Another approach for overcoming these difficulties may be
found in [34].

These papers do not state that proof nets bring in irrelevant material
for the study of the commuting problem, though this may be gathered from
[5] (which we have considered in §1.1). It is not even clear whether these

papers are oriented towards solving the commuting problem, rather than
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some form of the theoremhood problem, or perhaps another problem.

We were clearly oriented towards solving the commuting problem, and
our coherence results with respect to Br do that. Equality of arrows in Br
is decidable in an elementary way, and the commuting problem is hence de-
cidable in an elementary way in every category for which we have coherence
with respect to Br.

Our approach differs also in style from these other papers. We have
strived to present proofs as complete as possible. We do rely on previous
results, but they may all be found exposed in detail in [22]. We find that
proofs in the papers cited above can hardly qualify as complete. Sometimes,
as in [5], the equations for the categories are not even stated, and have to
be guessed. In [24] and [34], the previous results of [5] and [6] are not taken
for granted, but other proofs are supplied.

If it is claimed that the category PN, though it has not been previously
defined equationally, has been defined by coherence, then we are in the
situation that we have described at the end of §1.1. For us, as for Mac
Lane, coherence is not built into the definition, but it is a theorem.

We would also not be satisfied with defining the category PN as the
full subcategory on the objects of PN of the free symmetric linearly dis-
tributive category with negation (i.e. of the category SA’ of §3.8). That
PN is such a subcategory is for us a theorem, which we prove in §4.3, and

is not built into the definition.

87.2. Proof nets in general proof theory

Natural deduction is sometimes presented as being more practical than
sequent systems because it involves less writing, less copying. Sequent
systems note explicitly undischarged hypotheses, and keep copying them.
Here is, for example, a proof of the dissociativity principle, corresponding

to the type of d, 4., in natural deduction format and in sequent format:

e

pAgq '
qVvr (pAg)Vr (pAq)V?"1

(pAq) VT
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pEp qbgq
p,gqEDAg rkr
pgE(pAg VT rE(@Ag VT

p,qVrE(@AqVr

The natural deduction proof involves 8 formulae, while the sequent proof
involves 17 of them.

This advantage of natural deduction over sequents vanishes when we
reach the standpoint of general proof theory, where we are interested in
proofs and not in provability (see [15]). From that standpoint, it is not
correct to say that a proof in natural deduction is a tree whose nodes are
formulae. This is not precise enough. One should not forget about the rules
used for building the trees, and in particular about the very important rules
for discharging hypotheses in the leaves of the trees. We had such a rule
in our example with disjunction elimination, and we noted the discharging
with the label 1. It is more correct to say that a proof in natural deduction
is the building of a tree. The tree itself provides just an incomplete record
of this building, part of the information. Rules, i.e. operations (usually
partial), for making proofs are not explicit in the tree, and we are very
much interested in these operations. We want to see the operations, and
do not want to keep guessing about them. We want to see how proofs are
inductively built.

In general proof theory one studies inference rules, i.e. operations for
building proofs, as in arithmetic one studies operations on natural numbers.
A language for arithmetic in which operations would not be explicitly noted
could hardly be suitable.

Complete information about proofs in natural deduction is obtained by
introducing codes for proofs, in a notation usually inspired by the lambda

calculus (following ideas of Curry and Howard). In our example we have

T:p Y:q
(x,y):pAgq zir
u:q\Vr M, y): (pAg) Vr Pzi(pAq)Vr

dy,-(u, ! (x,y), L2Z) :(pAg) VT
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where d, . is a ternary partial operation binding y and z. The tree of
formulae contains now just the record of the types of the subterms of the
term that codes the proof. This term, rather than the tree of formulae,
stands for the proof.

We can incorporate the information about types in the term itself so
that the tree of formulae disappears—or, rather, becomes implicit in the
tree of the term:

5yq \Zr (uq\/rv Li <mp> yq> ) L;2)/\qzr) .

In the same way, complete information about the sequent proof is ob-

tained by coding. Here is a coding of the sequent proof above:

1,:pkp 1,:qbgq
AR(1,,1,):pgFpAg 1.:rkr
AL, 1) pg - (DA VT

VE(AR(1,,1y), 00 1) i pigVrE (pAg) Vr

1,.:r-(pAg)Vr

and the Gentzen term
\/L(L'rl"/\R(lp? 1(1)5 LZ/\q]'?”)7

in which the tree of sequents is implicit, is not more complicated than the

term

Oyq.zr (Ugur, L71~ (Tp,s Yq),s L;%qur)

above. (Actually, it is slightly shorter.)
The sequent proof becomes recorded with another Gentzen term when
it is modified in the style of linear logic, so that the rules for V are “multi-

plicative”, as was the rule for introducing A on the right-hand side:
]_p:p = p ]_q: q - q
/\R(lp,lq):p,ql—p/\q 1,:rkr
vL(/\R(lim 1,),1:):p,qVrEpAgr
\/R\/L(/\R(]'P? 111)7 17‘) ipygVrhk (;D A (Z) Vr

After introducing, multiplicatively, a conjunction on the left-hand side, we

obtain a Gentzen term that should be equal to the DS arrow term
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dpgr:PAN(@VT)FE(PAG) VT

When they appeared nearly twenty years ago, proof nets were adver-
tized as a new syntax bringing an economy over the sequent calculus, similar
to the economy natural deduction brings. Proof nets were said to involve
even less copying—even less “bureaucracy”. As for natural deduction, this
advantage vanishes from the standpoint of general proof theory. Unfor-
tunately, proof nets never quite reached that standpoint. For the time
being, they are approximately where natural deduction would be if typed
lambda terms were not introduced to code derivations in natural deduction.
Lambek has established in [36] a clear connection between cartesian closed
categories and natural-deduction proofs in the conjunction-implication frag-
ment of intuitionistic logic by proving an equivalence between the category
of cartesian closed categories and the category of typed lambda calculuses.
Could one obtain such a result without introducing typed lambda terms?

We would know that proof nets had reached the standpoint of general
proof theory if codes were introduced to record the building of proof nets.
Because what corresponds to a proof is not a proof net, but rather the
building of a proof net. We want to see the operations for building proofs.
If such codes were introduced, then we would see that the advantage over
sequents vanishes. For example, here is a one-sided proof net corresponding
to the proof of p,gVrtk (pAq)Vr:

ﬁq r
P mgA-r (pAg)Vr

and here is a code recording its building:
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1,:—p,p 1,: q,q
Apa(1p,1g): =0, mq,p A g 1.:—r,r

Nagmr(Mpg(Lps 1g), 1)t =D, mg A=, p A g, 7
Vprgr N=g,-r (/\p,q(lpv 1q)a 1.):—p,~gA-r,(pAqg)Vr

As far as length is concerned, the term

\/p/\qm /\_‘%_‘T (/\p,q(lpv 1q)7 1r)

bears no advantage over the Gentzen term
\/R\/L(/\R(lp7 1(1)7 17“)3

which we had above. The proof net is a substitute for the tree of sequents,
which is of secondary importance in general proof theory. The term coding
the building of the proof net is not shorter than the term coding the building
of the tree of sequents. In general proof theory, these terms occupy the
centre of the stage, and not their types, which are implicit in the terms.

Proof nets do bring something more than just the types. It is as if
besides A + B we were also given an arrow ¢: GA F GB of Br that respects
A and B. From our point of view, proof nets are not really syntax. In
addition to the type, they bring something that belongs to the category
Br, which is for us a model of our syntactical categories, with respect to
which we prove completeness with our coherence theorems. Still, with a
proof net we do not yet have an analogue of an arrow term f of type A F B.
Such arrow terms, like our arrow terms of PN, are syntax for us.

In some of the early papers of categorial proof theory, and in particular
in the book [44], the types of arrow terms were more prominent than the
arrow terms, which were often not mentioned. The readers were left to
guess the arrow terms out of the types. This has serious disadvantages if
the theory is concerned with commuting diagrams of arrows, i.e. equations
between arrow terms that stand for proofs. The theory of proof nets suffered
up to now from a similar disadvantage when it was proposed as a tool for

recording equations between proofs. Again, we have to guess the syntax.
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We have to guess the terms from the proof nets, which now replace the
types.

Proponents of proof nets claim that theirs is a syntax with an advan-
tage over ordinary syntax. Terms introduce an order on the application of

operations, which is deemed unimportant. The term

Vpng,r Nag,-r (/\p’q(lp» 1q)a 1r)v

which we had above, and the term

/\ﬁ(lvﬁT \/P/\ZLT (/\P,q(lpv 111)7 17’)

stand for the same proof net, drawn above, granted that the order of appli-
cation of operations is unimportant. We can, however, introduce an equiva-
lence relation on terms, which would make equivalent these two terms, and
deal with equivalence classes of terms. This seems wiser than to relinquish
completely the use of terms, and keep guessing what the terms are. Equa-
tions between terms, or equations between equivalence classes of terms, are
more easily written down, and better understood, than equations between
objects that are not syntactical in the ordinary sense, but are some sort of
complicated graphs.

Here we touch upon deep questions. Why is it that we prefer languages
made of sequences of symbols, rather than other structures of symbols, such
as trees, or graphs of another sort (or simpler collections of symbols like
multisets or sets)? This may have to do with the fact that we speak in
time, which is one-dimensional, and not in something two-dimensional or
three-dimensional. We do write in space, but nevertheless writing keeps to a
great extent the one-dimensional organization of speech. Without that one-
dimensional organization, written language is more difficult to understand.
It is usually easier for pupils to absorb matters written on a blackboard by
following them as they are being written down, than to face a blackboard
fully filled before the lesson. This is so even when the matter on the black-
board is not one-dimensional, as in geometrical drawings. It is probably
not fortuitous that Frege’s two-dimensional notation for formulae, where
formulae are drawn as trees, has not become standard in logic. (Although
the tree structure implicit in formulae is very important, and Frege was not

mistaken to stress it.)
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We do not think, however, this is only a psychological or typographical
problem. There may be mathematical reasons to prefer ordinary syntax.
Variables are essential for the language of mathematics, and there is some-
thing in the ease with which we introduce variables for ordinary syntactical
objects, and perform substitution for these variables, in a handy and very
precise way, which seems to be lost by passing to a nonstandard syntax
of more complicated graphs. What are variables for proof nets? As an
analogue for that, one finds in the literature some sort of empty boxes with
wires going out of them, which are not particularly easy to draw or handle,
and for which the rules of substitution are not entirely explicit and precise.

A related matter is that we want syntactical notions to be decidable
in an elementary way. The notions of term, formula and derivation in a
formal system are decidable in this way in standard logic. The notion of
proof net is not decidable in an elementary way. It may require considerable
effort to recognize that a proof structure is a proof net. This is yet another
disadvantage of proof nets taken as syntax.

For these reasons, we do not believe that proofs, as syntactical objects,
should be identified with graphs like proof nets. They could perhaps be
identified with the building of these graphs, in which building the order of
application of operations would be unimportant, but we want to have these
operations recorded nevertheless, and this recording is still achieved in the
most secure way by sequences of symbols, i.e. terms.

A disadvantage of proof nets from the point of view of category theory
is that with one-sided proof nets we do not have a clear information about
the source and the target, but this can be remedied with two-sided proof
nets. Still another disadvantage is excessive flexibility, verging on impreci-
sion, when the order of formulae in proof nets is in question. If this order
is disregarded, then we lose information about the arrows of Br implicit
in proof nets, and lose a tool for solving the commuting problem. (This
order can be disregarded sometimes, with diversified types, but this has
to be justified; cf. [22], Section 3.3.) Sometimes the disadvantage of proof
nets consists in bringing in irrelevant material, as we have indicated in the
previous section, but this is when proof nets are taken as belonging to the
model rather than to syntax.

This does not mean that proof nets cannot be useful for some purposes
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in general proof theory. They may serve to solve the graph-theoremhood
problem for proof-net categories (see the preceding section). They have
merit too for having attracted attention to coherence questions in logic,
though they were not alone in doing that (interest in the generality of
proofs has as much, if not more, merit; see [15] or [22], Sections 1.3-4),
and though coherence may be, and usually is, proved without appealing to
them, as this was done in [22] and in this work. (We appealed to proof
nets only once, to decide a question of theoremhood in the proof of SA°
Coherence in §4.3, but this was not indispensable; we could have used a
sequent system, or ordinary model-theoretical tools.)

In some circles at the border of logic and theoretical computer science,
the belief is still spread with much enthusiasm that proof nets are an in-
dispensable tool. We do not call into question here the role proof nets may
play outside general proof theory. We have examined only to a certain

extent what they brought up to now to this particular region of logic.
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p letter, 10

p-—p-p Lemma, 29

—p-p-—p Lemma, 30
— arrow, 50, 55, 59

7% arrow, 50, 55, 59

(rm) equation, 51

@ arrow, 96

(¢yF) equation, 96

(¢vG) equation, 96

(¢vJ) equation, 97

(¢vK) equation, 97
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(¢vL) equation, 96

(¢ nat) equation, 96

PN category, 26

PN Coherence, 40

PN equations, 13

PN ' category, 12

PN Coherence, 23

PNZ, | category, 59

PNZ, | Coherence, 61

positive occurrence of letter, 114

p-¢-r Lemma, 25

primitive arrow term, 50

primitive arrow terms, 10, 12, 46, 49,
66, 67

primitive Gentzen terms, 72

proof net, 115

proof structure, 114

proof-net category, 16

proper A-context, 72

proper V-context, 72

proper ¢ -context, 72

pure arrow term, 39

Purification Lemma, 39

Pythagoras, 2

q letter, 10

r letter, 10

r rank, 80

arrow, 34

arrow, 34

arrow, 35

arrow, 35

arrow, 86

, 86

5 arrow, 86

rank of a cut, 80
Reidemeister, K., 5
Rel category, 18, 19
replete subcategory, 49
respect (arrow respects), 114
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s arrow, 93

s source, 17

s source tree, 114
S category, 96

b arrow, 13

(f) dinat) equation, 42
(EAJ nat) equation, 14
sy arrow, 14

3 arrow, 13, 26, 55, 68
XVI—cup bijection, 39
Evl-factor, 38
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) equation, 13

inat) equation, 42

S

at) equation, 13
arrow, 13
A/) equation, 13
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dinat) equation, 42
arrow, 47

arrow, 47

arrow, 51

o+ arrow, 51

SA category, 49

SA’ category, 50
SA’, category, 67
SA; category, 66
SA” category, 84
SA” Coherence, 84
SA® category, 84

SA® Coherence, 84
Seely, R.A.G., 4
self-adjunction, 96
sequences of symbols, 124
Set category, 53, 54
sinuosity, 22

SMC category, 46
SMCF€ category, 49
SMCF€ Coherence, 49
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solid edges, 114

source cluster, 80

source tree, 114

split equivalence, 17

split relation, 17

star-autonomous category, 50, 66, 104

star-autonomous category of the mix
kind, 112

stem index, 13

stem-increasing equations, 26

straightening a sinuosity, 22

superficial subformula, 78

switching, 117

symmetric linearly distributive cate-
gory with negation, 68

symmetric monoidal closed category,
46

t target, 17

t target tree, 113

7 arrow, 74

(7 nat) equation, 75

7 arrow, 74

(7 nat) equation, 75

7L arrow, 68

O arrow, 27

target cluster, 80

target tree, 113

theoremhood problem, 117

tied occurrences of letter, 23

tied subformulae, 108

top Gentzen operations T and T,
73

top propositional constant T, 46

topmost cut, 81

transversal, 17

triangular equations, 96

trivial involutive adjunction, 99

trivial self-adjunction, 97

turnstile F, 10

two-sided proof net, 115

type, 10
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upper parameter, 78

X context, 107

X A-context, 72

= arrow, 14

¢ connective, 10

¢ -context, 72

¢ -nice formula, 86

¢ -superficial subformula, 78
(¢ 1) equation, 11

(¢ 2) equation, 11

é arrow, 14, 27

£ Permutation Lemma, 28, 110
é/ arrow, 14

é arrow, 14, 27

=-Permutation Lemma, 29, 111

arrow, 14
arrow, 14, 27

¢
(2 nat) equation, 14

Y context, 107
Y V-context, 72
v~ arrow, 49, 62
v arrow, 49, 62
(vv) equation, 50

Z context, 107



