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FOREWORD 

1 do not intend to write here of S. PresiC's results in mathematics. There is 
а glimpse of his achievments in the papers that follow. 1 would like to present а 
personal side of ту relationship with Ыт. 

1 met Ыт for the first time in 1966 when 1 was а pupil of the Belgrade Math­
ematical Gimnasium. Не was teaching to some other class but the news about 
Ыт сате to те quickly. 'Не is different' was the unanimous opinion. And indeed 
ће was. It was not just his lectures (although the best Ьу far in ош Gimnasium) 
that тме Ыт different. Не also knew how to listen to us - 17 years old novices 
in mathematics. Не had а way of treating us as his younger colleagues without 
intimidating us with а depth of his knowledge or his quick mind. 

It was the same during ту studies at the University of Belgrade. Не was also 
the опе to review ту first research papers, to support ту promotions, to supervise 
ту masters studies. If ever 1 ћм а mathematical father - ће is the опе. With 
everything that this implies: adoration and admiration, quarels and cooperation, 
learning and maturing, growing up and getting free. Finally, there is а respect and 
а recognition that it is а privilege to Ье his student and а coauthor of joint papers. 

There is а similar story that апу author of а paper from this booklet сan tell. 
You сan find а hint of it in the papers Ьу Z. Mijajlovic and 1. Stavrev. So it 
was only natural that the idea of а Conference celebrating his 65th birthday met 
with unanimous agreement. Official support, Ьу the Mathematical Faculty of the 
University of Belgrade and the Mathematical Institute of the Serbian Academy of 
Sciences and Arts, was assured as ће ћав а life-Iong successfull involvement with 
both institutions. 

Although the present booklet is not coextensive with the talks delivered during 
the Conference, it is certainly based оп them. 

Тће booklet consists of three parts. First, there are invited papers giving an 
overview of S. PresiC's results in general or in some particular mathematical disci­
рНпе. Z. Mijajlovic in his article writes about S. PresiC's life and work in mathe­
matics, particularly in mathematicallogic. М. Kapetanovic presents his results in 
computer science and artificial inteligence, emphasizing his extension of logic pro­
gramming to anу set of clauses, which need not Ье Ноrn clauses. reviewes his early 
work оп functional equations including the profound idea of reproductive solutions 
of equations. Тће reproductivity is also the тюп theme of D. BankoviC's paper 
which deals with systems of equations оп both Boolean algebras and finite sets. 
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6 FOREWORD 

Тће subject of the pa.per Ьу G. Milovanovic js S. PresiC's contribution to numerical 
factorization of polynomials. А striking new theory, пuшеrical problem expressed in 
а first order formula over а {=, <} with equalities restricted to sеgшепts, so called 
ш-М calculus, is presented Ьу V. Kovacevic-VujCic. There are тanу applications of 
т-М calculus: solving systems of equations and inequalities, finding n-dimensional 
integrals, solving problems of constrained and uпсопstlЋiпеd optimization, min­
mах problems, problems from interval mаtћешаtics, finding functions satisfying а 
given ш-М condition (functional condition, difference or differential equation) and 
шanу others. Lj. Ciric writes оп опе of the first generalizations of the fixed point 
thеоrеш of S. Вапасћ, found Ьу S. Presic. This part concludes with the article Ьу 
S. Vujic оп the role of S. Presic јп education - at alllevels - from the primary to 
the university. Conclusion is that ће is the most deserving for the introduction and 
dеvеlоршепt of several шоdеrп mathematical disciplines in Serbia. 

Next, there are research papers, not necessarily connected to his work, but in 
the fields ће was familiar with. 

Finally, there are several appendices: 
1. а list of his books and papers (ир to 2001), 
2. ап impression of him as а teacher - given Ьу the опе of his students, 
3. the list of PhD's supervised Ьу hiш and 
4. the list of reviewers of papers suЬшittеd for this booklet. 

Professor S. Presic retired in 2000 but. works furiously as ever. Не is giving 
talks at various occasions and writing books оп different (mostly mathematical) 
subjects. Let us mention just а series of books оп the borderline of matllematics 
and methodology of scientific research under а соттоп title: 'Misaona vidjenja' 
('Mind frames'). 

Editor 





ON ТНЕ SCIENTIFIC WORK 
OF SLAVISA в. PRESI<J 

Zarko Mijajlovic 

Slavisa В. Presic was born in 1933 in Kragujevac. In early childhood he experi­
enced the hard days of the German occupation. S. Presic опсе said ab6ut that period 
of his life: 

1 remember the ЬопјЬ1е time оЕ the Second World War, but еуеп today 
the behaviour оЕ ту teacher Mateja Veljkovic Ьав the effect оЕ spiritua1light. 
When it was the hardest, when the German troops were јп front оЕ Sta1ingrad, 
Ье encouraged us and cheered us ир, and at the end оЕ schoollessons we would 
sing led Ьу Ыт "Let's sing with love to St. Sava". 
Не finished grammar school in Kragujevac in 1952, ав а distinguished pupil. Of 

schoolteachers the greatest influence оп him had Vitaly Hvorostansky, а strict, but 
very good teacher of mathematics. In 1957 S. Presic graduated the Mathematics 
faculty of Belgrade University. Immediately after the graduation, ће Ьесате the as­
sistant of Professor Dragoljub Markovic who had great merits for introducing modern 
algebra at the Mathematical Department. Very soon Professor Markovic allowed his 
young and talented assistant to read lectures оп "algebra. After Professor MarkoviC's 
death in 1965, the Chair of Algebra was founded and S. Presic Ьесате the head of 
the Chair continuing to Ье in charge of ever since that time. At the beginning of 
seventies Prof. Presic introduced in undergraduate studies а course of mathematical 
logic, and since then the Chair carries the пате "the Chair of AIgebra and Logic". 

S. Presic has never paid too тисћ attention to institutional and authoritative 
approach to science. Let us grasp Professor S. PresiC's approach to science Ьу putting 
it into the following context. Today we understand that "Scientific Revolution" took 
place in Europe when free thinkers began to doubt the then existing doctrines of nat­
ural philosophy, which the Church strictly adhered to. The doubt found its reflection 
in the statement that the accepted dogmas did not have а rational confirmation, 
and that the belief in them was mainly based оп the authority of the Fathers of 
the Church. At the saтe time free thinkers challenged and questioned these doc­
trines. These challenges resulted in the traditional dichotomy between the rational 
knowledge, оп the опе hand, and religious belief as ап irrational dogma, оп the other. 

As а response to this, free thinkers were punished. Giordano Bruno was burnt, 
and Galilei was taken to the Inquisition court. Fortunately, things like that по longer 
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happen in science, though we are witness to the fact that people are burnt or punished 
for other, equally irrational, reasons. 

About sixty years ago Bertrand Russell observed that there appeared indications 
that natural sciences were becoming а religion based оп belief without reservation, 
wћich јБ iпсоmраtiblе with а rational standpoint. Really, four hundred years after 
the Ьеgiппiпg of the Scientific Revolution the belief in scientific doctrines was still 
based, in шапу cases, оп the authority of distinguished scientists. 1t is а fact that 
today scientific ргоfеssiопаlism, solidarity, institution and rules are given priority over 
iпdерепdепt tћinking, сопfiгшаtiоп of truth and critical attitude. Expert evaluation 
and tћinking јБ dошiпапt оп every level, fгош the local to the global, fгош elementary 
Бсћооl to the world fашоus research institutions iп establisћing the value and the 
truth. It probably шust Ье БО, but mаthешаtiсiапs are reaHy fortunate, ЬесаиБе 
mаthешаtiсs јБ, Ьу its very nature, the purest science јп tћis respect. However, the 
ћistory of шаthешаtics teaches иБ that evaluatioI1 of шаthешаticаl results шау Ье а 
relative matter. А healthy doubt and а reasonable ашоuпt of dissatisfaction with the 
present state of affairs are the main types of шоtivе power for all changes, including 
those јп Бсјепсе. 

1 ћауе every right to say that these particular qualities distinguish prof"essor S. 
Presic, wћich ће ћiшsеlf ешрhasizеd оп several occasions. Не wrote опсе: 

Ever в1псе 1 was а Пttlе Ьоу 1 have Ьееп а "doubting ТЬотав", that 
1в, 1 have a1ways Ьееп 1ncHned to d1scover а shadow оЕ prejudice, too muсЬ 
hablt оЕ thought, а гоutiпе 1п a1most every thing, which, when eHminated, 
made ту m1nd move farther, вее better, and sошеtimеs discover sошеthiпg 
a1together new. 
ТћеБе distinctive features fогш the basis of Slavisa PresiC's entire work: ћis 

researcll, ћiB bookii, шопоgгарћs, ћiБ риЫјс speeches, по matter where they were 
made - at scientific conferences, expert шееtiпgs or popular talks. 1n ћiБ scientific 
рареГБ aI1d books we often соте across completely new ideas and original ways of 
solving шаthеmаtiсаl ргоblешs. Маthешаtics, as weH as other шоdеrn БсјепсеБ, is 
c11aracterized Ьу а complicated and сошрlех language. Even а good шаthеmаtician 
finds it diffi.cult to adequately present ћiБ results to the gеI1егаlшаthешаtical риЫјс, 
аБ tћe mајп ideas often гешaiп ћidden under the ћеауу garment of technicalities 
and formalities. S. PresiC's language јБ clear and direct. НјБ риblјс Бреесћев and 
discussions are гешешЬегеd not only thanks to the picturesque and vital language 
with the help of wћich ће iшmеdiаtеlу presents to the audience the essence of sоше 
mathematical ргоblеш or theory, but also thanks to ћiБ open сгiticisш, а сгiticisш 
without а сошргошisе, of sошеtћiпg that јБ not valid јп шаthешаtics. Оп висћ 

occasions the audience never гешаiпеd indifferent. Тће discussion would Ьесоше 
heated, with sharp гешагks and plenty of епthusiаsш. His opponents used to stay 
after the lecture "to вее the шаttег through", and they often left with their opinion 
changed or at least less convinced that their point of view was right. 

Professor S. Presic's шаthешаticаl interests and research are universal and very 
extensive. НiБ 50 articles and 10 books deal with а large number of шаthеmаtical 
disciplines. Тћеу are algebra, logic, пuшегical analysis, the theory of functional 
equations, and the theory of equations јп general. 1n the past 10 years ће has 
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Ьееп doing intensive 1"esea1"ch in the field of compute1" science, whe1"e Ье is especially 
interested in the subject of artificial inteIligence. Нis papers are written in Frencll, 
English and German. 

ТЬе first decade of his research is remarkable f01" а great number of published 
scientific papers, five of which were printed Ьу C.R. Acad. Sci.. Later, besides 
scientific papel"s, ће published several books: three university textbooks, опе of which 
was written together ,,'ith Marica Presic, and five monographs, опе of which ,,'as 
written with Marica Presic, and two - with а group of authors. From the very 
start of his research work Ье was co-operative and ready to collaborate. Thus, about 
one fourtћ of his papers was written together with other authors, ош well-known 
mathematicians. Тћеу are D. Dokovic, D. MitrinoviC, Р. Vasic, М. Marjanovic, Z. 
Ivkovic, В. Zaric, Ј. Petric and М. Presic. 

ТЬе main distinctive feature of his works is their interdisciplinary cllaracter апд 
close connection with other branches of mathematics. ТЬиэ, for example, if the vюrk 
deals witћ tћe solution of functional equations, the metllOds are not simple manip­
ulations with formulas, but include tlle application of group theory, linear algebra, 
Boolean algebra and matћematical logic. If а certain problem from the theory of 
algebraic equations is analyzed, like, for example, tћe evaluation of а polynomial 
root or factorization proыm,' here the methods from analysis, numerical апаlуsis, 
the number theory are likely to Ье used. If а logic problem is considered, it is never 
studied in isolation, but iп the light of the possible applications. Sometimes tћe ар­
plication refers to the еquаtiоп theory, оп other occasions - to computer sсiепсе or 
algebra. 

Апоthеr specific feature of S. PresiC's works is originality and witnesses. ТЬе 0-

riginality has iп several cases resulted iп completely llew methods and theories. One 
of the main examples of this kind is the reproductivity theory as one of the rare uni­
versal methods iп sоlviпg gепеrаl equations. ТЬе reproductivity method showed its 
ћ-uitfulпеss iп the theory of fuпсtiопаl еquаtiопs, Вооlеап algebras and finite struc­
tures. ТЬе method is iпсludеd iпtо world famous monographs dеаliпg witћ fuпсtiопаl 
equations theory and Вооlеап algebras (М. Kuczma, S. Rudeanu). Anotћer example 
is the metllOd of solving а system of real equations, known as М-т calculus. S. PreSic 
developed this theory at the end of the eighties and at the beginning of the niIleties. 
ТЬе method is аррНсаЫе to а wide class of equation systems, iIlcluding all equations 
of the algebraic type and many classes of trапsсепdепtаl equations. Iп principle, the 
solving procedure is based оп ехhаustiоп method, and uses specific features of func­
tions of Ьоuпdеd variation. ТЬе idea of the method consists јп ехhаustiпg subsets 
of the domains which do not contain а solution, so that what is left over in the limit 
is the solutions of the system. ТЬе тајп advantage of the method is not only its 
universal character, but also the fact that with the help of the method it is possible 
to determine all the roots of the given system in the аssigпеddотаiп. Тће domain 
сан Ье described with the complicated cOl1ditions such as formulas of the first order 
predicate calculus. ТЬе third example, taken from the field of artificial il1telligence, 
is а PL-prover - ап algorithm for ап automated proving of theorems. Hel"€ we deal 
with а case of extension of Prolog algorithm. Namely, а standard procedure јп Pro­
log, which is based оп the properties of the Horn formulas, is extended оп arbitrary 
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formulas of the propositional type. 
This does not exhaust аН the themes of S. PresiC's scientific opus. Among his 

works we shall find papers оп subjects dealing with universal algebra, fixed point 
theory, theory of quasigroups and their foundations. Тће results of his research were 
cited Ьу the world leading authorities in various mathematical disciplines, such as 
Р.М. Соћп in universal algebra, S. Rudeanu in Boolean algebra, and М. Kuczma 
in functional equations theory. Јп our country а large number of mathematicians 
study and develop S. PresiC's results in their research papers, books, MSc and PhD 
theses. We have every right to say that professor S. Presic belongs to the narrow 
circle of our mathematicians who influenced considerably the development of modern 
mathematics in this country. 

А greater part of Slavisa PresiC's scientific achievement was made in the field of 
algebra and logic. Let us present some of his most important works in this field. 

Опе part of them deals with the polynomial theory. Thus his work [25] is соп­
cerned with the PhD thesis (defended in Paris) of S. Zervos, а Greek mathematician. 
Јп the thesis Zervos proves а general and significant inequality of the upper limit of а 
real polynomial root. Тће results of A.L. Саисћу, Р. Montel, Е. Landau, Ј .L. Jensen, 
D. Markovic could Ье made for the chosen values of the inequality parameter. Јп his 
paper S. Presic derived Zervos's result from опе natural lemma оп опе page only, 
thus shortening the original proof тanу times. Тће work сап Ье said to belong to 
the field of polynomial geometry, which concerns itself with the arrangement of the 
zero polynomial in а complex-valued plane as well as оп а real Нпе. It should Ье 
mentioned that Mihailo Petrovic had significant results in this field. Academician 
Miodrag Tomic said опсе that the polynomial geometry is probably PetroviC's most 
significant field јп which his greatest achievement was made. It is probably under his 
influence that several outstanding Serbian mathematicians (D. Markovic, М. Tomic, 
Ј. Karamata, В. Baisanski, S. Raljevic) did research in this field and had significan­
t and valuable results. S. PresiC's work in some way completes the long-standing 
tradition of this discipline in this country, as there are practica11y по more papers 
published оп this theme. S. PresiC's several works оп polynomial theory deal with the 
factorization of polynomials [18, 22, 42]. Тће first two papers give а procedure of а 
polynomial factorization оп the polynomial of а given degree, so that in case of linear 
factors ап iterative model for а simultaneous determination of а11 polynomial roots 
could Ье obtained. In the third paper the following very interesting idea is intro­
duced. For а given polynomial Р(х) with integer coefficients, а good natural number 
М is found, so that the problem of factorization of polynomial Р(х) is reduced to 
the problem of factorization of the number р(М). 

Тће paper [33] belongs to the field of universal algebras. Namely, the discussion 
here is concerned with the so-cal1ed quasi-algebras, which, thanks to their properties, 
Ьесоте а natural instrument in implementing various significant constructions, such 
as free algebras constructions, in solving word problems, as wel1 as different problems 
connected with embedding of structures. Ву the use of quasi-algebra аН these соп­
structions obtain the saтe form: they are reduced to the solution of appropriate term 
systems of equations so that positive diagraтs would naturally appear at the end as а 
solution. It should Ье mentioned here that S. Presic is the first mathematician in this 
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country to оссиру himself with universal algebra. Нis results had а response in the 
world, ће was cited, for example, Ьу Р. М. Cohn. Moreover, ће introduced this and 
some other related fields such as тodel theory, for example, as part of the curricull.!-m 
for full-tiтe and post-graduate studies of algebra at the faculty of Natural Science 
and Matheтatics of Belgrade University, which brought the curriculum up-to-date. 

Тће third part of algebra papers refers to the application of the reproductivity 
idea to solving equations in algebraic structures. S. Presic has published about 15 
articles оп this theтe. As professor Bankovic and professor Rudeanu will dwell оп 
these results, 1 shall only say that the most fruitful domain for the application of this 
idea is represented Ьу Boolean algebras. Naтely, S. Presic observed that the property 
of reproductivity could Ье expressed iп the language of Boolean algebras, and that 
thanks to it the conditions of existence and the description of general solutions of 
equations over these structures are easily established. Unexpectedly а unique theory 
was discovered, which united а great number of separate results obtained Ьу Schr6der, 
Lowenheim and others. S. Presic uses the same тethod successfully and elegantly in 
the case of other algebraic stl'uctures such as а тatrix ring, with the application in 
determining а generalized inverse; semigroups; in solving functional equations, etc. 
This idea is developed Ьу the great number of authors: D. Bankovic, S. Rudeanu, 
.Ј. Keckic, М. Presic, М. Bozic, S. МШС, В. АНтрјс, А. Krapez, Z. МјјаЛоујс and 
others. 

Professor S. Presic llas concerned himself with mathematicallogic and its appli­
cations for already 35 years. 1t is rather difficult and risky to interpret а person's 
work in the presence of the person, especially if that person is your professor. 

То avoid this 1 shall use а roundabout way and say а few words about our old 
mathematician Bogdan Gavrilovic. 1n his academic talk оп the problem of infinity in 
mathematics in 1926 he says: "Mathematics cannot tell us: space is infinite; it cannot 
tel1 us that space is finite, either." Gavrilovic actual1y thinks that in mathematics 
the most important thing is deтonstration or ртооЈ, and that thus obtained truths do 
not in the least predict the nature of space, in spite of the fact that they are starting 
assumptions. 1n that sense GavriloviC's point of view is close to Hilbert's forma1istic 
approach, according to which infinity is а useful fiction that can Ье easily eliтinated. 
This approach is also apparent when Gavrilovic says оп some other occasion: "We 
can think whatever we like about axioms; we can say that they are just а convention, 
а pri01'i judgements; we can accept some of them, and reject others, but when they 
are accepted, what develops from them must Ье logically correct." 

One part of S. PresiC's papers оп mathematicallogic is of а theoretical character. 
Тћеу mainly deal with algebraization oflogical theories. Thus in work [30] it is proved 
that апу formal theory can Ье in а definite way reformulated into an equational 
theory. 1n another paper [32], for one class of propositional calculus а corresponding 
class of algebras is introduced, and then а necessary and sufficient condition is found 
for the appropriate algebra to Ье adequate for the given propositional calculus. Ву 
adequacy we mean that for the considered pair 'algebra - propositional calculus' а 
completeness theorem holds. 

А certain part of other works refers to the application of logic in other branches of 
mathematics. An example of that kind is the cited М-т calculus. 1t is interesting to 
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note that besides the author himself, а. Berkeley Uniyersity publication [46] classifies 
the monograph as а paper оп logic. 

S. Presic a1so wrote seyera1 books 011 10gic. The best-known and blghly influ­
entia1 book of that kind in ош country is probably "Mathematica1 10gic" from the 
"Mathematica1 1ibrary" edition, which has been used at ош uniyersities for already 
30 years. Another reason that makes the work remarkable is the fact that for the 
first time in ош country 10gic is presented as а mathematica1 discipline. Soon after 
the publication of the book and thanks to S. PresiC's persol1al engagement and in­
fluence 10gic was introduced as а specia1 discipline into mathematics curriculum at 
ош uniyersities, while at secondary schools 10gic as а subject was tral1sferred frorn 
the philosophy subject group to the group of mathematica1 subjects. This was the 
actual recognition of 10gic as а mathematical discipline in ош country. 

ln some of his books S. Presic intensiyely studied the problem of foundation. 
Let us mention оне work of that kind, а volumiHous monograph "Real numbers" 
published in 1985. In it S. PreSic creates the structure of real numbers in an original 
way, as wel1 as discusses many other aspects connected with this, probably the most 
important, mathematical structure, like, for example, algebraic properties and the 
problem of solying algebra.ic equations. 

This does not complete S. PresiC's activities in logic. We must first of аН men­
tion а seminar оп mathema.tical logic, wblch is regularly held Ьу the Mathematical 
lnstitute of the Serbian Academy of Sciences and Arts, and wblch was founded Ьу 
S. Presic 35 years ago. This is the oldest seminar of the Mathematical Institute, and 
dozens of mathematicians from the former and present Yugoslavia took pal"t in its 
wark. It is wal"th mentioning that Prafessor Duro Кшера was а constant and active 
member af the seminar ир ta the end af his Ше. The chranicles af the Mathematical 
Institute say that amang the guests af this seminar were the most praminent lagi­
cians and mathematicial1s af ather fields af specializatian fram all over the world: L. 
Henkin, Ј. Keisler, А.У. Arhangelski, М. Magidar, Т. Jech, К. Devlin, Van Benthem, 
S. Negrepantis, А. Dragalin, .... Within the limits ofthe seminar program numerous 
specialized courses were held, which embraced almast all disciplines of mathematical 
logic. Every MSc or PhD candidate that specialized in logic and algebra had to 
report his main results at the seminar before the formal defense of а MSc or PhD 
thesis. About ten members of the seminar, the farmer students of professor S. Presic 
or students of his students, are HOW respectable professors at well-known universities 
in the USA, Canada, France. Let us also mel1tion that more than ten PhD theses 
and about 20 MSc theses were defended ul1der professor S. Presic's supervision. Тће 
Рше and Applied Logic Society was formed as а division of the seminar. Today 
professor S. Presic is one of the most active members of the seminar and its spiritual 
leader. 

S.B. Presic fathered three sons and has six grandchildren. 



WORK OF SLAVISA PRESIC 
IN ARTIFICIAL INTELLIGENCE 

М. Kapetanovic 

81avisa Presic got interested in computers mainly for practical reasons. In 1985 
he began to work оп bls т - М -calculus (it took him 11 years to finish it!). Не 
himself describes it as 'logical numerics' and iп апу саве it contains, among other 
things, а la.rge number of numerical algorithms. It happened so that the same 
year he visited New York. There he stayed for а year using the opportllnity to 
work in the Сошапt 1nstitute where 11е had an access to complltel"S of the kind 
existing at the time. Then he used а little Commodore as well as the ulliversity 
mainframe and got acquainted with most of the well known programming languages. 
Besides practical programming techniques 8. Presic learned L18P and Prolog, and 
immediately realized the sigпifiсапсе of symbolic lапguаgеs for artificial iпtеlligепсе 
(though he appreciates qualities of С as well). АН this brought а сопsidеrа.blе cllange 
in his views оп mathematics: from those days оп the art of dеsigп апd analysis of 
algorithms, algorithтics as he calls it, has Ьееп сопstапtlу а subject of his interest. 
80 he studied and discovered some fundamental algorithms (not USllally found in 
the standard literature) concerning programming languages, trees and databases. 
1п that context his interest in Prolog сате as по sшрrisе. First, problems сап Ье 
expressed in Prolog in elegant and relatively short way and second, more important, 
being а logician, 8. Presic must have liked the fact that the theoretical basis of 
Prolog is а fragment of the first order logic, known as Horn logic. 

As ап introduction to 8. PresiC's presentation and use of Prolog let us give а 
very short overview of the main ideas and concepts underlying the development of 
Prolog. Опе of the original motivations was to build а declarative progralllming 
language, i.e. а user friendly language requiring from а programmer only to define 
the problem correctly stating the conditions, while Prolog would take tћe wllole 
Ьшdеп of solving, using its own algorithm. Tbls turned out to Ье too optilllistic, 
"too good to Ье true", but nevertheless а пеw discipline was born and that was 
logic prograттing. Altћougll the field expanded very fast, Prolog remaills at its 
heart. 

As already mentioned, the syntax of Prolog is based оп the so called Horn 
clauses. These are universal сlоsшеs of the first order formulas of the form А1 Л 

15 
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.. . лАn -t В, where аН Ai аБ weH as В are atomic. Special саБеБ are also important: 
when аН A i are missing, logic programmers talk of В as facts, while the clauses 
with ..L in place of В are goals. Оп the dynamic side there is а built-in algorithm 
consisting of unification, resolution and backtracking. 

Unlike Боте other mathematicians Sla.visa Presic enjoys talking about problems 
ће is currently working оп and enjoys teaching in general. When ће got involved 
with Prolog it was natural that ће should share his enthusiasm with his students 
and coHeagues. АБ а result а book appeared under the name PROLOG, Relational 
language, quite а long text of more than 300 pages. Тће book represents а careful 
introduction to essential features of Prolog, with many details and worked examples. 
In order to stress Боте syntactical aspects S. Presic in fact compared three Prologs: 
Micro Prolog (whose syntax owes тисћ to LISP), LPA Prolog and Arity Prolog 
with its, now widely accepted, Edinburgh syntax. We are not going to review the 
whole book, but only to illustrate S. PresiC's own approach to the subject. Тће 
book comprises Боте standard parts (иБиаНу found in textbooks оп Prolog), Бисћ 
as description of syntax and Prolog predicates (even Боте most practical advice: 
how to make exe-files, for instance!), as weH аБ Боте more subtle things. ТћиБ 
there is an important separate chapter оп the Prolog algorithm, as S. Presic names 
it, and а detailed disccussion of the important, though somewhat problematic cut 
operator. There is also а chapter оп databases and their treatment in Prolog, 
but we сћООБе to Бау few more words about Chapter 7, Нот forтulas; deductive 
models. Тће reason is not only the inclination of the author of this text towards 
logic, but also the fact that these concepts do not get proper attention in books оп 
Prolog. Their fundamental importance was certainly appreciated Ьу S. Presic and 
in the саБе of propositional calculus the exposititon should not Ье too dificult even 
for а newcomer to the subject. After а brief оп truth tables and formal theories ће 
introduces propositional Horn formulas and defines the central notion of deductive 
model. Тће point is that although any consistent theory ћаБ а model, the more 
is true about Horn theories: they ћауе the least model! More precisely, if 1i is а 
consistent Horn theory (meaning that аН of its axioms are Horn formulas, modus 
ponens is the only rule of inference and ..L is not deducible), set v(P) = Т exactly 
for those propositional variables р for which 1i 1- р. Then not only v F= Н, but аН 
these р remain true in any model of Н. S. Presic proves this and БнррНеБ examples 
to clarify the proof. Тће whole idea can Ье presented in а more general setting 
and this is also done in the book. Тће idea can Ье explained Ьу examining the 
nature of Prolog itself. Although it is seen as а relational programming language 
(аБ the subtitle of the book suggests), what we ћауе is in fact computation done 
Ьу term manipulation. This brings иБ to term models, structures whose universe, 
also known as Herbrand universe, consists of аН constant terms of а given first 
order language. For Horn clause theories we can now repeat the аЬоуе definition 
of deductive model, where instead of propositional variables we take аН atomic. 
sentences () Бисћ that 1i 1- () and they induce the relations among terms in the 
intended term model. This тау Ье beyond comprehension of а general reader and 
to overcome that S. Presic not only offers examples of model construction but also 
finds а close link with Prolog. Namely if а Prolog computation (displayed as а 
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tree) terminates with an answer В, we can erase аН unsuccessful branches and get 
what S. Presic caHs 'shortened Prolog proof' of В. This in turn can Ье transformed 
into а Horn logic proof of В. Let us end with one thing noticeable throughout tћe 
book and typical for S. Presic: his relentless efforts to establish original Serbian 
terminology in the field. 

This overview of S. PresiC's book should help us understand his later concern 
with logic programming. With аВ its depth and elegance Prolog could not satisfy 
S. Presic completely. Although accclaimed as based оп logic, Prolog programs тау 
well Ье "illogical", such as the following one: 

а: - Ь,с. 

Ь: - с. 
с: - а. 

а: - d. 
d: - е. 

е. 

Now the question ? - d leads to the positive answer, due to the presence of the 
clauses d : - е and е in the database, but the question ? - а forces Prolog into an 
infinite loop, although these two clauses together with а : - d suggest that а holds. 
Of course it is the ordering of clauses that causes trouble in this case. Dissatisfied 
with these peculiarities S. Presic decided to prevent such things happen Ьу setting 
ир а пеw forтal system which we here reproduce from [2]. It consists of the 
following four rules: 

(Rl) .1', 1.f-1. +- f- Т 
(R2) .1', Фl (Р), Ф2(Р), . .. f- Р +- .1', Ф1 (1.), Ф2(1.), ... f-1. 

.1',Ф1(Р),Ф2(Р), ... f-..,p +- .1',Фl(Т),Ф2(Т), ... f-1. 
(RЗ) .1',P1 v ···Pk f-1.+- .1'f- "'Р1,··· ,.1'f- "'Pk 
(R4) .1', Т f- А +- .1' f- А 

Here .1' is an arbitrary set of clauses, Pi are literals, "'Pi their duals ("''''Pi are 
identified with Pi) and А is а literal or 1. . For this system S. Presic proves соm­
pleteness: .1' f- 'ljJ iff .1' 1= Ф, where 'ljJ is а literal or 1. . Then he goes оп to describe 
а Prolog-like algorithm (extracted from the proof), named Ьу him PL, with the 
following main features: 

• PL applies to arbitrary clauses, not just Нот clauses; 
• the procedure always terminates аnа if it is applied to а Нот clause program, 

the usual Prolog algorithm appears as а special case; 
• the priority is given to so саllеа relevant clauses. 

Rather than going into details, we shaH foHow S. PresiC's style and motivate the 
procedure using the аЬоуе program as an example, asking again if а is а consequence 
of the program. Тranslated into the clause form the problem reads: 

а v ..,Ь v ..,с, Ь V ..,с, с V ..,а, а V ..,d, d V "'е, е f- а. 

Now we could replace а Ьу 1., and use (R2) and (R4), but we will turn that into the 
foHowing computation rule: erase all ocurrences of the literal а and erase аН clauses 
in which "'а appears. Moreover, саВ the clauses in which а occurred relevant and 
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push them to the left (or to the top if we look at this sequence as а stack). Tћis 
results in the following seqent: 

(1) -,Ь V -'С, -,d, Ь v -'С, d v -,е, е 1-- ..1. 

Hel'e relevant clauses are underlined and the priority is given to the lеftшоst clause. 
Ву (R3) our task is reduced to the following two: 

(2) 

(3) 

-,d, Ь V -'С, d V -,е, е 1-- Ь 

-,d, Ь V -'С, d V -,е, е 1-- с 

Тћеп Ьу tlle аЬоуе rule (2) is transformed into 

-'С, -,d, d V -,е, е 1-- ..1 . 

Notice that -'С is now given ћigller priority tћап -,d. Ву (R3) we llave 

-,d, d V -,е, е 1-- с. 

We could now follow tћe same procedure but observing tllat с llas по оссипепсе 
in the llypotheses, we decide to give ир proving Ь (as well as the other conjunct с) 
and backtrack to the next relevant сlапsе -,d instead. This time we sпссееd as the 
following sеqпепсе shows. 

(4) -,d, Ь V -'С, d V -,е, е 1-- ..1 

(5) Ь V -,с, d V -,е, е 1-- d 

(6) -,е, Ь V -,с, е 1-- ..1 

(7) Ь V -'С, е 1-- е 

(8) Ь V -'С, ..1 1-- ..1 

(9) 1-- Т. 

The clause (4) is obtained from (1) Ьу erasing -,Ь V -'С, (5) and (7) follow Ьу (R3) 
and (6) and (8) Ьу the computation гпlе formulated above. Finally (9) follows from 
(8) Ьу (R1) proving that а indeed is а consequence of the program. 

It is natural to try to extend this approach to the more general case of predicate 
formulas and S. Presic showed how this сопld Ье carried out. As ап illustration 
consider the program 

fЗ(f(Х» а(Х) 
а(а) fЗ(а) 
а(Ь) 

and ask whether ? - fЗ(У) сап Ье satisfied. Here а, fЗ are unary predicate symbols, 
ј is а unary operational symbol, а, Ь are сощtапts and Х, У free iпdividпаl vari­
ables. Our aim is to find а "solution" for У, i.e. а term t from Herbrand universe 
{а,Ь,ј(а),Ј(Ь), ... } such that fЗ(t) follows from the program. То achieve that we' 
need а пеw ingredient, unijication о! terms. Тransforming our problem into the 
clause form 

fЗ(f(Х)) V ~а(Х), а(а) V ~fЗ(а), а(Ь) 1- fЗ(У) 
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we observe that the only chance to apply the computation rule is to make јЗ(ј(Х» 
and ,в(У) equal. This is done Ьу unifying ј(Х) with У, јп this сме simply Ьу 
assigning У := ј(Х), Doing that we have 

ООою:(Х) , а(а) v .... јЗ(а), а(Ь), јЗ(ј(Z» V .... a(Z) f-.1 . 

Notice another novelty: since јЗ(ј(Х» v .... а(Х) is а universal formllla, it shou1d Ье 
saved, so we made а fresh сору of it, renallling its free variable at the same time. 
Ву (R3) we get 

а(а) v .... јЗ(а), а(Ь), јЗ(ј(Z» V .... a(Z) f-а(Х) 

which calls for another unification. We first try to unify а(Х) with а(а) putting 
Х := а which gives us 

.... јЗ(а) , а(Ь), јЗ(ј(Z» V .... a(Z) f-.1 . 

Ву (R3) again we have 

а(Ь), јЗ(ј(Z» v .... a(Z) f- јЗ(а). 

We realize now that јЗ(а) cannot unify with јЗ(ј(Z», so we are forced, and this 
is ап important point, to backtrack to the place where Х got its value, annul that 
assignment and try tlle next clause which is а(Ь). The new value Х := Ь gives us 

а(а) v .... јЗ(а), .1, јЗ(ј(Z» V .... a(Z) f-.1, 

and Ьу (Rl) this is а Sllccess. Moreover, combining the substitutions У := ЛХ) 
and Х := Ь we get tlle required solution У = ј(Ь). 

Witћ this sketcћ we end our survey of s. Presis's contributions to the field and 
we would like to do it with а personal impression: S. PresiC's work is fa.r frolll 
finished. Нis abilities and wide interests leave по doubt that ће will pursue ћis 
researcll with as mисћ enthusiasm. 
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CONTRIBUTION OF PROFESSOR S.B. PRESI<S 
ТО FUNCTIONAL EQUATIONS 

I Jovan D. Keckicl 

О. Introduction 

Functional equations were the mшп field of interest of Professor S.B. Presic 
at the beginning of his career. Нis work оп functional equations led him to the 
discovery of what might Ье called "the theory of reproductivity" (see, e.g. [22]). 
In this survey we shall Ье chiefly concerned with the results obtained in papers 
[1]-[16] which are listed chronologically. 

These papers сап Ье divided into two distinct groups according to the two types 
of considered equations. Namely, suppose that т variables appear in а functional 
equation for unknown functions Л, ... , ik in nl, ... , nk variables, respectively, and 
let п = min(nl"" ,nk)' If п < т, we say that the equation is of type 1; such 
equations are treated extensively in monograph [23]. If п = т we say that the 
equation is of type 2; some such equations are treated in monograph [24]. It сап Ье 
argued that it is "easier" to solve ап equation of type 1 than an equation of type 2. 

Papers [1], [3], [4], [5], [6], [10], [11] comprise the first group and are devoted to 
some equations of type 1 for functions in two variables. The seven papers from this 
group were published in а short interval, from 1960 tШ 1963; with the exception 
of [1], they were all written jointly with other authors and the methods used were 
more or less standard: giving certain va.riables fixed values. 

Оп the other hand, papers from the second group, that is to say papers [2], [7], 
[8], [9], [12], [13], [14], [15], [16] were devoted to rather general classes of equations 
of type 2. With the exception of [16], these papers were not co-authored and the 
basic method usedwas highly original. 

1. Equations of type 1 

The so-called translation equation 

(1.1) ји(х, у), z) = f(х, у + z) 



CONTRIВUTION ТО FUNCTIONAL EQUATIONS 21 

was solved in [1] оп the set S ofthose funetions Ј: с2 -+ С whieh have the property: 
for апу х, t Е С the equation Ј(х, у) = t has unique solution for у. It was proved 
that the general solution of (1.1) оп the set S is given Ьу 

f(x,y) = g-1(g(Х) +у), 

where 9 is ап arbitrary eomplex funetion having its inverse funetion g-1. 
Тће equation 

т+n 

(1.2) L Ci
-

1 Fi (X1 + Х2 + ... + Хт, Хт+! + Хт+2 + ... + хт+n ) = О 
i=1 

where ћ: R 2 -+ R and where С is the еуеНе operator defined Ьу 

is the subjeet of paper [3]. It was proved that the general eontinuous solution of 
(1.2) is given Ьу: 

ћ(х, у) = (nх - my)f(x + у) + gi(X + у) (i=1,2, ... ,т+n-1) 
т+n-1 

Fm+n(x, у) = (nх - ту)Ј(х + у) - L gi(X + у), 
i=1 

where Ј: R -+ R and gi: R -+ R are arbitrary eontinuous funetions. 
Тће remaining five papers from this group were eoneerned with the real equa­

tion 

(1.3) F(Х1,Х2,ХЗ, ... ,Хт-1,хт)+F(Х1,ХЗ,Х4, ... ,Хт,Х2)+··· 

+F(X1,Xm,X2, ... ,Хт-2,Хт-1) = о. 

Тће equation (1.3) with m = 2n was eonsidered in [4], [5] and [10]. In those papers 
F is made to depend ироп the unknown funetion Ј in two variables. We give the 
forms of the funetion F and the general solutions of the eorresponding equations, 
where g, h: R -+ R always denote arbitrary funetions. 

Paper [4]: 

where п ~ 2, 1 ~ k ~ п - 1. Тће general solution is: 

(1.4) f(u,v) = { g(u)h(v) - g(v)h(u) for п = 2 
h(v) - h(u) for п> 2 
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Paper [5]: 
п 

Р(Х1,Х2, ... ,Х2n) = LJ(X2k-1,Х2k), 
k=1 

where п ~ 2. Тће general solution is: 

J(u,v) = { 90(U)h(V) - g(v)h(u) for п = 2 
for п > 2. 

Paper [10]: Two forms of F were considered, namely 

Р(Х1,Х2, ... ,Х2n) = (tJ(X2i-l,Х2i)) (.t f(Xk+i,Xk+2n+l-i)) , 
~=1 ~=k+l 

where п ~ 2; 1 ~ k ~ п - 1 and 

Р(Х1, Х2,· .. Х2n) = Аn-2 Ј(Х1, Х2)ЛХn+1, Хn+2) 
п-з 

+ Ј(Х1' Х2) L Аi(f(Хi+З, Xi+4) + f( x2n-1-i, X2n-i)), 
i=O 

where ~~:оз = о for п < 3. 
It was proved that in both cases the general solution of the соrrеsропdiпg 

equation (1.3) is given Ьу (1.4). 
For п = 2 аН the equations considered in [4], [5] and [10] reduce to 

(1.5) f(xt,Х2)Ј(ХЗ,Х4) + Ј(Х1,Хз)f(Х4,Х2) + Ј(Х1,Х4)f(Х2,Хз) = о 

and hence they сап Ье taken to Ье various gепегаlizаtiопs of the equation (1.5). 
Some тоге equations which have the same general solutions as the equation (1.5), 
that is to say 

(1.6) Ј(u, v) = g(u)h(v) - g(y)h(u) (у, h arbitrary) 

were constructed in [6]. First, it was shown that (1.6) is the general solution of the 
equation 
(1.7) 

ЛХ1, Х2 + хз)Ј(Х4 + Х5, Х6 + Х7) + Ј(Х1'ХЗ + Х4)ЛХ5 + Х6, Х7 + Х2) 
+ ЛХ1, Х4 + Х5)ЛХ6 + Х7, Х2 + Хз) + Ј(Х1,Х5 + Х6)Ј(Х7 + Х2, Хз + Х4) 
+ Ј(Х1' Х6 + Х7 )Ј(Х2 + ХЗ, Х4 + Х5) + Ј(Хl' Х7 + Х2)Ј(хз + Х4, Х5 + Х6) = о. 

When the equation (1.7) is generalized to 

(1.8) 

Ј (Х1 ,r.p(X2, Хз)) Ј (r.p(X4, Х5), 'Р(Х6, Х7 )) 

+ ЛХ1, r.p(хз, Х4))Л 'Р(Х5, Х6), 'Р(Х7, Х2)) 
+ Ј(Х1, 'Р(Х4, Х5) )Ј( 'Р(Х6, Х7), 'Р(Х2, ХЗ)) 
+ Ј (Х1, 'Р(Х5, Х6) )Ј( 'Р(Х7, Х2), r.p(Хз, Х4)) 
+ Ј (Х1' 'Р(Х6, Х7)) Ј( 'Р(Х2, хз), 'Р(Х4, Х5)) 
+ Ј(Х1' 'Р(Х7, Х2))Ј( r.p(хз, Х4), 'Р(Х5, Х6)) = о, 
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where 'р: R2 -+ R is а given function, then (1.6) is again its solution, but it need 
not Ье general, as shown Ьу the example when t.p(u,v) = u - v, in which case the 
particular solution f(u, v) = и cannot Ье obtained from (1.6). However, if there 
exists а real number а such that 

(1.9) 'Р(х, а) = 'Р(а, х) = х for аН х Е R, 

then the general solution of (1.8) is given Ьу (1.6). Besides 'Р(и, v) = u + v, there 
are other examples of the function t.p satisfying (1.9); e.g. 

'Р(и, v) = uv, 'Р(и, v) = и + v + uv, 
u+v 

'Р(и, v) = 1 + uv2' etc. 

А further extension from [6] is provided Ьу tlle equation (1.3) where m = Зk+ 1 
and 

ј(и1, и2, из,··· ,UЗk, UЗk+1) = 
ј(и1, 'Р(и2, из,··· 'Uk+1»j(t.p(Uk+2' ... ,U2kH), 'Р(и2Н2, ... ,UЗkН», 

which for k = 1, 'Р(и) = u reduces to (1.5). Again (1.6) is а solution of the 
corresponding equation, and it is general if there exists а real number а such that 

'Р( и, а, а, ... ,а) = 'Р( а, и, а, ... ,а) = ... = 'Р( а, а, а, ... ,и) = u 

for аН и Е R. 
FinaHy, the equation (1.2) with 

F(и1,U2,UЗ, ... ,иn-1,иn) 

f(U1, У1 (и2, из,· .. ,UkH»{J(g2(Uk+2, иk+З,· .. ,Uk+lH), gз(иНН2, ... ,иn» 

+ ј(gз, (иН2, иk+З,··· ,иНтН), 92 (Uk+m+2 , ... ,иn»} 

ј(щ, 92(и2, uз,· .. ,Щ+1»{Ј(У1 (Щ+2, и!+з,· .. ,Uk+lн),9З(Uk+l+2, ... ,иn» 

+ ј(9З, (и!+2, и!+з,· .. ,и!+тН), 92 (и!+т+2 , ... ,иn»)} 

f(Щ,9З(U2, из,··· ,umH»{f(91(Um +2' ит+з,··· ,иНтН),92(Щ+т+2, ... ,иn » 

+ f(9з, (ит+2, ит+з,·· . ,и!+тН), 91 (UI+m+2, . .. ,иn»} 

(k+l+m+l=n) 

was considered in [11]. It was shown that if there exists an а Е R висћ that 

t.pi(U, а, ... ,а) = t.pi(a, и, а, ... ,а) = ... = t.pi(a, а, ... ,а, и) = и, 

for i = 1,2,3 and аН и Е R then (1.6) is the general solution of the equation in 
question. 

АН the papers from this group are mentioned in Aczel's monograph [23]. 
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2. Equations of type 2 

Let Е and S Ье nonempty sets and suppose that 9 is а bijection of Е. The 
equation 

(2.1) l(х) = l(g(x)) 

for the unknown function ~: S -t Е was considered in [2]. 
The basic idea underlying the original method app1ied in this paper led its 

author, S.B. Presic, to other important resu1ts and so we shal1 devote somewhat 
more space to it. 

Јп order to fix ideas, let Е = RЗ, S = R, х = (Хl,Х2,ХЗ), g(Хl,Х2,ХЗ) = 
(Х2,ХЗ,Хl), Then 

g2(XI,Х2,ХЗ) = g(g(Хl,Х2,ХЗ)) = g(Х2,Хз,Хl) = (ХЗ,Хl'Х2)' 
gЗ(Хl,Х2'ХЗ) = g(g2(Хl,Х2,ХЗ)) = g(ХЗ,Хl,Х2) = (Хl,Х2,ХЗ), 

i.e. gЗ = i, the identity mapping. The equation (2.1) becomes 

(2.2) 

and пот (2.2) we obtain 

which, together with (2.2) imp1ies 

(2.3) 

ј(Хl,Х2,ХЗ) = I(Хl,Х2,ХЗ), 
ј(Хl,Х2,ХЗ) = I(Х2,ХЗ,ХI), 

I(Хl,Х2,ХЗ) = ј(ХЗ,Хl,Х2), 

Adding ир the equations (2.3) we get 

(2.4) 
1 

I(Хl,Х2,ХЗ) = з(Ј(Х1'Х2'ХЗ) + ј(Х2,ХЗ,Хl) + I(ХЗ'Хl'Х2))' 

Clearly, the equations (2.2) and (2.4) are equivalent, but (2.4) has а special 
property. N атеlу, if we replace the unknown function 1 : RЗ -t R оп the right 
hand side of (2.4) Ьу ап arbitrary function П : RЗ -t R we obtain the formula 

(2.5) 
1 

I(Хl, Х2, хз) = з (п(хl' Х2, хз) + П(Х2, хз, хl) + П(хз, хl, Х2)) 

which represents the general solution of the equation (2.2). 
Indeed, it is easily verified that the function 1 defined Ьу (2.5) satisfies (2.2) for 

arbitrary П. Conversely, if 10 is а solution of (2.2) then 10 satisfies the equations 
(2.3) and setting П = 10 into (2.5) we get: I(Хl,Х2,ХЗ) = fo(Хl,Х2,ХЗ)' 
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Consider now the equation (2.2) where the unknown function f maps SЗ into 
S, where S is any nonempty set. As before, from (2.2) foHows (2.3), but now we 
cannot simply "add ир" those equations. We are now working оп arbitrary sets 
and the only tools we have are those of set theory. 

So, from (2.3) we derive 

{f(Хl,Х2,ХЗ), f(XI,Х2,ХЗ), f(Хl,Х2,хз)} 

= {Ј(Хl,Х2,ХЗ), f(Х2,ХЗ,Хl), f(ХЗ'Хl'Х2)}, 

that is to say 

Ву the Axiom of Choice, there exists а mapping М : P(S) ~ S, such that а 
singleton is mapped into its element, ј.е. М{u} = и, for аН и Е S. Applying М to 
(2.6) we get 

(2.7) f(Хl,Х2,ХЗ) = М{Ј(Хl,Х2,ХЗ), f(Х2,ХЗ,Хl), f(ХЗ,Хl,Х2)} 

Тће equations (2.2) and (2.7) are equivalent, but the equation (2.7) has the same 
special property as the equation (2.5). Namely when we replace the unknown 
function f оп the right hand side of (2.7) Ьу an arbitrary function П : S3 ~ S, we 
obtain the general solution 

of the equation (2.2). 
We now return to the equation (2.1), where 9 : Е ~ Е is а given bijection and 

f : Е ~ S is the unknown function. Ргот (2.1) we obtain as consequences, the 
foHowing equations 

f(х) = f(gV(x» (v Е Z) 

which imply 

(2.8) {Ј(х)} = U {J(gV(x»)}. 
vEZ 

Let М : P(S) -t S have the property: М {и} = и for и Е S. Applying М to (2.8) 
we get 

(2.9) ј(х) = м U {J(gV(x»)} 
vEZ 

and the equation (2.9), which is equivalent to (2.1), shares the same special property 
with the equations (2.4) and (2.7). Indeed, the general solution of (2.1) is given Ьу 

(2.10) ј(х) = м U {П(gV(х»} 
vEZ 
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where П : Е -7 S is arbitrary. 
ТЬе general solution (2.10) of (2.1) was obtained јп [2] and various particular 

examples were also displayed. 
ТЬе Иеа which led to the solution of (2.1) was applied јп [7] to а very general 

equation, namely 

(2.11) f(x) = Н(х, f(x), f(8 2x», ... ,ј(8n (х» 

where 81,82, ... ,8n are given mappings of а nonempty set Е into itself (81 јБ 
the identity mapping), the function Н: Е х ВN -7 В, where S is another nonempty 
set, is also given, whereas ј : Е -7 S јБ unknown. 

Denote Ьу G the semigroup generated Ьу 81,82, ... ,8n . ТЬе general solution 
of the equation (2.11) сan Ье obtained if опе of its consequences is ап equation of 
the form 

ј(х) = Ф(х, f(x), ј((ђ(Х», ... , f((1k(X») 

where (11, •.• ,(1k Е G and the function ј determined Ьу 

(2.12) f(x) = ф(Х,П(Х),П((11(Х»' ... ,П((1k(Х») 

satisfies (2.11) for апу function П : Е -7 В. In that саБе the general solution of 
(2.11) is given Ьу (2.12). 

ТЬе equation (2.11) is БО general that we cannot expect to Ье аЫе to write 
down its general solution effectively. Јп connection with this equation Kuczma 
wrote in ЫБ survey рарег [25]: 

"А way to оыајп the general solution оЕ equation (2.11) Ьав Ьееп indicated 
јп S. РгеШс [7]" 

and in his later monograph [24, р. 244]: 

"We sha11 not endeavour to give а coпstruction оЕ the genera1 solution оЕ 
equation (2.11); ап attempt to do this тау Ье found јп S. РгеШс [7]" 

However, if the equation (2.11) is Нпеаг a.nd if G is а. finite group, the general 
solution сап effectively Ье obtained. This was done Ьу S. Presic in papers [8], [9] 
and [14]. We shall describe here how S. Presic in [8] and [9] solved the equation 

(2.13) (8 i x = 8 i (x», 

where а; are given functions mapping а. nonempty set G into а field F of charac­
teristic О, the given functions 8 ; : S -7 S form а group G of order п (81 is the 
identity mapping) and the function ј : S -7 F is unknown. ТЬе method of solving 
(2.13) which foHows was caHed Ьу Kuczma [24, р. 268] "an elegant method given. 
Ьу S. Presic" and Ье devoted some four pages of his monograph to it. 

Since 81, ... ,8n form а group of order п, then for аН i,j = 1, ... ,П we have 

(2.14) (l:::;р:::;n) 
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and the index Р = Pi} is unambiguously defined Ьу (2.14). If we replace х Ьу 0 ix 
(i = 1, ... ,п) in (2.13) we obtain the system of equations which has tlle matrix 
form 

(2.15) А(х)Р(х) = о 

where А(х) = Ilaij(x)lInxn, aij(x) = ak(8ix) with Pki = ј, and F(x) јв tћe опе­
соlumп matrix 

F(x) = 11J(91x) ... j(0nx)IIT
. 

S. Presic looked fol' the genel-al sоlutiоп of (2.13) il1 the form 

(2.16) F(x) = Б(х)Ф(х), 
where Б(х) = Ilbij(x)llnxn, Ф(х) = IIЩ0iх), ... ,П(8nх)IIТ and П : S -+ F is 
агЫtгагу. 

In general, the expressions obtained trom (2.16) for f(0 i x) are contradictory. 
If they аге поt, the matr-ix Б(х) is said to Ье compatible with the group G. S. 
PIesic first pl'oved the follovling lemma. 

Let the matrices M k = liafjll, wЬеге 1 S; i,j, k S; п Ье dеfiпеd Ьу at = 1 if 
ј = Pik апd afj = О if ј f. Pik. Then а sufficient condition for the compatibility of 
Б(х) witЬ the group G is given Ьу 

(х Е Вј i = 1, оо. ,п). 

Не then constructed а matl'ix Б(х) which has tћe following two pr'opel'ties: 

(ћ) А.(х)Б(х)А(х) + А(х) = О for аН х Е S; 

(Р2 ) Б(х) is compatible with the group а. 

ТЬе construction runs as follows. Let т(х) Ье the rank of А(х). ТЬе matrix А.(х) 
саn Ье wl'itten in the form А(х) = P(x)D(x)Q(x), where Р(х) and Q(x) are regular 
for аН х Е В, while D(x) is а diagonal matrix with 1's апd O's ol1the diagonal, tlle 
nuшЬег of 1'8 being equal to т(х). Now, if we put 

(2.17) 

(2.18) 

Бо(х) = _Q(X)-l D(x)p(x)-l 

1 п 

Б(х) = - L:: м;l Бо(0kХ)Мk (х Е В), 
п 

k=l 

then it can Ье verified that the matrix Б(х) defined Ьу (2.17) and (2.18) has the 
pl'operties (ћ) and (Р2 ). 

Now the general solution of the equation (2.13) is given Ьу 

п(х) 
П(82х) = (Б(х)А(х) + 1) 
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where Б(х) has properties (ћ) and (Р2 ), I is the unit тatrix, and П: S -+ F is 
arbitrary. 

This тeans that the general solution of (2.13) has the forт 

where the coefficients Ci(X) are deterтined Ьу the given functions ai(x) and П is 
arbitrary. 

S. Presic later generalized this result to nonhoтogeneous linear equation 

(2.19) 

where ai, 0 ; and ј are as before and g: S -+ F is а given function. Namely, in [14] 
ће proved that: 

(i) If Б(х) is а тatrix with the properties (Pl ) and (Р2 ), the equation (2.19) 
has а solution if and only if 

(2.20) 

(н) If the equality (2.20) is true, the general solution of (2.19) is given Ьу 

ј(х) g(x) П(х) 
ј(02х) g(02x) П(02х) = -Б(х) + (Б(х)А(х) + I) 

where П: S -+ F is an arbitrary function. 
We now"return to the equation (2.2), where ј: R3 -+ R is the unknown function 

and to the equation (2.4) which is equivalent to it. Denote, as usual, the set of аН 
functions which тар R3 into R Ьу R(R

3
), and let :;:: R(R

3
) -+ R(R

3
) Ье defined Ьу 

Then it is easily verified that 

i.e. that :;:2 = :;: for аН ј Е R(R
3

). 

In other words, the equation (2.2) is equivalent to the equation 

where :;:2 = :;:, and its general solution is given Ьу 
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where П: R3 -t R (or П Е R(R
3
» is arbitrary. 

Similarly, it сап Ье shown that the тatrix equation (2.15) is equivalent to the 
equation 

F(x) = :FF(x), 

where the operator :F which тарБ the set of п х 1 matrices into itself is defined Ьу 

:FF(x) = (Б(х)А(х) + I)F(x) 

and Б(х) is ап п х п тatrix with the properties (Р1 ) and (Р2 ). It is easily shown 
that :F2 = :F and the general solution of (2.15) is given Ьу 

F(x) = :FП(х), 

where П is ап arbitrary п х 1 matrix. 
Оп the basis of the аЬоуе facts S. Presic proved in [12] the following simple, 

but far-reaching theoreт: 
Suppose that ј maps а nonempty set S into itself and that р = ј, i.e. 

ји(х» = ј(х) for аll х Е В. Тће general solution of the equation in х: 

(2.21) х=ј(х) 

is given Ьу х = ј(П), where П Е S is arbitrary. 
Тће equation (2.21), with Р = ј, is ca11ed а reproductive equation. S. Presic 

also proved in [12] that for апу equation in х 

х = g(x), 

which ћав at least опе solution, there exists а reproductive equation which is equiv­
alent to it. 

Тће тethod of reproductivity сап Ье applied not only to functional equations 
(as S. Presic essentially did in [2], [8], [9] and [14]) but to equations in general. 
Indeed, in [12] S. Presic used reproductive equations to solve а class of linear 
matrix equations and а system of Boolean equations. Various authors followed S. 
Presic and applied the reproductivity тethod to various kinds of equations. For 
instance, the present author applied reproductivity to Боте matrix, integral and 
differential equations. Тће work of S.B. Presic оп reproductive equations will Ье 
surveyed in а separate paper. Nevertheless, we sha11 briefly comтent the papers 
[13] and [15] where the idea of reproductivity is implicitly used. 

Let Е1 and Е2 Ье noneтpty sets and let Е = Е1 Х в; where п Е N. Suppose 
that the тappings 81, ... , 8 n : Е1 -t Е1 form а group G of order п (81 is the 
identity тapping) and suppose that Ј maps the set Е into the set {Т, ..L}. Тће 
so-ca11ed general gr..oup equation 

(2.22) Ј(х, f(x), ј(82Х), ... , f(8 n x» = т 
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where !: Е1 -+ Е2 is the unknown function is solved in [15]. The special case 
when G is а сусНс group is treated in the previous paper [13]. We describe the 
construction of the gепеlЋI solution of (2.22). 

The equation (2.22) is clearly equivalent to the system (conjunction) 
п 

k=l 

which will simply Ье denoted Ьу 

(2.23) 

S. Presic first showed in [15] that (2.22) has а solution if and only if for any х Е Е1 
there exist и~, ... ,и~ Е Е2 such that 

C(x,и~, ... ,и~). 

Н Х Е Е1 , denote 0 ix Ьу Xi Е Е1 and f(0 i0 jx) Ьу Uij E'~ (i, ј = 1, ... ,п). 
Then it is easily seen that the conjunction (2.23) has the following property 

(2.24) 

which follows from the fact that G is а group and hence that Ggi = Ggj (i,j = 
1, ... ,п). . 

Introduce the set S Ьу the following definition 

(2.25) 

Ftom the equivalences (2.24) and (2.25) it easily follows that 

(Хi,Uн, ... ,Uni) Е S {:}(Хј,Щј"" ,иnј) Е S (i,j = 1, ... ,п) 

Define the function F in the following way: 
(i) Н (Xi, ин, U2i,' .. ,Uni) Е В then 

F(Xi, ин, U2i,· .. ,Uni) = ин (i = 1,2, . " ,п). 

(ii) Н (Xi,Uli,U2i,," ,Uni) f/. В, there exists an n-tuple (u~,ug, ... ,и~) Е ЕЈ] 
such that C(x,u~,ug, ... ,и~). Then 

F(Xi, ин, U2i, . .. ,Uni) = и? (i = 1,2, ... ,п). 

ТЬе general solution of the group equation (2.22) is given Ьу 

!(Х) = F(х,П(х),П(02х), ... ,П(0nх)) 

. where the function F is defined Ьу (i) and (н) and П: Е1 -+ Е2 is arbitrary. 
АН the papers from this group considered ир to now are in а way linked Ьу the 

implicitely present idea of reproductivity. The remaining paper [16] is different. It 
contains а proof of а theorem regarding the cyclic equation 

аоf(х) + аlf(0х) + ... + аn_l!(0n- 1 х) = О 
where 0 maps а nonemtpy set S into itself and 0n (х) = Х for some п Е N, ai 
are real (or complex) numbers and !: S -+ R is unknown, originally proved in [26, 
р. 369]. The proof given in [16] is much simpler than the proof given in [26]. 
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3. Some related results 

Five more papers [17]-[21] of S.B. Presic are related to the 16 papers reviewed 
above. Some simple matrix equatiol1s were solved in [17) Ьу а method which antic­
ipates the general repl"oductive method discovered later. Papers [18Ј and [21] are 
devoted to equations оп finite sets, paper [19] is а set-theoretic discussiol1 of repro­
ductive solutions and paper [20] is concerned with the so-called algebraic functional 
equations. Those five papers wi1l Ье analysed elsewhere. 

4. Concluding remarks 

D.S. Mitrinovic (1908-1995) initiated the work оп functional equations inSer­
bia, he gave full support to younger mathematicians who wished to јојll him, and 
it сап Ье said that he founded his "school" of functional equations. А substan­
tial number of papers оп functional equations were published in Belgrade Ьу the 
members of this "school", particularly in the period 1961-1964. 

As а young тan, in 1959, S.B. Presic got in touch with D.S. Mitrinovicj the 
result of their cooperation are jointly written papers surveyed above in Section 
1. But there was а distinct difference between S. Presic and other associates of 
Mitril1ovic. 

Some 20 years ago I was asked Ьу the Mathematical Faculty of Skoplje to write 
about Mitril1oviC's contribution to functional equations. I finished ту article [27] 
Ьу the followil1g text: 

"As Professor мигјпоујс turned оуег to inequa1ities, the Belgrade production 
in fиnctiona1 equations Ьegan to decrease, so that nov,radays опlу isolated results 
аге published Етот time to time. ТЫ8 comment cannot Ье applied to В.В. РгеШс, 
whose арртоасћ to fиnctiona1 equat10ns 18 e8sent1a11y d1fferent, 80 that Ье 1s not 
геа11у а тетЬег оЕ "Mitrinovic'8 school". 

Indeed, S. Presic not only introduced new methods, but he was chiefly inter­
ested in general classes of functional as well as other equations. Нis ideas were, and 
still are, used and developed Ьу тanу mathematicians from Serbia and abroad, so 
that it сan Ье said that he started his own "school" of equations. 

Rеfегецсеs 

[1] S.B. Presic, Sur l'equation fonctionnelle de translation, Univ. Beograd, РиЫ. Еlеktгоtеlш. 
Pak. Ser. Mat. Piz. 44-48 (1960), 15-16. 

[2] S.B. PreSic, Sur l'equation fonctionnelle ј(х) = J[g(x)], Univ. Beograd, Ptlbl. Elektrotehn. 
Pak. Ser. Mat. Piz. 61-64 (1961), 29-31. 

[3] S.B. Presic, D.Z. Dokovic; Sur иnе equation fonctionnelle, Виll. Soc. Math. РЬув. Serbie 13 
(1961), 149-152. 

[4] D.S. Mitrinovic, S.B. PreSic, Sur иnе equation fonctionnelle cyclique поп lineaire, С. R. 
Acad. Sci. Paris 254 (1962), б11-бI3. 

[5Ј D.S. Mitrinovic, S.B. PreSic, Sur иnе equation fonctionnelle cyclique d'ordre superieur, ипју. 
Beograd, РиЫ. Elektrotehn. Pak. Ser. Mat. Piz. 70-76 (19б2), 1-2. 

[б] D.S. Mitrinovic, S.B. PreSic, Иnе classe d'equations fonctionnelles hoтogenes du second 
degre, ипју. Beograd, РиЫ. Elektr6tehn. Pak. Ser. Mat. Fiz. 70-76 (19б2), 3-б. 



32 KECКIC 

[7] S.B. Presic, Sur l'equation jonctiQnnelle ј(х) = Н(х, ј(х), ј(82Х),'" ,ј(8nх», Univ. Ве­
ograd, РuЫ. Elektrotehn. Fak. Ser. Mat. Fiz. 115-121 (1963), 17-20. 

[8] S.B. Prei3ic, Methode de resolution d'une classe d'equations jonctionnelles lineaires, С. R. 
Acad. Sci. Paris 257 (1963), 2224-2226. 

[9] S.B. Presic, Methode de resolution d'une classe d'equations jonctionnelles lineaires, Univ. 
Beograd, РuЫ. Elektrotehn. Fak. Ser. Mat. Fiz. 115-121 (1963), 21-28. 

[10] S.B. Presic, D.S. Mitrinovic, Р.М. Уавјс, Sur deux equations jonctionnelles cycliques поп 
lineaires, Виll. Soc. МаЉ. Рћув. Serbie 15 (1963), 3-6. 

[11] S.B. Presic, D.S. Mitrinovic, Р.М. Уавјс, Sur unе equation jonctionnelle du second degre, 
РиЫ. Inst. МаЉ. (Beograd) 3(17) (1963), 57-60. 

[12] S.B. Presic, Unе classe d'equations jonctionnelles et l'equation jonctionnelle ј2 = Ј, РиЫ. 
Inst. Math. (Beograd) 8 (22) (1968), 143-148. 

[13] S.B. Prei3ic, А тethod jor solving а class ој cyclic junctional equations, Mat. Vesnik 3(20) 
(1968), 373-377. 

[14] S.B. Presic, Methode de resolution d'une classe d'equations jonctionnelles lineaires поп ho­
тogenes, Univ. Beograd, РuЫ. Elektrotehn. Fak. Ser. Mat. Fiz. 247-273 (1969), 67-72. 

[15] S.B. Presic, Opsta grupna junkcionalna jednacina, Mat. Vesnik 7(22) (1970), 317-320. 

[16] S.B. Presic, В.М. Zaric, Sur иnе tMoreтe concernant /е сав genera/ d'equation jonctionnelle 
cyclique, /јnеајге, hoтogene et а coefficients constants, РиЫ. Inst. МаЉ. (Beograd) 11(25) 
(1971), 119-120. 

[17] S.B. Presic, Certaines equations тatricielles, Univ. Beograd, РиЫ. Elektrotehn. Fak. Ser. 
Mat. Fiz. 115-121 (1963), 31-32. 

[18] S.B. Presic, Unе тethode de reso/ution des equations dont toutes /ев solutions appartiennent 
а иn enBeтыe junј donne, С. R. АсМ. Sci. Paris 272 (1971), 654-657. 

[19] S.B. Presic, Ејn Satz uber reproduktive Losungen, РиЫ. Inst. Math. (Beograd) 14(28) (1972), 
133-136. 

[20] S.B. Prei3ic, А genera/ so/ving тethod jor оnе с/авв ој functional equations, Proceedillgs of 
the эуmрозјum n-ary structures, Macedonian Асмеmу of Sciences and Arts, Skopje 1982, 
1-9. 

[21] S.B. Presic, All reproductive so/utions ој jinite equations, РuЫ. Inst. Math. (Beograd), 
44(58) (1988). 

[22] J.D. Keckic, S.B. Prei3ic, Reproductivity - а geneml approach to equations, Facta Universitatis 
(Nis) Ser. Math. Inform. 12 (1997), 157-184. 

[23] Ј. Aczel, Lectures оп Fиnctional Equations and Their Applications, Academic Press, New 
York-London 1966. 

[24] М. Kuczma, Fиnctiona/ Equations јn а Single variaы,' ~WN, Warszawa 1968. 

[25] М. Kuczma, А survey ој the theory ој functiona/ equations, Univ. Beograd, РиЫ. Elek­
trotehn. Fak. Ser. Mat. Fiz. 130 (1964), 1-64. 

[26] М. Ghermanescu, Есиа#ј juncJionele, Editura Асмеmјеј Republicii Рорulаге Romaine, 
Bucures~i, 1960. 

[27] J.D. Keckic, Contribution ој Projessor D.S. Mitrinovic to junctional equations, In Ље book: 
Dmgoslav Mitrinovic - iivot i delo, Skopje, 1980, рр. 67-82 



S. В. РRЕfПС'S WORK 
IN REPRODUCTIVE EQUATIONS 

Dragic Bankovic 

ABSTRACT. We present three S. Presic's papers, related to the reproduc­
tive solutions of equations, and their influence to the other authors in this 
subject. In the paper [18] S. Presic initiated the study of general and re­
productive general solutions for the most general concept of equation. Не 
аlво described аН reproductive general solutions of such equation. 

In the paper [17] S. Presic considered the саве of equation over а finite 
set, оп which he introduced а certain algebraic structure. S. Preвic gave 
the formula of the reproductive general solution of this equation. 

In the paper [19] S. Preвic considered the equation over а finite set, 
where the equation waв given Ьу а term. Namely, Ье introduced а kind of 
generalization of boolean and postian equations јп one unknown. 

АН theorems in this article are either S. PresiC's or written under the 
immediate influence of S. Preвic's papers. 

Introduction 

The concept of general solution of an equation was known in various fields of 
mathematics. Schr6der [25] introduced reproductive general solutions of Boolean 
equations. Тће term "reproductive" \vas introduced Ьу L6wenheim [11]. Тће gen­
eral solutions were very extensively studied in boolean algebras. Тће first result 
within а set-theoretical framework was obtained Ьу S. Presic [16]. S. Presic in­
troduced the notion of reproductive equation [16] and ће proved that for every 
equation there exists а reproductive equation equivalent to it. Тће reproductive 
equations are of the form х = Ј(х), where the function Ј satisfies the condition 
р = Ј. In that саве the formula х = J(t) represents а reproductive general so­
lution of the equation х = Ј(х). S. Presic [18] initiated the study of generaland 
reproductive general solutions for the most general concept of equation. S. Presic 

1991 Matheтatics Subject Classification. Primary 04А05ј Secondary 03G05, 03В50. 
Кеу words and phrases. General solution, Reproductive general solution, Equation оп finite 

set. 
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[17], [19] a.lso considered finite equations and ће described аН reproductive general 
solutions of such equations. 

General equations 

S. Presic studied gel1eral solutiol1s and reproductive gel1eral solutiol1s for the 
most gel1eral equatiol1s. Namely, let r Ье а givel1 unary relation of Т i.e. r : Т -t 

{О,l}. 8. Presic cOl1sidered the equatiol1 т(х) = 1. Тће set S of the аН elemel1ts 
satisfyil1g the equatiol1 т(х) = 1 is called the solution set of т(х) = 1. Тће elemel1ts 
of S are called the solutiol1s of т(х) = 1. Тће equatiol1 т(х) = 1 is consistent if and 
only if S is not empty. We state S. PreSic's definitions of the general solution and 
reproductive general solution. 

DEFINITION 1. А general solution of а consistent equation т(х) = 1 is а func­
tion Ф : т -t Т which satisfies 

(1) (Vt)r(ф(t)) = 1 Л (Ух)(т(х) = 1 => (3t)(x = ф(t))). 

DEFINITION 2. А reproductivegeneral solution of а cOIlsistent еquаtiоп т(х) = 
1 is а function Ф : т -t Т if and only if 

(2) (Vt)r(ф(t)) = 1 Л (Vt) (r(t) = 1 => t = ф(t)). 

If r and Ф are determined Ьу formulas, we say that а formula х = ф( t) represents 
а general solution of а сопsistепt equation т(х) = 1 if and only if the condition (1) 
is fulfiHed. 8imilarly, if r and Ф are determined Ьу formulas, we say that а formula 
х = ф(t) гергеsепts а reproductive general solution of а consistent equation т(х) = 1 
if апd опlу if Ље condition (2) is fulfilled. 

LEMMA. (8. Presic [18]) А Еогmulа х = ф(t) represents а reproductive general 
solution оЕ the equation т(х) = 1 јЕ and опlу јЕ the Eollowing conditions hold: 

(Vt Е В)(т(х) = 1 => х = ф(t)) 

(Vt Е В)(т(х) = О => r(ф(t)) = 1) 

8upposing that а general solution of the equation т(х) = 1 is kпоwп, S. Presic 
gave, iп the пехt theorem, the formulas of all reproductive gепегal solutions of this 
еquаtiоп. 

ТИЕОRЕМ 1. (8. Presic [18]) Let g : Т -t Т Ье а ЕипсНоп such that the Еогmulа 
х = g(t) represents а genera1 solution оЕ т(х) = 1. А foгmulа х = f(t) , where 
f : т -t Т, represents а reproductive genera1 solution оЕ т(х) = 1 јЕ and опlу јЕ 
there exists а function h: Т -t Т such that f(t) = r(t) . t + r'(t) . g(h(t)). 

РтооЈ. х = f(t) is а reproductive general solution of т(х) = 1 
{:} (Ух Е в)и(х) = х) Л (Ух Е Т" в)и(х) Е В) 

(Lemma) 
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{::} (Ух Е S) (Ј(х) = х) Л (Ух Е Т" S)(3t Е т)и(х) = g(t)) 
(х = g(t) is а general solutioIl of т(х) = 1) 

{::} (Ух Е S) (Ј(х) = х) Л (3h : Т" $ -t Т)(Ух Е Т" S)(f(x) = g(h(x)) 
(Axiom of choice) 

{::} (3h : Т -t Т) (Ух Е т)и(х) = т(х) . х + т/(х) . g(h(x)) 
(h is ап extension of h). О 
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Using Theorem c 1 S. Presic described аН reproductive general solutions of 
boolean еqШ:1.tiоn in the set {О, 1}. Опсе S. Presic applied Horn formulas in or­
der to describe solutions of arbitrary boolean equation. This idea for the use of 
Horn seI}tences in boolean algebras was developed in [13] Ьу Z. Mijajlovic. S. 
PresiC's foHowers described the formulas of аН general reproductive and аН geneloal 
solutions оЕ the equation т(х) = 1 in certai11 ways (Theorems 2-8). 

'ТИЕОRЕМ 2. (Bozic [4]) Let 9 : Т -t Т Ье а Еuпсиоп вuсЬ that tЬе Еогmulа 
х = g(t) represents а genera1 solution оЕ т(х) = 1. А Eormula х = f(t), , wЬеге 
f : Т -t Т, represents а genera1 воluиоп оЕ т(х) = 1 if and опlу if Његе exist 
functions lt, k : Т -t Т вuсЬ tЬаt f = 9 h and 9 = 9 /1 k g. 

ТИЕОRЕМ 3. (Bozic [4]) Let 9 : Т -t Т Ье а fиnction вuсЬ that Ње Eormula 
х = g(t) represents а general solution оЕ т(х) = 1. А formula х = f(t) , wЬеге 
f : Т -t Т, represents а reproductive genera1 solution оЕт(х) = 1 јЕ and опlу if 
there exist Eunction h : Т -t Т вuсЬ that 9 = 9 h 9 and f = 9 h. 

Bozic [4] аlБО solved the functional equation 9 = 9 h g. 

ТИЕОRЕМ 4. (Rudeanll [22]) Let 9 : Т -t Т Ье а fиnction висЬ that Ње foгmulа 
х = g(t) represents а genera1 solution оЕт(х) = 1. А Еогmulа х = f(t) represents 
а reproductive genera1 solution оЕ т(х) = 1 ЈЕ and опlу јЕ thеге exists а function 
h : Т -t Т висЬ that f(T) с S and Ј = 9 h. 

ТИЕОRЕМ 5. (Rudeanu [22]) Let Ј, 9 : Т -t Т Ье fиnctions висЬ that the 
foшшlа х = g(t) represents а general solution and the formula х = f(t) represents 
а reproductive general solution оЕт(х) = 1. ТЬеп 9 = 9 Ј. 

ТИЕОRЕМ 6. (Rudeanu [22]) Let Ј, 9 : Т -t Т Ье fиnctions висЬ that the 
Еогmиlа х = g(t) represents а reproductive general solution оЕт(х) = 1, ј(Т) с S 
and f = 9 Ј. ТЬеп the formula х = f(t) represents а reproductive general solution 
оЕт(х) = 1. 

111 vie\v of Theorems 4-6, the determination of аН general solutio11s and of аН 
reproductive solutions is reduced to the solution of the functional equations f = 9 h 
and Ј = 9 Ј, respectively. This is d011e in [22]. 

ТИЕОRЕМ 7. (Bankovic [1]) Let 9 : Т -t Т Ье а fиnction висЬ that the formula 
х = g(t) represents а genera1 solution оЕ the equation т(х) = 1. ТЬе Eormula 
х = f(t), where f : Т -t Т, represents а genera1 solution оЕт(х) = 1 јЕ and опlу ЈЕ 
there exists а fиnction h : Т -t Т, вuсЬ that f = 9 h and 

(Ys Е f(T))(3x Е Т) f(h(x)) = s. 
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ТИЕОRЕМ 8. (Bankovic [1]) Let 9 : Т -t Т Ье а Еuпсиоп вuсь that the Еогmulа 
х = g(t) represents а genera1 solution оЕ the equation т(х) = 1. ТЬе foгmulа 
х = f(t), where f : т -t Т, represents а reproductive general solution оЕт(х) = 1 
јЕ and опlу јЕ there exists а fиnction h : Т -t Т вuсь that f = 9 h and 

(Ух Е В) f(h(x)) = х. 

Using theorems 7 and 8, Р. 8mith [24] got three propositions equivalent to 
the axiom of choice. Note that the иБе of the юdоm of choice in this context was 
initiated Ьу 8. Presic [18]. 

Finite equations 

8. Presic considered the саве of equation over finite set, оп vv"hich ће introduced 
а certain algebraic structure. 8. Presic gave the formula of the reproductive gelleral 
solution of this equation. Let Q = {ql, ... , qm} Ье а finite set of m elements 
and let Е (IEI > 1) Ье the set containing element о. 8. Presic considered the 
equation Ј(х) = О, where Ј : В -t Е. Let, for every q Е Q, Cq : Q -t Q Ье а 
cycle, depending оп q. Тће following notation will Ье used: C;(q) = Cq(Cq(q)), 
C:(q) = Cq(C;(q)), .... 

Let А : В х Ет-l -t В Ье the function defined in the following way: 

A(q, О, И2 , ... , Иm-1 ) = q 

A(q, иl', О, Из, ... , Иm-1 ) = Cq(q) 

A(q,Ul, ... ,щ,0,Ин2 , ... ,Иm-1 ) = C~(q) 

A(q, иl, ... , ит-2, О) = C~-2(q) 
А(q,щ, ... ,ит-l) = C~-l(q) 

where q Е В, щ, ... , ит-l, И2, ... , Иm-1 Е Е and щ =ј:. о, ... ,ит-l =ј:. о. 

ТИЕОRЕМ 9. (8. Presic [17]) If the equation Ј(х) = О јв consistent, then the 
foгmulа 

(1) х = A(t, J(t), J(Ct(t)), ... , J(C;n-2(t)) 

represents the reproductive genera1 solution оЕ the equation Ј(х) = о. 
Ртоој. Let t Ьеап arbitrary element ofQ. Ifthe equation Ј(х) = О is consistent 

then at least опе ofthe elements J(t),J(Ct(t)), ... ,J(C;n-l(t)) is equal to о. Let 
J(Cf(t)) Ье the first term, in the previous sequence, which is equal о. Тћеп х = ' 
A(t, J(t), J(Ct(t)), ... ,J(C;n-2(t))) is а solution of Ј(х) = О, Ьу the d~finition of 
the function А. 

Let х Ье а solution of the equation Ј(х) = о. If we replace, in (1), t Ьу х, we 
get А(х,О, ... ) = х. О 
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Тће function А is ca.lled "а solving function". It сап Ье determined, for in­
stance, in the following structure: 1et + and . Ье а binary operations оп the set 
Q u Е satisfying 

о . е = е . О = О . О = О, е . е = е, О . q = О, 
е· q = q, q + о = 0+ q = q, о + о = о 

(q Е Q, е is the fixed e1ement from Е, е # О). Let * : Е -t Е and - : Е -t Е Ье 
the functions defined Ьу 

* {е, 
х = 

О, 

for х = О 
for х # О 

_ {О, 
х= 

е, 

for х = О 
for х # о. 

Тће function А сап Ье determined Ьу 

A(q, U1 , ••• ,Um - 1 ) = U1 . q + и; . U2 . Cq(q) + ... 
+ и; . и;··· U;'-2 . И m-l . C';'-2(q) + и; . и;··· U;'_l . C';'-l(q) 

where 
и + V + W + ... + R = ( ... ((И + V) + W) + ... + R) 

and 
u· V . W··· R = ( ... ((И· V) . W)··· R). 

EXAMPLE. Let Q = Е = {О, 1} and + and . are тах and min, respective1y. 
Boo1ean equation 

ах + Ьх' = О, (а,Ь,х Е {0,1}) 

is consistent if and on1y if аЬ = о. Let е = 1, х* = х, х = х', со(х) = C1(x) = х'. 
Тће reproductive genera1 solution of ах + Ьх' = О is 

х = J(t) t + J(t) t (J(t) = at + bt') 

i.e. 
х = (at + bt')' + (at + Ы') t' 

i.e. 
х = a't+ Ы'. 

As the previous Examp1e shows, Theorem 9 gives the formu1a of the reproduc­
tive general solution of а given equation. 

Using the function А, с. Ghi1ezan [6] solved the re1ation Ј(х) Е D, where 
D сЕ. Тће function А was a1so used in [7]. с. Ghi1ezan considered the equation 
J(Xl' ... ,хn ) = О, where Ј: Qn -t Е. 
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ТИЕОRЕМ 10. (Ghilezan [6]) А fиncиon Ј : Qn --+ Е сап Ье written јп the 
Еотт 

L xf 9ai(Xl, . .. ,Xi-l, ХН1,· .. ,хn) + h i (Xl" .. ,Xi-l, ХН1,· .. ,хn ) 
аЕВ'{Ь} 

where Ь ј8 а fixed element from Q and 9ai, h : Qn-l --+ Е. 

In accordance with Theorem 9, the equation Ј(Хl' .. ' ,хn ) = О сап Ье written 
in the form 

т 

Lxr'9i1(X2'.'. , ... ,хn ) = О. 
i=l 

The latter equation is consistent if and only if 

т 

П9i1(Х2' ... ,хn ) = о. 
i=O 

In this way, the unknown хl is eliminated. In the similar way, using successive 
elimination, the equation Ј(Хl, ... ,хn ) = О сап Ье solved. 

S. PresiC's Theorem 9 was the motivation for the following Theorem. 

ТИЕОRЕМ 11. (М. Presic [15]) Let Ј(х) = О Ье equation оп Galoi8 field 
GP(pn) and let а Ье the generic element оЕ the cyclic group оЕ that field. If е­
quation Ј(х) = О ј8 cOn8i8tent then Ње Еоттulа 

х = t + (J(t»)p"-l + а (J(t)J(t + l»р"-l + а2 (J(t)J(t + l)J(t + 1 + a»P"-l+ 
" 3 п 4 "1 ... + аР - (J(t) J(t + 1)··· J(t + 1 + а + ... + аР - »Р -

+ (aP"-2 + В) «J(t) J(t + 1) + ... + J(t + 1 + а + ... + aP"-3»Рn

-l 

repre8ent8 the reproductive general solution оЕ Ње equation Ј(х) = О, where s = 
2 + 3е + ... + (рn _ 1) аР" -3 . 

Further study of finite equations 

S. Presic considered the equation over finite set, where the equation was given 
Ьу the term. Namely, he introduced а kind of generalization of boolean and postian 
equations in опе unknown. Let Q = {qo, ql",. ,qm} Ье а given set of m + 1 
elements. Define the operations +, . and хУ in the following way: 

+ О 
О О 

1 1 

1 
1 
1 Щi

О 1 
О О О 
1 О 1 

{ 
1, 

хУ = 
О, 

if х = у 
otherwise (х, у Е Q u {О, 1}). 
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Assuming that 

(Ух Е {О, 1} U Q)(x + О = х 1\ О + х = х 1\ х· О = О 1\ х· 1 = х 1\ 1· х = х) 

S. Presic considered the following x-equation 

(3) 

where 8i Е {О, 1}, х Е Q. The latter equation is consistent (has а solution) if and 
only if 80 . 81' .. 8т = О. Denote Ьу S the solution set of the equation (3). 

In the sequel . will Ье omitted. 
ОIlе сап prove that every equation over Q is equivalent to ап equation of the 

form 80 x qO +81 x q1 + .. '+8т x
q", = О. Note that h(x) = 80 x qo +81 x Q1 + .. '+8т x Q

", 

is Ње function which maps the set Q in the set {О, 1} i.e. h: Q --t {О, 1}. 
S. Presic introduced "the zero-set" Z(ao, . .. ,ат) of (ао, . .. ,ат) in the follow-

ing way 
qi Е Z(o, '" ,ат) ~ ai = О (i = 0,1, ... ,т). 

ТИЕОRЕМ 12. (S. Presic (19]) Let the equation 

(3) 

Ъе cOn8istent (i.e. 8081'" 8т = О). А formula х = A(t) represents а reproductive 
genera1 801ution оЕ the equat10n (3) 1Е and опlу јЕ A(t) 18 оЕ the form 

т 

(4) A(t)=:L(qk8~+ :L ћ(ао, ... ,ат)8g0 ... 8~n)tЬk. 
k=O ak#O.ao···am=O 

where Fk(ao, ... ,ат) Е Z(ao, ... ,ат). 

Proof. Let A(t) Ье of the form (4). For arbitrary t Е Q there exists k Е 
{О, 1, ... ,т} such that t = qk. If qk Е Z(80, 81, ... ,8т ), then the formula х = A(t) 
gives t = qk, because qi Е Z(80,'" ,8т ) ~ 8i = О. If qk ~ Z(80, 81,··· ,8т ), then 
the formllla х = A(t) becomes х = ћ(80,'" ,8т ). We also have Fk(so, ... ,sm) 
Е Zk(80, ... ,8т). Therefore the formula х = A(t) represents а reproductive general 
solution of (3). 

Let the formula х = A(t) represents а reproductive general sollltion of (3). If 
we write the function А as 

then {qio,qil>'" ,Qim} = Z(80,S1"" ,8т ). If qk ~ Z(So,81"" ,8т ), then we 
determine Fk(SO, 81, ... ,Sm) in the following way: 

(k = О, 1, ... ,т). 
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Since А represents а reproductive general solution of (3) we have 

Since 

and the sum 

reduces to Fk(80, 81, ... ,8т ), the function А can Ье written as 

F. ( ) ао а" )tЬk k ао,··· ,ат 80 ... 8 n . о 

Let М = {О, 1, ... ,т}). 

ТИЕОRЕМ 13. (Bankovic [2]) Let the equation 

(3) 

Ье consistent (1.е. 8081'" 8т = О). А Eormula Х = A(t) represents а general 
solution оЕ the equation (3) јЕ ал опlу јЕ there exists а permutation h : М -t М 
such that • 

where, Eor every k Е М алd every (т + l)-tuple (ао, ... ,ат) Е {О, 1}, holds 

ТИЕОRЕМ 14. (Rudeanu [23]) Let the equation 

(3) 

Ье consistent (ј.е. 8081'" 8т = О). А formula Х= A(t) represents а general 
solution оЕ the equation (3) iE ал оnlу 1Е A(t) 1s оЕ the Eorm 

т 

A(t) = L(qh(k) 8~(k) + 8h(k) Tk) tЬk 
k=O 

where h : М -t М is а permutation оЕ М алd Tk Е S (k = 0,1, ... ,т). 
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ТИЕОRЕМ 15. (Rudeanu [23]) Let the equation 

(3) 

Ье consistent (ј.е. 8081'" 8т = О). А foгmиlа х = A(t) represents а reproductive 
general solution оЕ the equatioIl (3) jf ап опlу јЕ А( t) јв оЕ the Еогm 

т 

A(t) = 2)qk 82 + 8k rk) t bk 

k=O 

where rk Е S (k = О, 1, ... ,т). 

The previous four theorems describe аН reproductive general solutions and аН 
general solutions of а finite equation, supposing that particular solutions are known. 
Next theorem, where the idea of S. PresiC's solving function from Theorem 9 is 
present, describes аН general solutions (including аН reproductive general solutions) 
of а finite equation without the аЬоуе supposition. 

ТИЕОRЕМ 16. (Bankovic [3]) Let the equation 

(3) 

Ье cOn8istent (ј.е. 8081 ... Sт = О). А foгmиlа х = A(t) represents а (reproductive) 
general воlииоп оЕ the equation (3) јЕ ап опlу јЕ 

т 

A(t) = L (8?п.о qik.O + Sik.O S?k.l Qik.l + Sik.O Sik.l 8?k.2 Qik.l 

k=O 
+ S' 8' "'80 Q' +S' S' '''8' Q' )tqk 

~k,O Zk,l ik,тп-l tk,m-l tk,O Zk,l z,k,пt-l tlс,тп 

under the following сопdШопs: 
(ik,О,iџ, ... ,ik,т) arepermutationsoE{O,l, ... ,т}, 
(ik,O, ik,l, ... ,ik,т) аге permutations оЕ {О, 1, ... ,т}, 

(under the conditioIlS 
(ik,O, iџ, ... ,ik,т) аге permutations оЕ {О, 1, ... ,т}, 
(io,o, il,O,' .. ,iт,o) = (0,1, ... ,т)). 
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ON S.B. PRESIC'S ТУРЕ 
GENERALIZATION OF BANACH 

CONTRACTION MAPPING PRINCIPLE 

Ljubomir Ciric 

Мапу problems in pure and applied mathematics reduce to convergence prob­
lems of сопеsропdiпg sequences. For this reason the studying of convergence prob­
lems, first in the structure П of reals and later in more general spaces, is very actual 
[О[ decades. In 1965 young mathematician Slavisa Presic [3], [4] gave his significant 
contribution to that area. Не devised а very elegant and а пеw way Ьу which in 
complete metric spaces he iIlvestigated the convergence problem of sequences de­
fiпеd recursively. In such а \уау he aIso generalized iIl а natural way the well known 
result of S. Ba!lach (1922). 

ТИЕОRЕМ 1. [1] Let (Е, d) Ье а complete metric space and let f : Е --+ Е Ье 
а mapping which satisfies the following contraction condition 

(1) d(f(x) , лу)) :::; qd(x, у) foг аll х,у Е Е 

where q Е (0,1) is а constant. ТЬеп {ог еасЬ хо Е Е, the sequence (хn) defined Ьу 

(2) (n=О,l, ... ) 

cOllverges to а point ~ Е Е and ~ is the unique fixed point о{ ј. 

(3) 

Briefly said, а proof of this theorem сап flow as follows. 
Starting with (2) we have the following equalities 

hence we obtain 

(4) 
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Using (1) and the denotation дп = d(Xn+l' хn ) we ћауе the following inequality 

(5) 

Јп а trivial way from (5) we obtain the following inequality 

(6) (n=1,2, ... ) 

АБ it јБ well known, having this estimation for дп опе сап easily complete the 
proof. 

Having in mind а personal communication Ьу S. Presic we Бћаll describe the 
methodological Ыеа which ће used. 

First, ће considered а mapping f : Ek -t Е, where k = 1,2, ... is а constant, 
and as before Е is а complete metric space. Related to this f ће defined а sequence 
(Хn ) like (2) 

(2') (п = 1,2, ... ) 

Of course, in general the convergence problem for such а sequence (хn ) is very 
difficult. Тrying to follow steps similar to (3), (4), (5), (6) S. Presic did the following 

First, similarly to (3) ће considered the equalities 

Second, similarly to (4) ће formed the equality 

But now we do not ћауе а condition like (1). At this step S. Presic generalized (1) 
Ьу the following condition 
(1') 
d(J(tl, t2, ... , tk), f(t2, tз, ... , tk+l» :::; ald(tl' t2) + a2d(t2, tз) + ... + akd(tk, tk+l) 

where tl, ... , tk, tk+l are апу elements of Е and al, ... ,ak are non-negative соп­
stants whose sum аl + ... + ak is less then 1. If k = 1 the condition (1') reduces to 
(1). 

Now supposing the condition (1'), from (4') we obtain 

(5') 

where дп is ап abbreviation for d(Xn+l' Хn ). Unlike (5) now we ћауе а non-trivial 
inequality. Опе way to derive 80те e8timation for дп is to involve the algebrak 
equation xk = al + а2х2 + ... + akxk-1, the spectrum of аН its solution8, and 80 
оп. Obviously, such а way is rather complicated. 

S. Presic devised а very пјсе way to overcome these difficulties. Namely, ће 
first proved the foHowing assertion. 
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ASSERTION. It the sequence дп оЕ non-negative rea1s satisfies (5'), where ai 2:: 
О, а1 + а2 + ... + ak < 1, then there exist two positive constants К 4 and () (with 
() Е (0,1)) such that the Eollowing inequa1ity holds Еог every п 

(7) 

Tlle main problem is how to find К al1d ()? Suppose that somewhere we have 
seen the inequality (7) but now we cannot remember the values for К and (). 
Despite this, we are going to prove (7). According to the structure of (5') we use 
the induction of the following type т, т + 1, ... ,т + k - 1 f- т + k. Hypothetical 
inductive proof reads 

Base ој induction. The inequalities 

(8) 

are true1 

Induction step. Suppose that (7) is true when п is т, т + 1, ... т + k - 1, i.e., 
that the following inequalities 

... , 

hold. From these inequalities we easily infer the following опе 

аl дт + а2дт+l + ... + аkдm+k-l ~ к()т(аl + а2() + ... + ak()k-l) 

Using (5') ,уе obtain the following inequality 

дтН ~ K()m(al + а2() + ... + akok-1) 

Obviously the inductive proof will Ье completed if the following inequalities 

(9) 0<()<1 

hold. So, the hypothetical proof will Ьесоmе а real proof if we сап find К and () 
satisfying the inequalities (8) and (9). This сап Ье done as follows: 

First, consider the function 9: R -t R defined Ьу 9(Х) = x k - (а1 + а2Х + ... + 
akxk-1). Since 9(1) > О, there exists () Е (0,1) such that (9) is satisfied. 

Second, using such а () we define К in the following way 

Obviously with such К and () both (8) and (9) are satisfied. In such а way w(' 
have composed the S. PreSiC's proof mentioned before. 

Ву means of the assertion (7) S. Presic proved the following theorem, а gener­
alization of Theorem 1 

1 Ав а matter of fact, we now вее that К and е must satisfy the conditions (8) 
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ТИЕОRЕМ 2. [3], [4] Let (Е, d) Ье а complete metric врасе aпd let f : Ek -t Е 
Ье а mapping satisEying the contraction condition (1'). Тћеп there exists the unique 
~ Е Е вuсЬ that j(~,~, . .. ,~) =~. ТЫв ~ јв the limit Уа1uе оЕ the sequence (хn ) 
defined Ьу 

(п = 1,2, ... ) 

where Xl, ... ,Xk ате шЫtrarilу сЬовеп elements оЕ Е. 

Notice that in the сазе k = 1 this theorem reduces to Banach's Theorem 1. As 1 
know, Theorem 2 is опе of the first generalizations of Banach's thеоrеш. AIso mапу 
mathematicians were inspired Ьу that S. PresiC's result; for instance М. Marjanovic, 
М. Taskovic, D. Arandjelovic, Lj. Ciric, В. С. Dhage. 
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CONTRIBUTION AND INFLUENCE 
OF S.B. PRESIC 

ТО NUMERICAL FACTORIZATION 
OF POLYNOMIALS 

Gradimir V. Milovanovic 

ABSTRACT. This paper јв devoted to contributions оС S.B. Presic јп numerical fac­
torization оС algebraic polynomials, ав well а.$ to јпВиепсе of his work јп this subject. 
Beside а general factorization of polynomials, we consideI" воте important special 
савев and point out some accelerated iterative formulaв. 

1. Introduction 

The numerical factorization of algebraic polynomials is а very important math­
ematical subject. There are several methods for it in the literature, beginning witll 
the well-known methods of Bairstow [2] and of Lin [19-20]. Many of tllem are 
quadratically convergent, but most require а sufficiently close starting va!ues for 
factorization. In their survey paper, Householder and Stewart [14] mentioned also 
the method of Graeffe and the qd algorithm, tllough they are not primarily for this 
assignment. А number of tћese methods сan Ье related to an algorithm proposed 
Ьу Sebastiao е Silva [38]. Some generalizations of this algorithm were given Ьу 
Housellolder [11] in 1971 (see also [12], [41], [6]). In addition we шепtiоп also а 
method of Samelson [36] from 1959, wllich generalizes the Bauer-Samelson iteration 
[3]. In his paper Samelson noted that his method is related to Bairsto"r's method. 
Taking а monic algebraic polynomial over the field of complex numbers, with zeros 
Zl, Z2, .. · , Zn, i.e., 

п 

(1.1) P(z) = zn + PIZn-l + ... + Pn-lZ + Рn = П (z - Zk), 
k=l 

1991 Matheтatics Subject Classification. Primary б5НО5ј Secondary б5Н10, б5Ј15. 
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Samelson [36Ј seeks its factorization Ьу two factors 

and 
v(z) = (z - Zm+1)(z - Zm+2)'" (Z - Zn)' 

Let р and q Ье monic polynomials of degree т and п - т approximating и and v 
repectively. Then his quadratically convergent iterative procedure defines improved 
approximations р* and q* Ьу the formula 

(1.2) p*q + q*p = Р + pq. 

If р and q are relatively prim, then р* and q* are uniquely defined Ьу (1.2) Samel­
son's iteration was discovered independently Ьу Stewart [39Ј, who characterized pq* 
as the linear combination of Р, q, zq, . .. ,zm-lq that is divisible Ьу р. Householder 
and Stewart [13Ј gave the exact connection between these characterizations (see al­
so [14Ј and [40Ј for another derivation of Samelson's method and the corresponding 
error bounds for the iteration, as well as the paper of Schr6der [37Ј for а connection 
with Newton's method). 

In 1966 and 1968 S.B. Presic [34-35Ј, inspired only Ьу some results of D. 
Markovic [21Ј, gave ап iterative method for numerical factorization of algebraic 
polYllomials Ьу s (2 :::; s :::; п) factors. The purpose of the presellt paper is to show 
contributions of S. Presic, as well as to POillt out an јпНиепсе of S. PresiC's work to 
this subject. The paper is orgallized as follows. In Section 2 we explain S. PresiC's 
approach to numerical factorizatioll of polynomials and give all example оп 2 - 2 
factorization of а polYllomial of fourth degree. Sections 3 and 4 are dedicated to an 
1 - 1 - ... - 1 factorization alld some accelerated iterative formulas, respectively. 

Later, in 1969 Dvorcuk [9] considered а factorization into quadratic factors, 
alld ill 1971 Grau [10] used а Newtoll-type of approximation for simultaneously 
improving а complete set of approximate factors for а givell polynomial. Recelltly, 
Carstellsell [4] alld Carstensen and Sakurai [5] gave some generalizations of this 
method. 

Here, we mention also that ill the last period тапу papers have Ьееп риЬ­
lished оп factorization of polYllomials over finite fields, Oll factorization methods 
for multivariable polYllomials, as well as оп factorization of matrix polynomials. 

2. S. PresiC's approach to numerical factorization 

Let Р Ье а mOllic algebraic polYllomial over the field of complex llumbers givell 
Ьу (1.1) and let it Ье expressed ill а factorized form 

(2.1) 

where Av(z) are monic polYllomials of degree nу , ј.е., 

(2.2) 
п ... 

Av(z) = 2: aviZn ... - i
, 

i=O 

ауо=1 (v=I,2, ... ,s), 
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s 
and :Е 'п" = 'п. The case 8 = 2 is mentioned in the previous sectio,n. 

11=1 
Assuming that zeros of (1.1) are simple, S.B. Presic gave ап iterative method 

for numerical determination such а factorization, so-called 'п1 - 'п2 - •.. - n s fac­
torization, in which successive iterated monic factors 

nџ 

(2.3) A~k)(z) = L a~~) znv-i, a~~ = 1 (v=1,2, ... ,8) 
i=O 

are determined from the relation 

Aik+1) A~k) ... A~k) + Aik) A~k+1) ... A~k) + ... + Aik) A~k) ... A~k+1) 

- (8 - l)Aik-'A~k) ... Aik) = Р, 

i.e., 

Taking the coefficients alli of polynomials (2.2) as coordinates of an n-dimen­
sional vector 

and a~~) (coefficients of iterated factors (2.3» as coordinates of the corresponding 
also n-dimensional vector a(k), S. Presic observed that (2.4) implies а system of 
linear equations of the form 

(2.5) 

where Аn is ап п х п matrix depending only оп a(k), and ЬN is ап n-dimensional 
vector depending also оп a(k) and оп coeffi.cients of the polynomial (1.1), р = 
[Р1 Р2 Рn]Т. Further, he concluded that there exists а neighbourhood V 
of а Е СП, such that (2.5) сап Ье expressed in the following form 

(2.6) (k = 0,1, ... ; a(k) Е V), 

where Р: V -+ V is ап enough times differentiable operator (in Frechet sense). 
Practically, S. Presic proved that Р(а) = а and Р(а) is а zero operator, so that 

Thus, S. Presic's result сап Ье sumarized as: 

(а = lim a(k)). 
k-++oo 
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ТИЕОRЕМ 1.1. ТЬеге 18 ап ne1ghbourhood V оЕ а Е СП 80 that Еог ал arbitrary 
а(О) Е V, the 1terative ргосе88 (2.6) quadrat1cally converge8 to а. 

Thus, 
(v = 1,2, ... ,s), 

give the factorization (2.1). 
In his paper [35], S. Presic derived formulas for а 2 - 2 - 2 factorization of 

а polynomial of degree 6. Here, as an illustration, we give а simpler case wllen 
P(z) = Z4 + Plz3 + P2Z2 + РзZ + Р4 and when we seek its 2 - 2 factorization, with 

A 1(z) = z2 + all Z + а12, A 2(z) = z2 + a21Z + а22. 

In that case the system (2.5) becomes 

+ - b(k) 
- 1 , 

(k+l) _ b(k) 
а22 - 2 , 

(k) (k+1) + (k) (k+1) I (k) (k+1) + (k) (k+1) _ b(k) 
а22 а11 а21 а12 т а12 а21 а11 а22 - з , 

+ (k) (k+1) _ b(k) 
а12 а22 - 4 , 

where 

(k) 
Ь1 . = Рl, (k) _ (k) (k) 

Ь2 - Р2 + а1 l а21 , 
(k) _ (k) (k) (k) (k) 

ЬЗ - РЗ + ан а22 + а12 а21 , 
(k) _ (k) (k) 

Ь4 - Р4 + а1 2 а22 . 

Solving this system we obtain an iterative procedure of the form (2.6). This case 
(s = 2) reduces to Samelson's iteration. 

Using the previous idea оп polynomial factorization, Ј.Ј. Petric and S.B. Presic 
[32] treated а problem of simultaneous determination of аН solutions of the system 
of algebraic equations 

Ј1 (х,у) == А1х2 + 2В1 ху + С1у2 + 2D1x + 2Е1 у + Fr = О, 
Ј2 (х, у) == А2х2 + 2В2ху + С2у2 + 2D2x + 2Е2у + ћ = о. 

3. Factorization 1 - 1 - ... - 1 

In the case s = п, i.e., nv = 1 (v = 1,2, ... ,п), the factors are linear 

Av(z) = z + avO = z - Zv (v = 1,2, ... ,п), 

and (2.4) reduces to 

(z - z~k»)(z - z~k») ... (z - z~k») L z - Zv (k) - П + 1 == P(z). ( П (k+1) ) 

v=l Z - Zv 
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Then, the scalar form of (2.6) can Ье obtained easily as 

(3.1) 
Р( (k») 

Z(k+1) = z(k) _ Zv 
v v п (k) (k) 

П (zv - Zj ) 
ј=1 
j:f.v 

(v = 1,2, ... , п; k = 0,1, ... ). 
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ТћиБ, in this important саве, S. PresiC's factorization approach leads to the Weier­
strass' formulas (3.1) (Бее [44]), which were not well-known in that period. Тћеве 
fornшlаs were obtained several times in various ways Ьу тanу authors. Weierstrass 
used them in а пеw constructive proof of fundamental theorem of algebra. In а 
book оп numerical solution of algebraic equations from 1960, written Ьу French 
mathematician Е. Durand [8], опе chapter was dedicated to iterative methods for 
simultaneous finding polynomial zeros, where the author obtained formulas (3.1) 
in ап implicit form. It БеетБ that Bulgarial1 mathematician К. Docev [7] was the 
first who used these forl1lulas il1 their original form for numerical calculation апd 
who proved their quadratic converegence. 

Introducing Q(z) = П (z-zy»), formulas (3.1) сап Ье represented in the form 
ј==1 

(Newtonian type) 

Р( (k») 
(3.2) z(k+l) = z(k) - z~k) (v = 1,2, ... , п; k = О, 1, ... ). 

v v QI(zv) 

Beside the роlупоmiаl Q(z) we consider also polynomials Rv(z) dеfiпеd Ьу 

Q(z) ПП (k) 
Rv(z) = (k) = (z - Zj ) 

Z - Zv 
ј==1 
j:f.v 

(v = 1,2, ... , п). 

Their exp~nded forms are 

Q(z) = zn - <71 Zn- 1 + <72Zn-2 - ... + (-l)n<7n , 

R () n-1 (v) n-2 + (v) п-З + ( 1)n-1 (v) v Z = Z - <71 Z <72 Z - • •• - <7n _ 1 , 

where <71, <72, .•. , <7n are elementary symmetric fuпсtiопs of Z1, Z2, . .. ,Zn (Бее [23, 
Sectiol1 1.3.1]). For the sake of simplicity, we omit the upper iпdех iп z~k), апd 
~ (k+l) th t t· л S··1 1 (v) (v) (v) 1 h lor zv we иБе е по а юп zv. 1Ш1 ar у, <71 , <72 , ••. , <7n- 1 are а БО БНС 
functions that do 110t iпvоlvе zv. It is еаву to Бее that QI(zv) = Rv(zv) (v Е 1 = 
{1, 2, ... , п} ). In the note [43], which was our first paper in mathematics inspired 
only Ьу the S,;" Presic paper [35], we showed: 11 аи zeros 01 Q(z) are simple, then 
the inverse matrix 01 

[ ~,) 1 

~n) ] 
(2) 

<71 <71 <71 
(3.3) w= 

(1) (2) (п) <7
n

_
1 <7n- 1 <7

n
_

1 
/ 

~ 

-::.. ./ 
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is given Ьу 

(3.4) [
D1ZГ1 -D1zг2 

D n-1 D n-2 2Z2 - 2Z2 
W- 1 = 

DnZ~-l -DnZ~-2 ... 

with D" = l/Q'(z,,) (v Е 1). 

(-1)n_1D1 ј 
(-1)n- 1D2 

(_1)n-1 Dn 

, 

ТЬе corresponding S. PresiC's form (2.6), i.e., а vector form of (3.2) сап Ье 
written as 

(3.5) (k = 0,1, ... ), 

where T(z) = z - e(z) and 

'= [} e(z) = [~J п 

Q(z) = П (z - Zj). 
)=1 

Taking the system of Viete's formulas for polynomial P(z), given Ьу (1.1), 
j(z) = О, where the i-th coordinate in the vector j(z) is equal to O"i+( -1)i-1pi (i = 
1,2, ... ,п), and applying the known iterative procedure of Newton-Kantorovic, 

(3.5) (k = 0,1, ... ), 

in of(ler to solve the previous system of nonlinear equations, we obtain (3.5). Here, 
tћe ЈасоЫ matrix is exactly given Ьу (3.3) and its inverse Ьу (3.4). It seems that 
Kerner [16] was the first who observed this fact. Нis proof was sliglltly different 
fram ours. 

Regarding to the iterative method (3.2), in 1980 Dirk Р. Laurie [18Ј stated the 
.', п 

following problem: 1/ I: Z" = -Р1, prove that 
,,=1 

(3.6) 

It is а nice property of the method (3.2) and it was known earlier (see Docev [7]). 
п 

Relation (3.6) holds regardless of the value of I: Z". We gave now а proof of 
,,=1 

that as ап application of the СаисЬу residue method and it was published in the 
book [26, рр. 347-348Ј. Indeed, since z" = Z" - P(z,,)/Q'(z,,), v = 1,2, ... ,п, we 
have 

(3.7) 



NUMERICAL FACTORIZATION OF POLYNOM1ALS 55 

No doubt tћat the S. PresiC's work оп this area is very important and that it 
has а great influence оп the development of this field in our country. In the last 
thirty years several mathematicians in Serbia, еаресјаllу those from the University 
of Nis and University of Novi Sad, have been very active јп this field. For the 
refer-ences аее, for instance, [28] and [29]. 
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Уега У. Kovacevic-Vujcic 

ABSTRACT. We give ап overview of s. Pre§ic's results related to problem­
s јп different disciplines of applied mathematics such as numerical analysis, 
optimization, interval mathematics, etc. In particular, we discuss results оп 
factorization of polynomials and the theory of т-М caIculus. 

1. Introduction 

During his long and fruitful mathematical career Prof. Slavisa Presic was at­
tracted with тапу areas in mathematics such as algebra, functional equations, 
foundations, logic, computer science and applied mathematics, including ntlmerical 
mathematics and optimization. Our aim is to give а brief survey of Presic's results 
јп applied mathematics. The paper is organized as foIlows: 

In Section 2 we present S. PresiC's results оп factorization of polynomials and 
solution of systems of nonlinear algebraic equations published in [3], [4], [5]. Sec­
tion 3 is devoted to the т-М cakulus, the theory proposed Ьу S. Presic in [6], 
[7], [8]. This theory combines in an original way the ideas of mathematicallogic 
and numerical analysis and has various applications in numerical analysis, interval 
mathematics, optimization, etc. 

2. Factorization of polynomials and related results 

During the sixties Slavisa Presic was an assistant of Prof. D. Markovic who 
encouraged Ыт to study problems of solving algebraic equations. The work in this 
direction has resulted in three papers which will Ье outlined here. 

In [3] S. Presic proposes an iterative method for factorization of polynomials of 
degree п with complex coefficients. Let 

Р = Р(х) = xn + Pn_1Xn-1 + ... + РIХ + Ро 

1991 Mathematics Subject Classification. Primary 13Р05, 65GI0, 65К05ј Secondary 26СI0, 
49М37, 90С30. 

Кеу woros and phrases. Factorization of polynomiaIs, т-М caiculus, global optimization, 
intervaI mathematics, generalized тјпјтuт and тахјтuт. 
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Ье а given polynomial and эsвите that аН its roots have multiplicity опе. Let п 
Ье decomposed into s + 1 summands, i.e. п = а + Ь + ... + l and let А, В, . .. ,L Ье 
polynomials of degree а, Ь, . .. ,l, respectively: 

А = ха + аа_lха-1 + ... + ао 
Ь Ь 1 . 

В = х + .bb-IХ - + ... + ,80 

Now the factorization problem can Ье formulated as follows: 

(1) Determine coeffici~nts of А, В, ... ,L such that Р = АВ·· . L. 

s. Presic proposes the following iterative procedure for obtaining А, В, ... , L. Let 
for k = 1,2, ... 

A(k) = ха + aa_l(k)xa- 1 + ... + ao(k) 

B(k) = хЬ + .вЬ-l (k)x b
-

1 + ... + .во(k) 

L(k) = хl + ЛI_l(k)хl- 1 + ... + ло(k) 

Ье the вечиепсев of polynomials defined Ьу conditions 

(2) A(k + 1)B(k)··· L(k) + A(k)B(k + 1)··· L(k) + .. . 
+ A(k)B(k) ... L(k + 1) - sA(k)B(k) ... L(k) = Р, k = 1,2, ... 

н p(k) = (аа-l (k), ... , ao(k), .вЬ-l (k), ... , .во (k), ... , Лl-l (k), ... , ло(k)), then 
using (2) it is possible to express p(k + 1) as а function of p(k), i.e., it is possible 
to determine function F such that p(k + 1) = F(P(k)). 

The following theorems are proved in [3]: 

ТИЕОRЕМ 1. Ifthe sequence (P(k)) converges, then limk--+oo A(k), limk--+oo B(k), 
... ,limk--+oo L(k) аге factors оЕ Р, i.e., 

Р = Нт A(k) Нт B(k)··· Нт L(k). 
k--+oo k--+oo k--+oo 

ТИЕОRЕМ 2. ТЬеге exists an open set V висЬ that if р(1) Е V, then p(k) -+ р, 
k -+ оо and тогеоуег IIp(k + 1) - рl! = O(llp(k) _ pI12). 

In the саве of п = 1 + ... + 1 decomposition, the factors ате linear. Н we 
introduce notation A(k) = х - аl (k), B(k) = х - a2(k), ... , L(k) = х - an(k), then 
the iterative procedure can Ье described Ьу simple formulas: 

(3) 
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where Q(X) = (x-al(k»··· (x-an(k». It is interesting to note that (3) is related 
to the Newton method for solving the system of nonlinear equations 

п n-l О 
а1 +Рn-1аl +···+Ро = 

п n-l + О аn + Рn-1аn + ... РО = 

s. PresiC's results оп factorization of polynomials Ьауе Ьееп extended Ьу М. Pre­
sic who has formulated а quadratically convergent method for finding k roots of 
а polynomial Р of degree п (1 ::; k ::; п) [2]. It has Ьееп proved Ьу М. Asic and 
V. Kovacevic that М. PresiC's method belongs to the class of quasi-Newton methods 
[1]. 

Јп [5] Petric and S. Presic generalize the method proposed in [3] to systems of 
nonlinear algebraic equations of the following type: 

(4) 
Ј1 (х, у) = А1х2 + 2В1ху + С1у2 + 2D1x + 2Е1 у + Ft = О 
Ј2 (х, у) = А2х2 + 2В2ху + С2у2 + 2D2X + 2Е2у + F2 = О 

It is assumed that system (4) has four different solutions (а,о:), (Ь,/3), (е,'У), 
(d, б). ТЬеп it is equivalent to the system 

where 

AB·CD=O 

AC·BD=O 

АВ = (/3 - о:)(х - а) - (Ь - а)(у - 0:) 

в D = (б - /3) (х - Ь) - (d - Ь) (у - /3) 

Moreover, there exist constants л, џ, р, ср such that 

(5) 
АВ· CD + лЈ1 (х, у) + џЈ2 (х, у) = О 
АС· BD + рЈ1 (х, у) + срЈ2 (х, у) = О 

ТЬе iterative procedure defined in [3] сап now Ье applied to (5) yielding equations 

Rn+ARn =0 

Вn+АВn =0 
(6) 

where 
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. 
ВN = АnСn · BnDn + рnЈ1 (х, у) + <рnЈ2(Х, у) 

АnВn = ({3n - аn)(х - аn) - (Ьn - аn)(у - аn ) 

CnDn = (8n - 'Уn)(Х - сп) - (dn - сn)(у - 'Уп) 

АnСn = ('Уп - аn)(х - аn ) - (сп - а'1)(У - аn ) 

BnDn = (8n - (3n)(Х - Ьn) - (dn - Ьn)(у - (3n) 

and operator ~ refers to polynomial expressions for аn , аn , Ьn , {3n, .. ·, Рn, <рn, 
аn+1, аn+1, ЬnН , {3nН, ... , Рn+1, <РnН' Using polynomial identities (6) it is 
possible to determine аn+ 1, аn+ 1, ЬnН , {3n+1,' .. , Рn+ 1, <рn+ 1 as the functions of 
аn , аn , Ьn , {3n, сп, 'Уп, dn , 8n. 

ТЬе following theorem is proved in [5]: 

ТИЕОRЕМ 3. Hthe sequences (аn), (аn ), (Ьn ), ({3n), (сп), ('Уп), (dn), (8",), (лn ), 
(J.tn) , (Рn), (<Рn) , converge to а, а, Ь, {3, с, 'У, d, 8, л, J.t, р, <р, , respectively, and 
Л<Р - PJ.t :f. О, then (а, а), (Ь, (3), (с, 'У), (d,8), ме sоlutiопs оЕ systeт (4). 

Numerical evidence reported at the end of [5Ј shows very good perforтance of 
the proposed method in practice. 

ТЬе paper [4] is related to the following result Ьу S. Zervos: 

ТИЕОRЕМ 4. (Zervos, 1960) Let [1, ... , [т Ье sets оЕ iпdiсеs and ()ij ;::: О Ье 
such that 

L ()ij = ј - t ј = 1, ... , п 
ijElj 

where t Е (0,1] is fixed. Тhеп апу positive root ~ оЕ the еquаtiоп 

satisfies 

п 

хn = а1 хn- 1 + ... + аn ai ~ О, L ai > О 
i=l 

where М = max(Mij ) and M ij ме arbitrary positive nuтbers. 

It should Ье pointed out that this theorem generalizes results of тапу mathe­
maticians (СаисЬу, Landau, Montel, Jensen, Вirkhoff, D. Markovic, Carтichael, 
Walsh, Kojima, etc.), which follow for particular choices of parameters. In [4] S. 
Presic proposes а short (опе page) and elegant proof of this deep result. 

3. Тће т-М calculus 

ТЬе т-М calculus is ап original theory proposed Ьу S. Presic in the monograph 
published in 1996 [6], which has already had the second edition [5]. А brief version 
of the monograph was published in 1998 [8]. In this section we shall outline the 
main ideas of this widely аррНсаЫе theory. 
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ТЬе т-М calculus deals with the so-called т-М functions, i.e., functions Ј : 
D -t R (D = [а1, ы1] х··· х [аn , Ьn] с Rn) for which оп еасЬ n-diтепsiопal segment 
~ = [Сђ,.81] х ... х [аn ,.8n] с D generalized minimum т(J)(~) апd generalized 
maximum M(J)(~) are effectively given. ТЬе definition of the т-М fuпсtiоп and 
some applications of that concept will Ье given in 3.1. Suppose now that 

(7) for(X1" .. , хN , Ј, у, ... , <, ~,I\, V, --', \:1, 3) 

is а formula built ир from variables Х1, •.. ,хn , the symbols of real numbers, sym­
bols of т-М functions Ј, у, . .. , relational symbols <, ~ and the logical symbols 
1\, V, --', \:1,3. The т-М ca1culus considers problems of the foHowing type: 

(8) Find all (Х1" .• ,хn ) Е D for which formula (7) is satisfied. 
ТЬе very general formulation (8) iпсludеs as special cases problems of solv­

ing systems of equations and iпеquаlitiеs, problems of uпсопstгаiпеd, constrained 
and disjunctive optimization, problems of interval mathematics, computation of 
п-diтепsiопаl integrals and solutions of diffегепtial equations, etc. In 3.2 we shaH 
explain the methodology used iп the т-М calculus for solving (8) and point out to 
the most important app1ications. 

3.1. The notion of the т-М pair of а given function. Applications. 
ТЬе key notion of the т-М calculus is introduced Ьу the following definition: 

DEFINIТION 1. ТЬе function Ј : D -t R is ап т-М function if for еасЬ п­
dimensional segment ~ = [а1,.81] х ... х [аn ,.8n] с D а pair of real numbers 
т(J)(~), M(J)(~) satisfying conditions 

(9) т(J)(~) ~ Ј(х) ~ M(J)(~) for аН Х Е ~ 

(10) M(J)(~) - т(J)(~) -t О, diam~ = (~(.8i - ai )2) 1/2 -t О 

is effectively given. 

It is easy to see that Ј is ап т-М function if and only if it is continuous оп D. 
ТЬе crucial issue in the т-М calculus is how to effectively compute an т-М pair 
of а givеп function. То this end the following rules аге introduced: 

(i) т(e)(~) = е, M(e)(~) = е, (е is а constant), 
m(Xi)(~) = ai, M(Xi)(~) = .8i, (i = 1, ... ,п) 

(Н) т(Ј + y)(~) = т(J)(~) + т(y)(~), М(Ј + y)(~) = M(J)(~) +M(y)(~), 
(iИ) т(-J)(~) = -M(J)(~), M(-J)(~) = -т(J)(~), 
(iv) т(Jy)(~) = min(m(J)(~)m(g)(~), т(J)(~)M(y)(~), M(J)(~)т(y)(~), 

M(J)(~)M(y)(~» 
M(Jy)(~) = тax(т(J)(~)т(y)(~), т(J)(~)M(y)(~), M(J)(~)т(y)(~), 

M(J)(~)M(y)(~» 
(у) m(min(J,g»(~) = min(m(J)(~),m(g)(~», 

M(min(J,g»(~) = min(M(J)(~),M(g)(~» 
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(vi) m(max(f,g))(~) = тax(ти)(~), т(g)(д)), 
М (тахи, g))(~) = тах(М(Л(~), М(g)(д)) 

(vii) т( 2k+W)(~) = 2k+{lm(f)(~), М( 2k+W)(Д) = 2k+{lM(f)(~), 

(viii) т(expj)(~) = expти)(~), M(expj)(~) = expMи)(~), 
(ix) m(sin j)(~) = ти)(~) - Mи)(~) + sin т(Л(Д), 

M(sin j)(~) = М(Л(Д) - ти)(~) + sin Mи)(~), 
(х) m(cos j)(~) = ти)(~) - Mи)(~) + cosm(f)(~), 

M(cos Л(~) = Mи)(~) - т(Л(~) + cos Mи)(~), 
(ы) т(l/ j)(~)= l/Mи)(~), 

М(l/ Л(~) = l/ти)(~), if О Ф. [ти)(~), М(Л(~)] 
(xii) т (arcsin Л(~) = arcsin ти)(~), 

M(arcsinf)(~) = arcsinM(f)(~), if -1 ~ ти)(~) ari.d М(Л(Д) ~ 1 
(хШ) тOnj)(~) = lпт(f)(д), MOnj)(~) = InMи)(~), if ти) > о. 
(xiv) т( 2V!)(Д) = 2Vm(f)(~), М( 2V!)(~) = 2VM(f)(~), k> о, k Е N, 
if т(Ј) ~ о. 

Using these rules we сап obtain т-М pairs for various elementary functions. 
It is easy to show that in the case of differentiable functions т-М pairs can Ье 
computed using the corresponding Taylor expansion (Theorem 1.2 in [7]). 

Тће other important notion in the т-М calculus is the so-саНеd ceH-dесоmро­
sition of n-dimensional segments. We shaH first define а ceH-dесоmроsitiоп of 
an interval [а, Ь] с R. Апу such decomposition 1) is an infinite set of segments 
[а', Ь'] с [а, Ь], the so-саНеd ceHs, where to еасћ сеН опе of the nl1illbers о, 1, 2, ... 
(Ње so-called order of the decomposition) is assigned. In addition, the following 
holds: 

(i) [а, Ь] С ТЈ. 

(ii) For each r Е N there exists а finite number of cells in 'D of order Т. The set 
of аН cells of order r is denoted Ьу 1)т. Тће segment [а, Ь] is the ипiqие сеН 
of order о. 

(Ш) Тће ипiоп of аН ceHs of order т, is equal to [а, Ь]. 
(iv) The iпtеriоrs of two different cells of the same order r are disjoint. 
(v) If d(r) denotes the maximum length of аН cells of order т, then Нт d(r) = о. 

t-too 
Notice that, Ьу the definition of the cell-decomposition, for еасћ decomposition 

1) of the segment [а, Ь] the following fact holds: 
То еасћ point х Е [а, Ь] at least опе sequence (Ст(Х)) of r-сеНs is related SUCll 

that the condition (Ут Е N) х Е Ст(Х) is satisfied. 
Consider now n-dimensional segment D = [al' b1] х ... х [аn , Ьn]. Let V[ai, bi], 

i = 1, ... ,п Ье some cell-decompositions of segments [ai' bi], i = 1, ... , п, and let 
1)r(D) = {ћ х ... х Рn I ћ Е 1)r[ai,bi], i = 1, ... ,n}. Now cell-decomposition of 
D is defined as 1)(D) = UrEN 1)r(D). 

One of the main methodological ideas of the т-М calculus can now Ье described 
as follows: 

(а) Sufficient conditions that ап arbitrary n-dimensional segment д does not 
contain а solution of the given problem are formulated in terms of т-М pairs. 
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(Ь) А cell-decomposition of the initial segment is chosen and cells which do not 
contain а solution are eliminated, i.e., only feasible ce11s are being further refined. 

There are two possible outcomes of such а procedure. Either in the limit а11 
solutions are obtained or the conclusion that the solution does not exist is reached 
in finitely many steps. As an i11ustration, consider the problem of solving the system 

(11) 
Ji(Xl""'Xn)~O, i=l, ... ,n 

(Xl"",Xn) Е [al,blJ х ... х [аn,Ьn] 

Sufficient condition that а segment .6. does not contain а solution in this case is 
given Ьу 

(12) (3i)M(fi)(.6.) < О 

and it is now easy to formulate а ce11-decomposition-based algorithm for solving 
(11). 

From the computational point of view the crucial issue is the number of cells 
which is being generated Ьу such an algorithm. Various examples presented in [7] 
i1lustrate that this number need not grow exponentially. Consider the fo11o\ving: 

EXAMPLE 1. Equation sinx = l/х, х Е [0,20]. Then 

т(Л[а,,8Ј = а + sina -,8 - l/а 

М(Л[а,,8] =,8 + sin,8 - а -1/,8 

ТЬе Ilumber of cells which are generated at steps 1, ... ,25 is the following: (1,1), 
(2,2), (3,4), (4,8), (5,15), (6,16), (7,16), (8,15), (9,16), (10,14), (11,14), (12,16), 
(13,16), (14,15), (15,15), (16,15), (17,17), (18,16), (19,15), (20,15), (21,15), (22,15), 
(23,15), (24,15), (25,15). At the 25th step all 7 solutions of the given equation are 
obtained with 6 significant digits. 

Under suitable assumptions it is possible to prove that the behavior observed in 
the case of Example 1 holds in the general case. Namely, the fo11owing theorem can 
Ье proved (Theorem 2.4 in [7]): 

ТИЕОRЕМ 5. Let !I(Xl"",Xn) = O, ... ,Jn(Xl""'Xn) = О, (Xl"",Xn) Е D 
Ье а system оЕ equations where Л, ... , Јп: D -+ R are т-М functions foг which 
(m(fi), M(fi)) are O'i-Lipschitz т-М pairs. l Let с = (Cl"," сп) Е D Ье а solution 
оЕ Ње given system and вuррове that the fol1owing condition holds: 

In воте neighborhood .6. э (Cl' ... ,сп) Ње functions Л, ... ,Јп have continuous 
partial derivatives оЕ the first order and their ЈасоЫan at (Cl" .. ,сп) Јв difIerent 
Етат zero. 

Let Fis( с, r) Ье the тахјтаl set вuсь that its elements are Ееавјblе r-cells, СТ ( с) Е 

Fis( с, r) and Fis( с, r) јв cell-conпected (еасЬ 2 elements сan Ье connected Ьу а 

1 Ап т-М pair of f is o--Lipschitz if there exist positive numbers Е:, К, о- such that I м (f)(Ll) -
ти)(~)1 ::; K(diam~)" whenever diam~::; Е:, ~ С D. 
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сЬајп оЕ neighboring element8). ТЬеп it ј8 РО88јЫе to formulate а cell-elimination 
procedure вuсЬ that there exist positive constaпts L, а aпd то Е N вuсЬ that Љс 
every r ~ То the inequality diam(U Fis( с, Т)) ::; L( d(r))1Т holds. 

Тће following example illustrates the applications of т-М calculus to systems 
of equations. 

EXAMPLE 2. Consider the system in (Х, У, z) Е D с RЗ 

еХ + Х + sin У + cos z = р 

ХЗ + esin у - z _ eZ = q 

sin(x - z) + (Х + у)5 - Х - У - z = r 

where р, q, r are given real parameters. 
Case 1. р = 2, q = о, r = о, D = [1,2] х [-2,1] х [-3,2]. There is exactly опе 

solution (Х, У, z) = (о, о, о). Starting with the 6tll step the number of feasible cells 
is between 40 and 50. At the 24th step the following result is obtained: 

-0.0000152587891 ::; Х ::; 0.0000247955322 

-0.0000247955322::; У ::; 0.0000324249268 

-0.00000762939453 ::; z ::; 0.0000114440918 

Case 2. р = 2, q = о, r = о, D = [-5,5] х [1,5]. Step-by-step the number of 
feasible cells is 1, 8, 21, 32, 24, о. Непсе in 6 steps it is concluded that the system 
has по solution. 

Тће use of the т-М calculus in solving complex equations is illustrated Ьу tћe 
following: 

EXAMPLE 3. Сотрlех equation eZ = z , where z = Х + iy. In tlle domain 
[-20,20] х [-20,20] this equation has 6 solutions Хј + iYj, ј = 1, ... ,6 described 
as follows 

2.65319109 ::; Хl ::; 2.65319228 -13.94920826::; Уl ::; -13.94920731 

2.06227660::; Х2 ::; 2.06227899 -7.58863215::; У2::; -7.58863020 

0.31813025 ::; Хз ::; 0.31813264 -1.33723736 ::; Уз::; -1.33723497 

Х4 = Хз У4 = -Уз 
Х5 = Х2 У5 = -У2 
Хб = Хl Уб = -Уl 

Тће calculations ир to the 25th step show that starting witll the 6th step the 
number of feasible cells is about 16. For instance at steps24 and 25 these numbers 
are 15 and 16, respectively. 

Тће т-М calculus сan also Ье applied to evaluation of n-dimensional integrals, as 
well as to functions given Ьу means of infinite sums or integrals, which is illustrated 

. Ьу the following examples: 
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EXAMPLE 4. Evaluate JJcxydxdy, where С = ((х,у) Е R 2 I О ~ х ~ 2, О ~ 
у ~ 2, 2+e(x+y+z) ~ еХ+! + еУ+!} 

Using а suitable cell-decomposition the following estimates сап Ье obtained: 

Step 1: 0.0000000000000000 ~ 1 ~ 0.5625000000000000 

Step 2: 

Step 3: 

Step 4: 

Step 5: 

Step 6: 

Step 7: 

Step 8: 

Step 9: 

0.0278320312 500000 ~ 1 ~ 0.2424316406250000 

0.0950307846 069336 ~ 1 ~ 0.1581497192382812 

0.1179245151579380 ~ 1 ~ 0.1341890022158623 

0.1239582093 403442 ~ 1 ~ 0.1281216432544170 

0.1255188694198068 ~ 1 ~ 0.1265613023800256 

0.1259090350460332 ~ I ~ 0.1261702301487544 

0.1259090350460332 ~ 1 ~ 0.1259090350460332 

0.1259090350460332 ~ I ~ 0.1259090350460332 

оо 1 
EXAMPLE 5. Let Ј Ье а function defined Ьу the equality Ј(х) = L --о 

i=O Х + 2' 
Consider the equation Лх) = с , а ~ х ~ Ь, where а, Ь, с are given parameters. 

Case 1. с = 1.5, а = О, Ь = 1. At the 20th step the double inequality 0.54416 ~ 
х ~ 0.54417 is obtained. ТЬе number of feasible cells at steps 1, ... ,20 is (1,1), 
(2,2), (3,3), (4,3), (5,2), (6,3), (7,2), (8,2), (9,3), (10,2), (11,3), (12,3), (13,2), 
(14,2), (15,2), (16,3), (17,2), (18,3), (19,2), (20,3). 

Case 2. с = 1.5, а = 0.6, Ь = 1. At the 3rd step the number of .feasible cells is О 
so tћat the given equation Ьаэ по solutions. 

t 
EXAMPLE 6. Let Ј Ье defined Ьу Ј(х) = !t

O
X _е_ dt. Consider the equation 

l+t 
Лх) = с, а ~ х ~ Ь, where а, Ь, с are given parameters. 

Case 1. с = 1, [а, Ь] = [0,1]. At the 13th step the double inequality 0.905029297 
~ х ~ 0.905761719 is obtained, while the number of feasible cells is: (1,1), (2,1), 
(3,2), (4,2), (5,4), (6,3), (7,3), (8,3), (9,1), (10,3), (11,3),(12,4), (13,4). 

Case 2. с = 1, [а, Ь] = [3, 100]. ТЬе number offeasible cells is (1,1), (2,2), (3,2), 
(4,1), (5,0), so that the given equation has по solutions. 

3.2. Тће notion of т-М pairs of the first order <, ~ formulas. Ар­
plications. ТЬе most important extension of the concept of an т-М function is 
that of ап т-М pair of the first order formula. Briefly speaking, the first order <, 
~ formulas are built from some variables, the symbols of real numbers, symbols 
of some т-М functions, relational symbols <, ~ and logical symbols Л, V, -', У, 
3. А variable v is free in some first order formula <р if v does not occur in some 
part of <р which has the form (Vv)(- , . ) or (3v) ( ... ), where ( ... ) denotes the scope 
of the quantifier; otherwise v is а bounded variable in <р. ТЬе formula <р is called 
~-positive «-positive) if it is built using the relational symbols ~ «) and the 
logical symbols Л, V, У, 3 (without the negation symbol). 

Let now <р Ье а given <, ~ formula whose all variables are among хl, ... , хn . 
Suppose that to еасЬ segment I(xi) а cell-decomposition D(I(Xi» is assigned, i = 
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1, ... , т. The т-М pair of <р with respect to the cell-decompositions V(I(Xi»' 
i = 1, ... , т is а sequence of ordered pairs (то (<р), мо (<р», ... , (тг(<р), мг(<р», ... 
obtained accor'ding to the following rules which are applied recursively. We point 
out that during the process each bounded variable Xi is replaced Ьу а пеw variable 

X i · 
(i) тг и(Уl,'" ,Ур) pg(Zl"" ,Zq» = тги)(y~ х··· х y~) pMr(g)(z~ х··· х z~) 
мги(Уl"", Ур) Р g(Zl,' .. ' Zq» = Mr(f)(yf х ... х y~) pmr(g)(zl х ... х z~) 
(р тау Ье < or :::;) 
Variables Уl, ... , Ур, Zl, ... , Zq are Боте of Хl, ... , Хт, Х1 , ... , Хт· Denotation' 
теаПБ the following: X~ denotes Cr(Xi), while Х: denotes X i 

(ii) тг(а Л (3) = тг(а) Л тг ((3), Мг(а л (3) = Мг(а) л Мг ((3), 
(Ш) тг(а V (3) = тг(а) V тг ((3), Мг(а V (3) = Мг(а) V Мг ((3), 
(iv) тг(-,а) = -,Мг(а), Мг(-'а) = -,Мг(а), 
(v) Let a(xi) Ье а formula having Xi as а free variable and q Ье quantifier '<1 or 

3. Then we have the following equalities 
mr«qxi Е I(xi»a(xi» = (qXi Е Vr(I(Xi»)mr(a(Xi» 
Mr«qxi Е I(xi»a(xi» = (qXi Е Vr(I(xi»)Mr(a(Xi» 

For instance, if <р is the formula ('<IX2) !(Хl,Х2) < g(Х2,ХЗ), then тт(<р), (r = 
0,1, ... ) сan Ье constructed as follows 

mr«'<IX2) ЛХl,Х2) < g(Х2,ХЗ» = ('<IX2 Е V r(I(X2»)mr(f(Xl'X2) < g(Х2 ,хз» 

= ('<IX2 Е V r(I(X2»)m(f)(Cr(Xl) х Х2 ) < M(g)(X2 Х Сг(Хз» 

Непсе, тт(<р) сan also Ье treated as Боте first-order formula. Then Х2 is а 
bounded variable and the symbols СТ (Хl)' Сг(хз) should Ье taken as its free vari­
ables. Accordingly, ifwe denote <р Ьу <p(Xl, Хз), emphasizing that Хl and Хз are free 
variables of <р, then it is natural that тг(<р) is denoted Ьу тГ(<Р)(СГ(Хl)'СГ(ХЗ». 
Such notation will also Ье used in the general case. 

The following theorem has Ьееп proved in [7] (Theorem 4.1). 

ТИЕОRЕМ 6. Let <P(Xl, ... , Хт) (with т ~ О ) Ье а <, :::; - Еогтulа whose а11 
Егее vaгiables аге among Хl, ... ,Хт. ТЬеп foг еуегу r Е N the foПоwiпg double 
imp1ication is true 

provided that the variables Xl, ... , Хт have anу values Етот their segments I(xl), 
... ,I(хт), respectively. 

Intuitively speaking, тг(<р) and Мт(<р) are "logical" minorant and majorant of 
formula <р, respectively. 

The next theorem is important for the application of the т-М calculus: 

ТИЕОRЕМ 7. (Theorem 4.3 in [7]) Let а11 Етее variables јп Еогтйlа <р Ье among 
Ње variables Xl, ... ,Хт (with т ~ О). ТЬеп: 
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(ј) јЕ rp is а < -posjtjve Еотmulа, then the following ечuјуа1епсе holds: 
rp(Xl""'Xm ) <=> (3т Е N)Mr(rp)(C1(Xl) .... ,Cr(xm )) 

(ii) јЕ rp is а :::;- positive foтmulа, then the following equiva1ence holds: 
rp(Xl"'" Хт) <=> (Ут Е N) mr(rp)(Cr(Xl),"" Ст(Хт )) 

Јп ЬоЊ cases it 1S supposed that the variables Х1, ... ,Хт have anу values Етот 
the1r segments Ј(Х1),' .. ,Ј(хт ), respectively. 

Consider now an application of the stated results оп the foHowing class of prob­
lems: 
(i) If Х1, ... ,Хт are аН free variables of formula rp, find аН values of Xi Е I(Xi), 

i = 1, ... ,т for which formula rp is satisfied. 
(ii) If forтula rp has по free variables establish whether rp is true or false. 

1n the case (i) we can apply а procedure similar to that outlined in 3.1. 1n the 
case (ii) the foHowing procedure тау Ье used: 

PROCEDURE 1. 
(i) Set т = О 

(ii) Calculate mr(rp). If mr(rp) is false the procedure halts and the answer is: rp is 
false. Otherwise, go to (Ш). 

(Ш) Calculate Mr(rp). If Mr(rp) is true the procedure halts and the answer is: rp is 
true. Otherwise, go to (iv). 

(iv) Replace т Ьу т + 1 and go to (ii). 

Many different probleтs have equivalent refol"тulations which have the form (i) 
or (ii), which is illustrated Ьу the following examples: 

sтaHskip Exaтple 7 Examine the tl"uth of the forтula (УХ Е [1.4, 1.5])х2 ~ 
1.8 ... where 1.8 ... is а constant satisfying 1.8 :::; 1.8 ... :::; 1.9. Obviously, the 
probleт is 10gicaHy equivalent to the probleт: 

1s the fol"mula (Ус Е [1.8, 1.9]) (Ух Е [1.4, 1.5])х2 ~ с true or false. 

EXAMPLE 8. Find Х Е [0,1] such that х2 = с where с is а constant satisfying 
1.69 :::; с :::; 1.96. 1t has been shown in [7] (Exaтple 5.3) that the problem is 
10gically equivalent to the probleт of the type (i): 

Find Х Е [1,2] such that the formula (3с Е [1.69, 1.96])х2 = С is true. 

In the conclusion let us point out that the ideas outlined in 3.1 and 3.2 can Ье 
used for constructing various algorithтs in different areas of applied тathematics, 
such as: 

Solving systeтs of equations and inequalities 
Finding n-diтensional integrals 
Solving problems expressed Ьу positive :::; - formulas. Among others 

Problems of unconstrained optimization 
Problems of constrained optimization 
Problems of disjunctive programming 
Problems of interval matheтatics. 

1n Chapter 6 of [7] it has been shown how approxiтately to detel"illine functions 
satisfying а given т-М condition, which is some functional condition, or some 
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difference condition, or а differential equation. This enables extensions of the т-М 
calculus to the initial value problems for differential equations and other types of 
functional equations. More details оп the т-М calculus and its applications сan 
Ье found in [6], [7], [8]. 
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EDUCATIONAL AND TUTORIAL WORK 
OF PROFESSOR SLAVISA В. PRESIC 

Slobodan Vujic 

"\Уе shaB speak l1ere today about the work of· Professor Slavisa Presic, particu­
larly about segment of his work being performed for decades for the benefit of our 
junior students of mathematics. These efforts of his include, besides teaching, long 
and frequent professional discussions with students of the Faculty of Mathematics 
which is today, general1y speaking, one of the best schools of its kind. Together 
with his prolific scientific work, which in principle represents а difficult road paved 
with many ul1successful trials and with only а few achievements, Prof. S. Presic is 
al,vays ready to find time for bringing culture and enlightenment to his риЬНс in 
various ways: one cannot avoid spending one's Ше, but one сan dedicate parts of 
it to others. 

Enlightening others - words of our language quite clear in their meaning, today 
sound а little obsolescent. TllOse activities of Prof. S. Presic include the lectures 
ће gave throughout this country for teachers of mathematics, wIiting of teacllers' 
llandbooks, starting and managing professional journal of matllematics methodol­
ogy and pedagogy and particulaIly, writing textbooks for secondary scћools aнd 
university. АВ this was done in an effort to prove in practice advantages оС а пеw 
approacћ to studies оС matћematics. 

Тће beginnings оС sucll wOIk оС Prof. S. Presic belong to rather distant past, 
јС passage of time is measured Ьу lluman life-span: it was tћe end оС tћe sixties 
and tћe beginning оС tћe seventies. А figћt for new study programs was begun at 
different professional commissions and panels оС politiciansj llow tћose proceedings 
looked like one can see from the minutes оС one sucll meeting, wllere, after llours 
of discussion ан almost incredible question was asked Ьу tlle defenders оС tћe "old 
and proven programs" : "Wllat's tћe use оС imp1ication for cћildren?" Sucll old 
programs and textbooks llad to Ье strongly criticized. Even today we remember 
tћe eloquent, decisive and rational criticism ОС Prof. S. Presic during tllose long 
sessions. After tћe victory, wllicll duly сате, it was necessary to create excel1ent 
matћematical textbooks оп tlle spirit ofthe new professional approacll. Тће decisive 
factor in this was tћe appearance оС the "red-and-black book" Ьу Prof. S. Presic, 
whicћ represented а caнnon оС good matћematics and good teacћing ofthis subject, 
altћougll it was only а modest textbook for tћe first grade оС secondary specialized 
scllools. 
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Some more good book followed: Modern Approach to Teaching (1975), Text­
book Ьу authors S. Presic, В. Alimpic (1977), journal "Mathematics", the Textbook 
of Mathematical Logic (1974), etc. 

Тће acceptance of these textbooks was not instal1taneous, and some other half­
baked products were still being published, specially among so-called "collections" 
of mathematical problems. This situation, unfortunately, still exists to а degree. 

Тће "red-and-black book" , important fOl· being the first of the kind, and риЬ­
lished without а single printing error in its first edition, is still fresh and "modern", 
wlйch is invariably the саэе v.'ith а11 worthy work. Мапу teachers and tћeir students 
have found in it а пе\у тисћ more beautiful world. We сап find there fundamental 
concepts of mathematical Jogic, set theory, notions of the function, relatioIls, oper­
ations. Ап edifice called "real numbers field" was erected with rigorous attention 
to detail. (here we could stop listing furthel" items) Тће exposition is done with 
utmost clarity and care. Some new thoughts are planed in а form adapted to tћe 
users' age; for ехатрlе, ostensibly non-definable concept of а set ће explained Ьу 
using the right and cautious words: ће went from individual object to а set of such 
objects Ьу using the image of sticks and thread binding them together. We remem­
ber sardonic smiles with which "triviality" of such an approach was greeted. This 
correct Ыеа ћаэ, after right considerations, brought about а beautiful miniature. 
recently presented Ьу Prof. S. Presic, and called Algebraic Definition Of Fillite Sets. 
ТћјБ happened to Ье а БтаН subsidiary result. 

Pedagogical work of Prof. S. Presic јБ intertwined wћit deep insight into МаЊ­
ematics: the language used at this level of thought called sYlltax is different from 
higher levels of meaning called semantics. АБ for the syntax side, almost llowhere 
јп the world сап we find mathematical texts with such usage and with such effects 
of written logic. In this limelight тапу concepts are recreated, so that we aI"e 
compelled to comprehend and view some seemingly known fields and segments of 
mathematics in а пеw light. For example, "Varia I, II", his newest work is fuH 
of true Mathematics and fuH of true enlightenment. Ideas of great thinkers are 
respected without futile reverence. Mathematics is not а finite notion, it is not 
"geography-like", which is well-known and favorite expression of Prof. S. Presic. 
This attitude goes against such presentation of mathematics iп which students are 
instructed that "this belongs here" and "that belongs there", and everything is 
finite and beyond anу doubt. 

Mathematics should Ье discovered, but it also should Ье made-teaches us Prof. 
S. Presic very convincingly; in ЫБ books which bring enlightenment to иБ ће shows 
how mathematical is "made". What is the meaning of being "modern" јп teaching 
mathematics? Works of Prof. S. Presic bestow an honorable meaning ироп that 
wщd; it means that while teaching others опе should sow ideas of true Mathematics. 
in adapted form, without petrifying them. In that way we сап look ир from the 
foot of Фе edifices forming Mathematics and see, beyond their tops, sky free for 
new enterprise. In such intellectual environment t11e works we tried to speak about 
are being made. 

., 





CUT ELIMINATION IN 
А CATEGORY-LIKE SEQUENT SYSTEM 

Zoran Petric 

Dedicated to Professor Slavisa Presic 

ABSTRACT. А sequent system L for the conjunction-implication fragment of intu­
itionistic propositional logic is introduced. Sequents of L аге of the form А f- В, 

where А and В аге formulae, ј.е. sequences of formulae with exactly опе mеm­
Ьег. With а modification of Gentzen's procedure а cut elimination theorem for L is 
proved. Some categorial consequences of this result аге pointed out. 

Introduction 

Тће ,"ТQrk оп this note was inspired Ьу the paper of Кеllу and MacLane [1971] 
where the cut elimination procedure was used to prove two facts connected with 
symmetric monoidal closed categories, namely the naturality of its canonical trans­
formations and the property of coherence. Тће authors were inspired Ьу Lambek 
(see [1968]) who was the first who has used а cut-elimination technique in catego­
ry theory. However, we stay here in the logical framework and try to clarify the 
process of preparation of а logical system for further categorial purposes. 

System .с. Тће sequent system .с for the conjunction-implication fragment of 
intuitionistic propositionallogic is introduced as follows. Forтulae of Ље logic are 
built from an infinite set of propositional letters and the constant Т, Ьу the logical 
connectives Л and --t. Тће set of аll formulae is denoted ЬуУ. Sequents of .с are 
of tћe form А f- В for А and В in:F. We call А in А f- В the antecedent, and В 
the consequent of the sequent. In order to introduce the rules of inference of.c we 
need the following auxiliary notion of Л-соntехt, which corresponds to the notion 
of (poly)functor in categories. А Л-сопtехt is defined inductively as follows: 
1 о Тће symbol О is а Л-сопtехt. 
20 If F is а Л-сопtехt and А Е :F,then (Р Л А) and (А л Р) are Л-сопtехts. 

1991 Mathematics Subject Classification. Ргјmагу: 03РО5ј Secondary: 18А23. 
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30 If F and G are Л-сопtехts, then (Р Л G) is а Л-сопtехt. 
For а Л-сопtехt F we say that it is а Л1 -сопtехt if the symbol О occurs in F 

exactly опсе. For F а Л-сопtехt and А Е :F, we obtain Р(А) Ьу substituting А for 
О in Р, e.g. if F =- (В л О) л С, then Р(А) = (В л А) л С. 

The axioms of L are 

аА : А 1- А, for every А Е :F, 

The structural rules of L are 

~ Р(А л (В л С)) 1- D 
(!3р ) Р«А f\ В) Л С) 1- D 

F(АЛВ) 1- С 
('Т'Р) Р(В л А) 1- С 

( ) 
Р(А Л А) 1- В 

(Ј)Р Р(А) 1- В 

Р(А) 1- В 
(7Р) Р(А Л т) 1- В 

( ) 
А 1- В G(B) 1- С 

џО G(A) 1- С 

«(3-+) Р«А л В) л С) 1- D 
F Р(А л (В л С)) 1- D 

(вА) р(т) 1- В 
F Р(А) 1- В 

Р(А л т) 1- В 
(7р) 

Р(А) 1- В 

where F is а лl context and G is а Л context. 
The rules for connectives аЈ:е 

(л) А 1- С В 1- D 
АлВI-СлD 
АлВI-С 

(*) BI-A-+C 
AI-B СЛDI-Е 

(6) (А л (В -+ С)) л D 1- Е 

А prooj of а sequent А 1- В in L is а binary tree with sequents in its nodes, such that 
А 1- В is in the root, axioms are in the leaves and consecutive nodes are connected 
Ьу some of the inference rules above. 

What are the differences between L and the corresponding fragment of Gen­
tzen's system LJ (see [1935])? In L we have just опе meta-Iogical symbol 1- in 
а sequent and we omit Gentzen's commas in the antecedents, whose role is now 
covered Ьу the logical connective л. AIso, we can't have empty either the antecedent 
or the consequent of а sequent in L. The logical constant Т serves to fi11 gaps in 
antecedents. These discrepancies between L and LJ arise because in L we want 
antecedents and consequents of sequents to Ье of the same sort (namely members 
of :F) and this enables tiS to look at an L sequent as ап arrow with the source being 
the antecedent and the target the consequent of the sequent. 

Also, the rule (л) is а rule of simultaneous introduction of the connective Л 
оп the both sides of а sequent: there is по counterpart for this rule in LJ. This 
difference is not categorially motivated. We believe that L completely separates 
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structural rules from the rules for connectives. Оп the other hand, the LJ rules &-18 
and&-IA (see 1.22 of [1935]) have hidden interchanges, contractions and thinnings. 

8ince we prove the cut-elimination theorem through elimination of mix, as 
Gentzen did too, we have postulated mix rule (џ) as primitive. However this mix is 
something different from Gentzen's mix. It is liberal in the sense that the Л-соntехt 
G in (џа) need not to capture аН factors В (see the definition below) as argume11ts 
in G(B). ТЬе formula В тау also Ье used in 8tep 20 of the construction of the 
л-соntехt G, i.e. mix need not to "swallow" аН the occurrences of В in G(B). Also, 
there are по categorial reasons to prefer cut to such а тјх. 111 both cases, we do 
not have categorial composition of arrows corresponding to both premises of the 
rule, but а more involved composition of the right premise with an image of the 
left premise under the functor corresponding to а Л-соntехt. ТЬе 0111y difference is 
that in the case of cut this is always а Лl-соntехt. 

An advantage of.c is that, its proofs can Ье easily coded. For example the proof 

is coded Ьу 

q~q 

p~p qЛТ~q 

(р Л (р --* q)) л т ~ q 

р л (р --* q) ~ q 

This fact helps when we want to postulate equalities that should hold betwee11 the 
proofs of .с. 

For the proof of our main result we need the following notions of degree and 
rank. ТЬе degree of а formula is the number of logical connectives in it. However, 
because of the categorially motivated elimination of the сотта, the symbol л plays 
а double role and in order to define rank, we define as foHows а set of factors of А, 
for every А Е :F: 
10 А is а factor of А, 
20 if А is of the form А1 Л А2 then every factor of А1 or А2 is а factor of А. 

Now, we introduce (in the style of Dosen) an аuхШаrу indexing of consequents 
and factors of antecedents in а mixless proof of .с, which wШ Ьеlр us in defining the 
rank of an occurrence of а formula in such а proof. First we index' all the consequents 
and all the factors of antecedents ofaxioms Ьу 1 and inductively proceed as follows. 
In аll the structural rules and the rule (.6.) the index of the consequent in the 
conclusion is increased Ьу 1. In (л) and (*) the index of the consequent in the 
conclusion is 1. Every factor of the antecedent preserved Ьу а rule has the index 
increased Ьу 1, and аН the factors introduced or modified Ьу the rule (take care 
that we always speak about occurrences of formulae and not just about formulae) 
have index 1 in the conclusion. In (ЦJF) the occurence of А in the conclusion is 
indexed Ьу the maximum of indices of distinguished A's in the premise, increased 
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Ьу 1. Јп the example of the proof given аЬоуе tllis iпdехiпg looks like 

ql 1- ql 

рl 1- рl (q2 Л Т 1 ) 1 1- q2 

«(р2 л (р -t q)1? л т2)1 1- q3 

(р3 Л (р -t q)2)2 1- q4 

Then the rank of ап occurrence of а formula in а proof is given Ьу its index. 

Cut-elimination theorem and consequences 

Our тајп result is the following. 

ТИЕОRЕМ. Every ртооЕ јп L сan Ье transformed into а ртооЕ оЕ the вате 
root-sequent with по applications оЕ the тиlе (џ). 

РтооЈ. As јп the standard cut-elimination procedure it is enough to consider а 
proof whose last rule is (џ) and there is по more applications of (џ) јп the proof. 
So let our proof Ье of the form 

А 1- В G(B) 1- С 

G(A) 1- С 

with 11"1 and 11"2 mixless. Then we define the degree о! this ртоој as the degree 
of В and the rank о! this ртооЈ as the sum of the left rank, ј.е. the rank of the 
occurrence of В јп the left premise of (џ), in the subproof 11"1, and the right rank, i.e. 
the тахјтит of аll ranks of distinguished factors В јп the right premise of (џ) јп 
the subproof 11"2. Then we prove our theorem Ьу induction оп the lexicographically 
ordered pairs (d, г) for the degree d and the rank r of the proof. 

1. r = 2 The following situations should Ье considered: 1.1. 1I"1.or 11"2 аге 
axioms; 1.2. 11"1 ends with (л); 1.3.1. 11"1 ends with (*) and 11"2 ends with (.6); 1.3.2. 
11"1 ends with (*) and 11"2 ends with «(ЈВ). We illustrate here just Саве 1.2. 

Suppose our proof is of the form 

Then this proof is transformed into the proof 
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where both applications of (џ) llave lower degree. 
2. r > 2 Тће following situations should Ье considered: 2.1. 11'2 ends with а 

structural rulej 2.2. 11'2 ends with (л)ј 2.3. 11'2 ends with (*)ј 2.4. 11'2 ends with 
(.6)ј 2.5. 11'1 ends with а structural. rulej 2.6. 11'1 ends with (д). Cases 2.1-2.4 
are considered under the assumption that the right rank is greater than 1, while 
2.5 and 2.6 are connected with the assumption that the left rank is greater than 1. 
Case 2.1 includes а lot of subcases and we illustrate one of them here. 

Suppose our proof is of the form 

11'2 

11'1 а1 (в) f- С 

А f- В а(в) f- С 

а(А) f- С 

(3-+ 

J.L 

where G is obtained from а1 Ьу substituting Н Л О for а subcontext (Н л в1 ) л 
(В2 л вз ) of а1 , and Н is а Л-сопtехt and В == В1 Л (В2 Л вз ). We саll this new 
Ьох of G the principal Ьох. Тћеп this proof is transformed into the proof 

А f- В а1 (в) f- С 
а1 (А) f- С J.L 

------~~-------(3-+ 
а2 (в) f- С 

----------~~~~-------џ 
а(А) f- С 

where а2 is obtained пот G Ьу substituting А for all boxes except the principal 
опе which remains the unique Ьох in а2 • Then the upper application of (џ) has 
its rank decreased Ьу one and the right rank of the lower аррЏсаtiоп of (џ) is 1. 

It is possible to check that аll the reduction steps of our cut-elimination pro­
cedure are covered Ьу the equalities of cartesian closed categories which can Ье 
naturally defined in the language of .с. These equations are sufficient for cut elimi­
nation, but they need not аll Ье necessary. This is an argument for tlle justification 
of these categories. However, the main consequence of our Theorem is another 
proof of the result пот [1992], which claims that аll canonical transformations 
from cartesian closed categories are natural in the extended sense. Тће fact that 
аН proofs of.c can Ье reduced to а cut-free form, directly eliminates аll obstacles in 
the way of naturality. This result was originally proved Ьу the apparatus of natural 
deduction, and this is an alternative, sequent system, approach. 
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AN AUTOMATED THEOREM PROVER 
FOR ТНЕ PROBABILITY LOGIC LPP 

Miodrag RaSkovic, Zoran Ognjanovic, 
Vladimir Petrovic, and U ros Majstorovic 

Dedicated to Рroјеввог Slavisa Presi6 

ABSTRACT. We consider а propositional probability logic denoted LPP. LPP 
јв а conservative extension of the сlаввјсаl propositional logic. The language 
of LP Р contains probability operators of the form Р> s for every геа! number 
s Е [0,1]. The intended meaning of а formula of the form ђsOt is 'Ot holds 
with the probability at least а'. We obtain а decision procedU""re for LP Р Ьу 
reducing probabi\ity formulas to systems of liпеаг equalities and inequalities. 
We describe ап automated theorem prover based оп this procedure. 

1. Introduction 

Probabilistic reasoning ћав Ьесоте а subject of increased interest in theoret­
јса! computer sciences, artificial intelligence, analyzing distributed systems, cryp­
tography, etc. Since in [4] а method for probabilistic deduction was proposed, 
various attempts to deal with such problems appeared in the literature. Some of 
them concerned probability logics as а suitable framework for uncertainty reasoning 
[1, 2, 5, 6, 7, 8, 9, 10]. Formulas from these logics speak about probabilities, 
but they remain either true or false. Thus, the probability logics are not fuzzy 
logics. Тће propositional probability languages are obtained Ьу adding probability 
operators to the propositionallanguage. Тће probability operators have (in our no­
tation) the form P~8' with the intended meaning that P~Ba holds if the probability 
of а is greater or equal to в. 

In this paper we consider а probability logic denoted LP Р. Axiomatizations 
for some variants of the logic and the corresponding completeness and decidability 
theorems are given in [1, 7, 8, 9]. Тће language of LPP contains probability 
operators of the form P~8 for every real number s Е [0,1]. This logic allows 

Supported Ьу the Ministarstvo za nauku i tehnologiju Republike Srbije, grant 04М02 through 
the Matematicki institut SANU, Beograd. 
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statements like 'if а holds with the probability в, and {3 follows from а with the 
probability т, then the probability of {3 is t', where а and {3 are events described 
Ьу classical propositional formula. We obtain а decision procedure for LP Р Ьу 
reducing probability formulas to systems of linear equalities and inequalities and 
describe an automated theorem prover based оп this procedure. 

2. Probability logic LPP 

The LP P-language is obtained Ьу adding а list о! probability cperators of the 
form Р>Э, for every real number s Е [0,1], to the classical propositionallanguage. 
Starting from а set of propositionalletters Ф = {р, q, т, ... } and the classical opera­
tors • and Л, the set of classical propositional formulas Forc is defined in the usual 
way. Let us denote formulas from Forc Ьу а, (3, ... The set Forp of аН proba­
bility formulas is defined as foHows. If а Е Forc, then Р>эа is а basic probability 
formula. The set of аН probability formulas is the least set Forp containing аН 
basic probability formulas, and closed under formation rules: if А, В Е Forp, then 
.А, А л В Е Forp. Let formulas from Forp Ье denoted Ьу А, В, ... , Forc U Forp 
Ьу For, and formulas from For Ьу Ф, Ф, ... For example, .Р>эа Л Р>г(а -t (3) 
is а syntactically correct formula, while (Р>га) -t {3 and Р>;Р>га a~e not. In 
other words, combinations о! classical propositional and prob~bility formula.s and 
iterations of probability operators ме not allowed. We use the usual abbreviation 
for the other classical connectives (V, -+, +7), and also denote ,Р>в(а) Ьу Р<в(а), 
P>l-s(.a) Ьу Р<э(а), ...,Р<э(а) Ьу Р>э(а), and Р>в(а) Л ""Р>э(~) Ьу Р=в(а). 

- Note that there are uncountably тапу form~las. This does not make any 
problem, since we only consider decidability of the logic. Оп the other hand, the 
completeness problem for LP Р is not so straightforward. See [1] for more discussion 
оп this subject. 

In order to give semantics to formulas from the set For, we use some notions 
from the measure theory. Ууе suppose that the reader is familiar with them. 

DEFINITION 1. An LP Pмeas-model is а structure (W, Н, џ, v) where: 

• W is а set of elements caHed worlds, 
• Н is а a-algebra of subsets of W, 
• џ : Н -+ [0,1] is а a-additive probability measure, 
• v: W х Ф -+ {Т, 1-} is а valuation which associated with every world w Е W 

а truth assignment v(w) оп the propositionalletters, and 
• for every propositionalletter р Е Ф the set (P]w = {w Е W : v(w)(P) = Т} 

is measurable (i.e. (P]w Е Н). 

The valuation v is extended to а truth assignment оп аН classical propositional 
formulas in а usual way. Note that we insist that every set of the foпn (P]w 
is measurable. It is еаву to see that for every formula а Е Forc, the set [a]w 
is also measurable, i.e. that in every model every event described Ьу а classical 
propositional formula is associated with а measurable set of worlds. We саН such 
models - тeasurable тodels. The subscript Меав in LP РМеав denotes that we work 
with the class of all measurable models. 
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DEFINITION 2. The satisfiabi1ity relation I=c LP РМеаз Х For fulfills the fol-
lowing conditions for every LP PMeas-mоdеl М = (W, Н, f.-L, v): 

1. for апу а Е Forc, М 1= а iff for every \vorld w Е W, v(w)(a) = Т, 
2. for апу а Е Forc, М 1= Р>ва iff f.-L([а]м) ~ s, 
3. for anу А Е Forp, М 1= ,А iff м ~ А, and . 
4. for аН А,Б Е Forp, М 1= АлБ iff М 1= А and М 1= Б. 

А formula Ф Е For is satisfiable if there is ап LP Pмeas-model м such that 
М 1= Фј Ф is valid (1= Ф) if for every LP PMeas-mоdеl М, М 1= Ф. Note that 
classical propositional formulas do not behave in the usual way. For example, it 
foHows from Deflnition 2, that for some а, /3 Е Forc and some model М it сап Ье 
М 1= а v /3, but that lleither М 1= а, nor М 1= /3. Similarly, it сап Ье that М ~ а 
and М ~ ,а. 

3. Decidability 

In the sequel we will use ±Ф to denote either Ф or ,Ф. Let А Е Forp, and 
Р1, ... , Рn Ье а list of all propositionalletters that appear in А. А basicconjunction 
а of А is а formula of the form ±Р1 Л ... л ±Рn. If А contains п propositionalletters, 
there are 2n basic conjunctions of А. For different basic conjunctions ai and ај we 
have f- а; -+ 'Щ. Thus, in every LPPMeas-mоdеl f.-L(ai V ај) = f.-L(ai) + f.-L(щ). It is 
easy, using propositional reasoning and the theorem 

THEOREM 1. Let а,/3 Е Forc· 1/1= а н /3, then 1= Р>эа Н Р>э/3, /or every 
SE[O,l]. - -

to show that every probability formula А Е Forp is equivalent to а formula 
m ki 

(1) DNF(A) = V л ±P~Si;(Pl'''' ,Рn) 
i=lj=1 

called а di~junctive normal form of А, where P~Si.; (Pl, ... ,Рn) denotes that the 
propositional formula which is in the scope of the probability operator P~B;,; is 
in the complete disjunctive normal form, i.e. that the propositional formula is а 
disjunction of the basic conjunctions from А. The next theorem is proved in [9]. 
We give it here since our prover relies оп the described decision procedure. 

ТИЕОRЕМ 2. The logic LPP is decidable. 

PROOF. There is а procedure for deciding satisfiability and validity for clas­
sical propositional formulas. Непсе, we consider probability formulas опlу. А 

probability formula А is equivalent to DNF(A) = V":::l л7~1 ±P~в;; (Pl,' .. ,Рn). 
А is satisfiable iff at least опе disjunct from DNF(A) is satisfiable. Let the prob­
ability of the basic conjunction а; Ье denoted Ьу Yi. We use an expression of the 
form ai Е ±Р>э(Р1, ... ,Рn) to denote that ai appears in the classical propositional 
part of ±Р>Э(Р1"" ,Рn). А formula of the form P>s(Pl"" ,Рn) is satisfiable in а 
model м;; (W, Н, f.-L, v) iff the probability of [Vat.;P>.(Pl,'" ,Рn) at.]M is at least s. 

And, since basic conjunctions are mutually exclusi~e, jL([Vati Е Р;::. (Рl , ... ,Рn) at.]M) ~ 
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8 holds iff l:a,.EP>s(I1J, ... ,p,,) J.l([at.] м) ~ 8. Siшilarlу, а formula of the fогш 
-,P~8(pl, ... ,Рn') holds in а шоdеl М iff the probability of [Va,. ЕР>.(Р1,. .. ,р,,) Q.tJM 

is less than 8 iff l:a,. EP>.(Pl,." ,Рn) J.l([at.}м ) < 8. ' -

Thus, а disjunc~ D-= л7=1 ±P~Bj (Рl, ... ,Рn) from DNF(A) is satisfiable iff 
the following sуstеш of linear equalities and illequalities is consistent: 

2" 
Ei=l Yi = 1 

Yi ~ О, for i = 1, ... ,2n 

" { ~ 81 ~f ± P~Sl = P~81 
(2) L.,atEP~'1 (Р1"., ,p,,)ED Yt < 8 lf ± Р> - Р 1 _81 - <81 

" { ~ 8k if ± Р>Вю = P>Sk 
L.,a.EP~'k (pl"" ,p")ED Yt < 8k if ± Р;8ю = P~Sk 

ТЬе first equation corresponds to the fact that the шеasurе of the set of аН worlds 
in а шоdеl is 1, while the set of inequalities Yi ~ О corresponds to the nonnegativity 
of the probability. ТЬе other inequalities correspond to fогшulаs fгош D. Now, Ње 
problem of satisfiability of ан arbitrary fогшulа А is reduced to the linear sуstешs 
solving ргоblеш, and the satisfiability ргоblеш for the LP P-logic is decidable. Since 
а fогшulа is valid iff its llegation is 110t satisfiable, the validity problem for the LP Р­
logic is decidable, too. О О 

4. An automated thеогеш ргоуег 

Our LP Р-thеогеш prover is, in fact, а satisfiability checker for probability 
fогшulas. Here is а high level descriptioll of the procedure in а Pascal-like lallguage: 

procedure CheckSatisfiability (Formula А) 
begin 

end; 

DNF(A) := disjunctive_normal_form(A); 
for every disjunct D from DNF(A) do 
begin 

end; 

SYSTEM(D) := generate_system(D); 
solution := solve(SYSTEM(D»; 
if solution is not empty then 
begin 

end; 

write ( 'А is satisfiable' ); 
exit; 

write ( 'А is not satisfiable' ); 

For ехатрlе, if the input of the prover is the fогшulа Р>о.8Р Л Р<о.9Р Л P>O.7Q Л 
P<O.8Q Л Р>о.9(Р Л Q), the obtained result is that the formula is not satisfiaЫe. Оп 
the other llaнd, Р>о.5Р is satisfiable, as weH as ~Р>о.5Р. Thus, neither Р>о.5Р nor 
-,P~o.5P are valid.- - -

1 
i 
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ТЬе above procedure allows the following modification. ТЬе probability lan­
guage can Ье extended Ьу а probability operator of the form Р?Х, where х de­
notes unknown probability. Then, we can solve the corresponding linear sys­
tems (2) and find for what х they are (un)satisfiable. For example, the formula 
(Р>о.8Р Л Р>о.9(Р -+ q) л Р<о.95(Р -+ q)) -+ P<xq is valid for every х Е [0.95,1]. 
ТЬе formula "'Р?хР is satisfiable for every х Е (0,1] which means that "'Р?оР is а 
contradiction, ј.е. that Р?оР is valid, while Р?хР is not valid for any х > О. 

Finally, it is easy to detect inherent parallelism in the procedure CheckSat­
isf.ability: disjuncts from DNF(A) can Ье processed independently Ьу individual 
processes. Afterwards, their results can Ье combined to form the solution. 

5. Conclusion 

There are many places in artificial intelligence (expert systems, decision making 
systems, fault tree analysis, ... ) where knowledge is not crisp. If we are able to 
attach probabilities to uncertain information, it would Ье useful to have an effective 
formal procedure to infer conclusions. Presented LP P-logic and the corresponding 
decision procedure offer а suitable way to reason in such situations. For example, 
using probability formulas we can describe some events and check whether some 
events with attached probabilities are consequences of some other events. Also, we 
can compute what is the probability of а consequence of some premises, and find 
tlle most promising сопsеqпепсе among а set of events. 
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ON ТНЕ FUNCTIONAL EQUATION А(х, В(х, у)) = у 
IN ТНЕ VARIETY OF GROUPOIDS 

Smile Markovski, Апа Sokolova, and 
Lidija GoraCinova Ilieva 

Dedicated to Pro/essor Slavisa В. Presic јn occasion о/ his 65 th anniversary 

ABSTRACT. We focus оп finding general solutions of the functional equation 
А(х, В(х, у)) = у јп the сlasз of groupoids where А, В are unknown groupoid 
operations over the same set. We аЈво consider functional equations symmetric 
to the mentioned опе, as weJl as systems of such functional equations. 

1. Preliminaries 

In what follows we present description of the general solutions of the {ипс­
tional equation А(х, В(х,.у» = у, as well as symmetric ones: А(х, В(у, х» = у, 
А(В(у, х), х) = у, А(В(х, у), х) = у, where А and В are unknown groupoid opera­
tions over а same set. We characterize the solutions in the class of finite groupoids 
and in the class of аН groupoids. Тће main motivation to consider such functional 
equations arose from the groupoid identity А(х,А(х,у» = у [5]. Clearly, if this 
identity ho1ds in а groupoid, then the pair (А, А) is а solution to our equation, 
where А denotes the operation of the groupoid. Further back, consideration of 
such ап identity was motivated Ьу the fact that groupoids that satisfy it have or­
thogonal complements which are right zero (or left unit) groupoids. So, we thought 
that finding the general solutions of these functional equations might Ье of interest. 
In the sequel we frequently use the foHowing notions. А right zero groupoid is а 
groupoid satisfying the law ху = у. Every right zero groupoid is а semigroup where 
еасћ element is а right zero and а left unit. А groupoid (С; А) is said to Ье left 
(right) cancellative groupoid if 

А(х,у) = A(x,z) =} у = z (А(у,х) = A(z, х) => у = z) 

1991 Matheтatics Subject Classijication. Primary 20N02, 20N05. 
Кеу words and phrases. functional equation, (left, right zero) groupoid, (left, right) 

quasigroup. 
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for аН х, у, z Е а. А groupoid that is both left and right cancellative will Ье 
called canceIlative. (с; А) is called left (right) solvable groupoid if the equation 
А(х, а) = Ь (А(а, у) = Ь) Ьав а solution х (у), for every а, Ь Е а. If (с; А) is both 
left and right solvable then it is solvable. (с; А) is said to Ье left (right) quasigroup 
if it is left (right) solvable and right (left) cancellative. ТЬе solution х (у) of tlle 
equation А(х, а) = Ь (А(а,у) = Ь) јп а left (right) quasigroup is unique, and vice 
versa. (с; А) is а quasigroup if it,is left and right quasigroup. 80metimes we shall 
саЈl the operation А (left, right) cancellative, solvable, quasigroup if the groupoid 
(с; А) Ьав the mentioned property. ТЬе following simple facts hold. 

PROPOSITION 1. 

(i) Every finite lejt (right) cancellative groupoid ја а right (lejt) quasigroup. 
(ii) Every finite lejt (right) solvable groupoid ја lejt (right) quasigroup. 

If (ај А) is а quasigroup, then the quasigroup operations А-1, -1А, А*, defined 
оп G Ьу A-1(x,z) = у, -1A(z,y) = х, А*(у,х) = z if А(х, у) = z, аге called 
parastrophes (or conjugates) of А. If (С;А) is left (right) quasigroup, then (С;А*) 
is right (left) quasigroup, the left parastrophe -1А (the right parastrophe А-Ј) is 
defined and (С;-Ј А) «С; А-1» is left (right) quasigroup as well. 

2. Functional equation А(х,В(х,у» = у in the variety of groupoids 

We focus ош attention оп the functional equation А(х,В(х,у» = у where А 
and В are unknown groupoid operations оп а same set. 

PROPOSITION 2. 11 А(х, В(х, у» = у ја satisfied Ьу аоте groupoid operations 
А and В, then: 

(ј) В ја lejt cancellative. 
(н) В(х, у) = z =? А(х, z) = у. 
(Пi) А ја right solvable. 
(iv) А(х,z)=уЛВ(х,у)=t =? A(x,z) =A(x,t) =у. 
(v) 11 В ја right solvable, then А ја right quasigroup. 

(vi) 11 А ја lejt cancellative, then В ја right quasigroup. 
(vii) А ја right quasigroup јl аnа only јl В ја right quasigroup, аnа when А аnа В 

are right quasigroups then В(х, у) = z -{::::} A(x,z) = у ј.е. А = в-1 (В = 
А-1). 

PROOF. (ј), (ii) and (Ш) аге obvious. 

(iv) When A(x,z) = у and В(х, у) = t we have A(x,t) = А(х,В(х,у» = у = 
A(x,z). 

(v) Let А(х, z) = А(х, t). There exist У1, У2 such that В(х, У1) = z, В(х, У2) = t 
and we Ьауе У1 = А(Х,В(Х,У1» = A(x,z) = A(x,t) = А(х, В(х, У2» = У2, 
hence z = t. Ву (iii), А is right quasigroup. 

(vi) Let А Ье left cancellative. Ву (i), it is enough to prove that В is right 
solvable. Let x,z Ье given and A(x,z) = у, В(х, у) = t. Тћеп Ьу (iv) we 
have А(х, z) = А(х, t) = У and Ьепсе z = t. 80, В(х, у) = z. 
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(vii) Тће first part is а consequence of (i), (iii) , (v) and (vi). Let А and В 
Ье right qllasigrollps. В(х,у) = z => A(x,z) = у holds Ьу (Н). Let 
А(х, z) = у and Б(х, у) = t. Then А(х, t) = У = А(х, z) Ьу (iv), hепсе 
z = t. 

о 

ТИЕОRЕМ 1. The solution ој the equation А(х,Б(х,у)) = у over the class о! 
аll jinite groupoids consists ој arbitrary mutually right-inverse right quasigroups 
i.e., right quasigroups satisjying А = В-1. 

PROOF. If А and В form а solution of the eqllation and are over а finite 
set then, Ьу Proposition 2(i), Б is left cancellative, and the statement follows Ьу 
Proposition l(i) and Proposition 2(vii). Оп the other hand, if А апd Б are пшtllаllу 
right-inverse right quasigroups and if Б(х, у) = z, then А(х, z) = у i.e. А and В 
form а solution of the equation. О 

EXAMPLE 2.1. Тће following operations А апd Б defined оп the set N of pos­
itive iпtеgеrs Ьу: 

А(х, у) = d'iv(x,y) = [~], В(х,у) = ху 
are sоlutiопs of the fuпсtiопal equation. Namely, А(х, Б(х, у)) = div(x, ху) = у. 
Note that А is neither left поr right cancellative and В is пеithеr left nor right 
solvable. 

ТИЕОRЕМ 2. The solution ој the functional iщuаtiоn 

А(х,В(х,у)) = у 
over the class ој аll groupoid operations consists о! аnу left cancellative operation В 
and а corresponding right solvable operation А that satisjies the condition В(х, у) = 
z => A(x,z) = у. 

PROOF. If А and В form а sоlutiоп then it satisfies the conditions Ьу Propo­
sitiопs 2 (i), (Н), (iИ). Тће other direction of the stаtеmепt follows directly from 
the assumptions. . О 

In the special case of the equation А(х, А(х, у)) = у we get that the solution is 
а right quasigroup that is self-right-inverse. Out of symmetry similar results hold 
for the functional equations 

А(х,В(у,х)) = у, А(В(у,х),х) = у, А(В(х,у),х) = у. 
80, we have the fоllоwiпg properties. 

ТИЕОRЕМ 3. The solution ој the functional equation А(х, В(у, х)) = у over 
the class ој аll groupoids consists ој а right cancellative operation В and а пуМ 
solvable operation А satisfying the condition В(у,х) = z => A(x,z) = у. Јп the 
finite case, the solution consists ој а right quasigroup А and а left qu{/,sigroup В 
satisfying А = (-lВ)". 
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ТИЕОRЕМ 4. The solution 01 the functional equation А{В{у,х),х) = у over 
the class 01 аll groupoids consists 01 а right cancellative operation В аnа а left 
solvable operation А satislying the condition В{у,х) = z ==::} A{z,x) = у. Јп 
Ље jinite саве, the solution consists 01 arbitrary jinite mutually left-inverse left 
qua.sigr01Lps i.e., left quasigroups satisfying А = -lв. 

ТИЕОRЕМ 5. The solution 01 the functional equation А{В{х,у),х) = у over 
the class 01 аll groupoids consists 01 а left cancellative operation В аnа а left solvable 
operation А satisfying the condition В{х,у) = z ==::} A{z,x) = у. Јп the jinite 
саве, the solution consists 01 а right quasigroup В аnа а left quasigroup А satisfying 
А = (В-1)*. 

3. Systems of equations 

Here we note some consequences of the results in previoussection, considering 
systems of functional equations consisting of pairs of equations of the mentioned 
types. Ву Theorem 2 we get the following theorem. 

ТИЕОRЕМ 6. The solution 01 the system 01 functional equations 

А(х, В{х, у» = у, В{х, А{х, у» = у 
over the class 01 all groupoids consists 01 right quasigroups А аnа В satislying the 
condition А = B-1 • 

ТИЕОRЕМ 7. The solution 01 the system 01 functional equations 

А(х,В(у,х» = у, В(х,А(у,х» = у 
over the class 01 аll groupoids consists 01 quasigroups А аnа В such that В = А = 
-1{A-1) = (-lА)-I, А* = А-l = -lА. 

PROOF. If А and В are solutions then, Ьу ТЬеогеm 3, we have that they ше 
both right solvable and right cancellative. Then also В(у,х) = z ==::} A(x,i) = 
У ==} B(z,y) = х ==} А(у,х) = z ==> B(x,z) = у. Непсе, А = В and 
A{X,Yl) = А(Х,У2) = Z ==} Уl = A{x,z) = У2, i.e. А is right quasigroup. 
Moreover, х = А(а, Ь) is the solution of the equation А(х, а) = Ь, therefore А is 
left quasigroup, i.e. А is quasigroup. Ву A(z,y) = х{::=} А(у,х) = z we have 
А-1 = -lА. Непсе, А and В ше quasigroups such that В = А, А-1 = -lА, and 
we only ћауе to note that А = (А -1 )-1 = -l(-Ч), А * = -l((-lА)-l). О 

The next two theorems are obtained in the saтe manner as аЬоуе. 

ТИЕОRЕМ 8. The solution 01 the system ollunctional equations 

А(В(у,х),х) = у, В(А{у,х),х) = у 
over the class о! аll groupoids consists 01 left quasigroups А аnа В satisfying А = 
-lв. 

ТИЕОRЕМ 9. The solution 01 the system 01 functional equations 

А{В{х,у),х) = у, В(А(х,у),х) = у 
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over Ње class о! аll groupoids consists о! quasigroups А and В satisJying the соn­
ditions В = А = -l(А-l) = (-lA)-l, А* = А-l = -lА. 
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А GENERALIZATION 
OF RECTANGULAR LOOPS 

А. Krapez 

Dedicated'to proJessor Slavisa В. Presi6 оп the occasion о! Ms 65th birthday 

ABSTRACT. It јв proved that the class of groupoids which, ме isotopes 
of rectangular loops сап Ье axiomatized Ьу 18 universal equations јп а 
language with three binary and зјх unary operations. Тће problem of the 
existence of зоmе simpler (јп particular independent) ахјоm system for this 
class јв posed. 

Introduction 

А left zero semigroup is а semigroup јп which every element is а left zero and 
which therefore тау Ье defined Ьу the universal equation ху = х. The dual notion 
of а right zero semigroup јв defined Ьу the universal equation ху = у. А rectangular 
band јв the direct product of а left zero semigroup and а right zero semigroup. 

АН these are important but fairly trivial types of semigroups. Not во trivial 
and еуеп more important јв а rectangular group which јв the direct product of а 
group and а rectangular band (вее for example М. Petrich [5]). 

А generalization of rectangular group called rectangular lоор јв defined јп [4] 
as the direct product of а left zero semigroup, а loop and а right zero semigroup. 
The following theorem from [4] gives us ап axiomatization of rectangular loops: 

ТПЕОRЕМ 1. А groupoid (8ј·) ј8 а rectangula.r 100Р iff it ј8 а reduct оЕ an 
a1gebra (8ј ., ј, \Т, 8ati8fying the ахјоm8: 

(Q1) 

(Q2) 

х\(х· у) = (х\х) . у 
х· (х\у) = (х\х) . у 

1991 Mathematics Subject Classification. Primary 20N02. 
К еу words and phrases. loop, rectangular loop, rectangular lоор isotope, isotopy, axiomati­

zation. 
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(Q3) 

(Q4) 

(Еl) 

(Е2) 

(Аl) 

(А2) 

(А3) 

(Ul) 

(U2) 

(U3) 

KRAPEZ 

(х· у)/у = х· (у/у) 
(х/у) . у = х· (у/у) 

(х/х)· х = х 
х\х = х/х 

(х/х) . (у . z) = «х/х) . у) . z 

х· «у/у) . z) = х . z 

(х· у) . (z/z) = х· (у. (z/z) 

(х· у)/(х· у) = (х/х) . (у/у) 
(х\у)/(х\у) = (х/х) . (у/у) 
(х/у)/(х/у) = (х/х) . (у/у) 

This axiom system wШ Ье denoted Ьу (О Л) and the class of all rectangular loops 
Ьу [ОЛ]. AIgebras satisfying (ОЛ) wШ Ье caHed equational rectangular loops. 

Rectangular loop isotopes 

EXAMPLE 1. Let (а;·, е, -1) Ье а group (equationally defined);I.'.which is not 
boolean (i.e. хх i= е fOl" some х) and let х/у = х· у-1. Then thegr.btIpoid (ај f) 
is а unipotent (х/х = е) quasigroup with right unit е. Bute is not а left unit апЈ 
therefore (ај f) is not а loop. 

Let L, R Ье nonempty sets, S = L х G х R апЈ О, / /, I operations оп S ЈеБпеЈ 
Ьу: (а,х,р) О (b,y,q) = (a,xy,q), (a,x,p)//(b,y,q) = (a,x/y,q) апЈ I(а,х,р) = 
(a,x-1,p) (for аН appropriate a,b,x,y,p,q). Then (ВјО) is а rectangular group, 
I is bijection апЈ (Вј//) is an isotope of (ВјО) (u//:р =uo'I(v») which is not а 

" .~, 

rectangular loop. ". " " 

EXAMPLE 2. Let (Lj·) Ье а left zero semigroup, f i= id а permutation of L 
and х О у = ј(х). Then (Lj о) is so саНеЈ left groupoid (see [3]) which is obviously 
isotopic to (Lj') but is not а rectangular loop. 

Such examples inspired us to make а generalization of rectangular groups which 
we саН rectangular loop isotopes. The key rеquirеmепt for the class of аН rесtапgulаr ' 
loop isotopes is that it should Ье closed uпdеr tаkiпg isotopies, the property Iюt 
satisfied Ьу either of the classes of аН rесtапgular groups, rectangular loops. For 
the definition anЈ properties of the поtiоп of isotopy of groupoids, iп particular of 
quasigroups, the reader тау сопsult [1] or [2]. 

DEFINITION 1. The class [RLI] of all rесtапgular loop isotopes is the smaHest 
class of groupoids сопtаiпiпg the classes (Q] of аН quasigroups, [L] of aHleft zero 
semigroups, [R] of аН right zero semigl"oups апd closed uпdеr tаkiпg direct products 
and isotopies. 

LEMMA. ТЬе сlаБ8 [ОЛ] ј8 ргорегlу contained јп the сlав8 [RLI]. 

Proof. ТrjyjaHy, [ОЛ] ~ [RLI]. The fоНоwiпg example shows that the iпсlusiоп 
is strict. Let S = {О, 1}, лх) = l-х and х·у = f(x). Тhеп (Вј') is а left groupoid 



А GENERALIZATION OF RECTANGULAR LOOPS 9! 

and consequently an isotope of the left zero semigroup (В; о), х о у = х. Непсе 
(В; .) Е [RLI]. 

Assume that (В;·) is а rectangular lоор. Being of prime order, it should Ье 
either а left or right zero semigroup or else а lоор. But it obviously is neither. This 
contradiction proves that (В;·) rJ [ОА]. О 

Further, the ивиаl rules for omitting parentheses apply. АН binary operations 
bind terms with equal strength, except juxtaposition which binds them stronger 
(juxtaposition replaces the multiplication . јп some cases). 

For unary operations (and there are only six ofthem: J,J-,g,g-,i and ј) Јх 
stands for Ј(х) and Jgx for J(g(x» and similarly in other cases. Unary operations 
always ыпа terms stronger then binary ones. However, we shaH neverwrite poten­
tially ambiguous expressions like Јху but use parentheses (Ј(ху») or multiplication 
symbol (Јх . у) to enhance readability. 

DEFINITION 2. А is the class of аll algebras (В; .,/, \,Ј,Ј- ,g,g- ,i,j) satisfy­
ing the system (RLI) ofaxioms: 

(q!) х\ху = g(i(x) . у) 

(ч2) х(х\у) = i(x) . g(y) 

(qЗ) ху/у = Ј(х· ј(у» 
(q4) (х/у)у=Ј(х) .ј(у) 

(е!) iJ(x) . g(x) = х 
(е2) Ј(х)\х = jg(x) 

(еЗ) x/g(x) = iJ(x) 

(е4) J-iЈ(х) = g-jg(x) 

(а!) i(x) . g(J(y) . z) = J(i(x) . g(y). z 

(а2) х . g(i(y) . z) = xz 

(аЗ) Ј(х . g(y» . j(z) = х . g(J(y) . j(z» 

(и!) if(xy) = J(i(x) . ј(у» 

(и2) ј(х\у) == g(i(x) . jg(y» 

(uЗ) i(x/y) = J(iJ(x) . ј(у» 

(Щ ЈЈ-(х) =х 

(ј2) Ј-Ј(х) = х 
(iЗ) gg-(x) = х 

(ј4) g-g(x) = х 

Ву Ао we denote the class of аН {. }-reducts of algebras from А. The class of 
аН isotopes of rectangular loops is denoted Ьу В. . 
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А more detailed study of rectangular loop isotopes will Ье published el~ewhere. 
Here we prove only the main result justifying the пате 'rectangular loop isotopes' 
for the groupoids from [RLI] and giving an equational axiomatization for them. 

THEOREM 2. Ао = В = [RLI]. 

Prooj. а) Let (Вј', /, \, ј, ј-, у, у-, i, ј) Ье an algebra from А and let х О у = 
јх· уу, х/ /у = ј-(х/уу) and х\ \у = у-(Јх\у). Тћеп the algebra (Вј О, / /, \ \) is 
ап equational rectangular loop. Тће proof requires checking axioms (Q1)-(U3). As 
an example we prove just (А1): 

(х/ /х) О (у О z) = ј(х/ /х)· у(Ју. gz) = јј-(х/ух)· у(Ју. gz) = ijx· у(Ју. gz) 

= f(ijx· уу). gz = (Ј ј-Чх· уу) О Z = (Ј-Чх О у) О Z 

= (Ј-(х/ух) О у) О Z = «х/ /х) О у) О z. 
Therefore (Вј .) is an isotope of the rectangular loop (Вј о) i.e. (В;·) Е В. It follows 
that Ао ~ В. 

Ь) Let (В ј .) Ье ап algebra from В. As every isotope is isomorphic to а principal 
isotope, we тау assume that х О у = јх· уу, where (Вј о) is а rectangular loop. 
Ву theorem 1, there is ап equivalent equational rectangular loop (Вј о, / /, \ \). Ор­
erations ј and 9 are bijections and therefore ј ј- = ј- ј = уу- = у-9 = id for 
ј- , у- inverse mappings of ј, 9 respectivelly (and id identity mapping of В). If we 
define 

х/у = f(x/ /у-(у)), 

х\у = y(J-(х)\ \у), 
i(x) = j-(x)/gj-(x), 

ј(х) = gj-ijg-(x), 

then we сап easily verify that the algebra (Bj·,/,\,j,j-,g,g-,i,j) satisfies аН 
axioms (ql)-(i4) and consequently (Вј') Е Ао. Therefore В ~ Ао. 

с) Every quasigroup is an isotope of some loop which is а special rectangular 
loop. Therefore ап algebra obtained from а quasigroup Ьу expanding its language 
using division operations / and \, i(x) = х\х,ј(х) = х/х and ј = ј- = 9 = у- = 
id, belongs to А. Similarly, the expanded versions of left (right) zero semigroups 
(assuming х/у = х\у = ху) belong to А. Consequently, the class Ао contains 
classes [Q], [L] and [R]. Being а variety, А is closed under taking direct products 
and so is Ао. If (Вј') is ап isotope of some groupoid from Ао = В, then (Вј') is 
an isotope of ап isotope of а rectangular loop and consequently is itself ап isotope 
of а rectangular loop i.e. (Вј·) Е В = Ао. It follows that [RLI] ~ Ао. 

d) We have already noted that [ОЛ] С [RLI]. As [RLI] is closed under iso-
topies, it follows that аН groupoids from В = Ао also belong to. [RLI]. О 

Тће independence of the axioms (q 1 )-(i4) for the rectangular loop isotopes re­
mains ап ореп problem (see [4] for the related ir)endence problem of (ОЛ)). Тће 
system (RLI) сап Ье reduced trivially, replacing function ј Ьу gj-ijg- and еНт­
inating аЮот (е4) (and similarly for i), but we have а more substantial reduction 
in mind. 
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SEMIGROUPS IN WHICH ANY PROPER IDEAL 
IS SEMILATTICE INDECOMPOSABLE 

Stojan Bogdanovic, Miroslav Ciric, and 
Nebojsa Stevanovic 

Dedicated to ProJessor S. В. Presic оп the occasion оЈ his б5th biJ·thday 

ABSTRACT. Тће тшп purpose of this note јs to study semigroups аН of whose 
proper ideals from an arbitrary nontrivial complete l-sublattice of the lattice 
of ideals аге semilattice indecomposable ог агсhiшеdеап semigroups. We аlsо 
determine воте conditions under which there exists the J.argest proper ideal 
јп this lattice. 

А significant problem of Semigroup theory is to study semigroups аН of whose 
proper subsemigroups or ideals ћауе certain properties. Semigroups whose proper 
ideals are groups, commutative or archimedean semigroups were investigated Ьу 
Schwarz јп [11], Tamura in [12], Bogdanovic in [2, 3, 4, 5], Bogdanovic and Ciric 
in [6Ј and others .. In the present paper we consider anу complete l-sublattice 
Idlr (S) of the lattice Id(S) of ideals of а semigroup S. As was shown in [8], it 
is uniquely determined Ьу some positive quasi-order 1г оп S. We study the set 
M lr (S) of аН elements of S that generate.a proper ideal from Idlr (S), for which 
we show that it is an ideal and the union of аН proper ideals from Id 11' (S), and we 
find some conditions under which M lr (S) is also а proper ideal of S. Finally, we 
determine the conditions under which апу proper ideal from Id1r (S) is а semilattice 
indecomposable or archimedean semigroup. 

Ву а coтplete l-sublattice of а complete lattice L we mеап апу complete 
sublattice of L containing the unity of L. For а semigroup S, Sl denotes the 
semigroup obtained from S Ьу adjoining the unity. Тће division relation I оп S јв 
defined Ьу: а I ь if and only if Ь = хау, for some х, у Е Sl, the relation ---t оп S 
is defined Ьу: а ~ Ь if and only if а I ьn , for some natural number п, and--too 

denotes the transitive closure of --t. Тће lattice of аН ideals of S is denoted Ьу 
Id(S). Апу ideal of S different than S is caHed а proper ideal of S. Ап ideal 1 
of S is called coтpletely seтipriтe if for апу а Е S, а2 Е 1 implies а Е 1, and it 

Supported Ьу Grant 04МО3В of RFNS through Mathematical Institute SANU. 
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is eaHed complctely prime if for any а, Ь Е S, аЬ Е 1 implies that а Е Ior Ь Е 1. 
ТЬе set of аН eompletely semiprime ideals of S, whieh is а eomplete l-sublattice of 
Id(S), is denoted Ьу IdC8 (S). 

Ву а quasi-order оп а set А we mean anу reflexive and transitive binary relation 
71" оп А, and the pair (А,7I") is ealled а quasi-ordered set. For а Е А we set а7l" = 
{х Е Ala7l"x} and for Х ~ А we set Х7l" = UzEX Х7l". ln other words, а7l" and Х7l" 
are the filters (dual ideals) of а quasi-ordered set (А, 71") generated Ьу {а} and Х, 
respectively. Ву 71"-1 we denote а relation оп А defined Ьу: а 71"-1 Ь if and only if 
771" а. ТЬе relation 7f = 71" П 71"-1 is the greatest equivalence relation contained in 71" 

:tnd it is ealled the natural equivalence of 71". As is well known, а 7f Ь if and only if 
171" = Ь7I", and the set of аН 7f-elasses is partially ordered, where the partial order ::; 
.В defined Ьу: a7f ::; b7f if and only if а7l"Ь (ef. [1] and [8]). The partially ordered 
;et of all quasi-orders оп А is а eomplete lattice and it is denoted Ьу Q(S). 

Let 71" Ье а quasi-order оп а semigroup S. We say that 71" is positive if a7l"ab 
tnd Ь 71" аЬ, for all а, Ь Е 8, that it is lower-potent if а2 71" а, for anу а Е 8, and 
.lшt it satisfies the ст-ргорепу (соттоn multiple ргорепу, [13, 14]) if for any 
t, Ь, с Е S, а 71" с and Ь 71" С implies аЬ 71" с. The set of all positive quasi-orders оп S 
s the principal filtcr of the lattice Q(S) generated Ьу the division relation оп 8, 
vhereas the set of аН positive 10wer-potent quasi-orders оп S is the principal filter 
,f Q(S) gel1erated Ьу the quasi-order --+00. If 71" is the division relation оп S, then 
: is the weIl known Green's .1-relation, and if 71" =--+00, then 7f јв the smallest 
emilattice congruenee оп S, and the partially ordered setof аН 7f-elasses is the 
reatest semilattice homomorphie image of 8 (ef. [13], [14], [7] and [8]). Ав јв well 
nown, а semigroup S is semilattice indecomposable, ј.е. the universal relation оп 
~ јв the 0111y semilattice eongruel1ee оп S, if and only if а --+00 Ь, for аН а, Ь Е S 
:f. [13]). If а --+ Ь for аН а, Ь Е S, then 8 јв eal1ed an archimedean semigroup. 

Let 71" Ье а positive quasi-order оп а semigroup В. An ideal 1 of 8 is called а 
-ideal jf 171" = 1, ј.е. jf а Е 1 implies a7l" ~ 1, for anу а Е S. 1п other words, 1 
а 7I"-ideal of S if and only if it is an ideal of S and а filter of the quasi-ordered 

~t (В, 71"). The set of аП 71"-ideals of S is denoted Ьу Id 1т (S) . Ав was proved јп 
1], Id1Т{S) is а eomplete l-sublattice of Id(8) and the mapping 71" н Id" (8) is а 
llal isomorphism of the lattice of all positive quasi-orders оп S onto the lattice 
, аП eomplete l-sublattiees of 1d(S). The вате mapping also determines а dual 
omorphism of the lattice of positive lower-potent quasi-orders оп S onto the lattice 
. аН eomplete l-sublattices of IdCS(S). Hence, if 71" is the division relation оп В, 
len ld1Т (S) = Id(8), and if 71" =--+00, then Id1Т (S) = IdCS(S). 

'" 

For undefined notions and notations we refer to [1], [5], [6] and [10]. 
Let 71" Ье а positive quasi-order оп а semigroup В. ТЬеп we set 

М1Т (S) = {а Е SIa7l" с S}. 

ТЬе proof of the first lemma is immediate and it wШ Ье omitted. 

LEMMA 1.Let 71" Ье а positive quasi-order оп а semigroup S. Then М1Т (S) = fZJ 

аnа only if S does not have proper7r-ideals. 

Next we eonsider the саве when MIr (S) is nonempty. 
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ТИЕОRЕМ 1. Let 7г Ье аnу positive quasi-order 7г оп а seтigroup S such Њаt 
S has а ргорег 7Г-idеаl. Then M 1r (S) is the union ој аи ргорег 7Г-idеаls ој В. 

lј, in addition, 7г satisjies the ст-ргорепу, then M 1r (8) is а coтpletely priтe 
ideal ој 8. 

PROOF. Let И denote the union of all proper 7Г-idеаls of S and let 1 Ье any 
proper 7Г-idеаl of В. For anу а Е 1 we have that а7Г ~ 1 с В, so а Е M 1r (S). 
Thus, 1 ~ M 1r (S) and we conclude that И ~ M 1r (S). Оп the other hand, for any 
а Е M 1r (S) we have that а7Г is а proper ideal of 8, that is а7Г ~ И, and hence а Е И. 
Therefore, M 1r (S) ~ И, and we have proved that M 1r (S) = И. 

Supp08e now that 7г satisfies the cm-property, and let а, Ь Е S such that 
аЬ Е M 1r (S). Н а ~ M 1r (S) and Ь ~ M 1r (S) , i.e. if а7Г = S and Ь7Г = В, then 
Ьу Lemma 2 of [8] we have that (аЬ)7Г = а7Г П Ь7Г = В, which contradicts the 
hypothesis аЬ Е M 1r (S). Thus, we conclude that а Е M 1r (S) or Ь Е M 1r (8), so we 
have proved that M 1r (S) is а completely prime ideal of В. О 

Now we determine some condition8 under which M 1r (S) is а proper ideal. 

ТИЕОRЕМ 2. Let 7г Ье аnу positive quasi-order оп а seтigroup S and suppose 
that S has at least оnе ргорег 7Г-idеаl. Then the jollowing eonditions аге equivalent: 

(i) M 1r (S) is а ргорег ideal ој В; 
(ii) 8 has а largest ргорег 7Г-idеаli 
(Ш) The partially oredered set ој 7f-elasses has а least element. 

PROOF. (i)=>(ii). Since Id1r (S) i8 а complete l-sublattice of Id(S), then Ьу 
Theorem 1 we have that M 1r (8) Е Id1r (8). Therefore, if M 1r (8) is а proper ideal of 
В, then it i8 the largest proper 7Г-idеal of 8, again Ьу Theorem 1. 

(Щ=>(ј). Let S has а largest 7Г-idеаl И. Then И i8 the union of аН proper 
7Г-idеаls of 8, and Ьу Theorem 1 it foHows that И = M 1r (S). Therefore, M 1r (S) is 
а proper ideal of В. 

(i)=>(iii). Let Х = 8 \ M 1r (8). Н а, Ь Е Х. then а7Г = 8 = Ь7Г, 80 Ьу 
Prop08ition 1 of [8] it foHows that (а, Ь) Е 7f. Thus, Х i8 contained in some 7f-clas8 
С of 8. Оп the other hand, for any с Е С and а Е Х we have that (с, а) Е 7f, 
whence е7Г = а7Г = 8, so с Е Х. Therefore Х = С, ј.е. Х is а 7f-class of 8. Let У 
Ье anу 7f-class of S and let а Е Х and Ь Е У Ье arbitrary elements. Then а7Г = S 
and Ь Е 8, whence а 7г е. This means that Х ~ У in the partiaHy Ol"dered set of 
аН 7f-classes of В, 80 we have proved that Х is the least element in this partially 
ordered set. 

(iii)=>(i). Let Х Ье the least element in the partially ordered set of 7f-classes 
of 8. First we prove that Х = {а Е S I а7Г = 8}. Let а Е Х and Ь Е 8. Then 
a7f ~ b7f implies а 7г Ь, so Ь Е а7Г. This means that а7Г = В. Conversely, let а Е S 
such that а7Г = S and let Ь Е Х Ье an arbitrary element. Then а7Г = S yields а 7г Ь, 
whereas Ьу Ь7Г ~ a7f it follows Ь7Га. Thus (а,Ь) Е 7ГП7Г- 1 = 7f, so we have that 
а Е Х. Now we have that 121 ::/= х f= 8, since 8 has at least one proper 7Г-idеal, ' 
whence it follows that M 1r (8) = S \ х is а proper ideal of 8. О 

Note that the condition (н) of the above theorem means that the lattice Id1r (8) 
has а unique dual atom. 
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Let 1I1сз (8) denote the union of аН proper completely semiprime ideals of а 
semigroup 8. Ву Theorem 2 we obtain the following cOllsequence. 

COROLLARY 1. The Jollowing conditions оп а semigroup S аге equivalent: 

(i) 1I1св (8) is а ргорег ideal о! 8; 
(ii) 8 has а largest ргорег completely semiprime ideal; 
(Ш) 8 has а largest ргорег completely prime ideal; 
(Ш) The greatest semilattice homomorphic image о! 8 has а unity. 

Ву the previous corollary it follows that the largest proper completely semi­
prime idea1 of а semigroup, if it exists, is completely prime. 

The following theorem describes semigroups whose proper n-ideals are semi­
lattice indecomposable semigroups. 

ТИЕОRЕМ 3. Let 7г Ье а positive quasi-order оп а semigroup 8 аnа аuрроае 
that 8 has at least оnе ргорег n-ideal. Then аnу рroрег n-ideal is а semilattice 
indecomposable semigroup iJ аnа only if 1117Г (8) is а semilattice indecomposable 
semigroup. 

PROOF. Let any proper n-idea1 of 8 Ье а semilattice indecomposable semigroup 
and let а, Ь Е 1117Г (8). Then а7Г and Ь7Г are proper n-idea1s of 8, and they are 
semilattice indecomposable. Moreover, а, аЬ Е а7Г and Ь, аЬ Е Ь7Г, whence а ~OO аЬ 
and аЬ ~OO а in а7Г and Ь ~OO аЬ and аЬ ~OO Ь in Ь7Г. Since the idea1s а7Г and Ь7Г 
are contained in 1117Г (8), Ьу Theorem 1, then we have that а ~OO аЬ ~OO Ь and 
Ь ~OO аЬ ~OO а in 1117Г (8). Therefore, 1117Г (8) is а semilattice indecomposable 
semigroup. 

Conversely, let М7Г (8) Ье а semilattice indecomposable semigroup. For any 
proper n-ideal 1 of 8, Ьу Theorem 1 we have that 1 is an ideal of М7Г(8), and 
Ьу Theorem 3.4 and Corollary 3.9 of [9] we have that any idea1 of а semilattice 
indecomposable semigroup is also semilattice indecomposable. О 

In а similar way we prove the next corollary which generalizes some results 
from [3], [5] and [6]. 

COROLLARY 2. Let 7г Ье а positive quasi-order оп а semigroup 8 аnа аuрроае 
that 8 has at least оnе ргорег n-ideal. Then аnу рroрег n-ideal is аn archimedean 
semigroup iJ аnа only iJ М7Г (8) is anarchimedean semigroup. 
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А NOTE ON 
ТНЕ SET-THEORETIC REPRESENTATION 

OF ARВITRARY LATTICES 

Kosta Dosen 

Dedicated to Pro/essor Slavisa В. Presic 

ABSTRACT. Every lattice јв isomorphic to а lattice whose elements are sets of 
sets and whose operations are intersection and the operation V· defined Ьу 
А v· В = А u В u {Z : (3Х Е А)(3У Е В)Х П У ~ Z}. This representation 
sреlls out precisely Birkhoff's and Frink's representation of arbitrary lattices, 
which јs related to Stone's set-theoretic representation of distributive lattices. 

Ав а generalization of his representation theory for Boolean algebras, Stone ћав de­
veloped in [4Ј а representation theory for distributive lattices. This representation 
theory ћав set-theoretic and topological aspects. Set-theoretically, every distribu­
tive lattice L is isomorphic to а set lattice L *, i.e. а lattice whose elements are sets 
and whose operations are intersection and union. In Stone's representation, the el­
ements of L * are certain subsets of the set F(L) of prime filters of L. Topologically, 
F(L) сап Ье viewed ав а То-врасе with the elements of L* constituting а subbasis. 

Following ideas of Priestley's [3], Urquhart ћав developed in [5] the topological 
aspects of this representation theory to cover arbitrary bounded lattices. However, 
Birkhoff and Frink had already in [1, section б] а simple set-theoretic represen­
tation for arbitrary lattices, also inspired Ьу Stone, but different from Urquhart's 
representation. 

In the Birkhoff-Frink representation, every lattice L is isomorphic to а lattice 
L * whose elements are sets of sets, whose meet operation is intersection and whose 
join operation is а set-theoretic operation v* unspecified Ьу Birkhoff and Frink. 
Тће elements of L* are certain subsets of а set F(L), which тау Ье either the set 
of аН filters of L, or the set of all principal filters of L, or апу set of filters of L 
that for every pair of distinct elements of L Ьав а filter containing опе element 
of the pair but not the other. Stone's set-theoretic representation for distributive 
lattices тау Ье viewed as а special саве of the Вirkhoff-Frink representation: if for 
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а distributive lattice L we take F(L) to Ье the set of аН prime filters of L, then У* 
collapses into set-theoretic union. 

The aim of this note is to make precise some details of the Birkhoff-Frink 
representation, which doesn't seem to Ье very weH known. We shall explicitly 
characterize the operation У* when F(L) is the set of аН filters of L, or of аН 
principal filters of L. The interest of this exercise is in applications that тау Ье 
found јп the models of nondistributive nonclassicallogics, where the semantic clause 
for disjunction тау Ье derived from the operation У*. 

Let L = (D,л, У) Ье ап ar-bitrary lattice, and let F(L) = {Х: Х is а filter of 
L}. For every а Е D, let Ла) = {Х Е F(L) : а Е Х}. Let now D* = {Ј(а) : а Е 
D}, and let 

ј(а) л* ЛЬ) = Ла) П ЛЬ), 
ј(а) у* ј(Ь) = Ла) U ј(Ь) U {Z Е F(L) : (3Х Е ј(а))(3У Е ј(Ь))Х П У ~ Z}. 

The second of these equalities corresponds to the semantic clause for disjunction 
introduced in [2, section 3.2], which has since found its way into а number of papers 
оп models of substructural logics. 

In the proof of the following proposition we assume for а Е D that [а) = {Ь Е 
D : а :::; Ь}; that is, [а) is the principal filter generated Ьу а. 

PROPOSITION 1. The jollowing equalities hold: 
(1.1) ј(а) Л* ЛЬ) = ј(а Л Ь), 
(1.2) ј(а) У* ЛЬ) = Ла У Ь). 
PROOF. ТЬе proof of (1.1) is quite straightforward, and we only пем to con­

sider the proof of (1.2). 80 suppose Z Е ј(а) у* ј(Ь). If а Е Z or Ь Е Z, then, 
since Z is а filter, а У Ь Е Z. If, оп the other hand, for some Х and У we have 
that а Е Х, Ь Е У and Х п У ~ Z, then, since Х and У are filters, а у Ь Е Х П У, 
and so а У Ь Е Z. For the converse, suppose Z Е ј(а У Ь), that is а У Ь Е Z. If 
с Е [а У Ь), then а у Ь :::; с, and, since Z is а filter, с Е Z. 80 [а у Ь) ~ Z, but, since 
[а) П [Ь) = [а У Ь), we have that [а) п [Ь) ~ Z. Непсе for some Х, namely [а), and 
some У, namely [Ь), we have that а Е Х, Ь Е У and Х п У ~ Z, and so we have 
proved (1.2). О 

Since it is quite еаву to see that ј : D -+ D* is опе-опе and onto, we obtain 
that L = (D, л, У) is isomorphic to L* = (D*, л*, У*). 

Note that we obtain the isomorphism of L with L* also when F(L) is taken 
to Ье the set of аН principal filters of L, and not the set of all filters of L. Another 
alternative, yielding again the isomorphism of L with и, is to replace у* Ьу the 
operation у** defined Ьу 

АУ** В = {Z: (3Х Е А)(3У Е B)XnY ~ Z}. 

We have preferred to work with У*, rather than with the more simply defined 
operation У**, which coincides with у* оп D* as it was defined ир to now, in 
order to Ье able to connect smoothly the isomorphism of L and L * with Stone's 
representation theory. This connection is made Ьу the foHowing proposition. 
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PROPOSITION 2. lј L is а distributive lattice and F(L) is the set ој all рпmе 
filters ој L, then Ла) V* ј(Ь) = ј(а) U ј(Ь). 

PROOF. Suppose Z Е ј(а) V* ј(Ь). As in the proof of the previous proposition, 
it follows that а V Ь Е Z. Since Z is prime, а Е Z or Ь Е Z, that is Z Е ј(а) U ЛЬ). 
The converse, namely, ј(а) U ј(Ь) ~ Ла) V* ј(Ь), is tl"ivial. О 

This trivial converse сan, however, Ье blocked if V* is replaced Ьу V**. Indeed, 
suppose а Е Z; then we must show that for some prime filters Х and У we have 
that а Е Х, Ь Е У and Х п У ~ Z. The prime filter Х сап Ье Z, but, since Ь тау 
Ье the least element of L, there is по guarantee that there is а prime, i.e. proper, 
filter У such that Ь ЕУ. 

То conclude, we note that for the sake of symmetry we сап define ј(а) л* ј(Ь) 
either as ј(а) П ј(Ь) п {Z Е F(L) : (3Х Е ј(а»(3У Е ј(Ь»Х U у ~ Z}, or as 
{Z Е F(L) : (3Х Е Ла»(3У Е ј(Ь»Х U у ~ Z}; both of these sets are equal 
to ј(а) П ЛЬ). Јп these new definitions of Л*, unions of filters оссщ where in the 
definitions of V* and V** we had intersections. Then remal"k that the set of filters 
F(L), which is а semilattice with П, is not necessarily closed under U. 

References 

[1] G. Вirkhoff and о. Frink, Jr, Representation оЈ lattices Ьу sets, Тrans. Amer. Math. Soc. 64 
(1948), 299-316. 

[2] К. Dosen, Sequent systeтs and groupoid тodels II, Studia Logica 48(1989), 41-65. 
[3] Н. А. Priestley, Representation оЈ distributive lattices Ьу теаnв оЈ ordered Stone spaces, Виll. 

London Math. Soc. 2 (1970), 186-190. 
[4] М. Н. Stone, Topological representation оЈ distributive lattices and Brouwerian logics, Саворјв 

pest. Mat. 67 (1937),1-25. 
[5] А. Urquhart, А topological representation theory Jor lattices, AIgebra Universalis 8 (1978), 

45-58. 

Matematicki institut 
Kneza Mihaila 35 
11001 Beograd, р.р. 367 
Yugoslavia 
kоstаФmi.sanu.ас.уu 



NOTE ON ТНЕ METHODS FOR 
NUMERICAL SOLUTION OF EQUATIONS 

Bosko S. Jovanovic 

Dedicated to Pro/. S!avisa В. Ргејјс оп the оссавјоn о/ his 65 th birthday 

ABSTRACT. We consider iterative methods for simultaneous determination 
of аН roots of а given polynomial. We discuss the connection between 
such methods and standard iterative methods for numerical solution of 
equations, generalizations оп other types of equations, and construction оЕ 
higher order iterative methods. 

1. Introduction 

In [16] and [17] S. В. Presic proposed an iterative method for factorization of 
polynomials. Let Рn(Х) Ье а monic polynomial of n-th degree оп the field of соm­
plex numbers, with different roots Хl, Х2, ... , Хn . Let Рn(Х) allow а factorization 
of the form 

m 

(1) Рn(Х) = П Рn; (Х) , 
i=l 

where Рn; (Х) is monic polynomial of degree ni and 1lI + n2 + ... + nт = n. One 
constructs sequences of polynomials Pn;,k(X) (k = 0,1,2, ... ), where Pni,k(X) 
converges to Рn; (Х) when k -t оо. 

In the case of linear factors Рn; (Х) one obtains 

(2) 
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while fогmulае for dеtегmiпiпg of roots are 

(3) 
Рn(ХЏ) 

Xi,k+l=Xi,k- р' (.)' 
", k Xz,k 

i = 1, 2, ... , п; k = О, 1, ... 

where P",k(X) = (Х - Хl,k)(Х - хџ)··· (Х - Xn,k). 

Itel'ative method (3) was widely used and investigated. It is known as Weier­
strass method, or Durand-Dochev-Kerner method (see [2], [3], [4], [11]). Method 
(3) also тау Ье considered as а modification of Newton method [13] 

(4) 
F(Xk) 

Xk+l = F'(Xk) ' k = 0,1, ... 

for numerical solution of equation 

(5) Р(х) =0. 

Possible generalizations of method (3) оп more gепегal equations are consid­
ered. For example, factorization of а trigonometric polynomial of the form 

п п 

Тn(Х) = ао + L(aj cosjx + Ьј sinjx) = А П [sin(x + йј) + Сј] 
j=l j=l 

is considered in [10] and iterative formulae for simultaneous approximation of ра­
rameters А, йј and Сј are obtained. Ап iterative method for simultaneous finding 
of k roots of equation (5), based оп substitution offunction Р(х) with interpolation 
polynomial, is proposed in [15]. 

(6) 

2. Iterative methods of higher order 

Let us consider iterative method 

k = 0,1, ... 

for numerical solution of equation (5). Suppose that the sequence Xk converges 
t,o the root Х* of equation. Опе says that (6) has order of convergence р if the 
following condition is satisfied 

ТЬе following assertion holds. 

THEOREM 1. (see [8]) Let (6) Ье ап iterative method оЕ order р. Let the 
function <р( Х) Ье р + 1 times differentiable Јп the neighborhood оЕ the limit point 
Х* and let <р(Х*) i- р. Then 

(7) k =0,1, '" 
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i8 at lea8t ап iterative methad аЕ arder р + 1. 

Starting fram Newton method (4) and repeating the procedure given in Theo­
[ет 1 опе obtains а family of iterative formulae 

(8) k = О, 1, 2, ... ; р = 2, 3, ... 

where D.o(x) = 1 and 
(9) 

F'(x) 
F"(x) 

2! 

D.j(x) = 
F'" (х) 

3! 

F(j) (х) ., 
Ј· 

F(x) 

F'(x) 

F"(x) 
2! 

F(j-l) (х) 

(ј - 1)! 

О 

F(x) 

F'(x) 

F(j-2) (х) 

(ј - 2)! 

о 

о 

о 

F'(x) 

ј = 1, 2, 3, ... 

Method (8) is ап iterative method of order р. For р = 2 from (8) опе obtains 
Newton method (4). For р = 3 опе obtains Halley iterative formula [5] 

(10) k = 0,1, ... 

For р = 4 the corresponding formula is 

etc. 

Iterative methods (8) were investigated Ьу тапу mathematicians. For example 
an app1ication of Наl1еу method for determination of matrix square root is consid­
ered in [12]. Ап interval version of Наllеу method is investigated in [14]. In [1] 
formula (8) is used in the framework of Pade approximation. Notice that formula 
(8) сап Ье obtained Ьу application of Newton method to equation 

(see [9]). 
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3. Higher order methods foг simultaneous approximation 
of аН roots of polynomial 

Combining results from two previous chapters we сan construct iterative meth­
ods ofhigher order for simultaneous approximation of аН roots ofpolynomial Рn(Х). 
Since Pn,k (Х) contains kth iterations of all roots of роlупотјаl Рn (Х), it is sufficient 
to substitute F(x) with Рn(Х) and F'(x) with Pn,k(X) in (8) and (9). Derivatives 
ofhigher order F(Л(х) сап Ье substituted with РАј)(х) or with p~jk(x). In such а 
way опе obtains the formula: ' 

(11) 
_ Кр-2(ХЏ) Рn(ХЏ) 

Xi,k+l - Xi,k - л ( ) , 
.u.p-l Хџ 

i = 1, 2, ... , nј k = О, 1, 2, .. , ј р = 2, 3, ... 

where до(х) = 1 and 

P~,k(x) Рn(Х) О О 

Р;: (Х) 
P~,k(X) рn(х) О 

2! 

дј(Х) = 
Р;:'(Х) Р;: (Х) 

P~,k(X) О 
3! 2! 

РАЛ(Х) р~ј-l)(Х) p~j-2)(x) 
P~,k(X) ., 

(ј - 1)! (ј - 2)! Ј· 

>r 

P~,k(x) рn(х) О О 

Р" (Х) n,k 
P~,k(x) рn(х) О 

2! 
pl/l (Х) р" (Х) 

дј(Х) = n,k n,k 
P~,k(x) О 

З! 2! 

ри) (Х) p~~;;l)(X) p~~;;2)(x) n,k 
P~,k(X) ., 

(ј - 1)! (ј - 2)! Ј· 

ј = 1, 2, 3, ... 

ј = 1, 2,3, ... 

For р = 2 from (11) опе obtains Weierstrass method (3). For р = 3 опе obtains 
imultaneous versions of Halley method: 

Рn(хџ) P~,k(Xi,k) 
Xi,k+l = Xi,k - 2 ' 

(P~,k(Xi,k») - 0.5 Рn(ХЏ) Р;: (хџ) 
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and 

Рn(хџ) P~,k (хџ) 
Xi,k+l = Xi,k - -------;;-----'--------

(P~,k(Xi,k))2 - О.5Рn(хџ) P::,k(Xi,k) , 

i = 1, 2, ... ,п; k = О, 1, ... 

etc. Formulae of this kind were aIso frequently used and investigated. For ехатрlе, 
safe convergence of certain modifications of simultaneous vеrsiоп of НаЉу method 
is investigated iп [6] and [7]. 
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Iуа Stavrev 
Student matematike 

RAZNICE 

Raznica: putnici misaonog voza 
(Nakon sto se upoznaju Zadatak i 

Resenje.) 
Zadatak: Izgledam ponesto bedasto 

pored tebe. 
Resenje: Ра cekaj malo, ko zna cega 

се оуо predstavljati pocetak. Sto sad 
tako reagujes? Zar ti se пе Cini da se ni 
тоје ni tvoje kolege baS пе razbacuju 
veIikim idejama? 

Z: Mis1im da ti imas priliku da па 
sve to gIedas s boljeg mesta. 

R: Moze biti, ali zar ti ја nisam dao 
тоје uporisnice. 1 ti si valjda putnik 
misaonog voza. Nema veze sto si skoro 
usao. 

Z: АН pitanje је da Н је ta tvoja spo­
sobnost talenat iIi se stice. Jer ako је 
ta1enat, ostaje mi saтo da se prisecam 
оујЬ trenutaka s tobom i da se тоНт 
da је talenat prelazan. 

R: Naravno da ni ја пе znam gde ide 
оуај voz niti iko moze to da zna. АН 
to nije nikakav razlog da ti imas ovakav 
stav prema putovanju. 

Z: Znas li sta је probIem s ovim рu­
tovanjem? Аl' пета ljutis. Sto ces ti 
пе saтo meni nego i mojim kolegama 
biti samo ono1iko dobar ko1iko ti to пе­
sto и пата dopusti. Ра еуо ti primer: 
jedan тој stariji kolega, da sad пе ka­
zem ko је, па reCima ima prilicnu aver­
ziju prema оуот оЫшu putovanja. N е 
treba ni da ti napominjem da njegova 
putovanja sve vise Нсе па оуо. 

R: Ра dobro, аН ... 

Student of Mathematics 

VARIA 

ProbIem and SoIution аге both passen­
gers in the train of thoughts. They've just 
met. 

Problem: 1 Iook а bit fooHsh next to 
уои. 

SoIution: HoId оп а second. Who 
knows where this тау Iead? And why do 
уои react Hke this? N о coIIeague of mine 
or yours really throw around big ideas, 
right? 

Р: 1 think уои have а better perspective 
оп that from your position. 

S: МауЬе, but didn't 1 teII уои what 
grounds те ? And уоu аге also а passen­
ger in this train, aren't уоu? It doesn't 
matter that уои'уе соте aboard only re­
cently. 

Р: The question is whether your abiIity 
is а talent or it сап Ье acquired. For if 
it's а talent 1 сап опlу remember these 
moments with уоu and pray that talent is 
contagious. 

S: Nobody, myself included, сап teII 
where this train is heading to. But that 
is по reason for having such ап attitude 
towards this journey. 

Р: Do уоu know what's wrong with this 
journey? 1'11 teII уои, but по hard feeHngs 
here, ОК? T.he probIem is that уои couId 
help те and ту coIIeagues ир to the ех­
tent we ourselves let уои help us. And 
here is the example: опе senior coIIeague 
of mine (по naтes mentioned) wou1d ver­
bally express quite ап aversion towards 
this type of journey. Needless to say, his 
own journey resembles this опе more and 
more. 
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Z: Znam! Ја znam - ја to mislim 
- da su sve ideje koje si mi rckao suho 
zlato, аН ... Ја to moram da osetim, da 
osetim kako tece kroz тепе. Bojim se 
da ti tu vise пе mozes nista. То је pi­
tanje mog metabolizma, i ја пе znam, 
zaista пе zпаm, hoCe li i kad се to da 
se slеgпе. Ne zпаm. 

R: Kako hoces. Moram Ја idem i 
kod drugih zadataka. Ako hoces sa 
mпоm ... 

Z: Daj mi vrеmепа da razmislitn. 
N аротепа uz razl1icu: 
Prvi сав - рrоgтаmirапје па 1 godini 

- ulazi profesorj predstavlja se i, па­
ravno, odmah trazi da se otvore pro­
zori. Pise ро tabli: "Algoritam uop­
ste". Reakcije studепаtа su razne -
od nekritickog isрisivапја "Algoritmi­
ka" do "silna mi cuda!" па profesoro­
уо: "Algoritam - ја уат to radije пе 
ЬЉ definisao." sto se оуљ drugih tice, 
ubrzo ipak shvataju da su za njihovog 
profesora te standardne programerske 
price samo priCice'za malu decu Пi, sto 
Ы оп rekao, "za domaCice". Bilo kako 
bilo, уебпа studenata се рашtiti taj 
prvi cas ро tome da im је пеstо bilo 
cudno, i da su se smijali. Profesor se 
tu malo postavlja kao za.bavljac. Је­

dan dio studenata пе zna da li оп ta­
ko samosad prica ili се to tako stal­
по da bude. Neki пе znaju ni kako da 
vode zabeleske - neki ih ni пе vode. 
U najboljem slucaju zapisuju: "Algo­
ritam ~ konstruktivna funkcija" i pre­
pisuju algoritme faktorijela s table, pri 
cemu - uzgred budi receno - profesor 
funkciju п! zove Fak(n), па sta se ci­
jela grupa studепаtа smije kao decica 
u pubertetu, а profesor zadоvоlјап sto 
mu је dosetka uspela kоmепtarisе: "sto 
mi zпаtе епglеski". Studепti odlaze s 

S: We1l4l)K, but ... 
Р: 1 kпоw! 1 ат aware (1 thiпk) that 

аН of your ideas are truly priceless, bllt ... 
It's поt епоugh to kпо\v that, 1 have to 
feel it, feel it Ьесоте part of те. 1 ат 
afraid you сап't do much more about it. 
That's for те to process and 1 dоп't kпоw, 
really dоп't kпоw if апd whеп that would 
settle in те. 1 dоп't kпоw. 

S: Well, do as you please. 1 have to go 
поw to other problems. If you want to 
join те ... 

Р: Let те have some time to thiпk this 
over. 
А remark to varia: 
It's the first class of the рrоgrаmшiпg 

course for the frеshmеп. Professor enteIs 
the сlassrоош, iпtrоduсеs lliшsеlf апd im­
mediately asks windows to Ье орепеd. Не 
writes оп the board: "Algorithms in gеп­
er-al" . Stlldents react diffеrепtlу: frош 

blindly соруiпg down what.'s оп the boal'd 
to siшрlу "Yeah, rigl1t!" as the reaction 
to professor's: "! \vould l'ather not dеfiпе 
ап algOl'ithm". Sооп, though, фе stu­
dепts rea.lize that the professor сопsidеlЂ 
these stапdаrd рrоgramшiпg terms just 
kids stuff-"stories for housewives" as he 
would say. Iп апу case, for the majority 
of studепts this first class will Ье some­
what of а strапgе experience. Тћеу will 
remember that they laughed а lot. Тће 

professor епtеrtаiпs nlOre thап he teacll­
es. Some studепts wonder whether that's 
jllst for the first class or for the whole 
course. Sоше also wonder how to take 
поtеs-sоmе don 't take them at аШ At 
best they write: "Algorithm ~ сопstшс­
tive function" апd сору down the facto­
rial fнпсtiоп algorithm. Ву the v,ray, pro­
fessor's пате for the п! is Fak(n), \vhich 
sепds the whole class to аdоlеsсепt gig­
gliпg. Professor, pleased with his witty 

.~ .... ~ 
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casa s recima "dobar је, dobar је" . 
SledeCi сав робпје sa *-termovima, 

zavrsava u втећи sa "jesi drvce" algo­
ritmom. Neki studenti se samo kikocu 
i пе primecuju kako јт ве kroz prime­
re i втећ poturaju vrl0 suptilne ideje. 
опј, pak, koji Ы da ostanu ozbiljni vre­
тепот робпји da kukaju kako ga пе 
razumiju. N а casove dolaze stariji stu­
denti koji sad polazu ispit. Profesor 
пјје nikakvo zakeralo i ispite dl'zi sva­
kog petka - ро principu "kad паибв 
јауј se, ја ionako Ьоси da осепјт tvoje 
znanje, а пе neznanje" . 
МаН studenti se smiju dok gledaju 

starije kako prepisuju. Posle ве kod 
пјЉ raspituju о ispitu: gledaju pita­
пја - л-орегаtог, "Sta da ти pricamo 
о л-орегаtогu kad nista пјвто пј shva­
ti1i". 

"N ета sta da se brinete" , kazu sta­
riji studenti, "оЬјавпјсе vam оп to. Vi­
decete, kad оп zavrsi predavanje sve се 
уат biti super." Mali studenti se то­
[е da to bude tako. Citaju daJje pita-
1ја... "Deduktivni mnozac", "dodel­
lik", "razrec", "liste u paskalu - kr­
)elj", "sortil-anje nizova - таНва па 

)QCetak". Profesor је рип zivopisnih 
zraza koji ви tu da ti роmоgгш u тј­
iljenju i uvek је tu njegova rec, saтo 
:е jednom Citati s papira, pl'imer, па­
·аупо. Sazetak cuvenog pitanja "ре­
lјапје па brdo", to jest, "planinarski 
netod" studenti pronaJaze u jednom 
lanku iz novina koje ви izasle tog da­
la kad ви јтаН predavanje. Ako пј­
ta drugo, barem ga пјје citao s пе­
og pozutelog papira па pragu raspa­
. anја. Nekad, kad treba da napravi 
auze izmedu тјвН, dopusta веЫ da 
а studentima ргјса о vezi izmedu srp­
kog jezika i sanskrta, sto ве пе retko 
nalo i oduziti. Studenti uzivaju slu­
'\јиб profesora. Кмо covjek da se 

notation, comments: "Му, ту, so тапу 
experts јп English јп this room!". Stu­
dents leave the class saying: ''Не is cool, 
real cool." 

Next class starts \vitlt *-terms and ends 
јп laughter over "You-are-a-tree aJgorith­
т" . Some students just giggle, not re­
alizing to what extent воте very виЬ­
tle ideas are introduced through examples 
alld jokes. 

Some students who would like to re­
тајll serious start moalling that they don't 
understalld the professor. This course is 
not just for freshmen-this professor had 
already tallght воте of the students јп 
tl1e class. Alld as far as the ехат goes, it 
is l1eld еасћ Friday under slogan "Соте 
whell уои know something-I grade what 
уои know, not what уои don't know". 

Fresl1mel1 look at the list of questions 
for the ехат and lamel1t to their upper­
classmen: "What сап we вау about л­
operator if we did11 't u11derstand а thing 
about it!?" 

"Nothing to worry about" , they say 
"professor wi1l explain it. Уои'll вее, when 
he finishes the course everytmng wШ Ье 
just fine". ТЬе freshmen pray for that. 
ТЬеу read 011 through the list: "Deduc­
tive multiplier", "lists in Pascal-tisks", 
"array sorting-put the tiny опе first" ... 
Professor makes тв own vivid words, so 
{иН of meaning, јп order to help stu­
dents think. And Ье rarely reads ј11 the 
class, o11ly exaтples. Опсе after the class, 
students find тв abstract of the famous 
"climb-the-hill" method in the article of 
that вате day newspaper. If anything, 
professor didn't read it to them from воте 
aged-about-to-fall-apart notes . 

Sometimes, as а break between tho­
ughts, professor wanders into the relation­
ship between Serbian and Sanskrit. Al1d 
that сап go for quite воте time! Stu­
dents епјоу listening to the professor. 



112 RAZNICE - VARIA 

пе втјје kad оп pita: "Ovo ве resa­
va preko radikala. Znate li vi koja је 
to rec radikal?" Malo posle eto odgo­
vora: "radikal-root-rotkva-rotkvica". 
Studenti ве втјји. Пi: "Znate li ka­
ko ве kaze cipela па sanskrtu? Upa­
nak." Ipak, neki studenti prestaju da 
idu па predavanja - ostavljaju вуојјт 
najboljim drugovima indigo da вуоје 
zabeleske pisu preko njega. U isto vre­
те, опј drugi studenti prvi put сији za 
intuicionizam i logicizam, Markovlje­
уе algoritme i Tjuringove masine. Uce 
о nizovima, listama, drvetima - i исе 
razne algoritme па jeziku nizova, lista, 
drveta. Profesor pokusava da nagovori 
studente da prave вите jer Matemati­
ka ве i pravi - аН пе uspeva u tome, 
"tja, to је вато programiranje" тјвlе 
studenti u веЫ. 

Тreca godina - AIgebra 2 - stu­
denti kao malo matematicki porasli -
polozili Analizu 2 - misle ko zna sta 
ви sve паиСШ ... U веЫ misle: "О, пе 
opet!" kad vide "jednakosna logika" па 
tabli. U stvari, zima јт је jer profeso­
ru treba vazduha. Intimna atmosfera 
ovog puta је neizbezna jer па preda­
Уапје dolazi polovina studel1ata, znaёi 
pet-sest пјЉ. Studenti ве pitaju kakve 
sve to veze јта s algebrom - Cercova 
t2za - to је kako таН student zami­
slja logiku. опј jedva семји da slu­
ваји teoriju Galoa. Na prvoj zgodrlOj 
pauzi profesor pokusava da s пјјта pri­
са о tome - опј ве Ьоје da kazu bilo 
sta odredenije jer nisu sigurni da li ро­
stoji nesto sto пе Ы trebalo da kazu. 
Profesor studentima: "Уј ве пе usudu­
jete raspravljati Ба тпот." Studenti: 
"Мј? Profesore, to Уат ве вато ёiпј." 
Studenti ви tu ispali ponesto втевпј. 
Sedam dana kaэпјје, studenti пе zna­
ји kako da ве postave u raspravi dvaju 

It's hard not to laugh when he asks: "We 
сап solve this ргоЫет using radicals. Do 
уои know what kind of word јв that?" 
And the answer сотев: "Radical-root­
radish". Laughter. Or this опе: "What јв 
the Sanskrit word for shoe? UpanaP." 
Still, воте students stop attending lec­
tures and only get Xeroxed notes. At 
the вате time, other discover intuition­
ism, logicism, Markoy algorithms, Тuril1g 
тасЫпе. They learn about arrays, lists, 
trees and pertinent algorithms. Profes­
sor makes futile attempts to persuade 
students into making "forests" Ьесаиве 

Mat.hematics is not something finished, 
fully defined. Оп the contrary, he believes 
that mathematics сап Ье made, created, 
that it ј8 "аliуе". ''It '8 опlу program­
miпg" students think. 

Junior уеаг and AIgebra 2. Students, 
haYing passed Multivariable Calculus, 
think they haye mathematically matured ... 
They cringe when they вее "Equation­
аl logic" оп the .board. Actually, they 
are freezing since professor needs fresh air 
and wiпdоws are wide ореп. ОпЈу half 
of the class attends lectures, thus creat­
ing ап intimate atmosphere. About half 
а dozen students wonder how Church's 
thesis јв connected to algebra-they are 
imраtiепtlу waiting for the Galois theo­
ry. Professor, sensing that, tries to engage 
them јг.. the сопуегsаtiоп about it. Stu­
dents are afraid to vоluпtеег аН of their 
thoughts siпсе they want to Ье complete­
ly "РС". Professor tries to proyoke them: 
"1 dare уои discuss this with те!". Stu­
dents make воте lame attempts to show 
they are not afraid, а bit БШУ of them. 
А week later, they still don't kпоw how 
to take part јп the discussion between 
two other mathematicians. Ав they Ieave 
the classroom they 1isten to the professor 
explaining that there аге hens and egg-
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drugih matematiCara. Izlaze iz sale za­
jedno s profesorom i slusaju ga dok im 
оЬјаэпјауа kako postoje kokoske koje 
пове i koje пе пове јаја - i kako se оп 
па пјЉоуот mestu пе Ы dvoumio. 

SledeCi mesec dana studenti se gu­
Ье medu pretpricama i nekim drugim 
pretpricama i nadaju ве da се im se па 
kraju konacno ukazati sta је profesor 
htio reCi. "Ко уат је predavao Algeb­
ru 1?" Studenti odgovore. "Р а, dobro, 
оп vise уисе па semantiku. Nemojte уј 
тепе pogresno da shvatite, петат ја 
nista protiv semantike, аН sintaksa ... " 
Sintaksa! ТЉ mesec dana јm stalno 
priCa о misaonim svetovima, misaonim 
spratovima, vinucu, dunucu i уrnиСи. 
Studenti пјви sigurni da razumiju - ро­
kusavaju da se ујпи, аН kad treba da 
ih ponese, oduva ih опо sto duva kroz 
prozore. Zato kad treba da se vrnu па 
sintaksu, пе samo da se vrnu, nego i 
tresnu о nju. Termi? Sve su termi. 
Kako su sve termi? Kako је termovska 
algebra pra-algebra? 

No, eto studentima utehe - kaze 
profesor: "Samo budali је sve јавпо." 
Dезаvа se da se profesor i studenti za­
pricaju i da ih profesorka engleskog 
prekine u 4,15. Poneki put Ы se sa­
то preselili u profesorov kabinet i ras­
pravljali Ы о tome da li ima јоз koji 
kurs koji па оуај nacin pristupa odno­
Би sintaksa-semantika. Nekad se desi 
da u tim pricama doguraju i do toga 
kэkо паб burek u Njujorku ili kako и­
kiseliti kupus za jedan dan. Vremenom 
зи studenti zamenili cas Algebra 2 za 
)ravi rucak i dobru (protestnu) setnju. 

Cetiri meseca posle eto opet stude­
lata i profesora. Ovog puta mora da 
т se pohvali зtа је radio prethodna 
:etiri meseca, i prica јт P-L algorit­
пи. Naprosto zeli da podeli odu-

laying hens and that he wouldn't think 
twice if he were in their shoes. 

Months go Ьу and students 10se them­
selves јп previews of some other previews, 
hoping that опе day they will finally grasp 
what professor is saying. "Who was your 
teacher јп Algebra 1?" Students respond. 
"Well then, his approach emphasizes se­
тапtics. Don't get те wrong, 1 ат all 
for semantics but syntax ... " Syntax! Dur­
ing that month professor constantly talks 
about realms of thoughts, thought level­
s, Soaratia, Inspiratia and Comprehenti­
а. Students are not quite sure they get 
it-they try to soar, but windows are sti1l 
ореп and before they сan get swept away, 
the wind blows them off. For that reason, 
when the time сотев to return to syntax, 
not only they return, they аге knocked 
down. What is а term? Everything is а 
term- how оп Earth сап that Ье ?! How 
сan algebra of terms Ье pre-algebra? 

Professor consoles students: "Only а 
fool understands everything". It is not 
ипивиаl that professor and students get 
carried away in their conversation and go 
well beyond the class time, only to Ье 
interrupted Ьу the English professor at 
4:15 рт. Sometimes they just mоуе to 
professor's cabinet and continue their dis­
cussion. Students wonder whether апу 
other course treats relationship between 
syntax and semantics in the similar way. 
At times, these conversations answer such 
questions like how опе сап find burek2 in 
New York or how опе сап pickle cabbage 
in only опе day! In time, real lunch and 
а good walk (јп protest) take place of Al­
gebra 2. 

After four months students and pro­
fessor are again in the classroom. This 
time he wants to share his enthusiasm 
about what he worked оп јп the mеап­
time. Не talks about P-L algorithm. Stu-
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sevljenje s njima. Studenti se сиЈе ka­
ko to sad sve izgleda tako prosto. Na­
kon dva meseca raznih pretprica i pri­
са, dolazi jedan cudesan momenat па 
koji su studenti prilicno ponosni. Pro­
fesor im оЬјаэпјауа slobodne algebre, 
ali pre nego sto i spomene secenje ро 
kongruenciji studenti shvataju koliko 
је sati i izmedu sebe se kikocu i govo­
re sta се sve sledece profesor uraditi. 
Као da se sve najednom slozilo u sli­
ku, i sve је НеНо па profesorovu pricu 
о tome kako postoje ljudi koji toliko 
итеји da primaju da posle nekog vre­
те11а i sami poCinju да zrace. Studenti 
misle da zl1aju sta је profesor Ыео da 
kaze kad im је prieao da nisu u stanju 
svi ol1i koji se nazivaju matematieari­
та da osecaju Matematiku. Profesor 
pokazuje kako se ovim novim naocari­
та mogu gledati i korenska polja i al­
gebarska zatvorenja i sve. Sve te ideje 
studenti dozivljavaju kao jako dragoce­
пе i trude se да ih sve pohvataju, dok 
јов imaju prilike. 1 uspevaju neke да 
uhvate: паиеШ su да se Matematika i 
pravi, паисШ su да llaprave sto kad im 
zatreba,nesto za sta се zaraditi kompli­
mente od asistenata, tipa: "соуеее koji 
ste vi monstrumi." 

Sada kada su studenti polozili Alge­
bru 2 i blize se zavrsetku studija, sret­
пи ih l1eki drugi studenti i pitaju iz ko­
jih kнjiga да исе Algebru 2. Dobijaju 
odgovor да im nijedna knjiga песе ni 
znaCiti ni odrediti toliko koliko profe­
sorova predavanja. Jednog dana, ako 
studenti matematike porastu, sigurno 
се о profesoru pricati kao о nekom ko 
је Ыо uz l1јЉ dok su oni rasli. 

dents are amazed at how simple аН that 
feels right now. After months of previews 
and conversations the proud moment ћэs 
соте for students. Professor starts ех­
plaining free algebras and before ће еуеп 
mentions congruences and factor systems, 
students anticipate correctly what ће plan­
s to say. Тћеу giggle. It is as if аН pieces 
сате together into опе mosaic апд every­
thing i8 as if it сате straight from the 
ргоfessог's story about people who сап ас­
cept 80 тисћ that after а while they 8tart 
l-adiating. Students now think tlJey know 
what professor mea..qt when ће said that 
llot аН who саН themselves mаthешаti­
ciallS сап truly feel mathematics. Profes­
sor illustrates how Оllе сan use this пе,у 
outlook to examine the field of roots and 
algebraic closure, ill fact everything. Stu­
dents find these ideas very valuable and 
try to seize them wllile they still сап. 

Тћеу succeed with Боте: they knov/ now 
that Math is "alive" , that it is made анд 
they llave lear11ed to make what they 11ееа 
when they 11еед it-sоmеthiIlg that сап 
make TA's say: "Мап, уои are mопstег­
s!" 

After Algebra 2 students тоуе through 
other courses and graduation is at sight. 
Some Ilew 8tudents ask them which book 
to use fш Algebra 2. Тћеу a11swer that 
110 book would соте close to professor's 
lectures. Ове дау, when students Ье­
соте grow11-up mathematicaHy, they will 
110 doubt talk of the professor as of some­
body who ћэs Ьееп there for them whe11 
they were growing ир. 

1. opanak јв the traditional Serbian peasant 

shoe-upanak differs Ьу just опе letter. 

2. Burek is а traditional Balkan pastry usuэJlу 

fШеd with meat or cheese. 

Тranslated from Serbian Ьу Barbara ВJazek. 
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