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TEOPUJA NETEPMUWHAHATA
[Mpupenuno Kaprko Mujajnosuh



HPEATOBOP.

Teopuja aerepmnHanaTa je Aeo Moaepne Bume Aa-
rebpe. OBa ce NPUMEHLYje TOTOBO y CBUMA A€A0BHMA Ma-
TEMaTHYKNX HAYKa — Yy 4uCTOj Aare6pu UCTO OHAKO, KaO U
y Anaautnunoj I'eomerpujn, y Buiioj AHaausu ncto oHako,
kao n y Teopuju BpojeBa. Haa ce To younm, oHaa, MucanM,
He he TpeGaTH HAPOYMTO MCTHUIATH, OA KOJAMKE je Bpea-
HOCTH jeAHa Kibura y Kojoj 6u GuAM N3HECEHW CBU IPHH-
LANE TOT BAaKHOT Aeaa ONEpaTHBHE MATEMAaTHKe U C Te
crpane he 3ap um oBa Teopuja AerepMuHanaTa MOpaTH
3ay3eTd YrieAHO jeAHO MECTO y Hallloj CUPOMAIIHOj Ha-
YYHO] KIbUKEBHOCTH.

CnenujaaHo 6uUX O OBOj KIbU3M MMAO Ad KaiKeM OBO .
XTeo caM Aa U3HeceM OCHOBe Iiele Teopuje 3ajeAHo ca
TEOpHjoM CHEeLUjalHNX BaMmHUjUX AETEPMUHAHATA, alll CaM
Ip¥ TOME HapOYATO TA3UO, A3 OHAj, KOju O6u XTEO Aa IUTO
Ay6.pe yhe y moaepny Amnaautuuny ['eomerpujy, A0 mro
6o.bux ocuoBa Aohe. Tum he ce mohu mpoTymaunTn, 3aImTo
ce y3 caMy Teopujy AeTePMHHAHATa, KOja je Yy OBOj KIU3U
obpahena y mpBUX IIECT 0AebaKa, HaAA3E y NOCACAHA ABA
OAC/HKA U OCHOBU TEOpUje KBaApaTHHX O00.AUKa 3ajeiHo
ca OCHOBUMa TeOopuje WHBapHUjaHATa.

V msaaramy caM, Kao mrTo he ce BiaaeTH, 6M0 MpOCT.
V Tome cam ce mHOro yraeaao Ha Enraese n ®panuyse.

[Ipumepa uma Mmuoro. Bes mwnx ce Hayke ne yue:
Jn scientiis addiscendis exempla magis prosunt quam
praecepta — Beau IbyTH.



VI

I'pemiaka npu [mraMnamy HeMa U y Tome he ce 0BO
Aeao Mohn paBHaTH ca Haj60.bUM E€HIECKHM H3AambUMa.

[Ipu nucamy oBe KibUre 6mia cy MU HApOYMTO IpH
pyuu Aeaa oBux mucaua: Baltzer, Brioschi, Burnside-
Panton, Cayley, Carnoy, Clebsch, Dostor, Gordan, Gin-
ther, Hanus, Hesse, Houél, Jacobi, Mansion, Muir, Hemuh,
Salmon, Scott, Studnitka u Weld.

Beorpan
Ha Typhes xarm 1899. roa.

A-p Boraam T'aspmaosmh.
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TEOPUJA AETEPMUHAHATA.

OAE/DbAR 1IPBU.

OCHOBHM TTOJMOBI N AEGUHUITUIE.

1. Jajonuy je mpBm Ha H3MaKy Apyre I0.1OBHHE cCe-
AAMHaecTOra BeKa Hallao AeTepMHHaHTe, MCnuTyjyhi ma-
pase HITO ce jaB.bajy, Kaj ce n3Halyjy Helo3HaTe KOANYNHE
U3 cucTeMe .1nHeapHnX ekBaumja. O rome je Jaj6Hnu n3se-
CTHO THCMOM jeidHnM o4 28. anpuaa 1693. roa. y oo a06a
cAaBHOT epaHuyckor HayuHnka De | Hospital-a. Jaj6muig
Aa.be Huje paano na Tome, a HuH Dec I’ Hospital ce HHjC
MHOTO 6aBNO O MHCANMA Jaj6HUIOBUM, KOje Cy My M OHAKO
6ure Maa0 uyanoBare. C Tora oz Teopuje AeTepMUHAHATA
y HpBI Max He O HUINTa, 10K je Haj3al y CPEANHH OCaM-
HaecTora BeKa [I0HOBO HC OKHBe 3HAMEHUTH TreoMeTap
I'. HKpamep.

Hpamep je mamao 3akoH 110 KOMe ce pa3BHjajy Ae-
TepMuHaHTe OaBehu ce o Teopujun kpuBux Jawumnmja '), a mo-
Mohy of6pasama, Koju ce A061Bajy Kaj ce pemie ABe JAH-
HeapHe eKBaluje ca ABe, UAU TPH JANHeapHe eKBalllje ca
TPpU HemosHaTe. Y 1upBO Bpeme 3Baim cy reomerpu HKpa-
MepoBe dYHKIUje pesyaranrama. ['ayc ux je upBu, Tpa-
#ehu ocobune kBaspaTHHX 00AMKa, Yy cBOjuM ApurTMe-

) Tosmara Kpameposa Anaiusza anzedapcrux xpusux (Jntroduction
I" Analyse des lignes courbes algébrigues) usamaa je 1750, roa. — Hsraeaa
Aa je Kpamep nponamao noMenyrn sakod paaehm Ha oBoj ipodaemu: Ilosyhu

»2  3v

KPHBY ©-TOI PeAd KPo3 J1aTy CHCTCMY 07 ?—{-? Tayaka.



2 TEOPUJA AETEPMHUHHAHATA.

TnakuM AMCKBU3NIIMjaMa HA3BAO 0eTepMUHAHTaAMA, U OTYAR
uM je n aamac To mme ocrazo. Ilocae Kpamepa 6aBUAU
Gy ce O TeopHji AeTepMUHAHATa HAPOUHTO OBH reOMETpI :
Besy, Janaac, Bawaepmona, Jarpanx, Komwu, Bume u
Jaro6u',) a y noruje Bpeme HKeae, Cumasecrep %), Xece,
Joaxnmeraa, Caamon, Xepmut, Bpuommu, Topaan, Mup,
Cryannuka m Apyri.

2. Aa 6ucyMO ce IMTO JaKUie YHIO3HAAN ©3 OCHOBHUM
110jMOBHMa, 1104€heMo 0BaKo.

Pemmuhemo anHeapHe ekBailije

@mx + by = my,
(1)
x4+ by = My

1o memoanaruma x, u 1. Pesyarar he 6utm oBO:

77’L1b2 — ’m2b1 U . almz — azml
N - albj — azbl

X = ’
by, — ay b,

[Tocaeawa ABa pa3.AOMKa UMajy HCTH MMEHUTE.b. Y Tom
IMeHATeAY jaBbajy €€ CaMO KOJAUYUHE &), by, @y by; oH
je Aakae camo SYHKIMja KOedUNUjeHATa IITO y CHCTEMU
(1) croje y3 HemosHaTe X M Y. Ta ®yHKUUja 30Be ce Oe-
TepMUHaHTa KOeduIlnjeHaTa di, by, @y, by, a OGeaemn ce
cuM60ANYKI OBAaKO :

a, b (2)

a, b,

IIo aedunmiuju je Aakae

1) JagoGu je upsa 1841. roa. y jeaHoy croM uo sehen mesoapy (De for-
matione et proprietatibus determinantium) CHCTEMATCKE 0GPAAHO TEOpHjy Ae-
cepmpnanata. Buan Crelle’s Journal, t. 22. u Gesam. Werke, t. III. p. 855.

2) Ilo CumaBecTepy je TEOPHjd ACTCPMHHAHATA ,an algebra upon an al-
gebra; a calculus which enables us to combine and foretell the results of
algebraical operations in the same way as algebra itself enables us to dis-
pense with the performance of the special operations of arithmetic.<
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a, b1 = albz — azbl. : (3)

as by
Roeeunnujenrn ay, by, a,, b, 30By ce eremenru -AerepMu-
HaHTe (2], AujaronaJa IITO y KBajpaTHOj cxeMHu (2) cmaja
eleMeHaT @, C €1eMEeHTOM b, 30Be ce z1a6Ha O0ujazoHala ;
OHa Apyra Aujarosala je cuopeoHa. Y CBaKOM UJlaHY U3-
pasa a,b, — a;b; UMa 1O O6a eaeMeHTa; ¢ TOra ce KamKe
Aa je AeTepMHHAaHTa (2) OeTepMuHanTa 0pyz02a peda HAU
Opyeoza cTeueHa.

[Io waenrnunoj pesauuju (3) BUAU ce YjeAHO M KaKO
ce »pasBUja‘ AeTepMHHAHTa Apyrora peja: Tpeba mpocTo
ITOMHOKUTH €J1EMEeHTe Ha IJ1aBHOj AWjaroHa.aH, [a 04 Mpo-
U3BOAA IHUXOBA 0Ay3€TH NPOU3EOJ €1eMEeHaTa IITO Ce jaB-
/bajy Ha CHOPEAHOj AujaroHaJmu.

HamomeHa 1. 3a cucremy (1) je aeTepMunanTa (2) TaKko
3BaHa OeTePMUHAHTA CcucTeMe.

Hanomena 2. Cem nomenyrtor cumb6oaa (2) uMma y Te-
opuju AerepMuHaHATa joum U ApPyrux cum6o.ad Kojuma ce
IpeAcTaBbajy uspasu obanka ab, — a.b;. 3a caja mo-
Menyhemo oBaj cmm6oa: (@;b,). ITo ToMe je

3. Ako ce a200po youe OpojuTesbH pasaoMaKa IITO
nIpeAcTaB/bajy BLEeAHOCTH HeNo3HaTHX x u y, Bujehe ce
Aa cy n TH u3pasu AerepMmumHaHTe. Buhe Ha uMe

mby, — mub, = | m; by | = (myb,)
m, b,
¢ jeaHe, a
am; —am; = 1| a4, m; | = (aymy
a, My

1*
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¢ Apyre crpamne, na je ¢ TOra u

(a.bs) (21by)
OTyaa 0BO mpaBu.o:

1IpaBua0. Hao cy dare 0ge auHeapHe exeayuje ¢ 0gema
HewosHaTuUMa, oHda je 8PEOHOCT céaKe HewOo3HaTe o0peheHa
jeOHUM PABIOMKOM ; UMEHUTEb T02a PasioMKa je OeTep-
MuHanTa cucTeme, a 6pojuTer ce 000uUBa U3 UMEHUTebA
%ad ce Yy 060Me KOEPHUYUJEHTU, WTO ce jasnvajy Y Up6o]
u Opyz0] exeayuju Y3 HeuosHary Koja ce TPAJCU, 3aMeHe
AUCOAYTHUM UAZHOBUMA TUX eKEaUU)a.

NPUMEPHN.

1. a h | = ab — hd
h b
2 0 4 |=—12.
3 8
3. sinx siny | = sin (x — y).

cos x cosy

4 1 —1 . g X
= 2sin 2
2
1 — cosx
5, o0—|a x|]=]|]1 0|=|T7T —aG|=™HuT A
0 1 y @ 1 0

6. Pemutii exkBanmje

2x—-3y+6=0,x—y+1:0.
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00 x = 3, y = 4.

7. Hahu x' u y' waa je
x == x'cos ¢ — y'sin ¢, y = x'sin @« 4 y'cos «.

8. Hamumcatu y oGaucy (2) moroaly moa rojou he Ouru jeAHakn
KOpeHH KBaApDaTHe eKBaluje

ax? 4 2bx 4 ¢ = 0.
9. afbi —ctdi| =04 24 24 d

¢+ di a — bi
4. Y3MuMo ca) TpHU JANHEApHE eKBaUuje
"X + by + ¢z = my,
axx + by + iz = my, (4)
agx + by + ¢z = my
ca Tpu HelosHatre X, y, z. Haa ux pemumo Ao6uheMo 0BO :

byt — mybgey + mubse; — mybics 4 Mgy — mgbyc,
— )
abics — abge; + azbsey — azhics + agbic; — ashyc,

%

A MyC3 — MGy —+ AMyCy — AMyCs + AgMyCy — AgM,C,
)
UbyCs — abyCy + xbsey — @sbics 4 ashic, —  aghycy

y:

__ abymyg—a,bym, + absm; — abym; + azbym, — asb,m,
abycys — abye, + abge;, — azbicy - aghic; — agh,c,

[locaeama Tpu pas.iOMKa MMajy MCTH UMEHUTEH. Y
TOM WNMEHHTCAY jaBhbajy Cce caMo KOAWduHE @y, by, ¢y,
Ay, g, +Cg; OH je Aakae caMo dyHKIHja KOedUIUjeHara
mTo y cucremu (4) croje y3 Hello3HaTe X, Y, z. Ta ®yHK-
ugja 30Be ce OerepMuHanTa KoedUuujeHaTa @, by, ¢,
Qg+ 03, +C3, & O€AEHKU Ce OBUM CHMOOJOM :
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a b (5}
| a, by co
1\ a; by cs

Ilo AeonHHIMjU j€ AaK.1e

al b] Cl E = a1b263 M a1b3C2 + a2b3cl — a/ngC:.x
|
|
az bz CZ l + (l'ablCZ - a3b261. (6)
as by c3|

Koeounujentit @, -+, "ds,**C3 B0BY C€ €IEMEHTH Ae-
TepMUHaHTe (5) ; OpaBa MTO Y KBaApaTHO] cxemu (5)
craja eaeMeHTe @, by, ¢; 30BE C€ I.1aBHA AujaroHaga, a
npaBa WITO cOaja eJ1eMeHTe ds by ¢, 30Be ce ClopeaHa
AWjaroHasa. Y CBAKOM UJaHy U3pasa GibyCs— tybsC; + -
IMa [0 Tpu €AeMEHTa ; ¢ TOra ce Kame Aa je Aerepmu-
HaHTa (5) OeTepMmuHanTa Tpehea peda uan Tpefieza creueHa.
V T0j AeTepMHHAHTH UMa CBera TP XOPU30HTAAHA U TPU
BepTHKA.AHA peAa; IpBU PEAOBHM 30BY Ce 6pcTe, a Apyru
Koa0He. Y CBAKOj BPCTH M CBaKOj KOJOHM HMa 1O TPH
eJeMeHTa: AeTepMuHHaHTa Tpehera peja mMa jakae cBera
9 = 3% eaeMeHaTA.

Mo waenTuuHoj peaauuju (6) BUAU ce YjeaHO Aa ce
AeTepMUHAHTa (5) MOKe Pa3BUTH 110 OBOM MPaKTHYHOM TIpa-
Buay'): ¥ AecHo y3 caMy KBaApaTHY CXeMy Tpeba HANNCATH
npBe ABe KO.JOHE M TO Hajlpe OpPBY, [1a OAMaxX A0 e
Apyry. 3a TuMm Tpeba noByhu o6e AujaroHale u C HUMa
HamopeAo IO ABE€ [paBe OBAKO:

1) To mpaBmao 30Be ce Sarrus-060 WPasuio.
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[Hajzas TpeGa IOMHOMUTH €1eMEHTe [ITO JeXe Ha Auja-
roHaJlaMa ¥ MHUXOBAM HalopejHunama u cabparTn ux, Ap-
ehi ce Ipu TOMe OBOra IIPaBUAA: Ca BHAKOM MAyc Tpeba
y3eTH UPOU3BOAE €leMeHaTa IITO .Jejke Ha TIaBHOj AM-
jaroHaAN U IbE3NHAM HAIOPEAHMIAMa, & A BHAKOM MUHYC
ocTaJja TPU TPOU3BOAA.

HanoMena. Aetepmunanra (5) Geaemn ce u cuM6040M
(g bsCs)-

5. AKO ce A06po youe pazaoMIU IITO NPEACTAB.bA]Y
BpeAHOCTH HEMO3HATHX X, Y, Z, BuAehe ce 4a ¢y 6pojute.sn
THX pasAoMaka AerTepMmuHaHTe Tpehera peaa. Pasaomun
KOjuMa cy oApeheme BpeAHOCTH HENOBHATHX X, Y, Z Mohu
he ce aakae mpeva HamleMm Oeae:erby HAalUCATH OBAKO :

(rybycg) _ (aymycs) ;= (@ b,mg)
(abscy) (@bycy) (aybycy)

TuMm v6paciyMa $OpPMyAUCAHO je MPABUAO [0 KOME ce Y
OlILIITE PeIIaBajy TpH AMHeapHe eKBalije ca Tpu He[lo3HaTe -

P MEPIL

1. a h g = 4bc 4 2fgh — a2 — bg? — ch®
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=~

. PasButu AcrepMuHaHTE (Ugbgce), (4bacy).

3. Ynopeanru a mby c1| ca |4 by ¢
g mby ¢ a4y by cg
a3 mby cg | ag by c3

6. Yuopeaurn a3 by ¢y | ca | @ ag ag

ag by cg by bg Ug
dg by c3 | 1 C2 C3
7. Aonazaru aa je (41bacy) == — (cibats).

8. Pemuru exBanuje
3x 4 4y — 162 =0, 5x — 8y - 10z == 05 2x — 6y + Tz 4 8= 0.
O0e. x =4, y=5, z = 2.

6. YauumMo ja.ne deTupd JAuHCapHE eKBaluje

wx 4 by + a7z 4 dit = m,

agx + by + cz 4 dyt = my

ca 4YeTUpU HeloO3Hare X,7, z,t. AKO UX pelluMo, BUAe-
hemo aa he cBaka Henosnara 6uTu oapeheHa 1o jeaHuM
pasaoMkroM. CBH T pasaoMuu uMmahe HUCTH UMEHATEH. Y
TOM HMeHHTe.by jaBbahe ce caMO KOoe®HIMjeHTH

ay, by, ¢y, dy, gy -dy, ageeds, ayee-dy;

OH he Aak.e 1IOHOBO OuTU caMO PYHKIHja KOePUIHjeHATA
IITO C€ Yy ropmoj CucTeMu jaB/bajy y3 HenosHare Xx, vy, z, t.
Ta eynknuja 30Be ce OeTepMuHaHTa ueTEPTOz peda WM
YeTepTOz CTeuera, a €.1eMEeHTH IHe3UHHU Cy IIOMEeHYTH Koe-
PULAJEHTU @y, - dyy Gy, dyy Asy0--ds, Gy,---dy. Ta aerepmn-
naura Geaexu ce cuM60.10M
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a b, ¢ dy|; (7)
a, b, ¢ dy

a; by ¢z dy

as by ¢ dy
y H0j UMa YeTUpU BpCTe W UETHPH KOAOHE, a cBera 16 = 4°
eJleMeHaTa.

Kaa 6ucMo pemmau cucremy o4 HeT AMHEAPHUX €K-
BalUja ca IeT HeNo3HATHX, OHAA 6U 3aje HUYKN UMEHHTE.L
pasioMaKa, IUTO MNPEACTaB./bhajy BPEAHOCTU HENO3HATHX,
610 AeTepPMUHAHTA IeTora peda U y Wmoj 6u 6ua0 cBera
25 = 5% eaemenata u T. A. Y onmre, kKaj 0OucMo pe-
MUAN CHCTEMY OA N JAHHEapHUX eKBauuja

ax + by 4+ 4 hw = my,

asx + by -+ hyw = m,,

a,x + by +---+ hyw =m,

ca n HENO3HATUX X, 1, W, OHAa (M IIOHOBO 3ajEAHUUKI
nMeHNTe.L pasJdoMaka, kKoju oapelyjy BpeaHOCTH HElo3HA-
X, OHO jeAHAa AerTepMUHAHTA U TO — O0eTepMUHaHTA
n-Toz peda MAM N-To: crewena. Ta aerepMuHaHTa Geaeru
ce OBUM CHMOGOJAOM :

al bl LR hq ‘8’
a_)‘ bz * hz
an bn ° hn

Taj cumGo. npeacrap.la AaK.ae jeAaH OOTHYHO oapehen
NOAMHOM, a yoOuuajeHo je Aa c¢¢ W OH 30BE€ AeTepMU-
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panra'). ¥ Toj AeTepMMHANTH UMa M BPCTa U N KO.AOHA,
a y CBaKOj BPCTM M CBaKOj KOAOHH IO 7. €AEMEHATa: y
deTepMuUHaHTU n-T02 peda uMa Oarde n® etemenara. U oBa
AeTepMUHaHTa Kao u Ipehammba uMa cBOjy raaBHy U CBOjY
CIIOPEAHY AMjaroHaJdy: Ha 24a6H0j OUJacoHalu JNeHe ede-
MEHTH @y, b,,---h,, a Ha CUOPeOHO] €eNeMEHTH @, b, 1, hy.
IIpousBo,i eaeMeHara IITO J€de Ha TAABHOj AWjaroHa.au
jecre, ka0 MTO hevo KacHuje BUAETH, jeJaH UlaH y »pas-
BijeHoM 00auky¢ Aerepmunante (8. Taj waan ssahemo
21a6HUM YAANOM ACTEPMUHANTE.

Cem Tora je m y OBOj AGTEPMUHAHTH, Kao U y Ae-
repMuHanrama (2, (3] u (7], cBaKM eacMEHAT O3HAYEH ABO-
jaKo: jeAHUM NMCMEHOM U jeAHOM KAa3a.bKOM MITO C€ Ha-
4a3n AecHO 04 mucMena, a y AHy merosy. Ilo mmcmeny
cc BUAM Y KOjoj je KO4OHM HEKaKkaB eaeMeHaT, a IIo
Kasa.mln y Kojoj Bpern. Taro Ou H. up. ealeMeHaT C4
6uo y Tpehoj KoAOHM, a YETBPTOj BpCTH, AOK Ou H. Ip.
eaemenar d, Onmo eaemenar uerspre Bpcre, a Tpehe
KOJAOHE.

Yecro ce mehyrum eaemenr Geaesie U Ha OBAj HAUMH!
y3uMa ce HEKO IucMe, H. 11p. [IMeMe @, U HUIY ce y3 Bbera
ABe Kaza.hke, o6e AecHO, jeAHa BuIle, a APyra HIUMKe mera.
Y ToM cayuajy Om eaemenar i-tre BpCTe, a k-Té KOJOHE
6o osmauen ca «}, a AerepMuHaHTa N-TOra peaa Om
6i1a 0BO:

1 2

a, a o
a21 ((22 e a-_)‘"
a! al-a

Ho jomr ueuthe ce esemenrtu Geaesme jeAHMM IUCMEHOM U
ABEMa KasabKaMa Koje ce o0e NUIly AECHO IHCMeHy y
Any. Tunm TakBe AeTepMUHAHTE je OBO:

1) Camy cxemy sose Fopaau (Jnvariantentheorie cs. 1., p. 18.) Matrix,
a ne Delerminante. Enraeckn nacuu 308y mehyrum cxemy Bam determinant RAR
determinant array. V1 Md heMo Kap H Kaj CXeMY 3BATH MATPUUOM.
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Ay Qg vy, | (9)

(n gy =+ Uy, |

anl a/n‘?. T a’nu

lIpBox Kaza.bKOM je o3HaueHa BpCTA, a APYrOM KO.1O0HA :
e1eMeHAT ¢; je AaKJe eleMeHaT i-Te BpCTe, a Rk-Te KO-
aAoHe. — Yak ce Kaa 1 Kal M30CTAB.bAjY CACBAM INCMEHA,
a Iy ce caMo Kasasbke. ONIMTH TUO TaKBe AeTepMA-
HarTe 610 61 OBO:

nl ne ---nn

Hanomena. AderepmunanTe ce yecto Gesexme H APYrum
cumboauma, KpahuMm 04 ouux Koje Mal0 uYac OMEHYCMO.
Taro ce H. np. geTepmuHanTa (8) Geaemu jeAHUM 04 OBUX
camGoaa: X 4 aby--h,, (@b, --h,), |aby--h,|; AeTepMi-
HaHTa (9) 6eaexnia Oi ce mpeMa TOME jeAHUM 04 OBUX CHM-
6ora: X4 ayayn--a,, (030 -a,), 4,0y -a,|. Yak ce
Ta AETEPMHUHAHTa 4ecTo Oedern IPOCTO OBAKO: |a,|.

7. TlomMenyan cMo npaBuaa IO KOjUMa ce pasBujajy
AerepMuHaHTe Apyror u Tpeher peaa. Ha peay je aa ma-
hemo mpaBuaa no kojuma 6u ce Morde y onmTe pas-
BUjaTH AETEPMHUHZHTEe Ma Kor peaa. Ao Tux nmpaBuaa gohwu
hemo Tek Kaa ce ymo3HaMO ca jOII HEKUM OCHOBHUM MOj-
MOBHMa U TeopeMaMa. —

Y eaemenTapHoj aareGpu nMa jeAHO OBaKO NPABUAO:
Kaj je aaro Ha OGpoj n mucMeHa a, b, c,---h, oHia je
6poj llepMyTaumjid TMX HUCMEHa OBO:
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Cse Te mepMyTauuje umajy ucry aare6apcky Bpea-
HOCT, a pa3JHUKYjy ce caMO TUM jepHa OA Apyre, IITO Cy
y jeAHe MMCMeHa pasMellTeHa Ha jejaH, a y Apyre Ha Apyru
Haund. HamummMo caa y GBakoj TOj mepMyTaluju y3 IIpBO
nucMe KasabKy 1, y3 Apyro Kasa.bRy 2, y3 Tpehe Ka-
3a.bKy 3 HUTA. U Haj3a) y3 TOCAEAHE NHUcMe KasabRy n.
Tum nyrem ao6uhemo Ha 6poj n mepMmyranmja. Y TuM mep-
MyrangjaMa jasbahe ce Kasamke jeaHa s3a Apyrom OHaKo,
KaKo ce y IPUPOAHOM peAy jaB.bajy jedaH 3a Apyrum Gpo-
jeBu; Te ilepMyranuje A00mheMo Aakae, aKO y NPOU3BOAY
abycye--h, Tpum nepmyrosamby nmceMeHd a, b, c,---h me
OyAeMO peMeTuAM HpupojHu pea 1, 2, 3,---n Kasabakra.
Bpojue Bpeanoctn Tux mepmyraunja Guhe y omure pas-
auyure. JegHy TaKBY mepMyTanujy npeAcraBsbao Gu H. TIp.
IIPOUBBOA Cibytty - -h,. AKO y TOj nepMmyrauuju HANUIIEMO
nucMeHa as3GydHHIM peaoM, 3aapiaiaBajybhu 1pu ToMe y3
CBaKO IUCME Kasda.bKy INTO ce ysa Ib jaBma, Aobuhemo
OBY LEPMYTaLUjy: dgbyc--+h,. ¥ TOj HOBOj nepmyraunju
nopemMeheH je, Kao ITO BUAUMO, MPHPOAHM peA Kasa.baKa,
a NHCMEHa ce y e jaBbajy y3acTolllle a30yuyHuM peAoM.
JacHo je, aa hemo cBe nepmyranuje Take Bpcre 200uTH,
aKo Yy TpousBOAY b,cg---h, Ipu mnepmyroBamby Hasa-
Jbaka 1, 2, 3,---n He OyieMo pemerman asbyuHn pea
@, b, c,---h 1micmena.

HAnOMEHA. AKO c€ y OCHOBHOM NPOUBBOAY tybyCs - -h,
CcBaKM eJeMeHAT O3Haul jeAHHM IIICMEHOM, a ABEMa Ka-
3abKaMa, OHAA Ce CBe MaJO 4Yac UOMEHYTe IepMyTauuje
AOGUBAjy OBAKO: Yy IIPOUBBOAY @y Uslss ** @, ITEPMYTY]y
ce umAn caMoO lpBe KasabKe, a y Apyre ce He Aupa, A
ce MepMyTyjy caMo Apyre Kasamke, a y 1pBe ce He AUDA.

8. Nusepcuie. EaeMenty, u3 Kojux je cacrap/beHa HEKA
niepMyTanuja, pasankyjy ce U [0 MecTy Koje OHHM 3aysu-
Majy Y OCHOBHOM, IPBOOUTHOM pacnopeAy cBoM ‘). Sa jesau
eJeMeHaT Kae ce Ha MMe A3 je euwu OA HEKOr Apyror
eJeMeHTa, aK0 Ge OH y OCHOBHOM paclopeAy jaB.La H3a
tTor eaeMenTa. llpema TOoMe je HEKaKaB eleMeHAT BUIIU
04 CBUX OHHMX, LUTO Yy OCHOBHOM paciopepy Croje mpea

) 1) OcuoBud_pacuopel nECMEHa je a, byc,d,e,..., a oCHOBHH pea Opo-
jesa je 1,2,3,4.5,.. ..



OCHOBHU 110JMOBM 1 AE®PUHUIUJIE, 13

wuM. H. mp. y nepmyranuju ab je eaeMenar b Bumu o4
eJeMeHTa @, a y nepmyranuju 3 1 je eaeMmenar 3 BuIIn
04 eaementa 1. Haj ce y Hekoj nmepmyranmju cBaku eae-
MeHAT YIOpeAM ca CBUMa €J1eMEHTHMa IITO C¢e 3a UM
jaB/bajy, OHAR ceé JAKO MOMKEe OAPEAUTH KOJAMKO € IyTa
y TOj nepMyTaiuju jaB./bajy BHUINM €A€MEHTH UCIIpe] HUKUX.
bpoj, koju mam TO Kasyje, 30Be ce G6poj uHeepcuja;
H. mp. y uepmyranuju cheed uma 4derupu uHBepcuje: cb,
ca, ba, »od; y nepmyraunuju a,a,a,¢; UMa TPHU HHBepCHje :
U0y, Aylly, Gyt

Hpamep je o 6pojy nHBepcuja moje.1no nepmyrauuje
Ha ABe BPCTE€: Ha UapHe M Ha HewapHe uepMyrauuje.
Ilepmyrayuja je wapna, kao je y 10j 6poj uneepcuja uapan,
a HeuapHa je, xaod je 6Poj 1e3uHUX uHBepcuja Hewapaw. —

HMKANUKA PABMEHA EJAEMEHATA. AKO Y HEKOj mepMmy-
TAlUji HAIKUIIEeMO TPBU €.eMeHAT U3a MOCAeAlber, He Me-
Ibajyhu mnpu ToMe MecTa OCTAaJIHMX eAeMeHaTa y HmepMyTa-
IUjid, OHAA Ce TaKO NpeMeHITambe eaeMeHaTa 30Be tu-
rauuKa pasmena eremenara. H. np. nepmyranuje

123,231, 312

NOCTajy jeAHa M3 Apyre HUKAHYKOM Pa3MEHOM eJeMeHaTa:
TO Cy yurauvre nepMyraumje.

Hanomena. Ilapre nepmyrauuje 20By ce 4ecto u uo-
3uTueHe uepmyrayuje, a HelapHe INCpMyTalyje 30BYy ce
HeaTusNe uepMyraruje.

9. TEoPEMA. Ceara uepmyTayuja Merba c80j1y 8pcTy, Kao
Y 10j 06a eleMeHTa pasmeHe c80ja MecTa, T. j. Pa3UeHOM
0ea eaeMenTa Merba ce uapHa TepMyTrayuja y HeuwapHy,
a Hemapna Yy uapHy.

Osnauumo eaemenre, Koju he ysajaMHo MemaTu cBOja
MecTa ca @ U o, Ua TPEeTHOCTaBUMO HajOpe Aa ce Tu
€1eMEeHTH Yy AaTOj HepMyTaluju y3acTOMLe jaBbajy jeAaH
3a ApyruM. Ako ca P o6eaemnMo 1pon3Bol CBIX €.1eMEeHaTa
mTO CTOje Uclipes « u &, a ca R npoussoa cBHX eaeMeHaTa
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IITO CTOje U3a @ U @, OHAA heMo aary nepmyranujy Mohu
OBaKO HAIWMCATH :

PaaR. (10)

Ako eseMeHTH @ U o IpOMEeHe cBOja MecTa, OHAa he ce
AaTa nepMmyraumja mpeo6pasuTé y OBY:

PaaR. (11)

V3uuMo caa Aa Yy Aaroj nepMyTaliju ca eAeMeHara, [Iro
ce jaBmajy y npomsBody P (y npoussBoay R, mma cBera
p (cBera 7) mHBepcuja. JacHO je Aa ce Tu 6pojeBu He he
MemaTn Kaj eJeMeHTH ¢ 1 o 6yAy IPOMEHHAM CBOja MECTa.
AKko je caA eaeMeHaT @ BHIN 04 CAGMEHTa @, oHAa he
nepmyranuja (10) umarn p 4+ r 4+ 1 uHBepcuja, a epmy-
ranuja (11) nmahe jeany mHBepcujy mMambe; Aarae, ako je
6poj p +r + 1 6uo mnapan, onaa he 6poj p + r Gurn
HermapaH n o6patHo. Hanporus, ako je eaemeHaT ¢ HUHU
04 eaeMeHTa «, oHAa he mepmytammja (10) umaru p 4 r
uHBepcuja, a nepmyranuja (11) umahe jeany umnBepcujy
Buire. Jak.e, noHoso he nepmyranuja (11) 6urn HemapHa
ako je mepmyramnuja (10) 6maa mapHa u obparsHo. Haa,
AaK.e, ABa e1eMeHTa HITO ¢e y3aCcTONIe jaB.bajy Y HEKOj nep-
MyTalliji IPOMEHe CBOja MecTa, OHAA ce CBaKaj IapHa mep-
MyTaunuja Mema y HellapHy HAu, 00paTHO, HeNapHa y HapHY.

Yamumo caj 4a ¢y y AaTOj IepMyTaluju e€AeMeHTH
a ¥ o pa3ABojeHH. AKO ce ca ( O3Ha4u NPOM3BOA CBUX
eleMeHaTa IITO pa3ABajajy & U @, OHAa he ce aara mep-
MyTaluja MOhM OBaKO HalNCaTH:

PaQaR. (12)

Hekxa y npomsBoay @Q uma g eaemenara. AKo edeMeHar
@ 1OMepuMo y JeBO q I[yTa y3acTonle, oHAa he ce mep-
myrainuja (12) npeobpasutu y OBY:

Pa o QR.



OCHOBH#M INOJMOBH M AEPHHUAIMJIE. i.’)

Hajsaa ako eaeMeHaT @ y HOCAEAO] [I€pPMYyTalUjH MO-
MepumMo y AecHO (q 4 1) myra ysacromie, oHAa he ce Ta
nepMyTanuja npeo6pasuTu y OBY:

PaQaR. (13)

Kaa, aakae, eaeMeHTH @ M @ y 1IpBOGUTHO]j IIepMyTaluju
{12) unpomene cBoja Mecra, OHAa hemMo cBera ysacTomnue,
KOjJe Y AECHO, KOje y A€eBO, Te eleMeHTe MOpATH IOMepaTH

g+.q+1) =241

uyra. bpoj 2q + 1 je mehyrum HenapaH, a Ma.a0 4ac cMO
AOKa3a1H, A3 C€ CBAKOM pasMEHOM ABa KOHCEKYTHUBHA
€1eMeHTa MeHa BpCTa [epMyTalliije: TO 3Ha4u Aa he mep-
myTauuja (13} O6utu HemapHa, ako je mepmyranuja (12)
6uaa mapHa u 06paTHO, & TO CMO Yy OCTaAOM U TBPAUAM.

HaoomEnA. Ako je n memapan 6poj, oHAa he mpema
HAIIOj TEOpEeMU HUKJIUYKE IepMyTaluje

Uy Uyl =, Atz -, 0

6utu wan obe napHe manm obe HemapHe; HAILPOTHUB, jeAHA
usmehy Te ABe lepmyranuje 6uhe mapua, a Apyra HemapHa
aKo je n napad 6poj.

10. TeorEMA. Kaod ce namuwy cee uepmyrayuje 0arux
eieMenara, oH0a UAPHUX UePMYTayuwuja uMa UCTO OHOAUKD,
KOAUKO U HewapHux.

Hexroj nepmyranmmjn y Kojoj ce eaemeHTH a U ¢ jaB-
Jpajy ys3acTomume OBUM pPEAOM: ---a---¢--- oAroBapahe
Ha uUMe caMO jeAHa jeiuMHa nepmyTaluja y kojoj he ce
€AEMEHTH @& U & jaBbaTH OODHYTUM DPEAOM - - Q- @ --.
Ho ako je oma npsa 6uia mnapra, oHaa he oma apyra
Outu HenapHa M 0o6paTHO; TO 3HaunM Aa he mapHuUX mep-
MyTanuja 6UTH UCTO OHOAMKO, KOANKO 1 HeNapHUX, q - e - d.

11. Ha ocHoBy cBera mro Aocaj pEKOCMO WHTEp-
nperoBaheMo Ha OBaj Ha4uH CHMGOA
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4d=|ay @y - &,
Uy Uy - Aoy

|

|

|

Q,, Uy " a,, |

KOjU HaM, Kao IITO 3HaMO (14. 6.), mpescras.ba AeTep-
MHHAHTY 7N-TOT PEAA.

ITomnoaxcufemo na cee moyhe HavuHe elemenTe Taro,
da 1y ceakom upoussody Gyoe jedan jeOUHU eAeMCHAT céaKe
gpcTe u jedar jeouru eaemenar ceakre KOLOMe. Tux upo-
uzeoda Oufie ceeea n!. Hako ce na umMe y CBaKOM IpOM3-
BOAY MOpa jaBbaTH 10 jeAaH eleMeHaT CBAKe BPCTe, TO
heMo y CBaKOM NPOM3BOAY Mohm 4mHETE.LE PACIOPEAUTH
TaKo, Aa NpBU unHHTEb OyAe eaeMeHaT NpBe BpCTe, APYru
aa 6yae eaemeHaT Apyre Bpcre u T. A. CBakm [POM3BOA
Mohu hewo Aakae HamucaTH y OBOM OO0JHMKY:

y; Gy Uiy~ g

Ho y cparoM MpOM3BOAY jaB.ba Ce U IO jeAaH “1aH CBAKe
koaoHe; ¢ Tora he ca ijk---l Moparu OnTH O3HAYEHA
HeKa mepMyTalmja Kasamaka 1, 2, 3,-n. Tux nepmy-
MyTanuja MMa CBera m!, ITO 3HAYW A2 U HOMEHYTHX IpO-
n3BOAA UMa, m!.

Y jeonoj uoaosunu TuX upouseoda Ouhe uepmyTa-
yuje ijx---l mapre, a Yy 0pyz0j WOL0GUNHU HeUuapHe. Hcupeo
upsux wpouszsoda Hauucahemo snaK wiyc, a ucuped Opyaux
snar Mmunyc. AazeGapcru 36up TUX UWPOU3E00a UPEOCTas-
wake paseujeit o6auK dare OeTepMUNanTe.

AKO AaKAe y3MeMo Aa je ca p osHadeH Gpoj mHBEp-
cuja nepmyranuje yk---l, oHA2 tpeba ucnpea MPON3BOAR
g+ @,y Y PABBHJCHOM 006auKYy AeTepMufAanTe MH-
caTH BHAK [JyCc, AaKo je p mapaH 6poj, a 3HAK MHHYC,
ako je p Hemapan Gpoj. llpema rTome he Ter mpomsBoA

(— 1)F ay; agj g~ Gy

6uTH jeian "AaH Y PasBUjCHOM 00/UKRY AeTepMUHAHTE.
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Haa je i =1, ) =2,k = 3,---l = n, oHAa je
Yk l=123:-n;

Ta nepmyranuja 1 2 3---n HeMa HHBepcHja, OHa je AaK.e
napHa, na he ¢ Tora jeiaH 4aaH y pasBHjeHOM O06JuKY
AETEPMHHAHTE OUTH W IIPOUBBOA Gy (g Ggs* " Gy, €AEME-
HaTa IITO J€Me Ha TJaBHOj AWjaroHaaH. Taj 4aam cMo
3BaJa# (44. 6.) raaBHMM 4Y1AaHOM AeTepMUHaHTE. [1aeHu
yaan derepmunante 4 je darae WOSUTUBAN.

12, Bpatumo ce caa NpousBOAY
Ay Qg Qgp* Ay ()

U O3HAUYMMO I[IOHOBO ca p 6poj uHBepcHja mepMyTanuje
yjk---l. Y TOM mpousBoAy MOTy ce HaIHMCATH YNHATEDbU
TaKO, A3 IIpBM unHHUTe.h OyAe eaeMeHaT NpBe KOJAOHE,
Apyru aa 6yle eaeMeHAT Apyre KOJAOHe U T. A. JacHO je
Aa he y ToM cayuajy Ha u3BecTaH HauMH OMTH TEepMyTO-
BaHe caMO IpBe Kasa.bKe. AKO mepMyTanujy, Koja ce Gyse
Aobuaa, osHaumMmMo ca rst---u, oHAA heMo mpomsBoA (@)
Moh! OBaKO HAIMCATH :

arl as2 a:s' Qe (a’)

Iluta ce caj Kako croju nepmyranuja rvst---u mpema
nepmytaumjn ijk-- !? AokaszaheMo aa cy Te aBe mepmy-
ranuje ucre Bpcre (o6e napHe, uaum obe HemapHe), a Ha
oBaj HauuH. llpememrahemo y mpoussoay (@) uuHUTEbE
ca KOjUX UMa MHBepcHujd y mepmyrauuju ijk---l cse A0T.ae,
AOKJe TOA TUX HHBepcHja He HecTaHe, T. j. AOKAe T0A APYyTa
Kasa.bKa Yy OPBOM 4uHHTE.sY He Oyae 1, y apyrom 2, y
tpehem 3 u T. A. Bpoj Koju Ham Kasyje KOAMKO CMO
OyTa ©Bera mnpeMelTaJn ABa U ABa €.E€MeHTa O3Ha4u-
hemo ca p'.

Ho axo je 6poj eaemeHara, IITO W3ABajajy eaeMeHTe
a u @ y HeKoj nepmyrauuju P a Q ¢ R o3nayeH ca ¢, OHA3
he ce @ u @ Moparu (4a. 9.) mpeMemITaTH y3acTOIIE CBEera

TEOPHJA AETEPMHHAHATA 2
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(2¢ + 1) myra Aok a He 3aysMe MeCTO €J1eMeHTa & u,
o6paTHO, @ MecTo eaementa a. To 3Hauu aa he p' Out
napan 6poj Kaa je m p mapan 6poj u, oGparHo, Aa he P
6utn HemapaH 6poj Kaa je 6poj p Henapa. CsakoMm pas-
MEHOM ABa e/leMeHTa, Mema ce Mehy TMM BpCTa Heke mep-
MyTaumje, Ua Kako je NpBa mepmyrauuja 1 2 3.---n npsux
Ka3a.baKa y Opou3BOoAy (@) 6uaa mapra, T0 he n ona no-
cAeAma, T. j. nepMmyranuja rst---u, 6uTH IapHa aKko je 6poj
p' 6uo napam, a HenapHa ako je 6poj p' Guo HemapaH.
Mu Mehy THM Maa0 gac pexocMo Aa he 6poj p' Gurn mapas
(nemapas), ako je u 6poj p mapaH (HemapaH); mpema ToMe
MomeMo pehn Aa he mepmyTanuja rst---u 6uTu HapHa aKO
je p mapaH 0poj, a HemapHa ako je p Henapan 6poj. Ilep-
myTauuje ijk---l u rst---u cy AaK.ie UCTe BPCTe,a TO CMO
¥ TBpAMAU. Buo aarie jejaH uaaH paspujeHor 064HKa
AeTePMUHAHTe HamucaH y O6AuKy (@), wam 6uo OH Ha-
micaH y 00AMKY (@), CBaKaA Ce 3HAK TOME uaaHy oApehyje
0 MCTOM IIpaBmAy, T. j. oApehyje ce Taj 3Hak 6uao 0o
6pojy umBepcuja nepmyranuje ijk---l, 6Ha0 no Gpojy muH-
Bepcuja nepMmyrauuje rst---u. —

Kaa ce 200po younm Ma.0 4ac IIOMEHYTa AedHHULja
aAerepmunante 4, oHpa he Ham jacHo OuTH, 3aMITO Ce Ta
AeTepMuHaHTa Ge.neu OBUM CHMOOJAOM :

4= X 4 a,a5--a,,.

Cum6boaoM X o3Hauesa je HA UMe CyMa CBUX IMOSHTHBHUX
! HEraTMBHUX Y/AaHOBa LUTO ce A00UBAjy, KaA ce y I1aBHOM
4yjiaHy mepMyTyjy Ha cBe Moryhe HauuwnHe 6ma0 camo mpBe,
6mMa0 caMO Apyre Kasa.bKe.

IMocaEauIA. AKO je céaKu eremeHAT jeOHe 6pCTe UAU
cearu eieMenaT jedHe KOAOHe HYAa, OHOa je U OeTepMu-
HAHTA PaBHa HYAU.

Hanomeua. Kaa cy eaemMeHTH HeKke AeTepMUHAHTE
03HAYEHN [0 jeAHMM TMHUCMEHOM ¥ [0 jeAHOM Ka3abKOM
ITO ce HaJa3W y AHy TOr IHCMeHa, T. j. Kaj je Aerep-
MUHAHTa OBOT 00.4HKA :
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d=|a b - h |,
|

a, b, hy i
I |

I a, bn oy h” 1

OHA3 Ce Ta AeTepPMUHAHTA IpeMa MaJl0 4ac IIOMEeHYTOj Ae-
PUHUIMJH DPA3BHUja MO OBOM INPaBUAY: IEpMYyTYjy ce MH-
cMeHa a,b,---h Ha cBe Moryhe Hauune, a Kasa.bpke 1, 2,---n
ce MmuuUly ysacTouue y3 CBaKO MUCMEe CBaKe NepMyTaluje ;
uam, o6paTHO, MEpMyTYjy ce Kasabke 1,2,---n Ha cBe MoO-
ryhe HauuHe, a NMCMEHa Ce y3acTOIlle MUY Mo a3bydaoM
peAy y3 CBaKM eaeMeHaT cBake OepMmyTanuje. ¥ OpBOM
cay4ajy oapebyje ce 3HaK cBakoM uaaHy mo Opojy wHH-
Bepcuja mucMend a,b,---h, a y Apyrom cayudajy mo 6pojy
nHBepcuja Kasa.bakra 1,2,---n.

Ha npumep, AerepmuHaHTy
a b o

a, b, Cy

as by ¢
pasBuheMo OBawo.

IlepmyroBahemo Hajope mucmena a,b,c. [Iepmyrauuje
he 6uru oBo :

abc, achb, bea, bac, cab, cba.

IlpBa, Tpeha u mera nepmyrauuja je mnapHa, OcTade Cy
Hernapae. C rora he moaumHOM

@ybyCs — @1Cabg + b1Catls — b1@sCs + €18bs — c1byas  (14)
npeAcraBbaTH AaTy AeTepMHHAHTY Tpehera peaa.
O6parHo, nepmyToBahemo kasza.mke 1,2,3. Ilepmyra-

ndje mUXoBe Cy
2#
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123,132, 231, 213,312, 321.

IIpBa, Tpeha u nera nepmyranuja je mapsHa, a Apyra, 4er-
Bpra u mecra HernapHa. IIpema Tome he m uspas

a,b,c3 — a1bgcy + azbse; — @3b1¢3 + agbicy — agbye, (15)

NpeACTaBbATH AATY AeTepMHHAHTy Tpehera peaa. — Hs-
pasu (14) u (15) pasamkyjy ce caMo MO cHoO.ballmbeM 06-
JAHRY : aare6apcke BPEAHOCTH BHXOBE CYy MOTIYHO jeAHaKe,
a Te u3pa3e CMO Yy OCTaAOM Y yBOAY (44. 4.) ¥ 3Baan
AeTepMuHaHTaMa Tpehera peaa.

Mpum. 1. Kakee smake nmajy y AerepuumnanTH 2 - arbscsd,
J1aHOBH a)bgcyds, agbicgdy, agbacsd; u aygbaczdy ?

Oo:. IlpBu u Tpehu uyaaH je MO3UTHBAH, 0CTA1A ABA Cy HEraTHBHA.

ITpum. 2. KanxBe 3Hake wuMajy wqaanoBu bfg, cdh u ceg y aerep-
MHHSHTH

a b ¢ |?
d e f
g h kR

[Pea kouoHa je 231, 312, 321.]
Ode. TIpBa 2Ba YlaHA Cy NO3MTHBHA; Tpehu je HeraruBaH.

Ipum. 3. KakaB 3HAK HMQ y A€TEPMUHAHTH 2 —- ajjdge- - -d,, Y18l

@1,02,p1++ - Gy1, T. j. KAKAB 3HAK HMa y AATOj AETEPMMHAHTH IIPOU3BOA
eleMeHAaTa CIlopeAHe AujaroHaie ?

[Irum. 4. Ca a,aa4---a, je 03HAYEH jeAaH 4YARH AETEPMUHAHTE
i%sjUek P
2+ anags- - -a,,. Karap sHar uMa Taj wiam?

IlepmyTtamuje rst...u u ijk...l mMopajy 6uru nmepmyramuje Gpojesa
1, 2, 3,...n. AKo y nepmyraumju rst...u uma p' UHBepcHja, a y nep-
MyTanuju ijR..-l cBera p uHBepcuja, 6uhe 3HAK NOMEHSTOr YaaHA OApE-
hem moayiom (— 1)'+2. To 3maum aa he uiam GriQg Qg+ - - Oy MMATH TIO-
3UTHBAH 3HAK, AKO Cy nepmyramuje 7rsf...u ® ijk...l ucre Bpcre, a He-
raTHBaH 3HaK, aKO Cy Te ABe NEpMyTalHje Da3AMYHUTE BpCTE.

D S T
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OCOBHMHE AETEPMUHAHATA.

13. V3mumo aa Cy HaM AaTe ABe AeTepPMUHAHTe

d=ay ap - a, i u D= ay ay U |-
|

A1 Gy ag, g Qg Ang |

’ F

a‘nl an2 te ann J aln a2n ot ann }

Kaa ce yuopese Te ABe AeTepmunanTe, bBHAehe ce Aa cy
€AeMEeHTH Y i-TOj BPCTH (KOJAOHHU) jejHE OA THUX AeTepMu-
HaHATa jeAHAKH Ca eAeMEeHTHMa i-Te KO.JOHEe (BpCTe) OHe
Apyre Aerepmunante. Marpuna D nocraaa je Ha uMe u3
Marpune 4 TUM, IITO ce OBa OKO CBOje I'aaBHE AMjaro-
HaJe Oo6pHy.aa jeAaHIYT, Ma Cy C TOra y TUM MaTpULaMma
€]1eMEeHTH pa3MellTeHd TaKO, Aa Cy BpCTe (KOJAOHe) Ma-
tTpune 4 KoaoHe (Bpere) matpuue D u o6parno. Taksa
pa3MeHa e/eMeHaTa y MaTPUIlI 30Be Ce TPaHCUWO3UYUja.

14. TeoremA. Kad ce maTpuya Hexe OeTepmMuHaHnTe
TPAHCUOHUPA, OHOA Ce 8PEOHOCT Te 0eTePMUHANHTE He Merba.

Tpeba aakae pokasatn pa je 4 = D. Taj aokas je
BeOMa mpocT. ¥ cBakoM uaaHy AeTepMuHaHTe 4 jaBbahe
Cce Ha UMe M0 jeAaH eAeMEHAT CBaKe BpPCTe M II0 jeAaH
eaeMeHaT cBake Ko.aoHe. To 3maum pa he ce y cBakoMm
4aaHy AeTepmMuHaHTe 4 jaBHaTH U0 jeAaH e1eMEeHAT CBaKe
KOJOHe U IO jejaH eaeMeHaT cBaKe BpcTe Marpuue D.
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He raeaajyhu aakae mHa 3Hake mMomemo pehn, aa he
cBaKkM uaaH AerepmMuHaHTe 4 OUTH yjeAHO I YAaH AeTep-
smunante D u ob6patHo. Ho mMu hemo aorasatn aa he y Tux
4ylaHOBa M 3Hauu O6utn jeanaku. Haa Ha ume Gyaemo o04-
pehuBaau 3HaK HEKOM 4YJaHy AeTepMuxanTe 4 no mHBep-
cljaMa Kasa.baKa, OHAA hemMo TOM ucroM 4aamyy Aerep-
munautn D MopaTu ogpehuBaTH 3HaK 0 UHBEpCUjaMa THX
HCTHX Kasasbaka. Hoanmko roa gakae HeKaKaB 4aaH y pas-
BujeHOM 064uKy AerepmuHanTe 4 6yie uMao HHBEpCHja
mehy 6pojeBnMa KojuMa cy obeserene BpCTe (KO.OHE) Ma-
tpune 4, Toanko he mero Taj uysaH y AeTepMuHaHTH D
umatn unsepcuja Mehy 6pojeBuMa Kojuma.cy obesemeHc
KoJ0He (Bpcre) MaTpulle D; Ta ABa usaHa uMahe, Apyrum
peunMa, MCTH 3HAK.

15. TeorEMA. Kao ce y maTpuyu Heke OeTepMUHaNTe
y3ajamMHo cMeHe O08e epcre udu 06e KOaoHe, OWOa Oerep-
MUHAHTA Mera C60) 3HAK.

O3HauuMO AaTy AeTepMUHAHTY ca 4, ma pasMeHUMO
y TOj AeTepMUHAHTH y3ajaMHO Me€cCTa €1eMEHTHUMa j-Te U
l-te KoaOHe. Y TOM cayuajy pobnhemo jeany HOBY aerep-
muHadTy. Ty Aerepmunanty hemo osuaunti ca D, a Tpeba
Aokasatd Aa je D = — A.

Hera je

alia2ja3ka4l. o amu (a)

jeaan uaan aerepmunante 4. Tome uaamy oarosapa y
AeTepMuHaHTH D 4aaH

Uy i gy lly; * * Ay (@)

He Boaehm pauyHa o 3HaKy MOMeMO, KaO IWITO je
jacno, pehu aa he Taj uaam OuTH yjeAHO U YaaH Aerep-
munanrte 4. Tpeba jomr caMo MCOMTATH KaKaB 3HAK UMa
Taj uaan y aerepmusant 4? To nurame pemnhemo oBako:
npomarpakemo nepmyranuje ijkl---m u ilkj---m. Te aBe
nepMyTanuje HHCy ucTe Bpcre: y AerepMmuHaHTH A He he
AaKJe YAaHOBH (@) M (@) 6UTH jeAHAKO O3HAYEHH — AKO
je jeaan mosutuBaH, Omhe Apyrm HeraTuBaH M 0GpaTHO.
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JacHo je mehy Tum aa 4aaH (@) Mopa y AerepMmnHaHTH 4
6UTH HMCTO OHAKO O3HAYEH, Kao INITO je O3Ha4YeH 4AaH (a)
y AerepmpnanTa D. To sHauu, Aa he cBaxoM d.aany

+ 0050,
y pasBujeHoM 06auKy AerepmuHaHTe D oaroBapard uJaH

+ 00050 - A,y

y AerepMmuHaHTd 4, a IO TOMe ce BHAI Aa je 3aHCcTa
D=—4A4

To ucTO MOrAM CMO AOKa3aTH ¥ A3 CMO Y3ajaMHO
6uaM TPOMEHNAN ABe BpCTe.

Mpum. 1. ay by < = — | a3 b1 ¢ l.
ag by cC3 asg bg 03 ]
ag bg c3 ag by c2 J
feum. 2. |apy ag - a1, | = (—— 1) =1l a9 ... @y, a11
asy agy --- A9, . age --- A2y, ag1
Ayl @p2 - Qpp Ay2 -+ Qun Anl
ITpum. 3. an .- G = (— 1) "_(”2;1) A1y -1 -+ 011
Ayl c oo Oyy Dyn Apyp—1 ++ Oyl
MeuM. 4. (aybacgdy) = (agbgcidy) = — (asbicgdy) = — (agbgcad)-

16. IIpememrajyhu peaoBe ysajaMHO MOMEMO y4u-
HUTH A2 HEKaKaB €AeMeHAT Yy AaTOj MATPHUIM 3ay3ME MECTO
Ma KOT APYTOr e/eMeHTa. Y CBAaKOM TaKBOM CAydajy MOe
ce IpeMa IIOMEHYTOM IIpaBuaAy, a MO TJAaBHOM 4YJAaHy IO-
caepme Marpuine D, oagpeAuTH Aa AM ce 3HAK NpPBOOUTHE
AetepMuHaHTe 4 u3MeHHo. AKO ce Ha HUMe HEKaKaB 4AaH
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AerepMuHanTe D 3HAKOM pasAmKyje OA UAaHa KOjU My Yy
AetepmuHaHTH 4 0AroBapa, OHAa he ce U céu ocraam 4aa-
HOBU Te AETePMUHAHTE DPa3AMKOBATH 3HAKOM OA Y.AAHOBA
Koju mM oAroBapajy y Aerepmunantu 4 u o6paTHo. I'aaBHM
yaan aerepmuuanre D je Mehy Tum mosutuBaH. Taj wian
jaBahe ce m y AerepmunanTH 4, a 3HAK IErOB ce, Ka0
IITO 3HaMO, JaKO0 oOApehyje IO mHBepcHjaMa KaszabaKa.
Axo je Taj uaaH mosurwBaH y AerepMuHaHTH 4, oHAa he
6utu D= + 4, a ako je OH HeraTuBaH, OHAa he 6uTn
D=—A4.

Ha npumep, aarta je AeTepMUHAHTA
4d=|a b ¢ d}
e f g h

i j k1

mn o p

[1a Y3MHUMO A3 CMO y3ajaMHUM IpeMellTameM PeAoBa (BPCTa
M KOJAOHA) A00MAM AeTepMUHAHTY

D=|h d 1l p
f b g n
g ¢ kR o

e a 1 m

TaaBuu uaaH aetepMmunanre D je - hbkm. Mehy Tum je
y npBo6uTHOj MaTpuuu h eieMeHaT Apyre BpCTe, a d4eT-
BpTE KOJOHE; cTora OMCMO Taj eleMeHAT 3a jeAaH 4acak
CaMO MOTAM O3HAYNUTH Ca Gy. MCTO je Tako y mpBOOHTHO]
AeTepMHHAaHTH b eaeMeHaT OpBe BpCTe, & ApPyre KOJOHE;
crora 6uUCMO 3a jeAaH Yacak Taj €1€MEHAT MOTAM O3Ha-
YUTH CA Gy U T. A. [aaBHm uaaH aerepmunante D 6uo
O6u AaKAEe + U9 l903350,. AKO Taj 4laH HaAIUIIEMO ¥ OBOM
00AHKY :
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A120a4A33Qy;,

suzehemo aa he Mehy apyrum kasamkaMa 2 4 3 1 Gurn
gyetupu uHBepcuje. To 3Haum aa he momenyTm mnpousBoa
hbkm rao uaan AerepMuHaHTe 4 Takohep uMaTH HO3MU-
THBaH 3HaK, T. j. y oBaj Max je D= + 4.7

Vamumo jomr jeaan mnpumep. Hanmumumo Ha ume y
y Aerepmunantd 4 = X 4- ;a5 -+a,, i-TYy BpPCTy BHIIE
npBe BpcTe U IIOMEPUMO 3a TUM R-Ty KOAOHY Y A€BO TakKo,
Aa oHa y Marpuiu D, kojy TMM noMmepameM peaoBa Oy-
AeMo ao6uam, Gyae npBa Ko.aoHa. JacHO je aa he y Ma-
Tpuru D eaemenar a; npBoburTHe AerepmuHaHTe 4 6UTH
eaeMeHaT IpBe BpcTe U mpBe KoaoHe. Iluta ce aa am je
D=+ 4, nau je D= — 4?

Oarosop je Beoma 1pocT. I'1aBHM YJAaH AeTepMu-
gante D je

Ay oz Wiy 5 i1 15 Bi g 29i 1" Tk 10k 1oa 417" D
Kaj je 1 < R, a
Wi U1 Q2p° " Ay 19k —1Bhsk 41" " " Bie1 5 Wi 15 10 4295 42" D

Kaa je k<< 1. My jeaHOM u y ApDYroM caydajy uMajy
upse kasamke (i — 1j, a apyre (k — 1) naBepcuja. Csera
AaKJe uMa

i—1)F h—1)=i4+k—2

naBepcuji. lIpema rTome he raaBrHU uaaH AeTepMmuHaHTe D
y AerepMuHaHTH A nMaTé [OSUTHBAH (HeraTUBaH) 3HAK,
KaA je 1 + k — 2 napas (Hemapan) 6poj, Ha Kako je 6poj
i 4+ k— 2 mapaun (Hemapanl Kajz je m 6poj i 4+ k mapaiu
{HeulapaH|, To hemo mohu pehu, aa he raaBem uaan Ae-
rTepMunanTe D umartan y AerepMuHaHTH 4 MO3NTHBAH 3HAK

1) Buak, K0jE he NPOEBBOA dgyftyo33dy, HMATH Yy UPBOGHTHO] AeTePMH-
HAHTH 4, MOTAH CMO H 0Bako oapesnTH. llepmyranmuja 2134 npBHX Kasasbaka
je Hemapma. Mcra je rakBa ¥ wepmyTandja 4 231 Apyrax rasakaka. To 3HAUH
(upEM. 4. wa. 12.) 22 he YAAH @gy0,90430, = hbkm HMATH NO3HTHBAH B3HAEK y
ACTEPMEHAHTH 4.
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KaA je i - k mapan 6poj m o6paTHO, HeraTUBaH 3HAK KaA
je 1 + k Henmapan 6poj. To sHaum aa je y oBaj Max

D= (— 1)+ 4

Aagrae, xad ce y Oerepmunantu 4 = X + a,ay --a,, wo-
Mepu caMo i-Ta 6pcTa U camo R-Ta KOAOHa U TO TakKo,
0a eaemeMar a; upeoburHe deTepmuHnanTe 4 y Ho80j Oe-
repmunanTu D 6yde upeu esemenar, onoa je D = (— 1)'+* 4.

17. TEoPEMA. Kao cy Odea peda (dse epcre uau Ose
KoaoHe) y HeKre OeTepmunanTe A jednare, onda je 4 = 0.

JerepMuHaHTa c€ He he Ha uUMe N3MEeHUTH, Kaj jeA-
HaKN peAOBM Yy3ajaMHO HIpoMmeHe cBoja MecTa. Ho kaa aBa
peAa Yy3ajaMHO Memajy CBOja MecCTa, OHAa II0 Ma.l0 49ac
TTOMEHYTOj TEOPEMHU AETEPMMHAHTA Melba CBOj 3HAK. Y OBaj
Max je Aakae

T. .

a TO CMO ¥ TBpAUAU.

Tako je Ha mpumep

a b ¢ | =0, r a b a | =0,
a b ¢ ; { as by ay

1 |
a3 b3 63 i ! a3 b3 ds

{@@gcsdy) = 0, (abycady) = 0, (a@1bacsby) = 0.

18. TeEoPEMA. [lomMHONCUTU CBAKU eleMeHAT HeKozZ
peda (Here 6pcTe UAU HeKe KOAOHE) Ma Kaneum Opojem
3HAUU TWOMHONCUTU OeTEePMUNHAHTY TuM OpojeM.
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VaMuMo aa HaM je aara AeTepMUHAHTA
A = Z i alla22'“ann)

na ITOMHOMXHMO CBAaKHU €1eMEeHAaT HEeKOI peja He3HMHOT,
H. Ip. CBaKU €1eMeHaT lipBe KO.10He, HeKnM OpojeM m.
Tum nyrem ao6uhemo OBy AeTepMuHaHTY :

D=| ma, a, - aj,
May QA -+ Ay,
manl a’n2 e amz

Y cBaroM uaamy Te AeTepMmHAHTe jaBbahe ce jesaH je-
AUHH €./eMeHaT CBake BpCTe U cBake KoaoHe. IIpeMa Tome
he ce y cBakoM usaHy Te AeTepMUHAHTE jaBbHATH U IO
jeaan eaemeHar mpBe Ko.aoHe. Ho Kako je cBakm eae-
MeHAT IIpBe KO.JO0He IIOMHO:KeH 6GpojeM m, To hemo uspas
IITO NPEACTaB.ba AeTepMUHAHTY D Mohu HanUcaTH Y 06AMKY
jeaHor mpomusBoja. JejaH UMHUTEH TOT MpOU3BoAa Ouhe m,
a Apyru 4gHHTeA Guhe omer, Kao MITO ce jacHO BHAH, Ae-
repmunanta 4. Brnhe aakie D = m 4, a 10 ¢MO u TBpANAY.

Mpum. 1. ‘ may mby me; | = mn| a; b ¢
, nag nby ncg | a2 by co |
L as bs cs ! ag by cg !
IIpum. 2. Aokraszaru aa je
[ bed a a® a3 |=]| 1t a2 a® a*'
cda b b2 B3 1 v? b® bt w
. | .
I dab ¢ ¢ ¢ i 1 ¢ 8 ¢t i
abc d d? dd ‘ 1 a2 4 aqt

Hauwom. Tpe6a mpBy KO10HY noAeAMTH ca abcd, a npBy BpCTY
TIOMHOMKHMTH C& @, ApYry ca b, tpehy ca c, uerBpry ca d.
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ITrun. 3. 00 a b ¢c| =10 1 1 1
a 0 ¢ b t 0 c? p?
b ¢ 0 a 1t ¢20 q?
¢ b a 0 1 1 b2a?2 0

[Mocaeanua 1. ITpomeHuTu 3HakKe céuMa eleMeHTUMa
HeKroz peda 3HAUU UPOMEHUTU 3HAK 0eTepMUHAHTU, H. NP.

— G bl - — ay bl .

— Qg bg 0/2 b2

2

Ilocagauua 1. Kao ce etemenTu y 06e KoaOHE UU Y
dee epcre y Heroj deTepMuHanTu 4 pasiuryjy camo Hexum
yunurewem, onda je 4 = 0; H. mp.

A - @y ma, Ci|l=m| a ay Cy = 0.
Ay MAy Co Ay Qg Cg
Qg Mag Cg Qg Gz Cg

19. TeorEMA. Kad je cearu eaemenaT HeKkoz peoa
(Hexe epcTe uau Hexe Ko.o0He) 36up 06ejy UAU 6uwe KO-
AunuHna, oHda je OeTepmunanra 36up O06ejy ulu uwLe
deTepMUHAHATA.

Heka je ma npumep
A= @n+butcu+ ) Gy,
(a2l + bgl + 021 + “') a22 veo a2”

(anl + bnl + Ca1 + '“) Qpg *° (L.
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AKO Ty Ae€TepMUHAHTY HAIMIIEMO CUMGOAMYKM OBAKO :
4=2X 1 (@1 ‘I“ bu 4+ 1) Gyt @y

6uhe jacHo aa hemo uspas3 Ha JecHOj cTpaHum Mohm Ha-
IHCATH y OBOM O6.AHKY :

X4 anay-a,+ X + buty--a,,+ X + el --a,, + -

Ceaka 04 Tux cyma npeacraBba Mehy THM 1O jeany ae-
repmunanTy. IIpema Tome je de facto

4= (an+byu+cy "I‘) Qg " Oy | = | Ay Gyg *** Gy,
(@9 + by + o1 4+ Qg *** Gy, Ay Ogg -+ Gy,
, (anl+bnl+cnl +') Qg *** Ay, A1 Az *** Ay
+ | b @@ |+ e G oy, | e
by A o G, 0 Ca1 Gy e Oy, !‘
bnl Aug Ay Cn (/2% B ., l
Oeum. 1. | ag4+4 by ¢ |=]| a1 b ¢ ,-l—l A by ¢ |
az be ca az by cp 0 be ¢
ag bs c3 | ag bg cg ] ' 0 bg cs
IIpuM. 2. Aoxasatua 2a je
x —a y —b 1 ‘: x y 1 l
xp—a yp—>b 1 x oy 1
x2—a ys—>b | ’ x2 yz | l
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IIpum. 3. PacTBOPUTH AGTEPMHHAHTY

an—+k as a3
‘ a2 a4k ags
ag as agg 4+ k l

y 36up AeTepMUHAHATA.

20. TEOPEMA. AK0 ce cearu elemeHaT jeOHe KOLOHE
(jeOHe epcTe) WOMHOJNCU HEKUM OATUM YUHUTebeM, U aKO
ce wojeduHu Tpoussodu 000ady HACUPAMHUM €AeMEHTUMA
Opyze Hexe K0AOHe (NeKe 6pcTe), OHOZ OeTepMUHAHTa He
Merba €80jY 8peOHOCT.

Tpeba aokaszaTé Aa je H. Ip.

ay Wy o Wy, | =
Ay Gy 7 Gy,
a/nl au2 o a/mz

i (anl + kal,,g + ldns —|—) A " Ay

Hera je ca 4 osHauema mpsa, a ca D Apyra aerep-
muHauTa. Ilo Maao 4ac momeHyTtoj Treopemu (da. 19.) 6uhe

D=|ay ay - &, |-FR| O @y - ay,
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+las ay - ay, |+
Qg O g,
an3 an? e aam

Jacuo je aa he cse aerepmumanTe Ha A€CHOj CTpaHHu
nocaeAme exBaumuje 6utu = ( ceM IpBe, Ma Kako je Ta
AerepMUHaHTa O3HaueHa ca 4, 6uhe D=4, q - e - d.

IlpuM. 1. Aoxaszarun aa je
Ad=|1 a b+4c \ = 0.

|
1t b c+a
t ¢ a4b

AKO 202aMO ApYry KoioHy Tpehoj, ao6uhemMo oBO:

A=|1 a a+b+c\=(a—|—b+c)|l a 1 '—_—-()
t b adb4oc 1t b 1
’ t ¢ a4+b4ec 1 ¢ 1
Ipum. 2. | x y 1 :‘ x y 1
x oyt x—x' y—y 0
x" oy x—x" y—y" o0

Ilpum. 3. Hahu Bpeanoct aerepMuHaHTe
Ad=| 1 15 14 &
12 6 7 9

8 10 11 5

13 3 2 16

y OBaj Max MOEeMO AETepMHUHAHTY OBaKO HAIIMCATH :
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A= { 15 14 4 |= 48 1 15 14 4
12 6 7 9 12 6 7 9
s 4 4 b — 4 — 1 1 1 —1
12 — 12 — 12 12 1 —1 —1 1
= 48 1 15 14 4

l
l

a no Tome ce Buam aa je A4=0.

IreuM. 4. 1 x %2 |=]| 1 X1 x 2
1 xg x92 0 xp— x; X2 —x12
’ 1 xg xg2 ’ 0 xg—x;3 x32—xp2
=(xpg—x) (g—x)| 1w xP ‘ = (xg—x1) (x3—%1)
0 1 xptx X (xg—xsg)-

0 i x3+x1

IIpuM. 5. Hahu KopeHe erBanuje
a3 b3 3
@44 o+ Cc+A°
(2a 4+ 42 (26 + 1* (2c+ 2P
TomuoskuheMo npsy Bpery ca 8 m oaysehemo je oa Tpehe BpcTe; Aame,

oaysehemMo 0A Apyre BpcTe MpBY BpCTY. Mocae Tora oaysehemo Apyry
BpeTy oA Tpehe m ao6uhemo oBaj pesyaraT;

I

342 ad b8 e = 0.
3a2 4 30l 4+ A2 324 3bd 4 4% 32+ 3¢d + 42
3a2 4 ad 302 4 bd 3¢2 4 cd
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OaysMuMo cah Tpehy BpcTy oA Apyre. Pesyarar he 6GuTH OBO :
323 ad b3 c = 0.
2w+1 2044 2 44
3a24ad 3024064 324 cld

Aabe, OAY3MMMO NpPBY KOAOHY 04 0Ge 0CTale KOAOHE M 0Ay3MUMO 3aTUM
Apyry KoaoHy oa rtpehe. Taaa he Guru

348 (b—a) (c—a) (c—b) a8 a2 + ab 4 b? at+btc|=0.
2a 4 4 2 0
3a’4al 3a—43b4 4 3

Hajsaa NOMHOMHMO ADYTy KOIOHY ca — &, Tpehy ca ab, ma 20aa]mMo

06e Te KOA0He NPBOj KOAOHM U IOMHOMKHMO 3aTHM Tpehy KOAOHY Ca
(e 4 b) u oayammmo je oa apyre. Taaa he 6uTtH

348 (b—a) (c—a) (c—b) | abc — (bc+ca-+ab) a4-b—4c | =10,

A 2 0
0 A 3
2 1O ToMe ce BHMAM A3 Cy TpH KOpeHa AaTe exBanuje —= 0; ocTaia Ana

KOpeHs OApeheHa cy OBOM KBaADATHOM EKBAaLUjOM :

@4+b4c 4243 (bc+ ac+ ab) 4 4 6abc =0.

[}

TEOPRJA AETEPMHHAHATA



OAE/bLAR TPERNA.

MHIHOPMN

21. ¥Ys3MuMO Aa HaM je AaTa HEKa AEeTepPMUHAHTA
n-Tora peAa, Ia 3aMUCANMO Aa CMO Y HE3HHOj MaTpHLu
npe6pucain m BpCTa M M KOAOHA (m < n). ¥ TOM cay-
yajy ocrake y cxemum cBera n — m BpPCTa M M — M KO-
aoHa. Ta cxema Omhe TOHOBO jeaHa MaTpuua, a Ta Ma-
Tpuna IpejscraBbahe cnMO0OAMYKN jeAHY AETEPMUHAHTY
(n — m)-Tor peaa. Y TOj AeTepMuUHAHTU jaB.hbahe ce camo
€/eMeHTH NPBOOUTHE AETePMHUHAHTE; TaKBa AETEPMUHAHTA
30Be ce MuMOop ') MpBOGMTHE AeTepMUHAHTe.

Hexa HaM je H. mp. aaTa AeTepMHHAHTA

d=|ay ap - &, |
Qg1 Gy - Gy
anl anZ o ann

Axro u3 wMarpune usbpumieMo UIpBY BPCTY u IPBY
KOJOHY, T. j. aKO M3 MaTpumne u36puiieMo OHY BpPCTY U
OHY KO.OHY, § KO0jOj ce Ha.Ja3W eleMeHaT @, OHAa hemo
A06GUTH OBy AeTepMHHAHTY (n — 1)-Bor peaa:

1 MuHOp 30By €HIMAECKE NHCIHE Minor, ®PAHUYCKH mineur, HeMauku Un-
terdeterminante mam Subdeterminante.
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Az Ayz -+ Ay, | (1)
a32 a33 e a3n
@2 a’uﬂ e amz

Ta aerepMmunanTa 6mAa 6Gu jepaH oA T. 3B. PBUX MUHOPA
Aare aerepmuHanTe. HO jacHO je Aa cBakoM eaeMeHTy mp-
BOOUTHE AeTepMUHaHTEe OAroBapa [0 jeAaH IIPBH MHUHOD ;
fla KaKO AeTepMHHAHTa Nn-Tora pejAa uMa cBera n? eeme-
HaTa, TO he npema ToMe 1 jeTepMUHAHTA N-TOTa Peia UMaTd
n® npsux Musopa. Tu Munopu Geaese ce ca &y, b, 4y, -
Y ommrte je y Tom Husy mucmend 4 ca 4, os3HaueHn mehy
[IPBUM MUHOPHUMA OHAaj, KOjU OAroBapa eAeMeHTy a;, T. |.
oHaj, ITO ce A06MBa, Kaj Ce U3 MATpULE AaTe Aerep-
MuHaHTe u36pwuile i-ra BpeTa u k-ta KoaoHa. IIpeMa Tome
6u aerepmuHaHTa (1) OGuaa osHaueHa ca 4.

[To6pumuMo caj y AaToj MaTpuuu ABE BpPCTe U ABE
Koa0He. Y ToM caydvajy ocrahe y cxemu cBera n — 2
BpcTe U n — 2 KoJoHe. TakBa cxeMma npejcraB.bahe cuv-
60ANYKU jeAHY A€TepMHUHAHTy (n — 2)-ror peaa, a Ta Ae-
TepMHUHAHTa 30Be Cce Opy2u MUHOp TIPBOOUTHE AeTepMmiu-
maute. Ha mpummep, ako no6pumeMo y AaTOj MaTpHIK
IIpBe ABe BpCTe H IpBe ABe K0.40He, oHAa heMmo aobutun
ACTEpPMUHAHTY

Qs Qgg - O,
gy Gy - Ay, |
an3 an-i- e aﬂll

Ta aerepmunanta 6maa Ou jeAaH 0A APYrUX MUHOpA IIp-

BOGUTHE AeTepMHHAHTE, & Taj MUHOP A00MBa ce, Kao LITO

Ma.J0 4Yac TIOMEeHYCMO, Kaj ce H3 NpPBOGUTHe MaTpHile Mo-

6puily mpBa U Apyra BpCTa M IpBa U Apyra KO.AOHA, Ia

KaKO je Yy TOoj AeTepMHHAHTH IIpBa usMehy npedpucanux

BpcTd (Ko.0HA) Omaa o3HadYeHa Kasa.bKOM 1, a Apyra Ka-
3*
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3a.bKOM 2, TO ¢€ Taj MUHOD cuMGoAuuku Geaemu ca A1

Taj ncti MuHOp A06MheMO y 0CTa.10M U aKO Y AeTePMUHAHTH

D= |ay an ' @, |=—4
A Qe ay,
a31 as) a3n
a’nl a’n2 o amz

no6punieMo npsBa ABa peaa. Ho Kako cy ¢BH eAeMeHTH
JIpBe BPCTE Te AETEPMUHAHTE O3HAUEHHW KA3abKOM 2, a
CBH eJ]EeMeHTH Apyre BpcTe KasabkoM 1, To hemo Taj
MUHOpP MopaTH oO3HaumTé ca D%, umam ca — 4§, a mo
TOMe ceé BHAM Ad je

12 21
12— 412-

Y ominre ce MoMe AOKazaTH da je

7S ST 7S

i = T A T T &g
‘2
Ceera TUX ApYrAX MUHOpa HMa b)

CauuHMM OyTeM MOTaHM GMCMO Y TPBOGMTHOj MATPHIM
noGpucaru Tpu Bpcre M Tpu KoaoHe. Taza 6ucmo 106uan
jeaaH oA Tpefiux munopa npBoburne zerepmunarnte. Taras
jeAan MuHOp Ouhe H. Np. AETEPMUHAHTA

Ayy Ags **° Ay,
sy Qs - sy
an4 an5 Oy,

Taj munop Geaexuhemo ca 433

Kaa 6ucMo y unpBoGHTHOj MaTpumu moGpucaiud m
BpCTa M ™M KOAOHa, OHAA OuMcMO A00MaAM jejaH 04 M-Tux
MuHOpa AaTe AeTepMUHaHTe. AKO ¢y Taja npebpucaHe
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BpcTe O3HauUeHe ca i, j, k,---, a npeOpucaHe KO.JAOHE ca
r,s, t,--- oHA3 heMo Taj MuHOp GeaemuUTH ca

ifk.ee
P R

ITomenyhemo camo jomr 10 Aa he m-tu MuHOpH 6HMTH Ae-
TEPMUHAHTE (N — M|-TOI' peaa.

22. V cBakOM u1aHy AeTepMHUHAHTE jaBha Ce, Kao
IITO 3HAMO, jeJaH jeAUHH e/leMeHAT CBaKe BpcTe U jejaH
jeanHun eaemeHar cBake KoaoHe. IIpema Tome he ce y
cBakOM uaaHy AerepMmuHante 4 = X 4 a,,a5---a,, MopaTi
jaBbaTH M IO jejaH eaeMeHaT npBe Bpere. To 3Hauu Aa
ce y CBaKOM uJaHy AerepMuHaHTe 4 Mopa jaBhsaTu Kao
YUHATED jeAaH 04 €1eMEeHATd ay,dys,- -Gy, VI3BByHUMO caj
@,; Ka0 33jeAHMYKM YUHATE., M3 CBUX YJAAHOBa y KOjUMa
ce @) jaBba M O3HAUMMO KOPAKTOP M-EroB (T. j. U3pas
KojuM he y aeTepMuHAHTH OUTU IOMHOMKEH eleMeHAT d)
ca Aj;. ITo onome, mrTo Ma.a0 uyac peKocMo, jacHO je Aa
ce y Ko®aKTOpy A; He he jaBhaTn HU jejaH edeMeHAT
npBe Bpcre, a NPOUM3BOA anA, mnpejacraBmbahe 36up CcBUX
4y1aHOBa AerepMuHaHTe 4, y KOjuMa ce jaB.ba €AeMeHAT
ay. — Jabe, U3BYIIMO @), Kao 3ajeAHNYKH YHUHUTE.b W3
CBUX YJ3aHOBA Y KOjUMa Ce jaB/ba €16MEHAT @3 M O3HAYNMO
IETOB KOPAKTOP ¢a Aj,. ¥ TOM KO®aKTOpy He he ce Takohep
jaBbaTH HHU jepaH edeveHar npBe Bpcre. — Hajsaa, us-
BYIUMO M3 OCTaAHX 4Y4aHOBa AeTepMuHaHTe 4 ereMeHTe
013,04, * 4y, KAO 3aj€AHNYKE YNHHUTE.HE U O3HAYNMO IHUXOBE
KOodaKTOpe ca AjA, - A,. Y THM KoeakTopuMa He he
ce IIOHOBO jaBbaTH HU jejaH €A€eMeHaT NpBe BpCTe, a y
OPOUBBOAUMA, Gy3A;s, 1 A1y, -ay,A,, Ouhe cBu OHI 4Y1aHOBHU
AETEPMUHAHTE Yy KOjUMa C€ jaB.bajy €ACMEHTH Uy5,0y4, Ay,
Kaxo mehy tum y sgerepmunanTi 4 HeMa HU jeAHOra 4.iaHa
y KojeM ce He 6m jaB.pa0 Ma Koju u3Mehy ImoMeHyTHX
eaeMeHaTa IpBe BpcTe, TO je jacHO Aa hemo aerepmu-
HauTy 4 Mohu mspasuru oBaruM 36UpOM :

4 = anAy + a4+ + a4,

Haa ce Taro Hauuie AeTepMUHAHTA, OHAQ C€ Kame 0a
je OeTepMuHaHTa Pa3cujeHa U0 eleMeHTuMa Tpee 6pCTe.
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Ho kako ce y cBakoM u.iaHy AeTepMuHaHTe 4 jaB.ba
10 jeaaH eJeMeHaT CBaKe BPCTe U HO jeAaH eAeMeHaT
cBake KO.J0He, Ouhe jacHO Aa heMO cBaKy A€TEepPMUHAHTY
Mohu pasBUTH O €1€MEHTHMAa Ma KOje BPCTe WUAU Ma Koje
KOJOHe, a IO OHOM MCTOM METOAY, [0 KOME& CMO je MaJo
4yac pasBUAN IO eleMeHTHMa InipBe Bpcre. Buhe aarae

A - ailAil + al’2Ai2 + o .+ amAm, (Q)
HAll
4 = a;A; + aydy 4+ @A, (3)
(1= 1,2,3,-n).

Kosakrope A;j,Ap,-—A, n A,Ay-+-A,; oapeanhemo
oaMax y uayheMm uaaHy, a 3a caja IoMeHyheMo caMo To,
Aa Ce Yy KOPaKTOpUMa Aq,Ap A, He jaBba HEM  jejaH

eleMeHaT i-T€ BpcTe, a y KodakTOopuMma A;,A,, A, HR
jeAaH eaeMeHAT i-Te€ KO.OHE.

YV cBaKOoj AeTepMHHAHTH nN-TOTa peAa uMa n* eJe-
MeHaTa. /JeTepMHHAHTa N-TOTa PeAa MOMe ce AaK.Ae CMa-
TpaTH Kao ®YHKNHMja, KOja B3aBUCH OA 7’ IPOMEH.HbHBHX.
Aeiumuvan u3600 Te PyHKRYuUje UO eAeMeHTY G, jecTe
yupaeo KogarrTop A, KOju 00206apa CAEMEHTY Oy :

04

o,

= Aik'

Crora ce obpacun (2) u (3) MOry M OBAaKO HAIUCATH :

A, 0d o o4
= ay Oail +a'i20ai2 +'+ ax‘naaiu’
.o o4 o4

= y; oy, +“2iaazi +- Ui g *

ni

23. TeoreEMA. KoghakrTop Hewroz eiemenTa @, Yy paseu-
jenom obaury Oerepmunante 4 = X ~+ @05 -a,, Oobuea



M HHOTPH 39

ce, xad ce Mefy upeuM MuHopuma munop 4, wro 0020-
6apa eaeMeNTY Gy, WOMHONCU Modyrom (— 1) tH

Tpeba Aakie AOKa3aTU Aa je
Ap = (— “H—k 4;.

V3MuMo Aa CMO AaTy AETEPMUHAHTY PasBUAM IO eJe-
MEHTHMa IpBe Bpcre, T. j. Y3MUMO Aa je

4 = apAn + @l +-+ Ay, (&)

CBe u.aaHoBe AeTepMuHaHTe 4, Y KOjuMa ce jaB.hba
eleMeHaT dy,, A06mheMo 0BaKO : mepMyTOBaheMo y riaBHOM
4aaHy Oyl *G,, AAT€ AETEPMUHAHTE 6uao mnpse, 6m10
Apyre Kasa.bKe, He Aupajyhm mpu ToMe y Ka3ahbKe NPBOT
eleMEeHTa a;;; APYIHM peuuMma, MopaheMo mepMyToBaTH
6uao mpBe 6uA0 Apyre KaszabKe Y HPOMBBOAY (oallgs "y
U [OMHOMKHMTH CBAaKy Ty IepMyTalujy ca a, ako xohemo
Aa  AobujeMo dJaaH ayAp aare6apckor 36upa (4). Cyma
THX IHepMyTauuja IPEACTaBba Mehy THM AeTePMUHAHTY
Y + Gl @,y & TA je AeTEPMUHAHTA jEAAH OA IIPBHUX
MuHOpa AerepmuHadTe 4 U TO MUHOD 4,,. To sHauu aa je

Ay = X + Al @y = 4.

CMeHNMO caA y NPBOGUTHOj AETEPMUHAHTH y3ajaMHO
npse ABe KOAOHe. Y AeTepMUHAHTH X+ 6yslnlss: -y KOJY
heMo ToM pa3sMeHOM KO.OHA A06uTH, Guhe mpBH eaeMeHAT
@13, T3 KaKO je TpBOOMTHA AeTePMUHAHTa Y TOM CAydajy
(¢a. 15.) Mopaaa MPOMEHHUTH CBOj BHAK, 6uhe

2 4 00005 -0, = — 4,

T. j. 6uhe
z + Aty --a,, = — apAy — UgAyg — - — Ay

IIpeMa OHOM IITO Maa0 4Yac HoMeHycMmo, Ouhe mehy Tum
KODAKTODP €AeMEHTA @y, Y ACTEPMUHAHTH X - 1ags° * Uy
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0Ba AGTEPMUHAHTA: X - Gyls -G, 1lo M0CAEARmO] eKBa-
Uuju jacHo je Aakae, Aa je

Ay = — z + 0554,

ma Kako je 36upoM X 4 dg@s-:-a,, TPEACTaBHEH INPBH
MUHOD, IITO Y AeTepMHHaHTH 4 O0AroBapa €JAEeMEHTY 0y
6uhe jacHO Aa je

Al2 = - A12'

Aa/be, aKO y3ajaMHO CMEHMMO NpPBY U Tpehy KO.40HY,
onaa hemo cauunnm myTeM Mohm AOKasaTH A3 je Ay = 4y
u T. A. Hajsaa, Kap 6lCMO CMEHNY IIPBY ¥ II0CAEABY KOA0HY,
oHAa 6HCMO MOTAHM AOKasaTh Aa je A, = (— 1)'1"4,,. Ilo
TOMe ce BHAHM Aa C€ eKBaluja (4) Mome OBaKO HAIMCATH:

4= a,d, — apdy + v + (— 1)1+nalnAlﬁ'

3Hany cBUX KOSAKTOpPA e.1eMeHaTa NpPBe BPCTE OApe-
hyjy ce Aakie MO 3aKOHY $OPMYy.AnCaHOM obpacuem

Ailc = (_1)i+k Aik-

Ocraje HaM joml Aa IIOKaiKeMO, Aa ce Taj o6pasal Moke
NPUMEHATH ¥ H3 KOPAKTOD A; HEKOr OMINTer eAeMeHT3,
a; Aate aAerepMuHanTe. Taj Aoka3 je BeoMa mpoeT. Tpeba
caMO MMaTé y BHAY OBO (4a. 16.) mpaBuao: Kap ce y Ae-
repMunadt™d 4 = X -+ ,,05--a,, TOMEPH CaMO i-Ta BpPCTa
u caMO k-Ta KOJAOHA U TO TaKO, Aa ©A€MEHAT a; HpBO-
6urHe aerepmunante 4 y HOBOj AerepmuHaHTH D 6yae
npsu eaemeHat, ouaa je D = {— 1)'+*4. To smaun aa je v

4 = (— 1)+'D. (5)
Meby TuM je KO®aKTOp IPBOT €1E€MEHTa @; AETePMUHAHTE

D ynpaso npeu munop 4; mpBoGuTHe AerepMmunanTe 4.
IIpema TOME je
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D=aydy+ -

AKO ce omeTr ¢ Apyre crpaHe AerepMuHaHaTa 4 pasBuje
Mo eleMeHTHMa CBOje i-Te BpcTe, OHAA he OuTu

A= 0,A1 + a4, + - + @45 + -+ + @A,
IIpema o6pacuy (5) 6uhe aakae
Gadn + Gy 4+ + agdy o = (— 1) by 4,
a O TOMe Cce BUAU A3 j€ 3aucTa y OIIITe

A, = {— 1)i+kAiI¢-

Hanomena 1. Kodaktopu Aj,Azg, - Au-+A,, Cy AeTep-
muHaHTe (n—1)-Bor peaa. CBaka TaKBa AETEDMUHAHTA
(n — 1)-Bor peaa Moske ce IpeMa NOMEHYTAM IIPABUANMA
PasBUTH 110 e.leMeHTHMa Ma KOI' CBOT' peAd, & KOPaKTODH
I0jeAUHUX €eaeMeHaTa THX AeTepMuHaHaTa Omaum 6u Ae-
TepMuHanTe (n—2)-ror peaa. Te AerepMuHaHTe Morae 6u
ce TaKkohep pa3BUTU IO eJeMEHTUMa [OjeAUHAX pPeAOBa
BUXOBUX, & KO®AKTOPH MIOjeANHAX eleMeHaTa THX AeTepPMH-
"aHara Ouhe gerepmunanre (n—3)-her peaa u 1. 4. CBaKaa
ce Aak.ae HN3padyHaBambe BPEAHOCTH IOjeAUHUX AeTepMH-
HaHaTa MOJKe CBecTH Ha U3pauyyHaBambe BPEAHOCTH AeTep-
MHHAHATa HUMUX pejoBa.

HanomenA 1. MHOTHM nucnu 30By KodaKkTOpe A; NPBUM
MUHOPUMa UM IPOCTO MUHODHUMA.

Iprum. 1. KodakTopW NOjeAHMHUX eleMEHATa ACTEePMHHAHTE

A= | ay @y ag

jecy
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Apn= Ggy g |, App=—|%1 g3 |, A= Uy G |,
gy Qg | @31 Agg @3 Ggg

Agy=— |3 @3 |, A= ay g |, Ag=—/|%0 %12 |
Oz2 (g3 (g1 %33 g @39

Agr = @ Gg |, Ap=—|0n g |, A= ay Opg |
Gga  Ogg Gy Ggg @y (g

Ilo TOoMe ce BHAU A3 CY KOPAKTOPM €AeMeHaTa, MTO Ce Hala3e Ha riaBHO]j
U CLIOPEAHO] AMjarOHAAM, IO3MTUBHM ; KOPAKTOPM OCTAIMX €1eMEeHATa Cy
HEeraTUBHMU.

IIpema TOME je

A= ay|ayp agg|—ay|ay G| ag|an A
‘; Ggy (Ogg Ggy  Qgg Agp  dgy
= — Ay | g 3|4 2|1 Mg |— 3|ty P2
gy (g3 (g1 Q33 ag1 (g
= ag|ap @g|—agp|ay 3|4 9|0y O
Aoy (a3 @1 Ga3 a1 G2
= Ayl Ggy  Gag | — 31| G g | 4 G| Fp O
Ggy (33 gy g3 @3y Qg3
= — Qp| @y g3 | Ao |Gy A3 | —ag| 2ty Gy3
ag @33 @3 dgg g1 Uy

= ag|ag Ay | —Gg|ay G |--ag|dy 9|
Az A3 a3 g Aoy @2

Hpuy. 2. Hahu KO®aKTOp €ieMeHTa Cy y AeTepMuUHAHTH (@1bacgdy)-

00:. — (@ybads).
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IlpuM. 3. Aoxas3aTu Ad je

(a1bgcgdy) = ay (bacgds) — a2 (bicgds) -+ ag (bicads) — a4 (bicads)
= ay [bz (c3dy)—bs (cads) + by (cads)] — ag [ by (cade)—bs (c1ds) + b4 (c1ds)]
—+ ag [by (cadg)—Dba (c1ds) - by (c1dz)]—ay [by (cads)—bg (c1dg) - b (c1d2)]
= aibacgds — arbaceds — arbscady - arbscadz 4 a1bycods — arbycgds
— agbicgdy - azbiceds + azbgerds—
+ agbicedy — agbicads — agbgerds+ - - - -

— agbycadg + agbicgds 4 agbacidz — agbacgdy — agbgeids + agbscad;.

24. V3MuMO caj, 0a cy y Herom pedy Here OeTep-
MUHANTE C8U eAeMEeHTU HYle ceM jedHO: jeouHoz eleMeHTa
T02a peda. Ilpu uspadyHaBamy BPEAHOCTH TAKBUX AETEPMH-
HaHATa Haj6o.be je PasBUTH AETEPMHUHAHTY IO €AEMEeHTHMA
OHOTA peja, y KoMe ce OMeHyTe Hy.e Haaase. Ha npumep,
HEKa Cy CBU eJeMeHTH INpBe BPCTe HyJAe ceM NMPBOT efne-
MeHTa Te Bpcre. AerepMuHaHTa he y TOM caydajy GuTu
OBOT' 00.4MKa :

A —_ all 0 0 e O
U Gy U U,
g Oz (gg s,
anl an? ans T amt

AKO je pasBujeMO 11O eleMeHTUMa IpBe Bpcre, A06uhemo
npeMa MaJl0 4aC IIOMEHYTUM MPABUAMMa OBO:

d=a, | ay Qog ** Qg,

.........
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ITo Tome ce Buam aa ce Aara AerepMmuHaHTa 4 cBesa Ha
jeaHy AerepMmuHaHTY (n — 1)-Bor peja. Ho cem Tora Buan
ce yjeAHO W TO, Aa BPEAHOCT AeTepMuHaHTe 4 HHKAKO He
3aBHCU OJ BPEAHOCTH eJAeMeHaTa g ,dg, ' d,;. 10 3Ha4H
Aa AerepmuHaHTa 4 He he mpoMeHuTH CBOjy BpEAHOCT,
aKO0 Yy IIpBOj KOJOHHM H-e3UHe MaTpuie MecTo OpojeBa
Gg1,03, "+ *@,) HATIMIIIEMO HEKe cacBUM Apyre OpojeBe p,q,:--r.
Buhe aaxae cBakag

Ghyy O 0 e e 0 | = Ay 0 0 <o (0
A Qg Qgg "** QAg, D Ay Qg -Gy,
g OGg; Qgg **° dg, q Qg (G - qg,
a’nl an2 arx3 Tt amt | r an2 an3 tee ann

IlohuMo caa aa.be, ma NPETIOCTABIMO A4 je y IPBO-
6uTHOj AerepMuHaHTH A 1

Upg = Qlgg ="+ = @, = 0.

Y rToM cayuajy je

d=ay | an 0 - 0 | =ay0an]| a3 a5y ‘- a,
Az Qg s, Ay Oy Ay
an2 an3 e ann “ns ami Tt ann

V oBaj mMax He 3aBHCH, KaoO LITO CE BHAW, A€TE€PMUHAHTA
4 HH 0A eaeMeHATA @g,0g, A, IPBE KOAOHE, HU O ete-
MEHATa @g:--a,; Apyre koaone. IIpema ToMe AeTepMuHAHTA
4 ve he npoMeHUTH CBOjy BPEAHOCT aKO Y NPBOj U APYroj
KOJAOHHM I€3MHE MaTpuie MecTo OpojeBa ay,dg,::-a@, U
g, +-@,; HAMIIEMO HEKe CacBUM Apyre 6pojeBe p,q,---r
u 8 ---t. Buhe aakae
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a/n 0 0 0 = a’ll O O 0
Ay Gy 0 0 P ay 0 0
(g1 gz gy *-* G, q 8§ Qg - O,
A1 Q2 Qg = Ay T t Qug o Ay,

Y ommre 6u ce Morao AORa3aTH OBO IIPABUAO :

ITpaBuAO. AKO cy y Hexoj OeTepMuHaHTU ceu ede-
MEHTU, WTO J1edce C JeOHe CTpaHe 2aa8He dujazona.le Hy4e,
OHOa ce OeTepMUHAHTA 600U Ha 24a6HU UAaH, & 6ped-
HOCT 1be3uHa He 3a6UCU 00 8PEOHOCTU OCTAIUX eleMeHATa
He3UHUX.

IIo Tome mpaBmay je H. 1p.

a b ¢ di | =|a p q 7 | =a;bycsd,.
0 by, ¢ dy 0 b, s t
0 0 ¢ dy 0 0 c3 u
0 0 0 4, 0 0 0 d,!
Oeam. 1. |1 2 0 |=2|1 2 |=—14%
4 1 0 4 1
1 3 2

23 1 5 |=—3|3 1 5
3 0 0 0 1t 3 6
4 1 3 6 2 5 3
t 2 5 3
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Ieum. 3. | 0 0 0 4 |=1.2.3.4=24

Hanom. Kap je AeTepMHHAHTa N-TOra CTeleHa M Kai Cy Y O] CBH
@1eMeHTH BHIIeE cllopeaHe aujaroHaie — 0, oHAa ce AeTepMUHAHTa A00uBa,

n(n—1) . .
kaa ce moayo (— 1) 222 noMHOMM eaeMeHTHMA Te AHjaroHale. 3aiuTo?
y 2

25. I1o oHOM, IIITO Ma.10 Yac AOKa3acMo, jacHO je Aa je

al ay 0 o, | = | a 0o --- 0|
o p on ty,,
anl o a’nn .. . .
q anl arm

Axo ce ysme Aa je ¢ = 1, onaa he Gurn

Gy o Oy, — i 0 - 0 .
) ) ’ P on ay,,
anl e a”n ------

q anl st Ay

au e 0/1,, _ 1 p q .
eee  ees eee 0 all cee al”
anl Ay .

0 Ay ay,

ITo Tome ce BUAM Aa ce peA HEKe AeTEePMUHAHTe
cBaKaA MOKe MOBUCUTH 33 jeAMHHIY. AeTepMUHAHTa N-TOTa
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peja MOMe C€ A3KJe CBaKaj W3DA3UTH jeAHOM AeTepMu-
HaHTOM (n + 1)-Bora peaa. Ta agerepmunanta (n + 1)-Bora
peaa A00uBa ce M3 IpBOOHTHE AeTepMUHAHTE OBAKO : Tpeda
y MaTpHUIM NPBOOUTHE AETEPMHHAHTEe Yy MpPaBLy [rJAaBHE
AvjaroHaJe Y .1€BO BHIIE IIPBOI eleMeHTa HamuecaTd 1,
ma y A€CHO OA Te jeAuHNNE Bulle SBale KOJAOHe (UAH
HIKE b€ Y IIPaBIy CBaKe BPCTe) HAMUCATH IO jeAHY HYAY,
a HCHOA Te jepuHHIle y IpaBlly CBake BpCTe (MAU Y AECHO
04 e BHIIE CBaKe KOJOHE| [0 jejaH — Ma KaKaB —
6poj. Ilo Tome 1IpaBUH1y MOME ce Y 0CTAA0M IIOBUCHUTH 33
jeAnHNIy u pej noMenyre AerepMmuHanTe (n 4+ 1)-Bora peaa,
ma OmcMO mpeMa TOMe IPBOOUTHY AE€TEPMHHAHTY MOrAU
U3pasuTH jeAHOM AETEePMMHAHTOM (n -+ 2)-rora peaa. AkKo
M TOj AGTEePMUHAHTH IOBUCMMO peJj 3a jeAuHHIy, Na He
caMO ®O0j, HEero 1 CBaKOj OHOj, KOja ce ysacTolle THUM
nyrem Oyae Aobujasa, oHAa he Ham jacHO Guth, da ce y
omwiTe ped ceéare OeTePMUHAHTE MOJCe UOBUCUTU 33 KO-
AUKO ce 200 xofie jeouHuya.

Heum. t. a=| 1 p|=|1 0 0 |=|1 s | u |=#ur.a.
0 a q 1 p 01 0 0
r 0 a 0 g 1 p
0 » 0 g
llpum. 2.| aby — a;b  aby — agb | =@ ag—aja auy—ayu | . a
acy — ayc  acy — axC b abi—aib aby—ash

1€ acl—ajc acy—asc !

c C1 Cy

28. TEOPEMA. AxO0 ce etemenTu Hexre 6pcTe (Heke
KOA0HE) TOMHOJICe KOPAKTOPUMa HAcCUpaMHUX elemeHara
Opyze Here 6pcTe (Opyze Heke KoA0HEe), oHOA je 30UP TUX
upoussoda = 0.
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VaMuMO Aa HaM je Aara HeKa AeTePMUHAHTA
A= X 4 0305 i On O,
fla OGPUIIMMO y FHESMHOj MaTpuuu k-Ty BpPCTy W Hamu-

IAMO MeCTO MoGpHcaHMX eleMeHara HacopaMHe e1eMeHTe
i-re Bpcre. Tum myrem AoGuheMO OBy AeTepPMAHAHTY

D=|an @ Q. |
Gy Oz Qg
Ay QA a;,
Az G Wy,
a’nl Az " Oy

a BPEAHOCT Te€ AETEePMUHAHAHTE 6uhe = 0. AKo um HOpBY
U ApPYry AeTEpMHHAHTY pasBHjeMO IO eJAeMEeHTHMa k-Te
Bpcre, Ao6uheMo 0BO:

4 =ayAy + A + - + Ay
D = a Ay + apAp + - + @A = 0.

o ToMe ce BUAM Aa ce u3pas @Ay + - A00uBa,
KaA ce y uspasy @ud, + -+ eleMeHTH k-Te BpCTe MaT-
pune 4 cMeHe eJ1eMEHTHMa i-Te BpPCTe T MCTe MaTpuue.
ApyraM peunmma, KajA €€ €JAeMeHTH i-Te BpCTE MaTpHIE
A TOMHOMe KO®AKTOPMMAa HACIPAMHAX eJleMeHaTa k-Te
BpPCTE Te MaTpuie, OHA3 je 30up TUX IPOU3BOAA = D=0,
a TO CMO M TBPAUAM.

Aakie, Kaj HaM je AaTa HEKA AETePMHUHAHTA
A= X4 ay05 0,

O0HA3 je
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aAn + apAe + - ']— a,A, = 4, kaa je 1 =k,
aqAn + a4 + - + a,4, =0, Kaj je i% k,

@ An + aghs + -+ + @A = 4, xrap je i =R,
aAy + 0yAn + - + A, =0, Kaa je i=k
Ha npumep, Heka je
A=\ a, a, ay; |
Gy G (g
Ay A3z Qg

Kosakxropn eaemenara Apyre BpcTe cy (mpum. 1. ua. 23.)

Ay = — (M1o8s3 — UsOgs), A = (@115 — A1503),
Ay = — (an0g; — Uya0g).
Crora je
A + GpAg + G13Ag = — Ay (W10 — Q1ss) + Gyp (A1 Asg

— Gyl — yg (11032 — G1905) = 0.

NPUMEPH.

1. Hahu BpeAHOCT AET@PMHMHAHTE

—1 1 1 1,
1 — 1 1 1
1 1 —1 1
t 1 R

00:. — 16.

TEOPAJA AETEPMHHAHATA
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2. Hahu BpeAHOCT AeTEpPMHUHAHTE

0 0 2 — 1 0
0 2 — 1 0 0
2 — 1 0 0 0
0 8 0 8 — 5
8 0 8§ — 5 0

00:. 0.

3. Aorasartu Aa je

l 1 cosw 0 |=r?sin’w.
oS @ 1 0
g ror
4. AorasaTu Aa je
A=|a h g u |=—Au?+4 Bv?®+ Cwi4{-2Fow+-2Gwu+2Huv).
h b f v
g f ¢c W

u v w 0

Hamoy. ¥ uapasy Ha AeCHOj CTpaHH o3madvesu cy ca A, B, C,F,G H
KO®AKTOpH eieMeHATa &, b, ¢, f. g, h y MuHODY

a h g
h b f
g ¢

TaKko, A3 je yNnpaso

— A= (bc — f2) w2 + (ca — g% v* 4 (ab — h?) w? 4 2(gh — af) vw
+ 2 (hf-— bg) wu -+ 2 (fg — ch) uv.

5. Hera je



Aokazatu Aa je

n|a h
h b
g
u v

M U HOP H.

h g u 0
b f v 0
f c w 0

g u |
fowo h
gl
w 0|
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6. AokxasaTu Aa ce CBRKA ACTEDMHHAHTu N-TOrA CTENEeHa MOMKe m3-
pasuTu npousBoaoM mD. Y ToMe NIpOU3BOAY je ca ™M O3HAYEH HEKAKAB
9uHUTOH, & ¢8 D Hera AGTePDMUHAHTA N-TOTa CTEMeHa, y KOjoj cy eae-
MeHTH jeaHOra peaa =— 1. — (B. mpuM. 2. ua. 18.)

7. Aokazatu aa je

be
ca

ab

8. Aokasartm aa je

1 a? a3
1 b2 b8
1 ¢2 8

a a
L b2 1 b2
c 2 1 2

ad
b«B
c8
1 a a2
1 b b2

HanoM. Tpe6Ga NOMHOMKUTH NIPBY BPCTY A€TEPMUHAHTE

L%
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—

a b + c —F ]
1t b c+a
t ¢ a+db |
(8. mpmm. 1. ua. 20.) ca &, Apyry ca b, tpehy ca ¢, ma Ty AeTepMu-

HAHTY AOAGTH 1€BOj AGTODMMHAHTM Y OpuM. 7. U Te ABe AGTOPMUHAHTE
HanucaTH y 0GAuKY jeAHe AeTepMMHARHTE.

9.1 1 1t 1 1 =(a4b4c+d (a—Db) (a—c) (a—d)

X (b—c) (b—d) (c—d).

at b4 ct d4

10. | (a4 b)? c? c? = 2abc (@ + b -+ )
a? (b4¢? o
b? b? (c + a)?

11. Axo je y mexoj aerepuumantu A= X' G110 ... 3, upBU
eseMeHAT G;;= 0, H 8KO Cy OCTAIH ©1eMeHTH IpBe BPCTe U NpBe KO-
10H6 = 1, OHAM ce ACTeDMUHAHTA He he H3MOHHTH, QKO eA6MOHTHMA Ma
Koje Bpere (kKoaome) mmmopa Ay A0ASMO HEKY CTBAHY KOAMHHEY.

12. Ca @, b, ¢, @, f§; ¥ cy O3HauUeHe HeKe CTa1HO KOAUTUHE. Ao-
Ka3aTH Aa je

0o 1t 1 t|=|0 1 1 1 .
1 6 b a { ai+ate bi+bdbte atcte
1 6y by t ;tatpg batb+p atotp
1 a3 bg cs ‘1 ast+aty bs+tbt7yv atetvy

13. | x y4z4+t x+y z4t | =0
y z4tdx vz b=
: t4xty z4t x+u
t xbytz thx e
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1 4. Uspasuru y 00GaMRY jeAHe AeTepMuUHAHTe 36up

15.

(a1bgcs) 4 (azbacs) —

(agbycs).
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Hauucars KO®aKTOpe eiemenata Tpehe BpcTe y AeTepMu-
HAHTH |dyg .

16. Aorasarm Aa je

@&

a2

a3

by
b

b

by,

Ci

C2

C3

Cn

17. Aorasatu a2 je

a4y by

|

!az b2
4‘;“3 bg
|
|

C1

C2

c3

Cn

- g1

+ g2

- g3

© Gu

hy

DY

h,

[

T biedie- o

2 2 2
3 2 2
2 3 2
2 2 3

(a1b2)  (ayc2) -
(a1bg)  (a1cs)

(a1bg)  (arcy)

(albn) (“lcu) xRS

(ab2) (bico) -
(@1b3) (bics) -

|
iy
" a1b4 b164
|
l

(@1by) (b1Cy) ---

«++ (arhg)

- (a1hy)

- (ahz) .

(alhn)

- (g1hg)
- (g1hs)

- (g91h4)

(glhu)

. Ha ocmHOBy mnocaeawma ABa oGpacua AOKa3aTH A2 je

27. KOMOAEMEHTAPHE AETEPMHHAHTE. AKO y MaTpHLU

neke AerepmunanTe 4 = X -+ ay,aq -

a,, nobpumemo m

BpCTa U 1M KO.40HA, oHAa heMo (ua. 21.) A06uTH jeaaH 0A
m-tux MmuHopa Aerepmunante 4. Taj musHop hemo osHa-



54 TEOPHJA AETEPMHUHAHATA.

guth ca M, ,; ca M,_, Ouhe aakie osHaueHa jeAHa Ae-
TEpMHMHAHTA (n—m)-Tora peAa. AKO u3 matpune 4 wns-
ABOjHMO e/eMeHTe, INTO ce Hajaze u y npeGpucaHuM Bp-
craMa u Yy npebpucaHuM KoJOHaMa, He Memajyhu npu
ToMe Mehyco6HM pacmopeas THX eaemeHara, OHAa hemo
TOHOBO A06uTH jeany AerepmuHaHTy. Ta AerepMunanTta
6uhe m-Tora peaa; oma he 6uru jejan oa (n—m)-rux
mMuHOpa npBo6uTHe Aerepmunanre 4. Taj mMunop osna-
unhemo ca M,. VYnopeamsmm muHope M,_, u M, youn-
hemo oBo aBoje: 1-Bo, 36up pejoBa THX MuHOpa je
(h—m) 4+ m = n = peay npBobuTHe AeTepMUHAHTE U
2-ro, HM jejaH eaeMeHAT MUHOpa M,_, He Haalasu ce HI
¥y jeAHOM 04 OHUX peAoBa AerepMmuHaHTe 4, y KOoMe ce
Ha.aas3e eaeMeHTH MuHopa M, u odparnHo. Taksa ABa Mu-
HOPa 30BY C€ KOMUIEMEHTAPHU MUHOPU.

Ha npuauky, eaemenar a; u npsu Muxop 4; cy KoM-
NAE€MEHTapHU MUHODW.

I/I.Ilﬂ, 3a A€TepMUHAHTY

4=X+ Q1 Qgpig3y 4 sy,

cy
12
12 = | (gg Qg4 QAgs
Agg Ay Qg5
Asg  Qyq Qg
n
345
345 — | O11 O

KOMIIIEMEHTapHI MUHOpH.

Ileum. 1. Aara je aerepmunanTa (a)bacgdsesfe). Hoju cy MuHOpH KOM-
TaeMEHTapEM ¢ MumHOpUMA (cges), (Diesfs), (aicaesfs)?

Ieum. 2. Jecy au musOpu (@1bocg) u (bses) AerepMuHanTe (a1bacadges)
KOMIA@MEHTADHH !
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28. Hera HaM je Aara AeTepMUHAHTA

d=|ay ay - &,
Agy A3 gy
anl au'?. tt amt

T1aBHU Y9A3H Te ACTEPMUHAHTE j€ Oy (yplsy " Ty, AKO Y
TOM WAaHY MEPMYTYjeMo caMo IIpBe ABe TMpBe kasa.bke 1 u 2,
Ao6uheMo OBaj 4aaH AaTe ATEPMUHAHTE: — (ol " Gy
Aarebapcku 36up

A1 Qgolgg ** Wy — Oiylygllzs” * * Ay, = (A11llpe — Anlyg) Gz @,y

= X 4 (a1l « Qg Gy, (6)

6uhe aakae jeian Aeo OHOT 36upa 0A n! 4iaHOBa IWITO
npeacrapba Aerepmunanty 4. Ilepmyryjmo caa y npomns-
BoAy (6) Ha cBe Moryhe HauiHe pBe Ka3a.bke YNHUTE.bA
g @, Kako he aare6apckyu 36up THX TepMyTanuja GuTH
AGTepPMUHAHTA, X - dg* @, TO he CBU U1aHOBH AETEp-
miHaHTe 4, [ITO Cy TIOMHOMKEHU UHHATEHeM

X 4 anayn = (anay),
611TPI UpeAC’l‘aB.’beHVI OBUM HpOHSBOAOM:
(@11 Qss) X 4 ag--a,,. (7)

O6a 4YuMHATe.Ha TOra [POU3BOAA CY AETEPMUHAHTE; Te Ae-
TepMuUHAHTE cy KoMmieMeHnTapHn Munopu. Hako ce MuHOp
Y + ag--a,, Geaemn ca A3, 1o je jacHO da e KogharTop
MuHOpa (@@ Y OerepmunanTu 4 6uTU KOMUACMENTAPAH
munop A2, — Ilomenyhemo jomr To aa y mpoussoay (7)
nMa cera 2! (n—2)! uaanoBa aerepMuHaHTe

PasmenuMo caj ysajamMHO Apyry u Tpehy koaony y
y matpunu 4. Tum niyrem g06uhenmo gerepmunanry D = — 4,
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a rJAaBHU 4YJaH Te AeTepMUHaHTe Ouhe 0y,0:505a0, -a,,. 1o
OHOMe, IITO Ma.0 Yac pekocMo, 6uhe jacHo aa he mpoussog

(@11G03) 4+ A3y Ay,

TIPEACTaB.bATH jeAaH Aeo uaaHoBa aerepmuHante D. Ho
rako je 4 = — D, To he mpomnssoa

— (@11828) X+ apay--a,,

NpeACTaBbaTH jeAaH Ae0 4YaaHOBa AerepmuHante 4. YV
ToM mpousBoay Ouhe Takohep ceera 2! (n—2)! wuia-
HOBa NpBOGUTHE AeTepMUHAHTE. JdeTepMUHAHTE ((;,dgs) U
X 4 a4 --a,, cy Mehy THM KoMNaeMeHTapHU MHHOPH ;
ma Kako je

z + U304 --a,, = A}?h

Guhe jacHO Aa MHUHOD {a;0.) He he y aerepMuHanTn A
6UTH HENOCpeAHO NOMHOMKEH KOMIIMeMeHTapHIM MHHOPOM
2 Beh ca — Ai

Ilpememrajyhn u aabe ysajaMHO IO ABE KO.AOHE Ma-
tpute 4, n Tpamehu KO®aKTOpe MHHOPA

(@11024), (@110z5) * -+ (A11Ga,), (@1oBog) *+* (@112,

y AerepmusanTn A, Hamam GucMO Aa je cBakM u3Mehy
THX MUHOPA TIOMHOMEH CBOjUM KOMIL1€MEHTa PHAM MUHOPOM
45 wnam, yupaso raunuje, ca -+ A};. Kaa he ce ucnpeg
3 yseTu 3HaAK IAYC, a Kaj 3HAK MUHYC, To heMo KacHUje
O0APEAUTH.
OsuaunMo cag ca A} Kodaktop 4 4 MUHOpaA (@)
B cabepuMo moMeHyTe npousBoje. 36up wuxoB 6uhe

(@102 AL3 + (“11“23)14}3 = ‘l‘ (an“zn)A}i + (@900 435 + -

+ (alm—laZrz) An—l.im'

Y rTome 36upy uma cBera

91 (n—2) ! (’;) =n!
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usaHoBa Aerepmunanre 4. YV Tome 36upy 6uhe aakae cBu
41aHOBU AerepMuHaHTe 4, a TO 3HAUM Aa je

k=n

f=n—1 ay; a/]k

4= E () Al = Z’ . Al R> 1.

i
k

G
X
O

[l

Kako ce mehy TuM Momke yunmnuTH, A2 Ma Koje ABe
BpCTE HMAM Ma Koje ABe KO.AOHe OyAy NpBe ABe Bpcere
y AeTEePMUHAHTH, TO je mpeMa ropmeM o6paciy jacHo
0a ce ceara OeTepMUHANTa MOJCe U3PA3UTU OOpeheHuM
aazebapcrum 30upom Tupoussoda KOMUAEMEHTAPHUX MU-
Hopa. Y cearom TaKeoM uUpouseody je jedaH 00 MUHOpE
derepmunanra Opyz02a peda; oHa] OPYzu MUMOD je Tpema
TOMe OeTepMuHaHTa (n—2)-z02a peoa.

29. Tpeba jowr Hahu npaBuao mo kome ce oapehyje
sHak muHOpy 4j. O3HAuYNMO TOra paAn Ma Koju usmehy mo-
MEHYTHX NpPON3BOAA KOMILAEMEHTAPHMX MUHOpa 34 jeAaH
yacak ca M, M,_,, na mpeMeIlTajMoO peAoBe Y KOjUMa ¢e Ha-
JAa3e eaeMeHTH (n— 2)-ror MUHOpa M, A0T.Ae, AOK TH PEAOBII
He OyAy UpBa ABa peAa Yy AeTeDMUHAHTH. Y TOM caydajy
Aob6uhemo jeamy noBy AerepmuHanty D y Kojoj he raasna
AmMjaroHa.aa 6uTd cacTaB/beHa U3 IMaBHUX AUjarOHAAd KOM-
naeMeHTapHnx MuHopa M, m M, ,. AKo cMO caA Bpcre
npeMeruTaaAn cBera u nyTa, a KOJAOHEe cBera v myTa, OHAA
he 6uTn

4 = (— 1)*+°D.

Ho raro ce y aerepmudanta D muHop M, MHOMH ca
+ M,_,, 10 je jacHo aa he y aerepmuHaHTH 4 KODAKTOP
maHopa M, 6urn (— 1)*t°M,_,. Tlpema TOoMe cMO A06uan
OBO IIPaBH.JO:

IIpaBuaO. Axo cy ca M, u M, , osHaueHa 06a KOM-
U.leMeHTapHa MuHopa 00 Kojux je wpsu 0pyzo:, a Opyeu
(n—2)-202a creuena, onda je wogarrop M, , munopa M,
y Oerepmunantu A uwommoocen ca (— 1)*+°. ¥V Tome enc-
WOHEeHTYy u + v o3HaweHu cy ca u u v Opojesu, wKoju
HaM Kasyjy KOAUKO je wyTa Guao WOTPeGHO TpemewTaTu
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epcTe u KoAoMe Yy marpuyu A, dox zaaene dujazoHalde KOM-
UAEMEHTAPHUX MUNHOPA He UOCTaHY CACTA8HU 0el08U 2Aa6He
OujazoMate MaTpuyuHe.

Ho jom hemo 6o0.pe TO mpaBua0 ®0pMyaucaT# OBAKO.
Ako je
Mn—2 == A:;

OHAa ce y MmarTpunu AerepMuHanTe 4 y 41eBO Mopajy mpe-
MeITaTH KO.AO0He

i—1) + (k—2)

oyra, a BpPCTe Ha BUIIIE

r—1) 4 (s —2)

nyra, AOK MuHOp M, mehy MuuopuMa apyre BpcTe He
3aysMe IIPBO MeCTO y marpuni. Y Tom caydajy he yjeano
M rJapHe Awjaronaae mupopd M, u M, , 6uru cacraBHM
A€10BH TJaaBHE AujaroHase Marpunube. IIpema Tome fe
aHarx munopa Aj Guru odpehen Mody.aom

(— 1)(i—l)+(ka~2)+(r—1)+(s-—2)

T. . 3HaKOM Mody.aa
(___ 1)x+k+r+s'
To sHaum aa je y onmre
h=(— Ayt gy
Kaa je aakae r =1, s = 2, onaa je
Axl% = |— “£+Jc+1~+2 A,lf — (_ “i-{-le-{-lA}i'

Oeum. 1. | ap b1 ¢ di | = (aby) (cady) — (ayca) (bady)
ay by e dy |4 (aydy) (bacy) + (b1ca) (asdy)

ag by c3 dg — (b1dy) (ascy) -+- (c1d2) (agb4).

ay by ¢4 dg
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HanoM. [lo ToM ce ofpaciy o6m4uHO HajaaKllle M3padyHaBajy Ae-
TepMHHAHTe 4eTBPTOI CTENeHa.

IlpuM. €. OApeauTH BPEAHOCT AeTepMupHAHTe (B, mpuM. 18.ctp. 53.)

A=|3 2 2 2
2 3 2 3
2 2 3 2
12 2 2 3

A=|3 2|13 2| —]3 2 2 2|4+ ]3 2 2 3
i !
| |
2 3/(2 3 2 2|2 3| 2 21]2 2
+22é;22_22 2 3| 4+12 2|2 2
| |
32’[23 3 2 7 2 2 2 2 2

Opum. 3. Aokasatn aa je

(arbacgdyes) == (aby) icgdyes) — laica) (badyes) 4 (ardy) (bgeqes)
— (mye2) (bgeads) + (Dica) (agdses) — (bydg) (ageyes)
—+ (b1es) (agcsds) 4 (crds) (agbges) — (crea) lagbyds)

—+ (dyez (agbycs)
== -~ (@2by) (c1dges) - (aacy) (brdges) — (aady) (brcses)
+ 1aaey) (bregds) — (bacy) (@ydses) -+ {bady) (arcges)
— (baey) (aycds) -+ (cady) (arbyses) - (caeq) (a1bgds)

— (daey) {a1bscs)

= U T. A.
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IpumM. 4. ay by 0 0 f— (a1b2) (lllﬂg).
as bg 0 0

x y o1 B

z U oo ﬁg
80. BparuMo ce caj HTOHOBO AeTepMUHAHTH
4= X+ ayay--a,

1 1He3NHOM T1aBHOM YAAHY (Uy0gslyy * * A,,, 1A TEPMYTYjMO
Y YUHATEDY 0,003 TOTA Y1aHa HA cBe MOryhe HaunHe npse
Tpu IpBe Kaza.mske 1, 2, 3. Aarebapcku 30Up TUX nepMy-
ranuja 6uhe aAerepMuHaAHTa X - g lggligy = (@) 0asltgg). AKO
CBaKN 4YJaaH Te AeTepPMUHAHTE TIOMHOMKHUMO Ca Oy - -d,,, AO-
6uheMo cBera 3! uaamosa aerepmunanre 4, 1. j. a006m-
hemo jeaan aeo omor 3bupa o4 n! uraHoBa, MTO NpeA-
crap.pa AerepmuHanty 4. [lepmyryjMo paxme Ha cBe MO-
ryhe nauynHe npBe Kasa.LKe Y YUHATEDY Q- -G, TAaBHOTA
qiaHa. 36up THX YaaHoBa Guhe seTepMuHAHTA X += Gy -G,
Ilo Tome ce Buaun Aa he y perepmunanta 4 KodaKTOp
MUIHODA (@)1@5,0s5) ONTH AeTEPMUHAHTA X == Gy @, T. ].
KOPAKTOP MUHOPA (Gy (05 Oufie KOMTACMEHTAPAH MUHOD

1% CBU 4aaHOBU NPOM3BOAA

(@11 W9s5) X4 ay-a,

— THX ulaHOBa uMa cBera Ha 6poj 3! (n — 3)! — 6uhe
AaKJe Y1aHOBH AerepMuHaure A.

PasmMenumo caa ysajamMno Tpehy m 4eTBpPTYy KO.AOHY
y Marpuiu AetepmuHanre 4. Tum uyrem pob6mhemo pe-
repMunanty D = — 4, a raaBHM 4JaaH Te AETEPMUHAHTE
je anasasa..05---a,,. 1lo oHOMe, mITO MaA0 4ac PEKOCMO,
6nhe jacHo aa he npoussoa

(@1 A35003,) 4+ Ay3lss - Ay

NpPeACTAB.bATH jedaH Ae0 YaaHoBa AerepmuHanTe D. ¥V Tom
npousBoay Ouhe rarohep csera 3! (n—3)! uaaHoBa, a
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YHHUTE.bU HErOBU (@y,dgls) ¥ X - G305 --a,, CY KOMJAe-
MeHTapHH MuHOpH IpBoOuTHe AerepmmHanre. C rora je

. A123
X+ agas--a,, = 413

na Kako je 4 = — D, 6uhe jacHO aa MUHOD (a1,a2505) He he
y AeTepMuHaHTH 4 OUTH HENOCPEAHO ITOMHOMKEH KOMIlie-
menTapunM musopom A41%, Beh ca — A5

Hom6unyjyhn aame 6e3 uoHaBbatba 10 TPW U TPH
KOJOHe, U Tpaxehun KodaKTOpe MHEHOPA

(@1 F2atgs), (A11aas) "~

HAamAM OHMCMO IIOHOBO A3 je CBaKM usMehy TUX MHUHOpa
AeTepMutanTe 4 NOMHOMEH CBOjUM KOMIAeMeHTapHUM MU-

123 # : 123 __ 123
HopoM A} mau, ynpaBo TauHnje, KOSAKTOPOM A =1+ 4.

ITommomxumMo caa cBaku usMmehy nomesyTux MuHOpa
Tpehera cremena CBOjUM KO®AKTOPOM M cabepuMo Te 1po-
n3Bdae. Y ToM 36upy Omhe csera

3!(n—3)!(g)=n!

uya1aHOBa AeTepmuHanTe 4, T.j. Taj 36up Guhe cama Ae-
repMuHaHTa 4. Buhe aakae

~ e~
[
EEEE

(0100205, — Q103,03 4+ apanly; — Audsas + G0 Qy,

)
N

i
it

123
— Qy0as) Ay
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Ho kako ce npemeiurameM pejsOBa MOME YUUHHATH
Aa Ma KOje TpU BpCTe uAM Ma Koje TpH KoaoHe GyAy mpBe
TpU BpcTe y AerepmuHantu 4, TO je jacHo, da ce ceakra
OeTepMuUHAKTa MOJICe U3Pa3UTU arzebapcrum 36upom wpo-
U36004 KOMU.leMeHTapHux MuHopa. Jedan 00 Ta 06a Mu-
HOpa WTO ce Jaenajy HKao YUHUTEHU Y C6AKOM UPOUIEOIY
Jje Oerepmunanra Tpehe:a peda; oMaj Opyzu je upema ToMe
oeTepmuHanTa (n — 3)-fieza peoa.

To mpaBuao MoMe ce M NPOLIIPHTH U Yy TOM CAy-
gajy 6110 61 ®OPMYAHCAHO OBAKO :

TeoPEMA. KHao ce ceu Munopu p-T0:z cTewena, ULTO
00206apajy HexoM criouy 00 p pedosa Here OeTepMu-
HanTe A, TWOMHONCE KOMUIEMEHTAPHUM MUHOPUMA, OHOA
fe aaeGapcru 36up Tux upoussoda Guru derepmunanta 4.

JAanaac je npBu (Recherches sur le calcul intégral et
sur le systéme du monde) pa3Bujao AeTepMUHAHTE 10 TPO-
n3BOANMA IHE3MHUX MUHOPA; CTOra ce IMOMEeHyTa TeopeMma
30Be Jauaacoea Teopema.

3HaK 110jeAUHUX IPOU3BOAA Y IOMEHYTOM aAreGapeKoM
36upy oapehyje ce no MCTOM OHOM METOAY, IO KOMe ce
oApehyje BHak Ko®apKTOPA Aj, IMTO ce jaB.bajy, Kaa ce
A€TepMUHAaHTa pa3BUja 110 eJeMeHTHMa Ma Koja CBOja ABa
peaa (4a. 29.). 3nark womuaemenTapHoz Munopa AT
oopehen je Oar.ie 3HAKOM MOOYAa

(— 1)6=D+E=D+C=+ . - DHe—D+E-+...
T. j. 3HaKOM Mo00Yy.aa
— 1)i+k+l+...+r+:+t...
To sHaunm aa je

wo = (— AR b gt

[lpum. 1. Hahu kooarTop MuHOpA (a1b364) Y AeTepMHHAHTU
(a1bacgdesf).
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IlpuM. 2. Aoka3aTH Aa ce AETePMUHAHTA

A =

an

axn

a]P

ay,

MO:ie U3PA3UTU OBUM IIDOU3BOAOM AGTEPMHUHAHATS :

A=

Ilpum. 3. Ca q, 7, 8, t, u, v O3HaumheMo HekKe KOAHUHHE

ay, . ay ]
Aoy oo a2ﬁ
apl cee aPP

0 0 |
0 e 0
0 0
Dot p 41 Dpglon
a’n,}v +1 v Ay
Bpprp+1 oo Ygia
|
|
Gpopt1 oo Gpgan |
|
a’n,p +1 L nn '

MOTy HUMATH M3 KaKBY BDPEAHOCT. AOKa3aTH A3 je CBAKAA

on “12

w2 “22

= | 11 Oy
w1 U2
q r
s t
u v

0 0 0

1 G g

Gy Gy dog

@3, Ggy Ggg

63

Koje

IlpuM. 4. AOoKasaTM Aa ce CBaKal NPOM3BOA ABEjYy AETEPMUHAHATA
i-TOr M j-TOT cTeneHa MOMKe W3PAUTH jeAHOM AerepMuHAHTOM (i - j)-Tor

CTeIleHa.

ilpumym. 5. Kako ce Hajaakiie MOKe DAa3BUTH A€TeDPMHHAHTA
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A = ay by Cy dy ey ?
ay ba c2 d» Cy
ag by cg dz e3

0 0 Cyq dy ey

0 0 cs ds e3

0O0:. AeTepMUHAaHTa ce HajlakIle Da3sBHja IO €1eMEHTUMa NpBe ABe
roaoHe. Pesyarar je oBO:

A = (albg) (03d4€‘5) —_ (alba) (02d4e5) + (a2b3) (C|d4e5).

HanoMEBA. V onmre ce JanaacoBa TeopeMma 3rOAHO lIpUMerbyje Ipu
M3pauyyHaBamy HEKe AeTepPMHMHAHTe, KaAroA y MATpDHIM Te AETEPMHHAHT®
uMa [0 BUIle HYyaa Yy NOjeANHHM peAOBHMA.

IpuM. 6. TpeGa pasguTu OETEPMUHAHTY

Ad=| ay+=x ayp ayy =F (x)
ag  Gpfx ... ag,
Gy} A2 L ®prn + x

U YpeduTu TY OeTEPMUHAHTY WO CTeueHUMa TpOMeH.buee X.

JacHo je aa je 4 dyHKHHja N-TOr CTeneHa NPOMEHAHBE X; KOGPH-
nujeHaT cTeneHa X" je 1, a ancoayTaH 4YiaH je F(0)= lal,,[. Aa Gucmo
HAIIAM 0CTaJle YAAROBe, MpoMoTpuheMo NPOM3BOA OBa ABa KOMIL1IeMEHTapH2
wunopa M, u M,_; (npsu muHop Hera je k-ror, a Apyru (n—R)-TOr
CcTenena) :

My=| a; +x a; vl w0 M= apt=x T

@i @ tx .. Gp B X e

|
|
|

Y oBOM mpOHIBOAY jaB.ba Ce€ YdaH
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xlay a4y a4y | =xiD,
Bp  Pgg ccr Ygu
By By . a,,

T. j. y npoussoay MpM,_, je koeduunmjeHaTr cremesa Xx* AeTepMUHAHTA
D,_;; Ta AeTepMHHAHTa je (n—R)-Tor cremeHa, a riaBHA AHjaroHaA&
Ihe3MHA CacTOju ce u3 (n—kR) eieMeHaTa [rlaBHe AHjaroHAAE AETEPMH-
HaHTE® |a1,,|. 36up cBUX TAKBAX MUHOPA (N —R)-TOr CTemeHAa AETEpPMH-
HanTe |&;,| Omhe aakie Koeounujemar cremena x* y aerepmumantn A.
Crora je

A4=|a,|+x2D, 1+ 23D, s+ ... +x% (a)

Ha upumep, ako je

d=| a1+« by cl )
a2 be + x (]
as bg cg + x

DHAS je
A = (aybacs) + [(arbg) + (arcs) + (bacs)] x + (a1 -+ beg - g) x? 4 2.

81. Uecro ce TpaKu 0a ce Hera OeTepMUHAHTa pas-
euje WO UPoOuU3BOOUMA edeMeHaTa HeKre 6pCTe U HeKe KO-
AoMe. Y ToM cayuajy cayxuhemo ce jeanum Howujesunm
obpacyem, roju hemo oBako Hahm.

Hera je 4= X + a,,0%--a,,, 0a yaMuMo Aa xohemo
Aa pasBHjeMO A€TEpMUHAHTY IO €JAEeMeHTHMa T-T€ BpCTe
n s-tTe kKoaoHe. Kodakrop eaeMeHTa @, y KOMe Ce€ CERY
[IOMeHyTa ABa peaa, 6uhe A, = (— 1)"+°4,. V Tom mnaopy
A,, HeMa HU jeAHOr eAeMeHTa T-Te Bpcre N HU jeAHOT eae-
MeHTa $-Te¢ KoaoHe npoGutHe 4, a CBN Y1aROBU A€TEP-
muHanTe 4 y KojuMa ce jaB.ba eaeMeHAT a, BpCTe 7-Te,
a KOAOHe s-Te, HaJasnhe ce y MpOM3BOAY

an Ar:' (8)

By

TEOPHJA AETEPMHUHAHATA
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Y cBakoM Apyrom uiamy Te AerepMuHaHTe jaBhbahe ce
CceM ADYruxX eJleMeHaTa joul U 110 jeAaH OA OCTaauxX ede-
MeHaTa r-Té BpCTe M IO jedaH 04 OCTaJUX eJleMeHaTa
§-Té KO.a0HEe. AKO Te eleMeHTe O3HAYUMO ca a, U a,,
oHAa heMo upema Tome Mohu pehn oBo: Kaj ce n3 aerep-
muHanTe 4 M3ABOje YAAHOBM INTO CE HaJa3e Y 1POM3BOAY
a,A,, OHAQ he ce y cBUMa OCTalMM Y.1aHOBUMA TE AeTep-
MUHBHTE jaBbATH MPOU3BOA 0,0, CBH 41aHOBH AeTepMH-
HaHTe 4 MTO Cy IOMHOMKEHU I[POU3BOAOM @,a, Hala3e ce
(aa. 28. u 29.) mehy Ttum y mpomsBoay

(— 1)'+i+‘+k * ar: arl: ° gl:

O, Gy
WU, yOpaBo TaudyHuje, y Aeay
e s 1)r+i+5+k a;0,47

rTora mpoussoja. OsHaumMmo caj u3pas

(— bty
ca B, m aoaajmo 36up

— Xu0,0,B;,
=12 r—Lr+1,-n k=1,2,--s—1,s+ 1,---n)

npousBoay (8). Taza hemo ao6utn ce uaaHoBe jerepmii-
HaHTe 4. Bnhe aakae

A = a/r:Ars - EikaisarlzBik'

To je momenyrn Kowujes o6pasay. [lomenyhemo jom camo
TO, A4 CMO Y.aHOBe Koju 6m ce po6mau, kaa 6u ce yseao
Aa je 6110 i =r, 610 k = s MOpa.u UCK.HydnTH us 36upa X
cTora, WITO ce Tu 4AaHOBM Beh jaB.bajy y mpousBoay a,.A,.

Y3mumo caa Aa xohemo Aa pasBujeMo AeTepMUHAHTY
YETBPTOT CTeleHa
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A= ay ap a3 ay
Ay Ay Ay Ay

g Qg (Ggz A3y

Ay Qg Qg3 Ay

10 eleMeHTHMa TpBe BpeTe U IIpBe KOaAoHE. Y TOM Cay-
yajy he Kowmies oGpasau Gutu 0BOT 00AMKA :

4=ayA, — Zai00uBa

kasabke i U k Ouhe 6pojem 2, 3, 4, a umaMTeDH B; je
y OBaj Max OBO:

B, = (— ti'+ 4] = (— 1) 4L
Aa Gucmo Ao6uau cBe daaHoBe 306upa X;, ysehemo Hajnpe
aaje i=2, k=2, 3,4; satum Aa je i =3, R=2, 3,4
u Hajsaa Aa je i= 4 k=2, 3, 4. Drhe aarae
4 = ay Ay — 4001,Bn — 0201385 — 0210185y

— @3,@,,B3s — 430,3Bg5 — 501483y

— anayBy — 041“13B43 — 044,,By,
ma Kako je
Ap = X 4 Ay,

a
By, = (— 1?1245 = | a3 G5y | = Agallas — Cugsy,
Qg Gy
By = (— 1’243 = — | @n @y = — (@304 — Agallgy)

u T. A, ouhe u
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4=ay, 4+ Ag9g30tyy — O 0yp (Age@yy — Gyg0g,)

T U3 (As0sy — Guollay) — A0y, (Agalyg — Gyoligg)
T Az (Aosys — Byglag) — Agiys (Agelyy — Gyallyy)
+ G510y (A2ntys — Ayolos) — Aulhp (BosBsy — Asala)
T G (Aolsy — Ug:0) — Gy (Gos0s5 — Ggalog).

32. 3AOKBUPEHE AETEPMBHAHTE. HommjeB o6pasan
npuMemyje ce HAPOYHUTO 3rOAHO IIPU U3PAYYHABAILY T. 3B.
3aoxeupeHux OerepmuHnanara. TakBe jeTepMUHAHTE MO-
cTajy OBAaKO: HeKa MaTpuna oA n’ eleMeHaTa 3a0KBHpH
C€ jeAHOM BPCTOM U jeAHOM KOAOHOM OA M eJleMeHaTa, a
3a eJeMeHaT y KOMe ce CeKy IIOMeHyTa BpCTa U IoMe-
HyTa KOJOHa ysuMa ce Hyaa. Ha npumep, akQ matpunmy

Ay Gy Gy (9)

3a0KBUPUMO KOJAMUUHAMA U;, U, Ug, Ao6mheMo oBy ae-
TePMUHAHTY :

Qg1 Az Ggg  Ug

Uy Uy ug U

AKO Ty AeTepMUHAHTY pasBHjeMO II0 €JEMEHTHMA
4eTBPTE BPCTE U ueTBpTe KoJ0He, Aobuhemo mo HomujeBy
obpacuy 0BO:
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4 =a A, — X a,0,B,.
Ho xako je y oBaj mMax a, = 0, Guhe
4= — Xa,o,B,, iU k<<ba.
Taj 36up hemo mogeauTn Ha ABa Aeda: Ha Ae0 Y

kKome he ce jaBmaTn u’, m Ha Aeo y KoMme he ce jaBbaru
u;u,. buhe aakae

=128
i=3 i=12
4=— E: a,04B; — E; a;404B;,
i=1 >k nau i<k

T. j. 6uhe
A = — [(a2055 — Axa) Ui + (Au0s — G501 U
+ (@103 — A3 ay,) ui]
+ (@185 — 51812 + Gy — @y 0y5) Usuy
— (A3 — G310 + Oy0y3 — O220013) Uglh
+ (An@s3 — W31023 = Byals3 — Agsllys) U Uy,
AKO yaMeMo Aa je y matTpumu (9) a;, = 4y, G3= @y,

@33 = g, T. j. aKO y3MeMO Aa je a,, = a,, OHA3 heMo mo-
cAeAmu n3pa3 MohM OBaKO HAMUCATH :

=== (Bnuf += Bzzug + Byuj + 2Bjusu; + 2Bjusu,
+ 2Bjuuy).

Y ToMm muspasy osHauMaMm CMO ca Bj; KO®AaKTOp e1eMeHTa
a; y Aerepmunanta (9). — (B. mpuM. 4. cTp. 50.)

HanoMmenA. 3aokBupeHe AeTepMuHaHTe jaB.bajy ce
gecro y Anaautununoj ['eomerpumju. ‘)

1) Baam Mojy Ananwrwuny I'eomerpujy Tauxe, upase, xpyea u xonuye
nu® wpecexa, 1896.
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33. JETEPMUHAHTE C NIPA3HOM AuJaronatom. Haa je
y HEKOj A€TEPMUHAHTH CBAKM €]eMEeHAT TJ1aBHe AMjaro-
HaJe HyJa, OHAA Ce Kame Aa je y Te AeTepMUHaHTe Au-
jaromaaa ,npasHa¢ (determinant zero-axial, déterminant
4 diagonale vide).

TroPEMA. C(Baka OeTepMuHaHTa MOJce ce U3PasuTu
a6upom OerepMmuHaHaTa UpasHe OujazoH&.e.

Herka je ma ume 4" = X + a0y - @,, Na Hamu-
HIUMO Y TOj A@TEePMUHAHTH MECTO CBaKOI' €1eMeHTa [J1aBHE
AWjarOHaJ€ 1O jeAHY HyAy. ¥ TOM caydajy AoGuhemo OBy
ACTEPMUHAHTY C HPA3HOM AWjarOHAJAOM:

A(S) = 0 Ay - a,,
ay 0 -
A (L% * O

CBU 4.aHOBM Te AeTepMuUHaHTe Ha.aasuhe ce y AeTepMmu-
sautu 4™, a y cBUMa OCTa.uM YAaHOBAMA AETEPMUHAHTE
A® mopahe ce jaBmaru Oap jeAaH eneMEHAT Ibe3UHE
riaBHe ApjaroHase. Aa 6ucMo jakae 206MaAn A€T€PMUHAHTY
A4®, mopahemo aoaarum acrepmunanti 4 cBe UYAaHOBE
aetepmunante 4™, Kojux wvema y Aerepmunanta 47, a
Te unaHoBe Ao6uhemo oBako. Osnaumkemo ca C; HEKY
KOMOMHAIR]Y cacTaB.beny U3 i e1eMeHaTa ri1aBHe AnjaroHaJae,
a ca 4%~ " mMuHOp KOji TOj KOMOUHALMj 0ATOBApa Y AeTep-
vunanti 4¢. JacHo je aa he Taja npomssoa ;4% " Guty
jeAan o onmx w1aHOBa AerepMunante 4", y KojuMa ce
HaJlasyu caMo jeAaH eleMeHaT rJasne Aujaronaae. Crora
he 36upom XC, 4%~ Guti upeAcraBAbeHH CBH 9AaHOBU
AerepMmuanre 4™, y KojuMa ce jaBba 110 jeAaH eleMeHar
riaBHe AujaroHase. Ha meTu HaudmH MoOsKe ce AOKa3aTH
Aa he y 36upy XC,4"~ % 6uTu cBU Y1aHOBU A€T€PMUHAHTE
A" y rojuMa ce jaBhbajy cBe ABa M ABa YJaHA TJaBHE
Aujaronase uT. 4. V onmre he ce y 36upy XC.A4%™7 Hara-
30TH CBU 4JaHOBU AerTepmuHante 4, y Kojuma nMa cBera
i eaeMeHaTa TJaBHe Anjaronase. Ilo Tome ce BUAM A3 je
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4% = AY + ECA4Y + ZCA4? + - + ECAYG
+ -+ 2C,_. 49 4 C..

Tpe6a nomenyrun aa uaaun XC,_,4¢Y Hucmo nHaumcaan
crora, mro je 4% = 0.

Ha npumep,

Gy g @ig | =10 @y a| + ay| 0 ag| + ax g
= |

U Aoy Qo | | Ay 0 Aog | as, 0 ag 0
l

gy U3p g3 | (g gy 0 ‘

Ay = Qgg = *+* = @,

ouaa he npomssoau C 6uTn pasaANUUTH CTENeHH X-a, a
Maa0 4ac nomenyTu obpasan 6umhe oBor o6.auKa:

AV =x" 4+ x" T EAP 4 " P XA oo 2 2AT0 + AP
Ha npumep,
x 1 2|l=x"—x(1-34+2-54+%4-6)+1.4%4-35

|

4+92.3.6=x"—37x + 56.

|
‘3x4
5 6 «x

34. AEAUMMYHU WU3BOAU U TOTAAAH AUPEPEHLINIAA AE-
TEPMAHAHTE. Heka je
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— I |
Ad=|x; xp Xln |
|

Xg1  Xgg ot Xy,

Xa X Xin

xnl xn2 ot xnu

AeauMuyaH M3BOA Te AETEPMHMHAHTE MO €1EMEHTY X, Ouhe
(ua. 22))
o4 _

N 73]
0x,, !

T. j. AGAUMUYAH U3BOA AETEPMHMHAHTE IO e]eMEeHTy X, 6uhe
KO®AaKTOpP X;, KOju TOM eJeMeHTY OAroBapa, a HPOM3BOA

04
Xip ——
0X;

npeacraBbahe cBe YasaHOBe aeTepmuuantTe 4 y KojuMa ce
jaBba eaeMeHAT Xj.

Axo ce mehy esemeHTHMa KOdaKTOpa X; MEHA CaMo
eJeMeHaT Xx,, OHAa he mpomsBoa

0X;, 0’4
xr: = = xrs 3 s~
axr: axik oxr:

NPeACTaBbATH CBe 4YJaHOBE INTO Cy Y KO®AKTOPY X,
NOMHOKEHH ca X, ; cTora he ce y mpousBoay

— 0’4
P,
! " Ox’k Ox,:

jaBbaTH CBU UYAAHOBU IITO Cy Yy AeTepMuHAHTH 4 IOMHO-
MevH ca XX, U T. A.
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Vamumo caa Aa AerepmMuHaHTa 4 3aBUCH 04 CBAKOT
eaeMeHTa i-Te Bpcre. TorasaaH AudepeHuujaa d,4 aerep-
muHaHte 4 Guhe y ToM caydajy 36up AeAMMHUHAX AHDE-
peHnujaaa; 6uhe aakxae

dd = Xpdxy + Xpdxn + 00 + x,dX,,

T. j. 6uhe

dd4 = | X1 Xy ot Xy
X; 11 Ximpe 7 Xictm

dxﬂ dxig e dx

mn

xnl xn‘) DY ’t‘

Z “Wnn

AKo ce Hajsais y3Me aa 4 3aBUCH OA CBUX CBOjUX
eleMeHaTa, OHAa he TOTalaH ANPepeHIUjal HE3UH OuTH

dA: dlA + dgA + e —|— d"A,

T. j. 6uhe mpeMa MaJ0 uyac MOMEHYTOM ofpaciy

a4 = dey  dxy o0 dxy, |+ | Xn Xyg 0 Xy |
Xo1 Xgz Xy, day  dagy - doxg,
xnl xn2 e xuu xnl xn2 e x’m
+ | xn Xig X |
|
a1 22 Ko
dxnl d‘ruﬂ e dx‘uu .‘

Ha meru naumn p06uam GuemMo u oBaj oGpasall:



od
ob

TEOPUJA AETEPMUHAHATA.

= | dxy Xy Xy, +\ xy dxg
dxy X crr X, X9y dXg
dxnl xn2 e xnn‘ 1\ xnl dxn?
IipuwM. 1.U=N; dev:’ dM M |; d| dM M
| an N dN N
Hpum. 2. A= 4 a) 800330y = | @ 2 ¢
0 a 2b
b 2c m
0 b 2c
oA ‘ ,
W:An-l—Agg: a 2b c‘—{—m]a c
2c m 0 ‘ b m
b 2 m

:2A12+ 2A23+A31+A42=4b | b ¢ |—4dm

cm

od
S = At Aut 2p 4 2=,

od

—%=A33+A44:....

[TpumM. 3. Aara je AeTepMUHAHTA
2 Y 1
x oyt

X2 Y2 1

a

M M

d2N N

b

o
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dy
Hahu usBoa —
dx

ITpuM. 4. Aueepennuparu

sinx cosx

siny cosy

IlpuM. 5. AaTa je AéTepMUHAHTA

d:i a h g u
hob [
|
|
g [ ¢ w
u v w 0
AokaszaTu aa je
1 od 1 od
—_— = Gw), — —=—— (H B Fw}),
= {Au 4+ Hv 4 Gw) > 30 (Hu + Bv 4 Fw)
1 od
—_ = — F Cw).
T (Gu 4 Fv 4 Cw)

Hamom. A, B, C, F, G, H cy ro®akTopu eiremeHara a, b, c, f, g, h
MaTpuie

Iahg‘.
|

)hbf’
!gfcl

IIpuM. 6. Auwo je

A= ;

fulx)  frelx)

farlx)  faalx)

OHAA je

dd

dx

=| fu'lx) f2'® || Ml fialx)

falx)  foalx) fa'(®)  fa'(x)
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MIpum. 7. Hera je

f(x) = (xl — al) (xg — @) - (x, — an)’
a
df (x
fl(x) = d:fc- = (X1—61): - - (Xi—1—8i—1) (Xig1—@ip1) -+ (Xn—By)e
]
AokaszatH As je
Ad=|x o a3 ... a, = flx)+ Za,f(x;).
a; xg9 a3 ... @,
aq az Xg o0 @
a ay ag ... x,
HanoM. Tpe6a manucarum aerepmunanary A y oBoM 0GAHRY :
Ad=|1 0 0 0 ...0|=|t —a —6 —ag... —a,]
{1 x; a ag ... a, 1 x3—0 0 0 .. 0
i1 a4 x9 a3 ... a, i 0 x3—a9 0 . 0

i G Gy X3 ... @

i al a2 as cee Xy

I8 DPA&3BHTH IOCAGAIbY AGTOPMHHAHTY N0 HowmujeBy o6pacuy.

IIruM. 8. AokasaTu Aa je

i b 0 0

g1 0 ¢ O

hy 0 0 d

a f g h |=abcd— fficd — ggibd — hh;be.
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Hanom. Tpe6a aerepMuHAHTY pa3BuTd mo HKomujeBy o6pacmy.

Team. 9. |ay 21 ay ag ag |==|ag +x1 a2 ag a4
— Xy X2 0 0 —x1 x2 0 O

0 —xg x3 O —x; 0 xg O

0 0 —x3 x4 —x; 0 0 x4

L4 ay +“2 +“s +a4
= x1x — -t 2 A L
1X2XgX4 x1 g xg o
Meum. 10. Ca (ik)? je osmaven mapas
(s — x4 (i — v
na HeKa je

A= 0 (12)2 (13)% (14)2 | =o0.
(12)2 0  (23)% (24)?

(13)2 (23)2 0  (34)%

(14)2 (24)2  (34)2 0
Aokazaru Aa je
(12) (34) j: (13) (24) =4 (14) (23) = 0. —

Aerepmunanty A tpe6a pasButu nmo Komujesy o6pacuy. AKo 3aTum
a0aaMo u oayamemo 4(12)2 (13)2 (24)2 (34)%, aoGuhemo oBO:

[(12)2 (34)2 4 (13)2 (24)2 — (14)? (23)*]2

— 4(12)2 (13)2 (24)% (34)2 = 0.

IIo rome ce Buau aa je
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{[(12) (34) — (13) (24) — (14) (23)]
[(12) (34) — (13) (24 + (14) (23)]}
X {[(12) (34) 4 (13) (24) — (14) (23)]
[(12) (34) 4 (13) (24) 4+ (1) 23]} = 0,

T. j. ¥ T. A.

——e et e e————



OAE/bAK YETBPTH.

MHOMEBLE AETEPMUHAHATA.

385. Ysmumo oBe ABe AerepMmuHaHTe Tpehera peaa:

A=|ay @y a3 | U1 B=|Dby by by |
A A Gy ba by by l
| A3 A3z Agg by by by |

la O3HAYMMO 1HUXOB npoussoaz ca P. Ilpema Janaacosoj
Teopemu (ua. 30.) 6uhe

P = au a12 a13 0 0 0 . ( 1 )
A2y A2 Qg 0 0 0
as Qg Q33 0 0 0

Ta AeTepMHHaHTa je IIECTOTA peAd, a pej HEe3UH MOMe
ce peaykoBaTu Ha oBaj HauuH. [lommomxmhemo uerBpTy
BPCTY ca @y, NETY ca @, LIeCTy ca a,3; cabpahemo satum
HacllpaMHE eJeMeHTe 4eTBpTe, IeTe W IlecTe BPCTe W AO-
AaheMo 36upoBe BUXOBe HACHPAMHUM eJeMEeHTUMa IpBe
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Bpere. Aasbe, NOMHOMuheMo 4eTBpPTY Bpery ca ay, mery
ca ag, HIECTY ca dy; cabpaheMo 3aTuM HacnpaMmue eJe-
MeHTe 4YerBpTe, IeTe I Iiecre Bpcre n AoAahemo 36upose
IbMXOBe HACIDAMHUM eJeMeHTuMa Apyre Bpcre. Hajsaa
heMo nOMHOMNTH YeTBPTY BPCTY NPBOGUTHE A€TEPMUHAHTE
P ca ag, mery ca agp, WeCTy ca ag; caGpahemo saTmm
HACIPAMHE €/eMeHTe YeTBPTe, IeTe M IecTe BpcTe u AO0-
AaheMo 36upoBe HUXOBE HACIPAMHHM e€AeMEHTHMa Tpehe
Bpcre. Bpeanocr aerepMmunante (1) He he ce Taaa usMe-
nutu. Buhe aakae

= 0 0 0 @by + apbyy + ay3bys
0 0 0 Abi + @by 4 Agbyg
0 0 0 by + Ggbis + agsbs

— 1 0 0 by

0 — 1 0 biz

0 ¢c — 1 bis

Ayby + by + A13byy by + @bz + @y5bss
Anbgy -+ Axboy + (23D Anbg = Abs, "}‘ Ag3bsg

As1ba + Ageboy + Aggbyg 3, by + A32bgs + @33bsg

by by
b22 b3‘2
bas bss

Ocaamajyhn ce caa Ha JaniacoBy Teopemy, pasBu-
heMo Ty aerepmmnaHTy no MuHOpUMa Tpehera crenena,
CaCTaB/bEHUM U3 €leMeHaTa NpBe TpU BpcTe. Y TOM Cay-
4ajy mohun hemo P oBako mspasuru:
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P =] ayb, + @by 4+ ay3byg anba + izby + aigbyy
Abyy + Aobis + by Unby 4 Wby 4 Aybyg
’ ag:byy + agbyy ‘f" A33b13 b+ gbiy + (gsbyg
b b y3h Al
anbg + A19bgy + ay3bgs | ALY,
A31bg + Apbgy + aygbgs
g1y~ gbsy + ggbyg

la Kawo je

AF=(— )RR AR 1 0 0= 41,
0 —1 0
0 0 — 1

TO je yjeAHO 1

P=| ayb, "I“ @12b1e + i3y A1by + Aigbay + g3y
Unby + Upbiy + @ybys Anbgy + Agebgy + (a3byy

Agby 4 Agpbiy + asbs @510y 4 @by + 33D,

a11bg; + Agbgy 4 ay3by, 3 (2)
Unbgi + @by - Ay
A5bg + @33bg + agsbgs

a IO TOME Ce BHAM 0a je Upouseod 06ejy deTepmunaHaTa
Tpefieza peda OeTepmunanra Tpefieza peda.

AKO 206po 3araezamo y N0CAeABY ACTEPMUHAHTY (2),
Buiehevo o0BO: ako cMmo paau aa ,406MjeMo HEKU 4.aaH (iR)
AerepMmuHaure P, a Mu heMo mpocTo mOMHOMUTH cBaku

TEOPHJA AETEPMHHAHATA 6
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eJeMeHaT i-Te BpPCTe AeTepMHHaHTe A HACIPaMHUM eJe-
MEHTOM k-Te BpCTe AeTepMuHanTe B, na Te MpPOH3BOAE
ca6paru. Crora ce Kame Aa je AgeTepMuHaHTa (2) mocra.la
KOMUO3uyujom epcra AerepmMuHanara A u B.

Ho mnpousBoa AerepMmunanata A un B Mose ce u oBako
HAINCATH :

P: a Uy 3 O O 0 !. tg)
sy (yy @y 0O 0 0

y U3y g3 0 0 0

Ty aerepMmunaHTy (3) TpaHC®OpMOBaheMo caj HCTO
OHAaKO, Kao IUTO CMO MaJl0 4acC TPaHCPOPMOBAaAHN AETEpPMU-
HaHTy (1), u pasBuheMo je 3aTuMm 1o JamiacoBoj TeOpeMIr,
a 1o MuHOpuMa Tpehera cremeHa, CaCTaBhbeHUM U3 €.e-
MeHaTa mpBe Tpu Bpcre. Pesdyarar he Outm oBO:

P = apby + G1bsy + @y5by ay1byy + Apboy + by,
(51 byy ‘l‘ (aobay 4 a3by (nbiy + @2bss + s3by,
by + Agby + @3y Agb1s + @by + t35hgy

(ybig 4 Gyobsg 4+ ay3bgs
anbys + Q335 + @gsbss
a31b13 + Agbss + Gasbss |
Ilo Tome ce BUAUM Aa je IOHOBO NMPOM3BOA AeTePMUHAHATA

A un B aerepmunaHnTta Tpehera crenena. Ta aerepmunanra
rTpehera cremena pasaukyje ce Mehy THM IO 001Ky CBOME
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0A AeTepMuHaHTe (2): M y OBe AeTepMUHAHTE je A0 Aylle
eaeMeHaT (ik) 30Mp IIpOM3BOAA eleMeHaTa AeTePMUHAHATA
A u B, aam ce T™M 1IpoH3BOAH A00HMBajy Kal Ce CBaKi
©J]eMeHaT i-Te BpPCTe AeTepPMHUHAHTE A NMOMHOMKU HaclpaM-
HUM e/eMeHTOM R-Te KOJO0HEe AeTepMuHaHTe B; Ta aerep-
MUHaHTa IOocTaje Aakde M3 AeTepMuHaHara A u B, Kaa
ce Bpere AeTepMiHaHTe A ,KOMIOHY]Y¢ ca KOJAOHaMa
AerepMmnHaHTe B.

Hajsaa, ako TpaHCIOHHpPaMO MaTpuUIy AeTepMUHAHTE
A, oHAa hemo camunnM nyrem A06uTH jom ABe Apyre aAe-
TepMuHaHTe Tpehera cremeHa, koje 6u 6uie = AB = P.
I y tum aBeMa aerepMuHaHTaMa Ouhe cBaknm eaeMeHar
(ik) 36up mMpouUs3BOAA eleMeHATa AeTepMuHaHaTa A u B, aanu
he ce y jeaHe jerepMuHaHTEe TH IPOM3BOAU A00MBATH, Kaj
ce CBaKU e/eMeHAT i-Te KOJA0He AeTepMUHaHTe A NOMHOMI
IACTIPAMHUM €J1eMeHTOM k-Te BpcTe aerepMmunanre B, a
y Apyre, KaA ce CBaKU ©1EMEHAT i-T€ KOJAO0He AeTepMIl-
HaHTe A TIOMHOMKN HAacNpPaMHUM €1E€MEHTOM k-Te Ko.aone
AerepmuHaHTe B. YV 1pBOM caydajy KOMIIOHOBaHE Cy AaK.ae
LOJAOHE AeTepMUHAHTe A ¢ Bpcrama JerepMuHanre B, a
y APyroM caydajy cy KOMIOHOBaHE KOJAOHE AETepMUHAHTE
A ¢ Koaonama aerepMmuuante B. Cseza ce dax.e Ha weTupu
PaAsIUNUTE HaUUHE MO2Y HATUUCATU eleMeNTU HeKre 0erep-
MunanTe Tpefieza cretiena ULTO WPEOCTas.ba TPOU3BOD 06ejl
derepmunanara rpeheza creuena. —

ITomenyTa npaBuia MOTY., C€ M IPOMIUPUTH I Y TOM
c.1ydajy 6maa 6m OBAKO POPMYANCAHA :

TEOPEMA. IIpouseod 0sejy OerepmuHaHara n-roa cre-
uena jecre derepMuHanTa m-To2a creuena. Ta Oerepmu-
HaHTa MoOJcCe ce HauucaTu Yy ouwTe Ha “eTupu pasiu-
YUTa Havuna, a eleMeHTU He3UHU TOCTaJy KOMUOSULUJOM
peoosa 08ejy OeTepMUHAHATA.

Aakae, aro je

A: Ay - Oy, b a B: bll e bln 1
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OHAA je

clll s c

Y TOj mocaeimoj MaTrpunu je ca ¢; C3Ha4eH jesaH OA
oBHUX 36upoBa:

Uabyy + - 4 @by,
Apby —+ -0 4+ @b,
by + - + a,b,

by 4+ o0 + a,b,.

Hanomena. Haj ce MHOKe AeTepMUHAHTE Pa3ANYUTUX
peaoBa, OHAa Tpeba IO MO3HATUM NPaBIANMA U3jeAHAYHUTH
peAoBe AeTepMHUHAaHaTa, Ipe Hero IITO ce AeTepMUHAHTe
nouny MHoxutu. Ha npumep:

caybyedi| e B |=]abed|-] oy 300
g0&2 by 6 dy o 3 iy By €y a, 3, 00
| ag by cy dy as by c3 dg 0010
ia4b4c4d4 a; by ¢y dy 0 0 01

= f e + b1,31 @, + blﬁz o dy.
a0 + bzﬁl asot; + b2ﬁz cy dy
aso, + b3ﬁ1 as; + bsﬁz cg ds

40y + b4ﬁl a,a, + b4.32 ¢y dy




MHOIKEIBE

AETEPMUHAHATA.

nNPUMEPIIL

{. Ilovnomura x Yy 2z | ca
z x y
y z x c
lIpoussoa je | X Y Z
zZ X Y}
Y Z X‘

Z = az 4 bx -+ cy.

Karo je | x y =z
z x vy
y z x

c b
a c
b a

; X = ax 4 by + cz, Y = ay + bz 4-cx,

=% 4 y® 4 2% — 3xyz, m wavo cy u obe

ADyre ABe AeTePMUHAHTE HCTOI 06AMKA, TO Cé BUAN A3 Ce NPOU3BOA ABA
uspasa obamma x% -y 28 — 3xyz mowme u3pAsUTH jeAHMM W3PAZOM

ucrora obauka.

2. Jeaan 06aMK 1IPOU3BOAR

lad+b ¢ G

1
1 0
b b c¢c+ta =3¢
je
(a =+ b)? a?
c? (b + ¢
2 a2

3. Haku mnpomnssoa

|

l
| =
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4. Ca i je o3HaveHa MMaruHapHa jeAuHuna. AoKasatu A& ce 1po-
113BOA

a -+ ib G—-I—id . a; — iby c1 — idy ’
-—C—i—id a — ib —cl—idl ay —I—ib1|
MOEe M3DA3UTU AeTepPMUHAHTOM
D—iC B—iA |,
—~ B—iA D4iC |
¥ rojoj je
A=be; —bic+ady —aid, B=ca; ——cia + bdy — byd,
C=aby — b+ cd; —cid, D=uaa; + bby - ce; + dd.

Aabe, TpeGa AokazaTu O0a ce UPOu3eo0 0sajy 36uposa HeTUPUJY
KeaopaTa Modxce Ha “eTUPU PasiuvuUTa HavuHa uspasuru 3s6upom we-
Tupujy »eadpaTa. (AJIEPOBA TEOPEMA.)

5. Hahu aBe seTepMUHAHTE YHUjU je NPOU3BOA AETEPMHHAHTA

ar by cyr bixa 4y
ay  byep - cayr baxa - coye

a3 bgvr 4-cayn baxz 4 cgye
6. AorasaTu aa je

| a12 + by —’—Cl aya + by + (] ayag + b3 + C3
bsby ¢ b2? + o babg - c3

cscy c3Cy cg?
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7. AorazaTu Aa je

I

btotd—a
b—a-d--c
c+d—a+b
\ d4ctb—a

— a1bac3

1

b c d
a d c
d — a b
c b — a
a—b—-c4-d
—b+4ad4-c
—c—d—a-b
—d—c+b—a

@ by ¢
ag by cg
ag by c3
1 1 1 1
—_ 1 — 1 1 1

\ 1 1 P == 4

a+b—c4-d a—+b+c—d
-——b—a-—d+4c —b—a-+d—c
—c4d+atb —ctd—a—b
—d4c—b—a -—d-+c+tb-ta

= (btctd—a) (c+d+a—b) (d4adb—c) (a-fb4c—d) X

87

Aa.be, Ha OCHOBY TOra AOKa3aTH Al je nmpBa AETEpMHHAHT& AaTOr
s

1poI3BOAA

= — (b+c4d—a) (c+d+a—b) (d4a+b—0) (a+b~4c—d).

36. IIPOIIMPEHE U CYKEHE AETEPMUHAHTE. Y Marpu-
maMa 10caj IPOMATPAHUX AeTepMuHAHATa 6UAO je Ta4HO
n? eaemenara. Crora cy Mmarpuie TUX A€TepMIHAHATA MOT'1€
uMaTi 06ANE jeAHOTa KBajpara: y IHX je 6110 UCTO OHO-
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AUKO BPCTa KOJAMKO I Ko.a0HA. Ho yecro ce rpase npous-
BOAM MATPUUA Y KOJUMAE HeMa UCTO OHOAUKO 6PCTA KOAUKO
u koaona. Takse MaTpuie He IIPEACTABBAjY CHUMGOANUKII
HUKaKBY OpOjHY BpEAHOCT, a 30BY e 4€CTO U HemoTuyHe
oerepmunanre. Te aeTepMuHaHTE Cy ABOjaKe: y jeaHHMX
MMa, BHIIe KOJAOHA HEro BPCTA, a y APYLHX, BUIIE BPCTa
Hero koaoHa. IIpBe aerepmunante 30By ce upowupene
uAM OegfexTueHe AeTePMUHAHTE, a ADYre Ce 30BY ClyiceHe
AN eKcyecueHe AerepMuHante. Marpuna

a, b, Cy

a, b
as b,
| a5 by
jeAHy cy#ieHy AeTepMUHAHTY.
817. llronsBoau NPOIIMPEHUX AETEPMUHAHATA. — Haj-
npe hemMo yseTm ABe NpOIIMpPEHE AETEPMUHAHTE OBOT
06A1KA :

A=|ty Gy @gz---a, | U B=]|b; by byg--b,

b->1 b,s bzs b211

Ui Aoy Oz " Ay,

AKO KOMIOHYjeMO BpCTe OBHX ABEjy AeTepMUHAaHATa, A0-
OuheMO OBy AeTepMHUHAHTY APYrora CTeleHa:

A= auby+auby byt by Gubat-tabnttibas
UnbyyFAosbrs - Agsbis 4 F-ao,by, Wby Gosbog - aghss
~+ - 4ay,b,, g
4 4ay,b,,
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EseMeHTH Te AeTepMHHAHTe Cy IOJAHHOMHU. Y CBaKOM
TOM I[IOAMHOMY HMa n uaaHoBa. Crora he ce Ta aerep-
MuHaHTa Mohu pacTBOpUTH y 36Up 04 n® AeTepMHHAHATA
Apyrora peja, y kojuMa he eieMeHTM 6uTH cBe caMi MO-
rnomu. Usmehy tux pgerepmunanara 6uhe Here — 0 ; Takse
6n H. mp. Gule AeTepMUHAHTE

L anby anby |, | by @by |

]a/?.lbll Ay by @33b1s (b |

V TuM cBuMa AeTepMHUHAHTaMa Cy Apyre Kasa.bke y efe-
MeHaTa INpBe KO.AOHe jejHaKe ¢ ADYI'HM KasabKaMa y ede-
MeHaTa Apyre KO.0HE, a CBera THX AeTepMHUHaHAaTa HMa
n. Ocrase aerepmunanre He he 6urn — 0. Tarse On
H. mp. 6uie OBe AETEePMHUHAHTE :

'“11b11 @by |, | Gnbn Gusbyg oo | @b @by |
‘ Anby  Axby, Unbyy  @g3bys Aypbyy by
a Te AgeT¢pMUHaHTEe €€ MOry H OBaKO HaIllucaTu:
biibas (@), Dubas (@11@sg), - — Dby (@1@a),- -+

Tux aerepMuHanaTa uMa csera n® — n = n (n — 1), a 36up
IbUXOB mpeAcraB.hahe aAerepmunanty 4. BDuhe pakae

d = byby (@1 02s) + Dibeg (@) 4 ++ — biobay (Gualles) + -+,
1. j. 6nhe
= (@) (bibs) + (@11@ag) (byibgy) 4 -++ + (@n1@s,) (by1by,)

4 (G19ss) (D1obog) + -+ - (@150-102.) (b1y,—1b2,)

nuan
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4= X (a,a,) (by,by). (4)

YV s6upy X cy ca ik osHauyeHe cBe KOMOMHaIUje Apyre
kaace 6e3 MoHaBbamwa eaeMeHata 1,2,3,---n; y ToMe

n
30Upy nMa AaK.je (2} 4.1aHOBA.

VaMmnMo caa ABe mpolldpeHe AETEPMUHAHTE OBOT
00AnKa :

{ i
A=|ay @y dy - a, | u B=[by by by by
Ao1 Ayp oz -0 Uy, by by by by,
Az Q3 gy - Ag, by by bgy - by,

AKO KOMIIOHyjeMO BpcTe THUX ABejy AeTepMUHaHaTa, AO0-
oihemMo oBy aerepMuHaHTy Tpehera peaa:

4 =] aybu+ “12b12+ coeayby,  anby+ “12b22+ L o T
by Aoebra =+ 40,01, AnboF+Aosbor+ -+ H- 5,0,

31011+ Agobro—t o - A3,b1,  Gz1boy FAgeboy 4+ - as,bs,

a1 bg + Gysbge+ - 4 ay,bs, " (5)
Anbg - 2bg - 05,03,

U31hg + Agobgo 1+ +a3nb3u i

a Ta ce ATePMHUHAHTA MOMe pacrBoputu y 36up oA n’ ae-
rTepMuHaHaTa Tpehera crerena, y Kojuma he eaeMeHTH
6utn csBe camu MoHoMmu. UMamelhy Tux aerepmmHanara
6uhe = (0 ode jeTepMHHAHTe, Y KOjUMa Cy Apyre Kasa.bKe
eleMeHaTa jeiHe KOJOHe jeAHaKe C APYrAM Kasa.bKaMma
eJeMeHaTa Heke Apyre KoaoHe. OcTraae jeTepMUHANTE He he
6urn = 0, a Apyre Kasa/bKe eJeMeHara Ma Koje KOJAO0He
HEeKe TaKBe JeTepMuHaHTe He he OuTH jeAHAKe C Apyrum
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MHOKEILE AETEPMUHAHATA.

Ka3a.bKaMa eJdeMeHara Ma Koje Apyre KOo.JOHe Te Aerep-
MIIHaHTEe. Y CBaKOj KOAOHHN THX AeTepMUHaHaTa uMahe cBa
TPI eleMEHTa jeAdH 3ajeAHNYKd YMHATEM; Taj YMHATE.D
6uhe jesan eaemenar serepmunante B'. Cabepumo caa cse
Te AETEePMHUHAHTE I HAlIMIIIMO y TOMe 30upy IOMeHyTe
qnHHTe.be MCIpeA CBake AeTepMuHaHTe mocebune. 36up
taj mpeacranbahe Aerepmunanty 4', a o6amk Tora 36upa
H6uhe oBO:

A = R (an0t35) + 1 (@103) + -+ + M (@19025034)

4+ o 8 (Ar—ala,,1Ts,) - (6)

3a Hemosuare yuHUTe.LE R, 1, -+ M, --+ § 3HAMO A0Caj CaMO
TOANKO, Aa Cy TO HeKe &YHKLUje e1eMeHaTa AeTePMUHAHTE
B'. Te oyuruuje nahn hemo omaro. Ysehemo aa je

Ay = Qg = Qg3 = 1,

i npernocraBiheMo ja cy CBM OCTaln €AEMEHTH AeTep-
smunanre A' Hyae. YV ToM cayyajy je (a;asas) = 1, a cse
ocraae aerepmuHante y 36upy (6) ¢y = 0; ma kKakro je
npeMa obpacny (5) Taja

A’:! bu b21 b31
|
I

)

o
oy
o

S
[
0

bgz

b13 b23 b33
To ce npema obpacny (6) Buan aAa je

k= (bubzzb33)-

Aaxbe, ysehemo aa je a, = ay = a3, = | u mnpernocra-
prheMO Ja Cy CBU OCTaAl €JAeMeHTH AeTepMuHaHTe A’
Hyle. Y TOM cayuajy je (@;dsas) = 1, a cBe ocrale Ae-
repMiHaATe 36upa (6) cy = 0. Ynopeausmu caa o6pacie

(5) 1 (6], aobukemo aa je

L= (bbbl
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u 1. A. IIpema rome hemo aerepmuuanry 4' mohu oBako
1N3pasuTH :

A = (01305:055) (by1bssbsg) - (@11 002050) (D1ybasbsy) + « -
F (@1attassy) (D1obashsy) + -+ 4 (Ayyn_sltsy, _103,) (b1y0_obsyn_1Ds),
T. j. 6uhe
4 = X (0,050 (by;bybg,). (7)

Y Tome 36upy X osmaueHe cy ca ijk cBe KoMOuHamIje
Tpehie kaace Ges noHaBbama edeMenara 1, 2, 3,--+n; y
n

y ToMe 36Hpy UMa JaK.e (3) 4,1aHOBA.
[IpaBuaa eopmyancana obpacueM (4) u obpacueM (7)

Moraa 6u ce ¥ TPOIMNPHUTH, U § TOM cAy4ajy 6ucmo 406mamn
OBaKy TeopeMy :

TeopEMA. Had ce y dsema upowupenum OeTepmu-
HanTaMa, Yy KojuMa uMa m epcTa, a N KOA0HA, KOMUO-
HYJYy epcTe, oHOa ce O0obuea jedHa OdeTepMunanTa M-To2a
creuena. Ta OerepmunanTa Modce ce U3PASUTU 36UpPOM

) (@1~ @) {briby; -+ b,

Upou3eo0d Oderepmunanara m-roza peda. Y ToM 36upy
uMma ceeza ( ) w.1an06a, a ca ij---k cy o3Hauene cee pas-
m

Aurute KombuHayuje m-Te kaace 6e3 UOHABLAMA edeMe-
Hara 1, 2, 3, n.
Heuyv. 1. | a3 by ¢ dy || ey P11 y1 O

az by c3 dg uz P y2 O

=| mey + b1y oy + didr aes + 0B + ay: + dids |
aze. =4 baffy - coyr + dadr  ases + bafs - ooy + dads
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= (a1b2) (1) + (@1c2) (ce1y2) + (a1d) (ce102)

—+ (bic2) (Biy2) + (bidz) (B102) + (c1d2) (7102)-

HpuMm. 2. x y 2 X Yy z |= %t —|— y? + 22 xx’+yy'+zz'
xl y- Z' x Ul zl xx'+yy'+zz' x12+yl2+212
=|x y P+|x z P4+]y =z 2
x' y' xv 2 yv Z'

Aobuau cyo Jarae oBaj BamaH JazpaHoces odpasay :
(2 2 20 (72 2 2 — (o' gy’ - 22
= (xy' — x'y)? 4+ @' — y'2)? 4 (@x' — x'2)%

38. IIrPousBoau CYREHUX AETEPMUHAHATA. — ¥ 3MHMO
OBe ABE CY:KeHe AeTepMUHAHTe :

a b |u|oe B
as by 1223 ‘32

a; b a; .33

ARO KOMIOHyjeMO BpCTe TUX ABejy AeTepMHHaHATa, AO-
ouhemo OBy AerepmuHaHTy Tpehera cremena:

4= aa +bf oo+ b aa;+ b |,
axtt, + bz‘gl at, + bzﬁz Ay "" b2§3
asoy, + b3ﬁ1 as0ty —+ bsﬂz as0ts + b3183

a Ta je gzerepmMuHanTa = 0, jep oHa NpeAcraB.ba IPOU3BOA
OBUX ABEjy AeTepMUHAHATA :
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a b 0lun|ea B 0‘.

ay b.) 0 a, ﬁ 2 0

| ay by 0 a; B, 0

IIpousBOA AaTHX CYMEHIX JeTepMHHaHATa je Aakrde = (.
To 61 ce mMpaBHAO MOTAO I HPOMIMPUTIH II Y TOM CAYUYajy
610 61 ®OPMYJAUCAHO OBAKO :

TreorEMA. Hao ce y 0sema cyocerum derepmMunanTaMa,
Yy KojuMa uMa M 6pcTa, a n KOIOHA, KOMUOWYJY epcre,
onda ce 0ofuea jeOHa 0eTEPMUMHAHTA M-T02a CTeUWeHa vuja
je epeoHocT wy.aa.

AZjyHrosaHe AeTepMUHAHTe.

39. Areunnnuunss. Hera Ham je gaTa sgeTepMuHaHTA

A = a’ll o aln )
Ay v Uy
@,y Ay,

la CMEHIIMO Yy MaTpulll Te AeTepMIIHAHTEe CBARl eJde-
MeHAT KOPAKTOPOM KOjU My oAroBapa. Y TOM caydajy Ao-
OmhemMo AeTepMUHAHTY

d=| Ay -+ A,
A21 T Azu
Anl te AIIIL

Ta aerepmuHanta 30Be ce adjyHeoeana OeTepMuHanTa
(determinant adjugate, déterminant adjoint nau réciproque.
adjungirte Determinante) aare AeTepMUHAHTe.
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40. TeorEMA. AdjyHzoeana OeTepMuMaHTa Hexre Oe-
repMuHanTe n-To: creueHa je paswa (n — 1)-6om creueny
Te deTepMuHaHTe.

ITomuoxumo na ume 4 ca 4. [poussos he 6urn

44 = anAny + -+ @,A, anly o+ 4,4, 00w,

|
‘ Ay + AL @Ay o @A, - anAy,

'

((/11‘/'111 + Y + amzAln (’{’;11‘4'_’1 + e + (1”“412” e a711‘4:11

+ T + (t'111‘41111
+. : + a’:ln‘/lmz
—I_ ot + a'“iI[‘Hll
CBu eaeMmeHTH TaaBHe Aujaronage (ui. 26.) ose ae-
TepMuHaHTe ¢y = A, a CBH OCTall €JeMEeHTH HHe3IHII
cy = 0. IIpema Towme je
44 = 4",
r. j.
A’ - A7z~—l

41. TeorEMA. Ma w®oju MuHOp mM-TO: cTeUeHa adjyH-
206ane Oderepmunanre 4 Mooke ce uspasuTU UWPOUIBOOOM
06ejy OeTepMuHAMATa; jedan UUHUTEH TOz UPOU3E00A je
KOPaKTOP MUHOPA WTO TOMEHYTOM MUHOPY M-TO2 cTe-
wena o0z06apa y upeoburHoj Oerepmunanrtu 4, a Opyeu
wuHuTen je (m — 1)-su creuen Oerepmunanre A.

Hera je 4= | a;, |, a 4 = | A}, |, na osmaunmo ca
4, BexakaB MHHOD M-TOI CTElEHA aAjYHIOBaHE AETEpMII-
HaHTe M Y3MHMO Aa Ce eJeMeHTH HeroBu HaJase y i-Toj,
J-10j, k-10j, -+ BpCTH, & T-TOj, $~TOj, t-TOj, -~ KOJOHII Te
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AerepMuHanTe (1< jJ <R << -, a r<s<<t<--). Taj
MIHOp Mohu heMO OBako HamucaTH :

A T ‘jlir ‘/11'5 1/'11'1 e ‘41')m+1 U —41'// G (1)

A, A, A

L s vii

‘41/'7m+l T A

‘4k1' ‘4/(: “k/ e ‘4];1111-{-1 e "bllm

0 o 0 - 1 - 0

Aa.be, ysMnMo aa je
itjtbt o trdstit o =pu

AKO y IPBOGHTHOj A€TEPMUHAHTH IPEMECTUMO PEAOBE
TaKO, A& €1eMeHTH i-Te, j-Te, k-Te, - -+ Bpcre GyAy eaeMeHTH
npBee, Apyre, Tpehe,- - Bpcre, a e1eMeHTH T-Te, s-Te, {-Te, - -
KOAOHEe Aa OyAy eaeMeHTH TIpBe, Apyre, Tpehe, -+ Ko.0HE,
OHA2 he mpema jeasHOM HO3HATOM IpaBuAy GuTH

A = ('_ 1)” dir ai: ((it T “i‘,m-}-l T a’in (2}
a’/‘r ((js a/’t e a’j;nz-}—l e a’;'n
(0;‘,7, (6}‘.5 ((/:/ T ak,m_’_l t RS dl‘)z

a:z:+1ar u’m-f-lu am+17i e dul+17m+1 T a’m+17n

azu' a/m “m T a11’7!l»+1 e ({'mz

Ilomuosmimo caa Aerepmunanrte (1) u (2). IIpousBoa wu-
xoB 6uhe
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4, 4=(—1#14 0 0 0 o,
0 4 0 0 0
0o 0 4 0 0

............

Cismt1 Cymg1l Bpymgd ** " Boglomdl " Busmil

@, a/'n Qyy, am+lin * Ay i
T. j. Guhe
AmA = (-— 1)” Am am+l7m+1 e amm-}-l
am-}-hn e arm

ITo Tome ce BuAm Aa je

Am i (_ 1)'“' am+1,m+1 e am-}-l,u & Am—-l’

@iy mi1 Oy
a TO CMO M TBPAUAH, jep je

‘._ 1)# CLm-{-lym-}—l am+1)n

ar:)1n+1 T Uy,

yIPaBO KOPAKTOP MUHOPA IITO MUHOPY 4, oarosapa y
AerepMmunanTi 4.

42. Kaa je 4= 0, a m > 1, onaa he npema mpe-
hammem npasuay 6urtn u 4, = 0, 1. j. ®ao je Hera oOe-
repmunanra = 0, onda cy U Yy adjyHza06aHOj 0ETEPMUNAHT U
ceu Munopu Opyz02a uiu euweza creueHa = 0.

TEOPHEJA AETEPMHHAHATA 7
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Yamumo aa je 4 = 0, a m = 2. Y 10M cayuajy Guhe

All A12

An  Ap

All A12 ‘:"': j:--':O;
AQ[ A22

A31 A32 Anl A

n2 !

y olire je Aakrae

a TO 3HauM Aa je
A A, = A, A

T. j. ®a0 je 4 = 0, oHoa cy wogiaKTOpu eaemeHaTa Ma

K02 peda CpasMepHu ¢ KoghaKkToOpuMa HaACUPaAaMHUX eleMe-
HaTa HeKoz 0pyz0z peoa.

Aa.pe, mo TOj mMcTOj Teopemu (u4. 41.) je u

A, A, | =4 X woparrop munopa | a, a.|;

12

A,., Ajs a, a; |

o TOME ¢c€ BUAU A3 je

04 0d 1___: 4. 0’4
0“;,, Oa,’; { Oairoa/x ’
04 o4 1

oa;, 0w

a Taj ce o6pasal MOMe M OBAKO HAIMCATH :

0’4 o4 od o4 od
oa;, 0, oa;, oay, oa,, oa;,
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IIPUIMEPH.

1. Ako je Hexa AeTepMuHaHTa |@p,| =1, oHaa je u aajyHroBama

AerepmuHanTa | A), | = 1.

2. Aara je aeTepMUHAHTa A= i a13| M AAjyHrOBaHA ACTEPMUHAHTA
A =|Ag |, na wexa je | Bis| aajyHroBaHa AeTCDMUHAHTA AETEPMUHAHT®
A'. Aowazatn aa je

Bp=ua; 4.

3. AaTa je AerepyuHanta | @y5| u aajyHroBaHa AeTepMuHaHTa | Ajs|.
Aorazatn aa je

4. Awo cy |ay,

s | biuly- - aaTe aetepumnante, a | Ay, |, | Biyf---
aAjyHrOBaHe AeTepMuHAHTE, OHAAZ je uponssoa | Ay, | - | By| aajyBro-

BAHUX AeTepMUHAHATAa {).AijI‘OBaHa AeTepMUHaHTa I11pOu3BOAa AATHUX Ae-
TEPpMUHAOHATA.




OAE/bAK TIETH.

IPUMEHA HA AATEBPYV.

43. Aocaa cMO TpamuaM TJaaBHHje OcobuHEe AerTep-
MHUHaHATa, & caja heMo MOKyImaTH Aa Ha OCHOBY HO3HATHX
ocobnHa pemnMo jeaHy ocHOBHY npoGaemy Eiemenrapue
Aarebpe. Vsehemo Ha ume jeOHY cucreMy JuHeapHUX
exeayuja ca 6ulle HeO3HATUX U TWOTPpadcuhieMo 3ajedHuve
HOpeHe TUX exeayuja.

Hajope hemo mnpermocraButu aa vy daroj cucreau
AUHEAPHUX eK6aluja UMa UCTO OHOAUKO eKsayuja, KoAuKo
u HewosHaTux. TakBa cucreMa Ouhe oBOT 064MKA :

anXy + @y + -0 4 ayx, + o0 4+ a,x, = my,

Ag1 %) + Aoy + -+ + A + - Gy,x, == My,

Xy + Xy + 0 4 apxy + 0 @, = my,

a’nlxl + a112x2 + e + anhxk + e + a’uuxu = mn'
Aerepmunanta 4 = | a,, | 30Be ce derepmunanTa cuc-
reme (1) (B. 9a. 2. manoM. 1.). — IlomHOM®HUMO caj NPBY

eKBalujy ca Ay, Apyry ca A,,---, k-1y ca Ay, -+, n-Ty ca
Ay T. j. TOMHOKHMO IIPBY €KBalNjy KOSAKTOPOM €1eMeHTa
ay y AerepMmuHanTn 4, APYry KO®aKTOPOM €AEMEHTa U
U T. A. U cabepuMo Iloc.e Tora rnoMenyre ekpauuje. Tapa
hemo a06utn oBaj 36up :
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@Ay + andy 4+ - + 0l + - F a,4,) X,

+ @Ay + axdsn + 0+ A 4 o F a4, X

+ (@pAy T anAy + 0+ ol 4+ 0+ aud,) X

+ (0, Ay + 0,45 + - + G, Au + - + a4 X,
= mlAl,, + myAy + - + m,A,, + -+ muAnk- (Q}

CBu KoeenumujeHTn WITO €€ Yy OBOj eKBALUjH jaB.bajy

y3 Hemo3HaTe XXy, -+ ¢y = ( ceM KoeduIujeHTa, UITO ce
jaBba y3 HEHO3HATY X;, & Taj je KOePUIUMjeHAT YIPaBo
=|a,| =4. Aarve, ako ce ca THM KOEDULAjEHTOM YIIO-

pean

Apyra 4aaH ekBaunuje (2), Buaehe ce oamax, aa ce

Taj 4aaH Ao6uBa M3 AerepMuHaHTe 4, Kaj ce y TOj Ae-
TEPMUHAHTUH KOEGPULIUJEHTH Gy, g, * A, " * Gy, LUITO CE Y
AaTUM eKBalijaMa jaBbajy y3 HEMO3HATYy X, 3aMeHe allco-
AYTHUM YAQHOBUMA My, My, My, - M, THX ekBauuja. [Ipema
TOME je

uin

(@uAn + a3Ay 4+ - + Ay + - F a0 X,

=mA, + My + - + md, + - + mA,

PG Gyt My et Gy, Ay Az v Gy oo Qg |
|
Ly @y - my o Ay, Ay Qa2 " Qgm0 Gy,
‘ e e s SRIREE ¢ aw
Ay gz c My, 0 Gy, ‘ Ay Oy (477 (7™
|
@, A **- m, - Ay l (/%% Ay o A " Wy

a TuM ofpacimeM je POpPMyAHMCaHa OBa TEOpPEeMa,:
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TeoreEMA. KHao je oOara cucrema 00 M AUHeapHUX
exsayuja ca n HeWO3IHATUX, OHOA je 6PEOHOCT céaKe He-
wo3iare oopefieHa jeOHUM PasloMKOM ; UMEHUTeM T028 Pas-
A0MKa je OeTepMuMaHTa cucTeme, a 0eTepMuHanTa y Opo-
jureny dobuea ce u3 deTepMuHaMTe cucreme, Kad ce Yy 060]

ROCPUUUJEHTU Gy, gy ** gy * - Ay, WITO CE JABDHAJY Y CUC-
TeMU Y3 HeWo3HaTy X, Koja ce TPalcu, 3amMeHne atcoiYyTHUM
YAAHOBUME TNy, My, -+ My, *++ M, TUX eKeayuja.

44. llma jom jeaaH .Jell METOA 110 KOME Ce MaJo0 4ac
IOMEeHyTa TeopeMa AoKa3dyje. Aa vHe 6mcMO nucaau BeauKe
Hspase, ysehemo Tpu anHeapHe eKBanuje ca TPU HEIO3HATE

Gx + by + 6z = my,
asx + by + €z = My, ¢; ¥ Toj cucremu je A = (a;bscyl.
agx + bgy + 3z = My,

Kaaroa cy aare TarBe Tpu exsauuje, 6uhe cBakaj

ax + by +cz b ¢ :’ my by e ;,
ayc + by + cz by ¢,y l my by ¢
asx + by + ¢z by ¢y l my by o4
T. j. 6uhe cBakajg
xla, by ¢+ yEb1 b, ¢ |+ zleg b cll = (mibycs),
ag by, ¢ ‘bz b, ¢, c; by cg‘
as by ¢y by by o c; by s

a II0 ToOMe Ce BUAu Aa je

B (mybycy)
(@1bgcs)

IIo merom meroay moram 6ucMo Hahm M y u :.
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45. Y3MuMo Aabe Aa y 0aroj cucTeMu uMma 6uue
HewoaHaTux Heeo ewsayuja. TakBa cucrema Ouhe osor
06.1Ka :

anx; + @y + 00+ X, "I— A1y n 1%
+ onere + al)rz+ixrl+i — ml)
AnXy + Ay + -0+ A9, X, F G2 Xy

(3)

+ Tt + a2m+i‘x1z+i = mﬂ;

a,1X + Ay2Xo + U + AyX ), + “nm-{—lxn-{-l

+ e + an:n-{-i‘xn-'-i =m,.

Y Toj cucremm uma (n + i) HENO3HATUX, a 7N eKBalNja.
— Ty cucremy Hamucahemo oBako:

apXy 4 QXy + 200+ X, = My — G X
— e — Ay = Wy,
AnXy = QX 4 o0+ G X, = My -— gy, 1 Xy

— e Uy i Xy = Uy

U1 Xy + a,9X, + t + a,,x, = m, — an71l+1xn+1

— = Uy iXp s = e

O3HauUMO caJj AeTepMuHaHTy | ¢y, | ca 4, ma no-
MHOKIMO, Ka0 M Ma.Jo 4ac, NpBY eKBanujy ca Ay, Apyry
ca Ay, n-ty ca A, (k<<n) u cabepuMo rocie Tora Te
ekBaruje. Y pesyarary Ao6uhemo oBo:

A 7 = [ fighgy = 2o o ;A ks
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a TO 3HauUU Aa je

Adx, = Ay + Ay + -0+ A,
Ax2 = !"IA12 + (II’ZAQQ + o + lll'nAMZ’ (4)

Ax,, = #1Aln —I—' #2A:2n + T + Ku’"A””'

Koanuune x;, x,, --- x, 3aBuCe y OBaj Max Kao IITO BU-
AMMO, 02 HEMO3HATHX X,y *** Xy
Ha npuwmep, Heka je
ax, + bix, + ey = my,
ayx; + byxy, + ey = M,
Y oBaj Max je
axy + bx, = my — ¢y,
aXy =+ byxy = m, — cyvy,
Crora je
(alb-z) Xp = (M, — &) by — (My — C%5) by = (Myby) — (1by) o5,
(@ba) Xy = — (Mg — C1) @y F (M — Co3) @ == (@My) — (@1C5) X5,

ITIpema Towme je

(miby)  icyby) o amy) g
(@by) — (a1by) T a— @byl (a;by) 4

Ky =

HamomumeMo aa cMO u caa Kao u npehe (44. 43.)

hyrke npermocraBbaau Aa je 4 #+ 0.
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46. Younmo caj NMOHOBO cucremy {l):
Xi=anx, 4 x4 - Fayx, 4 +a,x,—m;=0,

Xo=0520, + Uy 4+ A4 -+ 2, %, — My =0,

()

Xn:azllxl+an2x2 + Tt +ankxk+ e +a)”lx1l_mﬂ: 09
Ia NPETIOCTABUMO Aa je AeTepMHUHaHTa Te cucreme = 0,
T. j. yamMumo aaje 4 = | a,, | = 0. IlpBy usmehy Tux ersa-

umja NoMHOMEUheMo omer ca Ay, APYTY ca Ag, - n-Ty ca
A, u cabpaheMo 110cae TOra CBe €KBalllje Te CHCTEME ;
a KaKko cMO mpernocraB.kaan Aa je 4 = 0, To hemo Ao-
6uTu oBaKaB pesyATar:

MAy + Medy + -+ + m, A, = 0.
Mebhy ruum je (ua. 43.)

. mAy + myAy + - + mA,
P audy, + auAgy + -+ + ankAnlc’

o

a 70 3HAUd Aa je y oBaj Max X, = o™ j. ®xao je Ode-

TePMUHAHTA CucTeme (5) AuHeapHUX HEXOMOEHUX eKea-
yuja = 0, onoa cy O0eTepMUHAHTe, WTO ce jas.bajy Y Opoju-
TepUMa pasiomMara Koju 00pehyjy 6peoHOCTU HeUOo3HATUX
Tarofep = 0.

Ho rako je

X,' = ;X + a'"zxz + s + ((,-,,.\“,l——’l’n,- ti = 1, ?, v n’,

6uhe y opaj max n

X AX = la, Ay + Uy Ay = 4 @A % +
i=1

— (A, + Medy + 0 + mA,l

I
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T. j. Guhe
ApXy + A3 X, + - 4+ 4,4, =0,

a 10 TOMe ce BUAH, Aa je jeaHa Mehy aaruM erkBauujaMma
nocraJa U3 OHHUX ocraaux. Jare exeayuje Hucy oOax.te
HesagucHe Kad je Oerepmunanra cucreme = (. Ho Kag
jeAHa ekBanuja cucreme (5) 3aBUCH 0A OCTaAMX EKBaIuja
Te cucreMme, OHAA he ce cucrema cBeCTH Ha jeAHY CUCTEMY,
y kojoj he 6utm camo (n — 1) ekBanuja. Haa ce aarae
Tpaske pelllemha cHUcTeMe (5], OHAa Ce Mopa CBaKaj U3 Te
cucreMe musbanuTH jeAHa €eKBalUja, Na Kako he y HOBO]j
cucreMu OGuUTH BHIlE HENO3HATUX HETO eKmaluja, T0 hemo
Ty CHCTEeMY pelllaBaTi HCTO OHAKO, Kao UITO CMO Ma.o 4ac
(1. 45.) pemaBaau cucremy (3). Tpamehu perema cucreme
(3) mperumocTaB.Lall CMO Mehy TUM Aa AeTepMUHAHTA YUjU
cy eJeMeHTH OuAM KOe®UIjeHTU HEIO3HATUX, MO KOjuMa
cMo pemaBaan cucremy (3), Huje = 0. To mcro hemo n
y oBaj Max Mmoparu mnpernocrasutd. Ho kako he y oBaj
MaxX Ta AeTepMHHaHTa OUTH yupaBO jejaH OA IPBAX M-
HOpa AeTepMHUHaHTe cucreme (5), TO hemo MoparTu Iper-
NOCTAaBUTH 0a 6ap jedaH UpPBU MUHOP OeTepMUHAHTE CUC-
reme (5) Huje = (. Ha npumep, Hera je

Arm = I a’l)n——l I # O'

YV Ttom cayuwajy wunsbammhemo us cucreMme (5) TOCAEAHY
eKBalujy, a M3 ocTaluXx eKBallija oApeAnheMo HemosHaTe
Xy, X9, +++ X,_,; T€ HeIO3HaTe 3aBucuhe 04 Helo3HaTe X,
a.n he muxoBe BpPeAHOCTIH 3a]0BO.bAaBATU AATy CHCTEMY
(5), Ma Hemo3HaTa X, UMaJla Ma KaKBY BPeAHOCT.

Ha npumep, Hera HaM je jaTa CUCTEHa
ax; + by, + e = my,
apx; + byx, ++ £33 =My,

agx, + byXs + cgxz = My,
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na Heka je 4= (gbycy = 0, a A; = (a,by) # 0. ¥V Tom

cAy4dajy nsocraBuheMo mocaeimy ekBanujy, a permuhemo
cucTeMy

ax; + b, + ¢xg = my,
Ay + by, + cxg = My
[0 HenosHaTuMa x; u X, Pemeiba he 6urn 0BO (4a. 45.):

(m,b,) (c1bs) Ny} (@,cy)

_ o
= by (arby) | (@b, (@b T

a Ta pellema BaAOBOJbI/Ihe Aatry CUCTeMy Ma X3 IMaa0 Ma
RaKBY BPE€AHOCT.

AKO ce npermocraBi Aa jouml KOju NpPBH MUHOD Ae-
repmuHanTe 4 Huje = 0, oHAA ce Moe Hahu jom Koja
cucreMa oA (n — 1) ekBanuja, 13 Koje 6M ce MOTJ0 oApe-
AUTH (n — 1) HEno3HATHX cucTeMe (5) TaKo, Aa Te CBe He-
II03HaTe 3aBUCE CaMO OA OHE HEIIO3HaTe CHCTeMe (5), Koja
ce y rpynm tax (n — 1) HEmO3HATUX HE HaAa3MW.

Ho momke ce aecutu Aa je He caMO AeTepMUHAaHTa
4 = 0, Beh aa cy u cBu Wes3uHn npsu MuHOpu = (. Axo
Tada Mehy OpyzuM MuHOpUMa uMa Oap jedan Koju Huje
= (), oHda fiemo Odorasatu Oa he y 0aToj cucremu OuTU
camo (n — 2) HesasuUCHUX ereayuja.

Vauumo H. np. aa je | ay,,, | # 0. ¥ Tom cayuajy
u3banuhemo u3 cucreme (5 Hajupe camo expauujy X, = 0,
na onaa camo erBanujy X, , = 0. Tum myrem po6uhemo
ABe Tpylne ekBaluja; y cBakoj rpynn 6uhe (n — 1) exBa-
gja, a M HEMO3HATUX Xy, X - X,_;, X, NpBOOUTHE cuC-
TeMme (5). Hanmmumo caa exkBanmje TuxX rpyna Tako, Aa
HAa JeBOj CTpaHM HNXOBOj 6yae camo (n — 1) Heno3HATHX,
rna HeKa Cy X;, X * - X,_, Te Hemosnare. JAerepMuHaHTa
KoedulljeHaTa TUX Helo3HaTux Ouhe u y jeAHoj u y Apyroj
Pyl jeAaH OA NPBUX MUHOPa NPBOOUTHE AETEPMUHAHTE.
Crora he ra aerepmunantra Ouru = 0, a TO 3Hauu, Aa
he u y jeaHoj m 'y Apyroj rpynu expauuja jesHa expanuja
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3aBHCUTH 0OA OCTAJAMX €KBallMja, T. j. Y NPBOOUTHO] cucTeMu
6uhe camo (n — 2) He3aBUCHUX eKBallUja, a TO CMO M
TBPAUAH.

Peumimo caj nomenyre ABe rpyne €eKBalija 10 He-
NO3HATUMA X;, Xy, *** X, 5. ¥ peliemnMa Mopahe ce, npema
OHOM IITO Ma.J0 YaC PEKUCMO (4a. 49.), jaBbaTH HEMNO3HATE
X,_1 U X,, aiu fie Ta pewerba 3a0080.bUTU 0aTy cucremy (5)
Ma HemosHaTe X,_; U X, UMale Ma KaKeY 6PEOHOCT.

Moran 6ucmo u aame nhu; Moram 6ucMo H. np. nper-
nocraBUTH Aa je He caMo aerepMmuHaHTa 4 = 0, Beh Aa
Cy U CBU NpPBU U APYrH MHHOPM me3uHu = 0. Awxo Tada
Gap jedan 00 Tpefiux MuMopa He 6u 6uo = 0, oHOa Gucmo
Mozau OokrasaTu, 0a fie y 0aroj cucremu (5) OuTu ceexa
{n — 3) HesasucHux ewsayuja; pewlerba Te CUCTeMe 3a6U-
cuaa 6u 00 Tpu HewoanaTe UpsoGuTHe cucreme, aiu he
oHa 3a30080bUTU TY CUCTEMY MA Te TPU HEUwo3HaTe uma.e
Ma Kakey epedHoCT, W T. A.

417. [lohumo caa Aabe U Y3MUMO JeOHY JAuHeapHy
cucTeMy Yy K0Joj uMa suwe exksayuja He0 Hemo3HaTUX.
Taksa cncrema 6uhe H. mp. oBa cucreMa:

Xl = (X, + dlﬂx2 + T + al)u—lxn——l + m; = O!

Xy = agx, 4+ apx; + -+ + a5y,9%,_; + my = 0,

Xu =i aulxl + an?x2 + tte + amn—lxn—l + mn = 0'

Y roj cucremu uma n ekBanuja, a (n — 1) Henosuarux. M3-
Gauusuu exBauujy X; = 0 (i = 1, 2, --- n), 206uheMo jeany
cucreMy o4 (n — 1) exBauuja, a pellewba Te cUCTEMe MO-
pake 3agoBo.buTH U ekBanyjy X; = 0, ako aata cucrema
uMa 3ajeAHnurux kopena. Ho kap ce y exBamuju X; = 0
CMeHe HeMNO3HATe X, X3, *** X,_; PelllebnMa NOMEeHyTe Cuc-
TeMe 04 (n — 1) exBaumja, oHAa he ce ao6uTm jegHa pe-
Jangja, y kojoj he ce jaB.paTu caMo KOedUUUjEHTH U alco-
JAYTHA YJAAHOBH AATUX eKBaudja. AKO JaK.Je AaTa CUCTEeMa
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Ma 3ajeAHIYKUX KOpeHd, OHAa he loedNuujeHTn ¢ 1 anco-
AYTHU 41aHOBU M MOpaTi GUTH BeaaH! jeAHOM 1oroabeHoM
peaanujom. He rtpamehn nomenyra pemema, go6uhemo Ty
ioroa6eny peaanujy Ha oOBaj Ha4HH.

Hera je ca 4 o3HaueHa oBa AeTepMHUHAHTa nN-TOra
CTeTeHa :

Ad=| an a - Gy, My |,
Aoy Ao v+ gy, Ny
anl a’n?. Tt (I/mn—l m,

11 HeKa ¢y M, M,,---M, KO®aKTOpH eJeMeHaTa m,;, My ' m,
y Toj AerepmunanTi. I[loMHOMkUMO nNpBY exBanujy aare
cucreme ca M, apyry ca M,, --- n-ty ca M, u cabepumo
nocae Tora Te ekBanmje. Tum nyrem pobukemo oBy pe-
JAanmjy :

mM, + meM, + -+ + m,M, = 0.

Wspas na aeBoj crpaHm npeacraBba Mehy TuM aerepmu-
nanty 4. Ilo Tome ce BuAM Aa je y oBaj Max

4=,

Aakae, ako y cucTeMu 00 N AUHeAPHUX eKeayuja
uma m—1) HewosHaTux, onOa he cucTema umaru 3ajeo-
HUMKUX KOpeHa caMmo aKo je 0eTepMuHanTa ceux Koeghu-
yujenara oare cucreme = () (y Te noegpuyujente yopajajy
ce U auCoOAYTHU UAaHOBU 0aTUX eKealuja).

I,Z].eT(BpMI/]Ha,HTEi, 4 30Be ce pesyaraHra AN eAUMU=
HaHTa AATUX eHBaI_U/Ija.

Hajsaa, Moranm 6ucmo y3eTu Aa y AATOj CUCTEMHU BMa
n -4 i=1p ekBanuja, a caMo (n — 1) Henosnarux. Ta cuc-
TeMa 6maa 6u 0oBOr O6GAMKA:
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Xy = anxy 4 Gy, + -0+ Gy, 1%, +m =0,

X, = anxy + QX + 0 A Gy, 1%, + my, =0,

1\'” = a"lx‘ + an?x‘_’ + e + a‘u'}n—lxu_l + '”’11 == 0’

Xp - a’plxl + ap2x2 + o + apw—lxu—l + mp - 0'

AKO cMO pajal Aa ca3HaMoO, Aa JAM Ta cucreMa uMma
3ajeAHNYKNX KOpDeHa, OHAA heMo U3 Te cucreme U3ABOjUTH
(n — 1) exBaunuja, H. Ip. €KBanuje

)(1 = 07 X'_’ — 07 e Xn——l - 07
u pewnheMo Te eKBamije MO HENO3HATUMA Xy, Xy, *** Xy_1.
Axo pemema Koja 6yaeMo 20611y 33A0BObaBajy I eKBa-
nujy X, = 0, u exsaunjy X, = 0,--- u exsauujy X, = 0,
oHAa he mpema MaJo0 4ac IOMEHYTOj TeOpeMu pesyaTaHTe
cucTema

(Xl Ky ¥ Xn)) (Xx Xy wix Ky Xn.{-x‘; (Xl Xy e Xua Xp)

noce6une moparu Ourn = 0. IIpema Toj Teopemn jacHO
je y ocraiom, Aa he y oumTe pesyaraHra Ma KOjUX n
eKBalllja AaTe cucreMe Moparu 6urtn = 0, ako Ta cuc-
TeMa uMa 3ajeAHn4KHX KopeHa. CBe Te moroale YKYIIHO
osHaunhemMo oBuM cuM60.10M :

| @y Qi 0 Uy MY l-: 0, (D)
1 1
Ly @yt gy, M
5 |
}[ a/n'l au2 e anw—l 7”’11 ;

a})l a’p'_) e abm -1 Tn’ﬁ ‘
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a Taj cuM604 TpeGa TyMauUTH OBAKO : CBAKA AeTEPMHHAHTA
Nn-TOr CTelleHa, MITO ce A06MBa M3 n BpPCTa CYMeHe Ae-
TepmuHanre (D), jecte = 0.

48. JUMHEAPHE XOMOIEHE EKBAIMWJE. Jocaj €MO TpoO-
MaTpaJl caMO HEeXOMOI'eHe eKBaluje, Aa BHAUMO caj Kaj
he cucrema 04 m XOMOIeHUX eKBallja ca n HEMNO3HATUX
uMaTH B3ajeAHHYKMX KOpEeHa I IIOTPaMMHUMO T€ HKOpeHe.
TakBa cucrema je oBor 06.aMKA :

anX; + X, + 0+ a,x, = O:
AnXy + ApXy + -+ + agx, = 0, (6)
aulxl + (ln?x‘: + Tt + aunxu == 0'

JacHo je aa cy BpeanocTn
x1:x2: LR T == 4 _..—.O

KOpeHn Aatux ersauuja. O TOM T. 3B. ,UHAEHTHYHOM pe-
mwemy“ He hemo BoanTH pauyHa, Beh hemMo Tpamkurn ocrana
pemerma. IIpe Hero mro 6ucMo TO yunHHAM, NOKymahemo
Aa,Hahemo moroa0y, 1oa kojom he y ommre aara cucrema
nMaTH 3aje HNYKNX KopeHa. Tora paan 1ogeanhemMo cBakry
eKBallljy AaTe cucTeMe ca Xx,; akoO Taja HalpeMiile

X Xy o X

xil

OyAeMO cMaTpaan Kao HemosHare, OHA3 heMo uMarTu Ipea
cob6oM jeady cHcTEMY 04 N HEXOMOTEHHX eKBallija; Y
CBaKOj ekBaluju Te cucreme Ouhe camo (n— 1) Heno-
sHarux. Crora he Ta cucrema HeXOMOreHUX eKBalluja UMaTH
3aj6AHNYKUX KOPEHa, caMo aKo je AeTepPMUHAHTa CBUX Koe-
eunnjedara re cucreme = ( (4a. 47.), T.j. caMo aro je

A: | dl,, I —_ O.
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Ho rako cy cucreMa IIOMEHYTHX HEXOMOI'€HHMX €KBa--
IMja U cHCTeMa AAaTHX XOMOTEeHUX eKBaluja HAEHTHYHe:
cucreMe, To heMo Mohum ®opMyaucaTu OBy TeOpeMy:

TeEOPEMA. CucTema 00 N XoMmozeHUX ereayuja ca n
HEeWO3HATUX UMA 38Je0HUUKUX HOpeHa caMo aKo je Oe--
repMuHanTa cucteme = 0.

Ty aerepMuHanty passnheMo caj MO e1eMEHTHMA lIpBe
BpcTe u Ao6uhemo 0BO:

anAn + @l + o+ a4, = 0. (7)
C apyre crpane onet (4a. 26.) 6uhe u

anAn + ApAyp 4 0 4 a4, = 0, l

. 18
a/nlAll + anZAl? + e + amzAlu = 0 l

VYuopeausmn cap ekBaumje (7) n (8) ca exkBauujama
Aate cucreme, Buaehemo aa je

Xyixgie i X, = A Ao T AL
To 3Haum Aa cy KOARYNHE

Am A12» Aln

hAM TadHUje, KOANUNHE
hAn, kAlg, & Sl hAln { — COTlSt.)

sajeAHnuKr Kopenum Jartux exsaudja. Ho kako je aerep-
muHaHTa cucreme = (0, TO he KodakTOpHM eaeMeHaTa Ma
Koje Bpcre OuTH CpasMEepHM ¢ KOPAKTOPUMa HACIPaMHMX
eleMeHaTa Heke Apyre Bpcre Te AerepmuHanre. Haa je
AaKJe AaTa cuUcTeMa OA M JAWHEAPHUX XOMOTCHUX eKBa-
[1ja ca n HeNo3HaTuX, OHAA je
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XpiXpioriX;t i x,= At Apr T AL D Ay,
:Agl:Agg:“':AQ":"':AQ" (9)
= A, At A it AL

Aak.ae, xopeHu Heke cucTeme 00 N AUHEAPHUX XO-
MoOzeHuX exeayuja ca n HEUOIHATUX CpasMepHu cy ca
KogiaKTopuma ereMeHaTa ma Koje epcre deTepMmunante 4.

¥Y3MuM0, Ha OpPUMEp, XOMOTEHY AHHEAPHY CUCTEMY
ax—+by+czt+dt=0 (i=1,23,4;
y ToM caydajy je 4 = (a;bycdy) = 0, a
xiyrizit=A4A;,:B;; C:: D.

Aakae, ako je H. mp. i = 4, oHAa je

x:y:z:it = — (bicadg) 1 (@Coly) 1 — (Mbydy) : (@1bsCs)
nan
x -y oz = t
(bicods)  (@iCody)  (@ibady) T (@ybacs)

49. Usbaummo cap u3 cucreme (6) jeany erBaumjy,
H. 0p. n36anuMo nocaeAwy exkpauyjy. Tum nyrem go6uhemo
OBy CHCTEMY JAHMHEApHUX XOMOIeHHUX eKBauuja :

apx; 4+ @px, 4+ -4+ apx, =0,

UnXy + GpXy —+ -+ 4+ ayx, =0, (10)

an—lﬂxl + an—l72x2 + e + an—l‘mxu = O'

¥ rtoj cucremu uma (n — 1) ekBauuja, a n HelO3HATHX,
a 3ajeAHUYKN KOPEeHHM TUX eKBauuja (MAl ynpaBo Hallpe-

TEOPHAJA AETEPMHHAHATA S
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MuIEe THX KopeHa) Guhe MOHOBO oapeheHn Ma KOjoM rpynom
cpasmepa (9). amehy Tux cpasmepa younhemo y oBaj max
HapO4YHUTO OBY :

‘xl : x2 s xu = Aul . AnZ L Amr
VY rosakropuma A,, A, -+ A,, €1€MEHATA [10CAEAHE
Bpere aarepuunante 4 = | a,, | HeMa eneMeHaTa Te BPCTE;

TO 3HAYU Aa C€ Yy THM KOSAKTOPUMA jaB.bajy caMO KOedU-
unjentn exBanuja cucreme (10).

Aa BuaguMo caa kako hemo, He BoAehu pauyHa o Ae-
trepmunan™n 4 = | a,, |, pemmru cucremy (10). — HKo-
®aKTOp A,; ©1€MEHTA a,; Y AeTepMUHAHTU | ay, | oapehyje
ce, Kao INTO 3HAMO, II0 OBOM INPaBUAY : Tpeba y MaTpuLU
TpoMNpeHe AeTepMUHAHTe

| an (Op e Qg vt Oy,
|
as (L5 Ay; s,
| @,. 101 @,_1y2 an—hi tt an—lm

no6pucari i-Ty KOAOHY, IIa AETEPMUHAHTY J;, KOja Ce THM

nyrem Ao6mBa, moMHOmuTH ca (— 1)
A=(—1 P ey @y Gy Aia = O, |= (—1 J“*d.
A Qo gy Ugygn 0 (o

Ay_191 By_12” " By _19im1 B 1yig1” " Ayl
Crora je

Anl . ‘4112 R Ann = (5‘1 : 82 HELES (_ 1)”6\11
Hnan

Ap: Ayt 1A, =0,:— 0y: - (— 1)"710,.
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Axo ce aak.ae ysme aa je
, i—1 i—1
4= -1y d\;=(—1)’ Gy Gy Oy O 0t Gy ’

An  Gag clgy 1 Auyiqq 7" Ay,

Q151 By 152" "Xy 15 1 Ay 1yig1° " A1y

0oHA2 he 3ajejHMYKN KOPEeHHM (MAu YIPaBO HANPEMHILe THX
ropena) cucreme (10) 6utu oagpeheHnm oBuM cpasMepama :

Xyt i, =44y 4, (1)
Ha mnpumep, Heka je aara cucrema
ox + by +c¢z2 =0,
ax + by + ciz = 0.
V Tom cayuajy je
x:y:z=4,:4,: 43 = (bic)) : — (@mca) : (aby).

Kaa je z = 1, onaa he ce para cucrema mnpeoGpa-
SATH y HEXOMOTEHY CHCTEMY

a,x + by + ¢, =0,
agx + by + c,= 0,
a KOpeHM x u y Te cucreMe ojpeheHu cy cpasmepama
x:y: 1l = (bcg : — (a1C2) : (ayby).

ITo ToMe MeTOAy pelnaBajy ce HajOp:ke cHcreme He-
XOMOI'€HUX eKBalldja.

HamoMenaA. PemaBajyhn crcremy (6) npernocrasmbaan
cMo hyrke, aa 6ap jeaaH 04 UPBUX MHHOpa A€TEPMUHAHTe
8*
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4 = | a, | snje = 0. Ho zemasa ce Aa Cy u CBH OpBU
MuHOpHM Te AerepMuHaHTe = 0. Ako Tasa 6ap jeaaH 0A
Apyrux MuHopa Huje = 0, oHAa 6MCMO MOTAHM AOKa-
satn (B. ua. 46.), Aa he aBe exBamuje cucreme (6) 3a-
BUCHTH OA OCTa/MX eKBaluja Te cucreme. — Aaske, 110-
HeKaA cy u ¢BH Apyru mMusHopu = 0, a Gap jeaan o4 Tpeknx
unje = 0. ¥V ToM cayvajy Ou Tpu eKBauuje CUCTeMe 3a-
BHCHAE OA OCTaJAMX €KBaluja Te CUCTeMe M T. A.

50. Oapeaumo caa u3 cpasmepa (11) Hampemwuie

Xy Xg X Xipn . X
- ) - - -

Xy X X & 2

1

1 CMEHUMO 3aTHM Te HallpeMHIle Y CBaKOj €KBaluju cuc-
treme (10) BpeaHocruMa, koje Gysemo aobuau. Ilocae e
3ameHe Ao6uhemo cucremy oBux (n — 1) peaanuja:

and, + apd; + - + ad;, + -+ a4, =0,
and; + axd; + - + axd; + - ‘I— a,d, =0,

a4, + a4, + - + ad;, + - + .4, =0,

@, —1nd1 "l‘ @ 124y + -+ G rid; + - + @14, = 0.

CBe Te peaanuje YKynHo Geaese ce cMMO0AUYKI OBOM
MaTpHIIOM :

ME a“ alg et ah' e al,‘ = 0-
a (2o y; Az,
a; A;z a;; Ay
| Gy1sy Qutyz " @1y 07 Ay tow
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Ta marpuua M npeacTaBba AakAe CUMOOAMUYKN OBe
peaanuje :

ani Az Gy - Ay ay, i—aiz ay Gz Gy Oy,
| (o gz Uy "y, ; 1 Qg ;i Ay,
D | S |
i i
‘ O Gz - @y (79 i @y Qg “a,
i‘ Ay 192Gy 153" Ay 19i" " D1y l Q191 Ay 193" " Wy 1yi* "1
+ o =) T | e G cay G, H

Ay Gy Qg Ay,

W1yl Qy1y2” " Q1yi* "Wy 1551
i=1,2 3, (n—1).
Ha npumep, marpuua
M:“ @ by ¢ d|=0

a2 b2 (:2 d2

| gy by o d
npeAcTaBbada 6u OBe TpU peJalje:
@y (biCadg) — by(@,cods) + cy(abeds) — dy(aybycs) = 0,
Ag(bycedg) — balaycads) + cy(@ybedg) — dg(@ybgcs) = 0

as(bicads) — by(@icads) + cs(abedsy) — dslabycs) = 0.
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51. Ha ocmoBy Teopeme, momeHyTe y 4a. 48., Mome
ce BpA0 .AaKo Hahu TpaBma0 IO KOME Ce MHOME Ae-
TepMUHAHTE. Y3MHMO TOra paju OBy CHCTEMy XOMOTeHUX
JAVHEapHUX eKBaluja :

(@ — R)xy + gy + g =0,
an%; 4+ (@ — Rlxy + asgxs; =0, (12)

agnx; + Ag%y  + (@gs — RJxg = 0.

AeTepMUHAHTA CUCTEMe THX eKBalija MOpa outu = ().
Buhe aarae

flR)=| ay — k g g =0, (13)
g Gy — k Qg3
gy A3 ags — R
uau
— f(R) = k* — Lk* + Mk — N = 0. (14)

ITo mocaeamem uspasy Buan ce Aa je f(0) = N, ma Kako
je mpema peaammju (13) f(0) = | a3 |, T0 je jacHO Aa je

N = | ay]

TlomHOKNMO caa TpBY ekBauujy cucreme (12) ca by,
APYry ca by, Tpehy ca by n caGepumo mocae Tora Te TpH
erBaluje; Aa.be, MIOMHOMAMO IIPBY EKBAIUjy ca bys, APYIY
ca by, Tpehy ca bgp m cabepumo ux moc.ae Tora u Haj3a4,
[OMHOKIMO IPBY eKBalujy ca by, ApPYry ca by, Tpehy
ca bg u cabepumo ux mosoBo. Tum myrem po6uhemo omer
jeAHy cucreMy JAnMHEapHUX XOMOIEHHX eKBalHuja, a AeTep-
MUHaHTa Te cucreme Mopa Omutm = (. Buhe aarae
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F(R)= | @by~ g by +a51b51—bykR  @15b11+ ooy 4 geb3 — by R
a1 biat Ay boe 4 A51bgo—b1R  A19b1g+ Boeboy 4 Agobgy— ook

aybis+ a21b2s+ A51b33—b13k  @19b1s - Agabos+ Agobss — bogk

19b11 + Aogbay + Agsbg —bgk | = 0, (15)
A15b12+ (agbyy + Agsbe—gok

@13D15+ osbog+ Agsbss—bysk
nan

y oBom mspasy je P = | by, a N, = F (0), 1. j. N, a0-
6uBa ce, Kaj Ce y €AEeMEHTUMA AerepMmunanre (15) no-
Opuily uJ1aHOBH y KojuMa ce jaBsba k. OsHauuMo caj Ko-
pene exBanujd (14) m (16) ca Ry, ks, ks. Karo je ¢ jeame
cTpaHe

hl k2 kg - N,
a ¢ Apyre crpase
N
h‘l kg h3 == P b]
Guhe yjeaHo n
N
p =
T. j. 6uhe
N):F(O):IVP: la13|‘|bl3l,q. e. d.

Hauomena. V¥V ommre ce rteopema, IIOMEHyTa y Yd.
48., BpAO uecTo mpumerbyje y AnHaaumiusoj I'eomerpnju,
Bumoj Aare6pu, Mueunuresnmaanom Pauyny u 1. 4. Ha
HPUAMKY

52. IlpumEP 1. Hafiu ewxeayujy pasHu WTo uporasu
KpO3 Tpu Tauke (X, Yy, z1), (X2 Ya Zo), (X3, Yg, Zg).
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Hexra je erBanuja paBHU OBO:
Ax + By + Cz + D = 0. (@)
Ta paBaH npo.aas3d KpOs AaTe TpU Tadke, Na je cTOra
Ax, + By, + Cz;, + D = 0,
Ax, + By, + Cz, + D = 0,

Ax; + Bys + Cz + D = 0.

)

ExBanuje (a) u (b) cy AuHeapHe 1 XOMOTr'€He [10 apaMeTpuMa
A, B, C, D. tbuxoBa pesyaranta Mopa Aakae 6utu = 0,
T. j. Mopa 6uTh

To je erkBamuja momenyre paBHU. —

53. Ilpumep 1. Eaumunuparu x us 0eejy aazedGap-
cKux exeayuja, T. j. Hahu w0006y wod *ojom fe O06e aa-
zebapcre ereayuje UMarTyu 3ajeOHUUKUX HKOPEHA.

a) CuasecTepos dujaiuTuuan merTod. Y3MUMO OBE ABE
eKBanuje :

apx® 4 axc* 4 axe + ag = 0,
bux2 + blx + b2 = O.

TlomMHOKUMO HPBY HajOpe ca X°, 1a 3aTHM ca X, a APYry

Hajupe ca x°, 3aTuM ca x° W Hajsaa ca x. Tum myTeM

hemo ao06uru oBy cucremy ekBanuja:
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a® + axt + ax® 4+ axx’ o=
act + ax® + a,x* + agx = 0,

bex® + bt + by’ = 0, (el

bex* 4+ ba® 4 b,x? = 0

bex® 4+ bu® 4+ byx = 0.
VaMmuM0o caA caMo 3a jejaH dacak Aa je

o mm g, & == omy of rm o, 2 e o, X e

ErBanuje (c)] mpeacraB.pahe y TOM cayuyajy jeAHy XOMO-
reHy JAMHEeapHy CUCTeMY; Ta CHCTeMa, a C HbOM YjeaHo
U cucreMa AaTHX eKBaluja, uMmahe 3ajeAHMYKHX KopeHa
caMO aKO je pes3yATaHTa

R=|la a a a; 0 = 0.

0 a a a a,

b, by by 0 0

0 b b by 0

0 0 b, b by |

Aobuan cMo aakae moroaby noa kojom he aare ase
eKBaIlje UMATH 33j6AHMYKUX KOpEHa, T. ). eAUMUHUPALIN
CMO X M3 THX ABejy exBauuja.

Yy onuire, KaA Cy AaTe OBaKBe ABe eKBauﬂje:
ax” + a x4+ - + a,_x + a, = 0,
bOxn + blx"—-l + et + bn—lx + bn = 07

onaa hemo mo CuaBecrepoBy MeTOAY OBaKO €AMMMHUPATII

x: noMHoxkmheMo LpBY eKBalujy ca X", Ma ca Xl m
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Haj3a4 ca X, a Apyry ca x™, 1a ca x’”“,~-- U Haj3aj ca X, U
206uheMo THM MyTeM jeAHY AMHEADPHY cHCTeMy o4 (m - n)
eKBaIja XOMOTeHy mo HenosHaruma x"t, x"+"~l...x. Pe-
ByATaHTa Te€ CHCTeMe, T. j. Pes3yATaHTa npBoGUTHE ABe
exBaunje Ouhe

R = ! Ay Gy Ay @, Appr Gpye -0 | = 0.
1
O aO ay - Ay a, an+l
O 0 Ay - Az Ay a,

0 0 bO e bu-—2 b71—1 bn o

Ta aerepMuHaHTa je (m - nj-TOr CTeNeHa I10 KOEGPUNU-
jeHTHMa AaTHX €KBalluja, ¥ TO M-TOT CTENeHa IO KOoedU-
HUjeHTUMa TpBe, a M-TOT CTeleHa N0 KOEedHIUjeHTHMA
Apyre ekpanuje. —

Hern taj Metroa npuMemyje ce Ipu eAUMAHALMJH U
KaA Cy HOAMHOMH AATUX ABEjy €KBalUja XOMOTeHe dyHK-
unje ABejy NMpoMeH.LUBUX.

Ha npumep, HeKka ¢y HaM AaTe OBe XOMOTEHe eKBauuje
2 e 2 __
A30%1” 4 201X + Gypy” = 0,
U0+ 20150015 4 Agyey® = 0.

IToaeanBmin Te ABe erBammje ca x,°, jobuheMo ABe KBa-
. X ;
ApaTHe eKBallije ca HellO3HATOM - ~, & Te ABe eKBaluje
2y
nmMahe 3ajes HMUYKNX KOpPEHa akKo je
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d= ay 2y a, 0 = 0. (d)
0 ag Wy Gy

Ay 2, ag 0

0 A 2y Gy

b) Ajaepos merod. Hera cy HaM NOHOBO JaTe OBe
AB€ eKBanuje:

fx) = a® + a2 4+ ayx + a; = 0,
Plx) = box® 4= bix + by = 0,

a3 03HAYMMO 3aje AHNYKN KOpeH THX eKBalHdja ca c. Y TOM
caydajy Ouhe

fle _ e

L + PiX + Poy
(<)

P

KaKo ¢ Huje mo3HaTo, OGmhe y Tum pesauujama p,, Pi, Pz,
do, q: HeoapeheHe koauunne. — [lomnomuMo caa ymakper
te. ABe peaanuje. Tum nyrem jodmhemo OBy WMAEHTIIUHY
peaauujy :

(qox + 1) (ax® + @:2® + apx + ag)
= (pox® + P1¥ + pal (bex® 4 by 4 by,
a II0 TOMe ce BUAM Aa je
bopo — @y, = 0,
bipy + bops — a,qy — a4y = 0,
bape + bip1 + byp: — gy — gy = 0,
bopr + bip; — asq — G201 = 0,
byp, — asq, = 0.
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Pesyaranra te cucreme je

bp 0 0 a O |= 0,
b, by 0 a a,
b, b by, a a

0 0 b, 0 oa
a Taj pesyarar cMo a06uau u no CuaBeCTEPOBY METOAY.

IlpuM. 1. EamMuHHpaTH X U3 OBe ABe eKBalmje :
3x2 4 4xy 4 3y2 — 15x — 9y =0,
x? — 2y 4+ 3y — 10x 4 2y=0.

00:. R=4y(y® 4 20> — 9y — 18) = 0.

ITpum. 2. AorasaTu Aa ekBaumje
6x3 — 3x2y — xy? — 128 =0,
4x? — 8xy 4 3y2 =0

HMAjy 3ajeAHHYKHX KOpEeHa.

¢| Bezout-Cauchy-jes meroo. Hajupe hemo ysern aa cy
HaM Aare ABe ekBaumje mcrora creneHa. Hexa je m. mp.
ae® + ax® 4 a,x + a3 = 0
jeAHa, a

boxs + b1x2 + b2x + b3 - 0

Apyra ekBanuja. AKO 110CAeAa TPH 4JaHA Npebamumo
Ha A€CHY cTpaHy, Ao6uhemo 0BO:
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agx” = — (0,37 + ax + ag)
bex® = — (bx® + byx + by,
a 110 TOMEé ce BuAlu Aa je

@ amx® 4 axx + ag
by~ bx® 4 byx + by

CanuauM nyreM Hamiam 6ucMo m A2 je
agx +a; asx + a3
bex + b, byx + bg

9
g™ + o x + a;  ag

bex® + bix 4 by by

Vpeauumm mocaeime TP expaunje, A06uheMo oBaj
pesyAarart:

(wobl—boal)x2 + (aby—beaslx + (@obs—bys) =0,
(@oba— boas) x* '{" [(@obs— bos) (@, b—bas) Jx -+ (@,bg—b,as) =0,
(aob3—“boas)x2 + (albs"“blaa)x‘ + (azbs—Dbyas) ={.
3ajeAHNYKM KOpeHH AaTHX eKBaluja Guhe yjeAHO U Ko-
peHu uocAeArbe TPU EKBaluje; Te Tpu exBanuje umahe
3ajeAHNYKNX KOpEeHa CaMO aKO je bUXOBa DPe3yaTaHTa
R = J (aobﬂ (aobz) (aobs) == O,
’ (@bs)  (aobs) + (@;bs)  (abg)

(@obs) (@1by) (@;bs )

a TO je yjeAHO u pesyaTaHTa aarux eksanuja. Ta pesya-
TaHTa je AeTepMHHaHTa Tpehera cremeHa, Ia Kako je y
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TOj AETepPMMHAHTH @, = a,, TO he Ta AeTepMuHAHTa GUTH
» CAMETPHYHAC (BUAM UYA. 55.).

Aa cMO Ouanm yseaum oBe ABe eKBanuje:
CLO.X'4 + dlxa + a-zx? + agx + 04 — 0,
box* 4 byx® 4+ byx® 4 by + by, = 0,

oHja Gucmo, apmehn ce Besy-Kowwujesa merosa, moran
AOKa3aTh, Aa he pesay.TaHTy THX eKBalWja TPeACTaBbATH
OBa CUMETPUYHA AeTepMHHAHTa YEeTBPTOr CTelNeHa :

R = (ab) (@oby) {aoby) (@oby)
i (@obs)  (@bs) + (a1by)  (agby) + (aybs) (@ by)

' (@obs)  (@oby) —+ (abg)  (ayby) + (azbs)  (asby)

(@oby) (@;by) (@sby) (asby)

\

Hauom. Kaa aarte aBe eKBallje HUCY UCTOr CTeleHa,
OHA3 Cc€é OBakO Tpaxu pesyaranta mno Besy-HouujeBy me-
Toay. — Heka cy aare ose aBe eKBaluje :

ax* 4+ ax® + ax® + agx + a, = 0,
bex® 4 byx 4 by = 0. (o)

IloMuOMUMO exBalujy (&) ca x®. Taza hemo noHOBO MMaTH
AB€ eKBallje HCTOra CTeleHa :

apet 4 ax® 4 ax* 4 age + a, = 0,
bex* 4+ bix® 4 box? = {J

Y oBaj max Guhe aarae
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@ ax® + ax® + asx 4 a,
by = b + by ’

Ggx 4 Gy _ 4" - agx + ay
bex + by bx? ’

ma je crora u
(@gby)x® 4 @byl — beagx — bya, =0,
(@obo)ac® 4 [(@rhs] — Deigln® — (boy + big)x — byay = 0.
Aonuimumo caA y3 Te ABe €KBallje OBe ABE:
bex® 4+ bix? 4 byx =0,
box® + by 4 by = 0,

Ia eJMMUHMPAjMO W3 MOCAeARe 4eTApH exBalmje x°, x* x.
Pesyaranra 6uhe oBo:

R = (aobl) (aobz) bUaS b0a4 = O,
(@by)  (aby) — beas by, + bias  biay

b by — b, 0

0 by — b, —b,
a Ta pesyATaHTAa HUje CUMETPUYHA ACTEPMUHAHTA.

Kaa 6ucmo eaummumpaaun no Besy-KommjeBy meroay
X 13 OBE ABE eKBauudje:

apx® + 3a,x* + 3ax + a3 =0,

a,x® + 3ax® + 3ax + a, = 0,
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oHAa 6ucMO, O3HAUMBUIM pe3yaTaHTy ca 4, 206uau oBaj
peayaTar:

4= . (@@, — a”) AoA3— 1Ay Ay — 4,ag

| (o3 — @10, @B— A3+ 9 (@,05—0)) 4,8, — gty

' Aoy — GqQg O, 00— oty oty — Qg
AKO ca 1 M j 03HAUUMO OBa ABa M3Pa3a:

1= aya, — 4a,a; + 3a)°,
J = awas’ + aa’® + a® — a0, — 2a,a,0,
onza hemo pesyaranry 4 mohm HamucaT# y OBOM 06AUKY
4=:3"— 2758 (e)

Ta pesyaranra 4 je, kao mro heMo KacHuje BEAETH, T. 3B.
JuCKpuMuHaHTa OBe eKBauuje:

agxe* 4+ 4a,x® 4 6ayx® + 4agx + a, =0,

a u3pasm i U ) Cy T. 3B. UMeapujaHTe W3pasa IITO ce
jaB.ba Ha .1€BOj CTPaHU Te EKBalHje.

54. IIPpuMEP 111. 3na ce jedan wapTuKylapan uHTepal
Heke XoMozeHe AuHeapHe JugiepeHyujaane exsayuje N-roza
peoa. JorasaTu Oa ce Ta JugiepeHyujaana exeayuja mooice
ceecTu Ha JeOHy ougbepeHyujainy ewsayujy (n— 1)-goz peoa.

Vsehemo jejzan cneusmjasan caydaj: Ha mpuMep, yse-

heMo OBy XoMmoreHy JuHeapHy AuUdepeHIUjalHY EKBaIUjy
Tpehera peaa:

ys + Xy + Xoyy + Xy = 0, (f)
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Y roj ekBammju cy ca X;, X, X; y osHaueHe Heke
$YHKIUjEe NPOMEH.LUBE X, & CA Yy, Yz Y3 CY O3HAUYEHH W3-
dy d'y d’y
dx' da¥ da*

AKO je y = z napTuKyJaapaH HHTerpaJ AaTe Aude-
peHnmnjasne exBaunje (f), oHAa he 6utn

BOAU

zs + X122 + X221 + st = 0 (g)
Hera je caa

v = Zyl — Zly,

T. j. HEKa je

—v 42y —zy = 0.

AKO Ty ekBalujy AMdEpPEeHLIPaMO ABANYT y3acCTONUE, A0-
6unheMo OBy cucTeMy exBaumja :

— v+ 2y — 2y =0,
— U+ 2Ys + Y — 23y, — z5y = 0.
Te Tpu mocaeame ekBanuje n para eksBauuja 6uhe 3az0Bo-

Jb€HEe y UCTU MaX CaMoO aKo je AeTepMuHaHTa cucreme = 0,
T. J. CAMO aKo je

4=|1 X, X, Xay = 0.
0 0 z —v —zyy
0 z 0 — v — 2
2z — 2 —U;— 25y

Ty aerepmunanTty npeobpasuheMo OBAaKO: MOMHOMKI~
2
hemo ueTBpTYy KO.0HY ca 3 Tpehy ca z;, Apyry ca z,,

opBy ca z; U Aojahemo mocae Tora mpBe Tpu KO.AOHE uYe-
TBpTOj. MIMajyhu y Buay noroabeny peaaunjy (g), 6uhe Taaa.

TEOPUJA AETEPMHUIIAHATA 9
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I X; X, 0 =0

0 0 z v

nan

V2 — V(2 — Xj2) + v(z, + X2) = 0,

a Ta je AudepeHlUjalHa EKBalllja APYrora peaa.



OAE/BLAR HIECTH.
AETEPMUHAHTE CHEIUJAAHAX OBAUKA.

CumeTpuuHe ABTEpMHHAHTe.

55. Eaementu a, u a, AetepMuHauTe | ay, | 30BYy ce
#0MY208aHU eAeMeHTU ; H. TP. Y ACTEPMUHAHTH

Gy Gz O3
Gy G2 Qg
(s Gz Ggg
Gy KOIYTOBAHU €AEMEHTH (g U Gy, Gz 11 Gy U T. A. HKaa
Cy y HEKOj AeTepPMHHAHTU KOKYroBaHN €1eMEeHTH jeAHaKH,
OHAZ C€ Kalke Aa je AeTepPMUHAHTA aKCu-cuMeTpuyHa nAu
IpPOCTO cuMeTpuuia; Ha IpuMep, AeTepMUHaHTa
(y Gy g Qyy

Ors  Qyy  Qgg Qo

Qg a3  Agg (g4

Ay Ay Agy Ay

jecre cumeTpmdHa Aerepvunanta. Eievedrd i-Te BpCTE U
i-re KO.AOHE Cy Y CHMETPUYHUX AeTepMUHAHATA jeAHAKH.

VsmuMo caa ABa MuHopa M u M, AeTepMUHAHTE
4 = | a,, |, 1a IpernocTaBuMO Aa CMO MUHOP M (munop M,)
9#
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A0OMAM THM, IITO CMO Yy MaTpuumu AeTepMuHaHTe 4 TO-
Gpucaau u-ty, v-TY, '+ BPCTYy (KOAOHY) M i-Ty, K-Ty--:
ko.a0HY (Bpery). Tu MuHOpm Gmhe crora oBor 06aMKA :

M= a,‘,, a/lq"° y M1 p— apl apm"’ ‘.

mp amq. .. aql aqm. .o

Arxo je gerepmuHanTa 4 cumerpuuHa oHAa he 6uT; a,=a,,.
Ilo Tome ce Buau aa he y Tom caywajy 6utu M = M,, a
TO BHAYHN 02 CY KOWY208aHU MUHOPU CUMETPUUHUX OeTep-
munanara jednaru. IIpema TOoMe he u adjymzosana Oe-
TepmunanTa | A, | Guru cumerpuuma, axo je Oerepmu-
HaHTa | @y, | cumerpuuna.

HamoMena. CuMmerpuyne AeTepMHHaHTE jaBaajy ce
HapounTo 4ecro y AnaanTuuHoj I'eomerpuju.

56. TeorEMA. Keadpar newe Oerepmumante je cume-
Tpuura 0eTePMUHANTA.

Hexra je

Eaementu b, u b, 6uhe oBor o6.anka :
brs = Anag + A9 + T + Ay, gy

bsr = gy, + Aollys + tee + (1207 20

IIo Tome ce Buau aa je b, =2b,, a TO 3HauUM Aa je Ae-
TepMuHAHTa | by, | cumerpuuna.

Ha npumep,
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[aboes P = | a + b° + ¢ aay + biby + cicy
aa; + bbby 4 e, al 4+ b + ¢
@03 + bib; 4 €165 @03 4 byby + cocy
amag + bib; + cics |-
a5 + bybs + caCq
ag + b + c5

ITocaeauna. Ceaxu uapan creuen Hexe OeTepMUHAHTE
jecre cuMeTpuuna O0eTepMUHAHTA.

57. TeorEMA. Ka0 ce Hexa cumeTpuuHa OeTepMu-
HAHTa TOMHOJCU KEa0PaTOM Here OeTepMUHAHTe UCTO02a
cTeueHa, OHOa je UpPOuU3sod cuMerpuuHa OeTePMUHAHTA.

Heka je | @y, | AaTa cuMerpuyHa AeTepMUHAHTa U
Hera je | by, | oHa AerepMunaHTa uujuM heMo KBajpaTOM
IIOMHOMUTH AeTepMuHaHTy | @, | Aabe, Heka je

f Ay,

'Ibln]:Icln’) a Icln .lblnl=ICln

Tpe6a aorasatn aa je Aerepmunanta | C,, | cuMeTpudHa
T. j. Aa je C; = C,. — JacHo je aa je

Ca = bucu + baci + -+ +bics
= (pby + gy + -+ 4 a1,y by
4 (@nbu + G2bis + -0 4 a3,b,,) by

+ (anlbkl + an2blz2 + e + annblm) bin
= (auby + Anbp 4+ - + Aubs) bu
4 (@b 4 @b - -+ - @,2b;) by

+ (@ba + @b + - + @uDis) Dpe
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Ho wako je @, = a,, To hemo 36up INTO ce HaAA3U
133 TUOCAEAEr 3HaKa jeAHAKOCTH MOhM HAIMCATH Y OBOM
061Ky :

buca + biCa + -+ + biCin

Taj uspas mnpeacraB.ba Mehy TuMm eaemenar Cy; y Aerep-
munanta | Cy, |. Crora je Cy = Cy, q. e. d.

Mocaganua. Ma wxoju cTewen cumerpuuHe oOeTepmMu-
HaHTe je cuMmeTpuuHa OeTePpMUHANHTA.

To je mpaBmaO MMOCJAEANIa TEOPEMA NMOMEHYTHUX Y IO-
cJeAma ABa 4YaaHa.

58. HommujeB o6pazam (ua. 31.):
A - arsAr: - Ea’isarkBik

npuMerbyje ce HAapOUMTO 4eCTO MPH Pas3Bijamy CUMETpPHU-
HOX AETePMUHAHATA I y TOM CAy4ajy ce Taj obpasal MOMe
HamueaTH U y Apyrom o6auky. YsMumo Aa je r = s = n.
V rtom cayuajy Guhe

A = annAnn - zainankBik’ (a’
(i R=1,2,3, [n—1).

Kaa ie i = k = p, oHAa hemo 206uTH OBakaB jeiaH 4aaH
aerepmnHanTe 4: @,,a,B,. AKO je AaKie AeTepMUHAHTA
A4 cumerpnuna, oHA3 heMo Taj waaH Mohu OoBaKO HamucaTu:
@*,B,. Aabe, Kaa je i = p, a k= ¢, onAa hemo Aob6utu
oBaj uraH AerepmuHanre 4: a,a,B,, a Kap je o6paTHO
i = ¢, a k = p, ovAa hemo g06uTtn oBaj 4aau: a,a,,B, Ilo-
cAeAba ABa 4YaaHA CY jeAHaKa KajA jé AeTepMHUHAHTa Cu-
MeTpu4Ha.

Aakae, Kaa je 4 = | @, | cumerpuyHa AeTepPMUHAHTA,
oHAa ce o6pasal (@) MOKe HANUCATH Y OBOM OGJHUKY:

4=a,A, — Xd,B, — 2Xa,4a,B,. (b)

IMpumenumo oamax Taj o6pasau. Heka je H. mp.
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4=|a h g
h b f
g f ¢

Aerepmunanra 4 je cumerpnuxa. Crora je
Ad=c|a h|—aff—bg®+ 2fgh
h b
= abc — af? — bg® — ch® + 2fgh.
Aa.be, HeKa je
A=\ ay ay, ag u | (1)
Ay Gy (o U

Q3 Qg Qgz  Ug

u, Uy ug 0

Ta aerepMuHaHTa je cHUMeTpUUHA aKO je &, = Q.
Aaxrae, ako ca B, 03Ha4UMO KO®AKTOD €AEMEHTa a; Y
AeTepMUHAHTH | a3 |, oHA2 he y oBOM caydajy mnpeMa
obpacuy (b) 6utn (B. ur. 32.)

A= — (Byyu,"+ Byus’ + Byguus® + 2 Biyt s + 2 Basttaus+ 2 By usu il

Teav. 1.| 0 a b ¢ | =a??+ b%? 4 c*h® — 2abfg — 2acrh
a 0 h g ! — 2bcgh.
b R 0 f|
c g [ O

IIpuM. 2. Y HEKOj CUMETPHYHO] ACTEPMUHAHTH A je 36up eaeme-
Hata y cBakoM pery = 0. Aokasatu (1), aa je A=0 u (2). aa cy cBn
npeu muuOpu aerepMumanTe A jeamaku.
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59. Ysmumo caa aa je y AeTepMuHaHTH (1) MUHOp
las | =0. YV roM cayuajy he (wa. 42.) wosakxTOpH e.e-
MeHaTa Ma KOr peAa AeTepMuHaHTe | a3 | Guru cpas-

MEpHU C KOPAKTOPUMA HACIPAMHUX eJAeMeHaTa HeKOor
Apyror peaa Te AeTepMuHaHre. Buhe aakae

By Biy: Big= By : Byy : Byy = By : By, @ By

Ho wakro je agerepmunanra (1) cumerpuuna, 6uhe B, = B,
M3 ropmux cpasmepa poGuheMo jakae y oBaj Max OBO :

By, = + |/BuBw, Bu= = |/BuBy, By= + |ByBy.

Aakae, kap je mumHOpD | @3 | cuMeTpuume aerepmu-

HaHTe (1) = 0, oHaa ce AerepMuHaHTa 4 MOMe OBaKo
HBPaBHTH .
4=— (Buu* 4+ Byus® + Bgug® + 2 VBuBz-z * U Uy
4 2 VBzzBss - Uy += 2 VBssBu - Uglly). (2)

SHauy ucnpes mnojeAnHUX KopeHa oapehyjy ce Tum,
ITO Ce y CBAKOM IOCEGHOM caydajy Tpamu aare6apcka
BPEAHOCT KOdaKTOpa Byy, By, B;. Ho uma onmmtux mnpa-
BUJa IO KOjUMa €€ BHAM KaKO CTOje 3HAIM THX KOJAMYMHA,
jeaan mpema Apyrom. Aa 6ucMO Ta IpaBuAa yOuMaAM, [O-
MeHyheMo nmpBo TO, Aa kKoan4uHe By, B,, By Mopajy umaTtn
ucre 3Hake. To ce Buau HemocpeiHo mo Tome, MWITO KO-
AnuuHe By, By, By He 6u Morae Ourn peaane, Kaj Ko-
anunne By, By, By He 6u 6uie jeaHako o3HaYeHe.

Ysmumo caa (a), Aa je B, >0, By > 0, By; > 0, na
HieKa je ceM Tora Bj; mosutuBHO (HeraTuBHO). Ilo cpasmepu

By; : Bj3 = By, : By (3)

BUAM ce Aa he y ToM cayuajy koamumue B,y u By = By
Moparn 6uTH jeAHaKO (HejejHaKo) oduaueHe. Y H3pasy,
mWITO ce Haaa3W y 3arpaAu, Omhe Jakae y TOM CaAyYajy
BHaUU HCUpeA KOPeHA uau CBU I[IO3NTUBHA uAd he ABa
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3HaKa ONTH HeraTwBHA, a jeAaH Mo3uTHBaH. U y jeaHoMm u
Y Apyrom cay4ajy Mmohnm hemo npema ToMme mspas y 3a-
rpajun HamicaT# y oOJHKY jeAHOra KBajpaTa.

Aa.be, Heka je (b) By, << 0, B, << 0, By << 0, na sexa
je 1OHOBO B,; no3uTHBHO (HeraTtusHO). Y TOM cayuajy he
npema cpasmepu (3) roanunHe By um By 6uTtd HejeAHAKO
(jeaHaro) osmauene. ¥V uspasy, IITO ce Ha.lasu y sarpaju,
Ouhe jakJe BHaLUU WCIpeA KOPEHA WAN CBM HEraTUBHH
uin he ABa sHaka OHTH TO3UTUBHA, & jeAaH HEraTHBAH.
AKO ce aaKae y OBOM caAy4ajy M3By4e 3HAK MUHYC UCIIPEA
3arpaae, oHAa he y mpBa TpH uJaHa [OMEHYTOT H3pas3a
3HaIM OMTH 1OSHTHBHU, & y OCTada TPH dY.iaHa nan he
CBH 3Halu OMTH NO3WTHBHH, uAN he ABa 3HaKa 6UTH He-
raruBHa, a jeAaH nosutusan. My Tom cayuajy mohu hemo
AaKJe AeTepMUHAHTY 4 H3Pas3nTH jeAHUM KBAAPATOM, CaMo
mTo he ce y TOM caydajy Hclpej KBaApaTa jaBbaTH [10-
BUTUBAH 3HAK.

Kao je oax.e y cumerpuunoj derepmunantu (1) munop
| a3 | = 0, onoa ce cearxad -+ A Modce uspasuru wnea-
oparom jedHo: auHeapHoz u3pasa 0802 00AUKA :

Uy + auy + agus.
Y Tom uspasy je

a, = + VBl_b a; = 1 VE; a3 = —+ VB33-

To mnpaBua0 1OCTOjI M Kaa eAeMeHAT IITO OATO-
Bapa KO®AKTOPY | @3 | y cuMeTpnuoj gerepMunanti (1)

Huje = 0, camo ako je |ay| =0, jep y ToM cayqajy
MOHOBO npeMa obpacny (b) Hehe 6urTn mnpsora uaaua
@A, Y ACTEPMUHAHTH C€TOra, WTO je A, = | a3 | = 0.

60. YVsMmumo caj AeTepMuUHAHTY | @, ] 11a HEeKa je

F(x) = ay — X 3 e ay, == O’ ‘

_~

an Ap— X -+ s,

anl a,,‘) T a’:m — X
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Erpaumja F(x) = 0 je aare6apcka ekBauuja (npum. 6.
uya. 30.) n-tora creneHa. JokazaheMo OBy TeopeMmy :

TEOPEMA. Ao je deTepMmuHaHTa | @), | cumerpuuHa,
oHda aazebapcka ewxeayuja F (x) = 0 uma camo pearnux

HOpeHa.

JacHo je aa je

Fl—x)=|ay+x Qo A,
A ap + X A3,
anl an2 aun + x
Ako je aerepMunaHTa | @y, | cumerpuuna, 6uhbe a, = a,,.

Axo aagae nomuomxumo F (x) ca F (— x), qo6uhemMo oBakaB
pe3yaTar:

F (x) F( — x)
2 —_
=|Cyg—X Cy2 C1n = 0, (5)
2
Cxn Cop — X (M
2 _
cnl cn? cuu X Cr: = Cy

a y TOj AETEPMUHAHTU je
Ca = Ay + Qs + *** + @, 0,

Ty exsaunjy (5) mohn hemo caa npema obpacuy la) 4a. 30.
HalmicaTn y OBOM OG.AMKY :

l Cln l _x22Dn—l+x‘ZDn—2'—x62Dn—3+ te —I_ (.._.xz)”-_: O' (6)

Aorazahemo aa Aerepmunadre D, ,, D, 5, D, -
NpPeACTaBAbajy cyMe KBaApaTa MUHODA AeTepMUHaHTe | a, |,
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1. j. Odokasafemo da cy abuposu XD, ,, XD, ,, XD, ;-
WO3UTUEHU. — YOuuMoO TOora pajul jeAHy uamehy aerep-
muHasata D, H. np. younmo AerepMmunanry D, .. Ta ae-

TePMUHAHTA je (n — 2)-ror cTeneHa, a OBOT 00JHKA (IPUM.
6. ua. 30.):

Dﬂ_gz’ Cp Cp tt Cp o (7)
|
‘,cgf Cog Cor
|
[ vee eee e
i
% Crf crg C,

Ta aerepMmuHanta AobuBa ce Mehy TuM kaa ce mpomi-
peHa AeTepMHUHAHTA

A Gy Qg ot Oy,
agl agZ ag3 * agn
a, ar2 Qg a,,

noawrde Ha Kpaapatr. [IpemMa ToMe he ce AeTepMUHAHTA
(7) mohm wuspasutm 36MpOM TPOM3BOAA A€TEPMUHAHATA .
(n — 2)-ror cremena (4a. 37.); y CBaKOM TaKBOM [pou3-
BOAy jaB.bahe ce mo ase gerepmnHanTe. Te AeTepMUHAHTE
6uhe y oBaj mMax jeanake T. j. AeTepMmunanrta D, , MOxe
ce u3pasuTé 36MpoM KBaApaTa ApPYruX MHUHOpA AeTepMu-
HaHTe | @y, '. 36uposu XD,_;, XD, s, XD, ;- Guhe aarae
3ancra TMO3UTUBHU, a TO cmo u TBpAmau. Ilo Tome ce
BHAM A3 CBU Y.AAHOBH IITO ce y ekBanuju (6) jaBmpajy Ha
HelapHOM (IapHOM) MecTy MMajy MO3UTHBaH (HeraTUBaH)
suak. IIo AexaproBoj Teopemu He he jakae exBauuja (6)
MohH MMATH HeraTHBHIX KOpeHa, a TO 3Haud, Aa AaTa
exBaluja (4) He MOMe HMATH MMAarMHADHUX KOpPEHa OBOT

obaura: b V — 1. Ho momKe ce 20Ka3aTl A3 AaTa €KBalllija

He MOe MMaTH HH KopeHa oBor obauka: @ + b [/ — 1.
CMeHIMO Ha WMe y eKBaluju (4) HemosHaTy X cay -+ a,
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Ha 3aTHM @y — @, Gy — Q,>+ C& @'y, @'y, >+; § TOM CAy-
yajy npeobpasuhe ce Ta ekBaluja y OBy eKBauujy:

)
an—Y Ay2 e =0,

|
|
,. axn U — Y
|
|

a KopeHH Te ekBalnuje O6uhe 3a ¢ mMambu 04 KOpeHA AaTe
exBanuje. Jakae, Kaa je x =a + b V——-——_i, oHAa he mo-
parn 6utm Yy = bV——i, a TO IIpeMa OHOMe MITO Ma.ao
4ac peKocMo, He Mo#ie Aa Oyae. Kopenu exBannje F (x) = 0
€y AaKJe peaJHu, Kaj je AeTepMUHAHTa | @;, | CUMETpUYHA.

61. OprocnMETPHMYHE AETEPMUHAHTE. — HKaja cy eae-
MeHTH, [TO ce HaJlal3e Ma Ha KOjoj IIpaBoj, IITO HAE Yy
UpaBly TrJaBHe NAM CIOPEAHE AujaroHale HEKe AeTep-
MUHAHTE jeAHaKH, OHAA Ceé KaMe Aa je Ta AeTepMUHAHTA
opTocumerpuyHa uan uep-cumerpuura. Ha npumep, ae-
TePMHUHAHTE

“ al bz C3 d4 65 n al 0/2 0/3 e a”
fo & by ¢5 d, ay Gz Gy 0 gy
g fo @ by ¢ A Ay Gy v Gy

hs g1 fo a1 by

Ll hy g; fo @ Ay Qugy Quyp *° gy
= P (a,, a3, ag,"+ -y, ,)

jecy oprocumerpuune AerepmuHaHTe. IIpBa seTepMunanTa
je oprocumerpuuna mpema CHOpeAHOj, a Apyra IpeMa
r1aBHOj AujaroHaAu. Y OpPTOCHMETPHUYHO] AETEePMUHAHTH
%-TOT cTemeHa He MoMe Ourn Bume oa (2n — 1) pasau-
YUTHX €JeMEeHATa dy, Uy, Ug, *** Oy, ;.
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62. HamnmuMo caj eaeMeHTe OpTOCHMETpHUYHE Ae-
TepMuHaHTe P (a4, @y, @3, < Ag,_;) Y jeAaH pea:

ay Ay Qg Ay -+ Ay,
n OAy3MI/IMO CBaKN 4/4aH TOra pe,a,a 04 YJaaHa I{O_iH He-
IOCPEeAHO U3a Ibera ¢Toju y ToMme pedy. Tum myreMm 20-
6nhemo pea mpBux pasanka. OAy3MuMO Aa.be y peAy IpPBUX
pa3anKa CBaRU 4YJlaH 0A 4JaaHa HOjPl HeHOGpe/J,HO n3a mera

croju y Tome peay. Tum myrem pobuhemo pea aApyrux
pasauka u T. A. CBH TH peaoBu yrymHo Gnhe oBN pepoBu:

a, @ A3 Gy A5t Oy
An A21 A31 A«u A2n—2>1
AIZ 422 Aaz A2n—-312
4 18 Az3 A2n—4)3

Ah2n—2'
AorasaheMo osy Teopemy :

TEOPEMA. OpTocumerpuune deTepmuHanre

A — P (ah a27 e a2n—-1)

P (a4, An, Ay, - di. 2

jecy wo 8pedHOCTU €60joj jeoHare.

Aa He 6ucMO nucaam Beauke uspase, ysehemo oy
crenujalHy OPTOCHMETPUYHY AETePMUHAHTY

4 = P (a,, a,, a3, ay, a5, ag, a;).

Tpeba aakrae AOKasaTu Aa je
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4d=|a a,
ay Qg
as a
a, as

TEOPAJA

as a,
a;
as ag
as  a;

AETEPMHHAHATA.

ay

All

4,
Al3

4, 4, 4,
4, 4,; 4,
4; 4, 4,
4, 4, 4,

Tora paaum oaysehemo y AaToj AeTepMUHAHTH 04
CBaKOT eJeMeHTa i-Te Bpere (i = 2, 3, 4) HacmpaMHe eje-
menre (i — 1)-Be Bpcre. Aa.be, ogysehemMo y seTepMuHAHTH,
KOjy TuM nyreMm 6yaeMo Ao6m.anm, 04 CBaKOT eA1E€MEHTa, i-Te
Bpere (i1 = 3, 4) HacnpaMHe eJeMeHTe (i — 1)-Be Bpcre.
Tum nyrem pobuhemo omer jeany aerepmunanty. Hajsas
hemo y TOj aerepmuHanTM OAy3eru Tpehy Bpcry o4 ue-
TBpTe. YcJaeaA TUX TpaHCeOpMaluja He he ce BpeaHocT
AerepmnHante 4 npomenuTu. Buhe aakae

4=

A¥o caj y TOj AeTepMuHAHTH HCTO

a
4,
4,
4y

as
4z
vip
A

a3

4
Ay
Vi

Ay
4,
4,

A43

oHaKO 6yaeMo oAy-

3UMaJAN KOJOHE, Kao IITO CMO MaJ0 4ac OAY3UMaJau BPCTe,
Ao6uheMo oBaj pesyarar:

4=

a, dy
4, 4,
4., 4,
4,; 4,

4,
4
4,
4.

AIS ]
AH
Al5

Zige

a TuM obpacieM je opMy.aucana MoOMeHyTa reopema. Oamax
hemo npumenuTn Ty Teopemy.
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Hexa je

4= 3 8 15 26
8 15 26 43

15 26 43 68

26 43 68 103

Aerepmunanta 4 je oprocuMerpuuHa, a peAOBH Pas3aHKi
Cy OBO:

3 8 15 26 43 68 103

5 7 11 17 25 3

0 0 0
0 0
0.
Crora je
4=3 5 2 2 |=2%

5 2 2 0

2 2 0 0

2 0 0 O

Hcero ce Tako Mome AOKasaTH Aa je
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1 4 9 16 |=|1 3 2 0(|=0;
4 9 16 25 3 2 0 0
9 16 25 36 2.0 0 0
16 25 36 49 0 0 0 0
7 0 —4 —5 | =0, 1 8 27 64 | = 6"
0 —4 —5 —3 8 27 64 125
—4 —5 —3 2 27 64 125 216
—5 —3 2 10 64 125 216 343

Ilo Tum npuMepuma BuAM ce Oa je OPTOCUMETPUUHA OeTePMU-
NANTa N-TO2a CTeUEHA, HUJU eAeMEHTU UpedcTas.bajy jedny
APUTMETUURY UpOzpecujy m-Toza peda, TauHo = ( 1ad je
m<n—1; xad jem = n— 1, onda je opTocCuMeTpUUHA
OeTepMUHAHTA N-TU CTeTeH HeKe KOAUWUHE.

63. Osnauumo caj ca a; HeKy palliOHaHY Lleay PYHK-
nujy f (k) m-tor crenena, y kojoj je KOeoUuUjeHaT CTelneHa
k™ cBakaa = 1. ¥ ToMm cayuajy he 6pojesu a,, 0y, @3, Ag, -+
IIpeACTaB.LaTH jeAHY aPUTMETHYKY IPOTPECH]Y M-TOTa peaa,
a CBU Y1aHOBM y peAy m-TuxX pasauka 6mhe = m!; ocraan
42aHOBH A4y, diyq, ©*+ PA3ANKA BHIINX peaoBa Guhe
cBu 04 peaa = 0. Ako je m =n— 1, ounaa he npema
TOME CBU €4EMEHTH Ha ClLIOPeAHO] AMjarOHAAM OPTOCHME-
TpuuHe AeTepMunanTe P (ay, ay, da, -y, o) 6utn = (n —- 1)!,
a CBHU €J1eMEHTV UCNOA Te aujarovasae 6uhe = 0. To 3maun
Aa je y ToM cayuajy

n(n—1)

Plao, ay, a3, a9, o) = (— 1) '? [[n— 1) .
Kaa je m < n—1, onaa he npema maao uac MOMEHYTOj
reopemu 6utn P = (.

Yamnmo cas Aa je ca ¢ osHaueH Ma KaKaB 6poj, na
HEeKa je
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. _(c + kR + m) . (c+h—4m)lc+R+m—1)---(c+k +1)
L= _— .

m m!

Y ToMm cayuajy Guhe

Py, dy,-+ a,) = (c j;lm) (c—i—z’;—l— 1)"'(C+?m)

m

[rmEt et

m

(c-'ir’;r;Qm) (c - 271: —+ 1) (c +m3m)

m(m+41) n(n—1)

={=1 ¥ =1 ?.

64. Ys3muMO Haj3aA OBy OpPTOCHMETPHYHY AeTepMii-
HaHTY

Pe=| o aq  aq’ - aq!
aq  aq® ag® - aq"
aq2 aq3 aq4 o aq"+l
aqn—l aqn aqn+l ... aq2n~2

EaemenTu Te aeTepMuHaHTE jeCy 4AaHOBH jeAHe re-
oMeTpujCcKe nporpecuje. AKo cai Ma KOJy BPCTYy (ceM IpBY}
[oAeAuMO ca ¢, OHAa hemMo A06UTH jeAHY AETEPMUHAHTY
y kKojoj he ama peaa 6utH jejnaka. Ta aerepmunanra, a
¢ BOM yjeAHO n AeTepMuHaHTa P, 6uhe mpema Tome = 0.
Aakae, ka0 cy eieMeMTU HeKre OPTOCUMETPUHHE OeTePMuU-
HaHTe 41aHo8U JeOHe 2e0MeTpujcke Upozpecuje, oHoa je Ta
oerepmunavra = 0.

TEOPHJA AETEPMHHAHATA 10
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85. IlupkyJAHTE. JerepMuHaHTe OBOI' O0AMKA:

A4A="a a a5 a,_, a, |
|
a, Ay o lyy Gy |
\
a‘n-—l an al e a’u-—3 an—Z‘[
|
......... 1‘
as ay Qs a, ay |
|
| Gy Qg Ay a, a

80By ce uupryaanre. Te perepmunanre Ge.desme ce cUM-
60A1YKHM OBAKO:

A = C (.“l’ aZ) a37 e an.}'

IlupkyaaHTe cy, Kao IITO BUANMO, HEKe cliellujaaHe OpTo-
cuMeTpuuHe AeTepMUHAHTE; OHe ce HapO4YUTO YeCTo jaB-
spajy y Teopuju BpojeBa, a 30By ce u 060jHO opTocuMe-
TpUuyHe OeTepMuHaHTe.

Aa 6ucMO AOKa3a M jeAHY BaimHYy TeopeMy, O3HAYH-
hemo ca a; (i =1, 2, 3,:-- nl jeaaH 0A KOpeHa OHHOMHE
exBanuje a” = 1, a ca [ () 0Baj IOAUHOM :

fle) = a, + e, + asa? + -+ + a0

TeorEMA. [[upxyaanra Clay, a,, as, -+ a,) Modce ce Ge3
ocTarka Wo0eiuTu uoiuHomom f(a).

Aa 6ucMO AOKasa.ll Ty TeopeMmy, HalMIINMO OBy Ae-
TEPMUHAHTY N-TOTa PpeAa:

D=|1 a a°: - o !
1 ag af e (Zg"‘l
l a3 a32 . a3n—-1
e, e o
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Kom6unyjMo caa Bpcre AerepMuHante 4 ¢ BpoTaMa Ae-
TepMuHaHTe D. AKO IpM TOME y3UMaMo y BUAY Aajeq” = 1,
oHaa hemo pesyarar Mohu oBako Hamuearn:

4D =| flay) fleg)) =+ fle)d |
anf(a) asflog) oo e flet,
a’flen)  alflay) - a’fle)
o Mfley) @ flew) o e e

a II0 TOMEé ce BUAU A3 je

4D = flay) fletg) +*- fler) D

nan

4 = fley) fleg) -+ fla,)
nan ¢
Cc (al) Agy Qg, *** au\

= I”I (al + A0 ‘+‘ a,ga,-? —|— 5 _|_ a'"ain—l)’
=1 .

a TO CMO U TBpAWAHN.

Ha npumep, nupky.aanra

o

l

x 0 0 0 vy

0 0 y x 0,

00 0 y x|

MOMKe ce u3pasuTm OBUM IIPOU3BOAOM :
10%
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C == (x 4+ ay) (x4 agy) (x + agy) (x + ay) (x + azy)

x+y)(x+ [/54—1 +V“H,;2V5V—-_1 y

"

8
-+

( [ J5—1 1o 4-_21/_51/»__—1
4 4

&
=

( —__VE;[-i /10 — 21/5 ]
(

<

J
<
" " Rre—

e | VBt _1/10:2__]/_3]/_—1

=2+ 9~

Hako je jejam xopeH ekBamuje @”" = 1 u a; = 1, 10
he 6uTn

fle) =0, 4 a; + ag + -+ + a,,

a TO 3HAUM A& Cce YUPKYAAHTA MOJCe TOOeiuTu 36upom
ce0jux eremeHara.

Mpuv. 1. AoxrasaTu A3 ce cBaKa NUDKYAQHTA 2N-TOT DPeAd MOMKe
HANUCATH y OGAMKY jeAHe HUPKyJAaHTE N-TOT pPeAd.

TpuM. 2. AokazaTu Aa je
C (3, a3, a3, ay)
=| 08 — 0,85 4 0385 — ayuy 08 — aya, ~+ a3 — aya, |.

Qg — Gglyg |- G105 — G0y 10y — Ay09 - Aa3 — Goay

66. HoCE n KOCO CUMETPUYHE AETEPMHHAHTE. AKO je
@, = — a, y HEKOj AeTePMUHAHTH | a,, |, OHAA Ce Kae
Aa je AeTepMuMHaHTa | @, | xoca. A ako je y HeKoj Ae-
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TePMUHAHTUA | @y, | ¥ G, = — a, ¥ @, = (, OHAZ ce Kame
A2 je AeTepMHHaHTa | @y, | ®oco cumerpuuna. Ha npumep,
AeTepMHUHAHTa

je ®roco cumerpuuna.

Hoce aerepMmuHaHTE MOry ce cBakaj CBECTH Ha KOCO
cUMeTpuYHe. Y3MuMo Ha uMe Aa je aerepmunanrta 4@ xoca.
Ty aerepmunanry mohu hemo uszpasutu oBako (4a. 33.):

AP = A9 + 204G + BCAG + - + 2C,_,49 + C,.

Ho krako je a,, = — a,, 10 he gerepmunante 49, 4¢,---
cBe 04 peAa GUTH KOCO CUMETpUYHE, T.j. CBaKa KOca Ae-
TePMHHAHTA MOMe Ce BalCTa CBECTH Ha KOCO CHMETpHUHEe
A€TEePMUHAHTE.

67. TeopEmA. Hseadpar Heke OeTepMuHanTe TapHo:z
cremeHa Modice ce HauucaTu Yy 00AUKY JeOHe KOCo cuMe-
TpuuHe OeTepMUHAHTE.

Ha npumep, nHeka je n napan 6poj, ma ysmMuMo aa je
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An A3z (a3 Gy **° Agyq gy

ves see v cee s oo cen

Ad=|ay ap &3 Gy = Gy G, ‘ (@)
|
1

@1 au2 anS an4 e an)n—l a

nn

Hanuimumo Ty AeTepMHHAHTY Yy OBOM OGJHRY :

Ad=| ap—a; a0, — 03 -+ @, — Ay |- (b)

Qgg — Qgy Qg — Qg *** g, — Qg

“e oo cen oo cee e Ry

Ay — Ay Gpg — Aug Oy — Qyyn—1

AKO DOMHOMHMMO AeTepmunante (@) u (b}, Ao6uhemo
OBY AETEPMHUHAHTY :

d*=|cy cyg Cg  Cy s (c)

| Ca1 Cyg Cog " Cyy
|

Cnl Cn2 cn3 “f Cpn
rae je
Cit = Al — Uplyy + Qiglyy — Aigyg + ot GO — QL0 .

Ilo Tome ce Buam Aa je ¢, = —¢c,, a ¢, =0, 1. j. ae-
TepMUHAHTa (c) je KOCO CHUMEeTPUYHA.

68. TeopEMA. Koco cumerpuuna OeTepmunaHTa He-
uapHoz creaena je = 0.

¥3MuM0 H. mp. OBY KOCO CHMETPUYHY AETEPMUHAHTY
Tpehera cremena:
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4= 0 A g |,
— Oy 0 (og
— @3 — Gy 0

na TOMHOMUMO Ty aeTepMiiHaHTy ca (— 1)°. Pesyarar he
6utn OBO:

| Oy (ag 0 ‘

Bpcre aerepmunante 4 cy, Kao IITO BHAHMO, KO.OHE Ae-
repmunadtre — 4 n o6parHo. Crora je

4=—4
nin

4 =0.

[Ipuy. 1. YpeauTu AeTepMUHAHTY

Ad=]|x —a —b —c
a x —d —e
b d x —f
c e f x

110 CTeneHuMa KOoaAudYHuHe X.

Pa3BuheMo (ua. 33.) AerepMuHaBTy 1o obpaciy
A0 — xn -2 3 A4 i—3 3 A® > 40D A®
=X + X 0 + X 0 + cee + o 0 + 0 -

Hako cy Koco cuMeTpHYHEe AeTepMHHAHTe HemapHOr cremeHa = 0, Guhe
Yy oBaj Mmax



TEOPHJA AETEPMHMHAHATA.

l
\
|

Ad=x4x*[ |0 —al24|0 —b Z—H 0 —c P40 —d |2
[a 0 b0 c 0 d 0

410 —e|24]0 —f?

e 0 f 0]

+10 —a —b —c

a 0 —d —e

b d § e f

| ¢ e f 0

A=xt+ @4+ 02+ 2+ d? 4 e 4 1% x* + (af — be + cd)™

Ilemdi. 2. Aoxaszatm aa je

a b c d
— b a -—d c
—c d a —b
—_d —c b a

= (a4 b2+ o2 4 @22

69. Ysmumo caa ABa MUHOpa M-TOU creleHa, O3Ha-
uuMO ux ca M u M, m npernmoctaBuMO Aa ¢MO MuHOp M
(MmuOp M,) A06MAM TUM, IITO CMO Y MATPHIX KOCO CH-
MeTpuYHe AeTepMuHaHTe | a;, | nobpucainm u-ty, v-Ty, -

BpCTY (KOAOHY) n i-Ty, R-TY,--
Hopu 6mhe crora oBor o6G.4uKa:

M= Gy, @ - |,

a mo TOME ce BUAU Aa je

M= (— 1" M,

S |

KoJ0HYy (Bpery). Tum mu-

mp o )

mq
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T. j. KOMY208aHU MUHOPU KOCO CUMETPUYHE OeTEPMUHAHTe
cy jedHaru ®ad je m mapan 6poj; a aKo je m Heuwapan
6poj, OHOa CY KOMY208AHU MUHOPU WO AUWCOAYTHO] 6ped-
MHOCTU jJedHaKu, aiu je jedan 00 HUX WOIUTUEAH, & OPY2uU
HezaTueaM.

Youumo caa npBe MuHOpe; TH MuHOpH cy (n — 1)-Bor
CTeNeHa, T. j. OHH CYy MApHOr cTelleHa Kaj je AeTepMil-
HaHTa HenapHoOr creuneHa u obparHo. Haa je aakae n
Hermapan 6poj, oHAa je

a Kaj je n napaH 6poj, oHAa je

A, = —A,.

rs

Y upBoMm caydajy je y ommre A, # 0, a y Apyrom
caydajy je A, = 0. Ilpema rTome je adjynezoeana derepmu-
ranra | A,, | cumerpuuna, xaod je K0co cumerpuuHa Oe-
TepMUHaAnTa | @y, | HewapHo: cTeweHa ; HAIPOTHB, a0jyH-
206ana OeTepMuHaHnTa | A,, | je ®oco cumerpuuHa, Kad je
KOCO cuMmerpuuna deTepMUHanTa | @, | wapHoz cremena.

70. KeaeoBa TEOPEMA. Hoco cumerpuuna oOerepmu-
HaMTa uapHo: cTeueHa je WOTUYH KEAOPAT.

IlpBo u mpBoO je jacHO Aa je KOCO cUMEeTpHYHA Je-
TEePMUHAHTa APYror CTelleHa IOTIYH KBaAparT:

Y3MuMO caa HEeKy KOCO CHMETPHUYHY AeTepMUHAHTY
2n-tor crenena: 4= | a,, |, 1a 03HAUNMO ca A; KOPAKTOP
€1eMeHTa a;, a ca

Co-| a; ay

A Ay

KOPAKTOP MHHOpA
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a; Ay
| Api Oy

Y AeTEepMUHAHTH | @y, |.

Nmajyhun T1o y Buay, O6mhe mpema jeaHoj mnosmaToj
TeopeMn (4a, 42.)

A Ay | =4 - -co-|a; ay| (@)
A, Au Qi Ay
Ho rakro je aerepmuHanTa 4 KOCO CHMETPHYHA, TO je
Ay = — Ay, W; = ay, = 0;
na Kako je 4 AeTepMPHAHTA NAPHOT CTENeHa, TO je YjeAHO U
A:’k - Aleia Aii = Akk = 0.

[To o6pacuy (@' Guhe aakae

Ai=4"-co- 0 ayl,
—a; 0
T. j. 6uhe
2
4= o - | Oﬂr ay | )
! —ay; 0

NvennTe, mocaeamer KOAUMYHUKA jé KOCO CHMETPHYHA
AeTepMuHaHTa (2n — 2)-rOr CremeHa, a 3HAK EroB je

(ua. 29., oapehen 3HaKOM MOAy.a

‘b___ 1’ it k4i4k



AETEPMUHAHTE CNENHMJAIHHX OBJIMKA. 155

T. j. 3HaK mweros je mosuruBaH. Jerepmunanta 4 Guhe
AakJe TOTOYH KBaApaT, aKO je HMeHuTe.b

co - 0 a,—,,
h— a;k 0

nornyH KBaApaT. Jakae, Kaj je HeKa KOCO CUMETDPHYHA
AeTepMUHAHTa (2n — 2)-ror cTeneHa NoTnyH KBaApaT, OHAR
he mpema o6pacuy (b) n gerepwunanTa 4 cremeHa 2n-Tor
6utun nOTOyH KBaApaT. Ho Mu Maio 4yac TOMEHYCMO Aa
je KOCO cUMeTpPUYHA AeTePMUHAHTA APYror CTeNCHa IOTIYH
kBajpar. llo obpacuy (b) Mopahe aakae nm Koco cume-
TPUMHA AETEPMMHAHTAa YeTBPTOT CremeHa OuTH TOTHYH
KBaApaT; y3 oBy he mehy TuM u Koco cuMeTpHYHA Ae-
TEPMUHAHTA [1eCTOr CcTeneHa OuTH NOTIYH KBAAPAT U T. A.

Ha npumep, Heka je

4= 0 a b ¢l lc)

Ta ce jerepMuHadTa jaBba y mpuM. 1. ua. 68. Ilo
obpacuy (a) je

Ay Au|= 4 - co-|ay ay .
Ay Ay I
V HameM mpuMepy je Aakae
0 Au|=4- 0 d|
— A, 0 —d 0

a 10 TOMe ce BUAU A3 je
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A:Z
A:ﬁ m | e 0 d P——d® = (af—be + cd)®
—b —d 0 |
|
| —c —e —f‘

CamunuM myrem Morao Gu ce Aokasatn Aa je
0 a b ¢c d el|=lajp— hn + Im)
—a O f g h i|—blgp—hn+ im
+ ¢ fp — hl 4 iR)
— d (fn — gl + )
+ e (fm — gk + W) (d)

—b —f 0 7 k1
—Cc —g —) 0 m n

—d —h —k—m 0 p

—e —1 —l —n—p 0

71. Heaeuwsann. V Muarerpainom Pauymy, y T. 38.
IIgaghosoj upobiemu jaBma ce jesHa BaxHa PYHKLIH]ja
KoeeunujeHara, kojy je Heae masBao ugagujanom. 1loa-
PUjAHU Cy Y TECHO] Be3W Ca KOCO CHMETPHUYHMM AeTep-
MUHAHTaMa, OHM YOPaBO M3 OBUX UM IOCTAjy, & AEdHHHU-
cahemo nx oBaro.

Y3eheMo jeany koco cuMerpuuHy AeTepMUHAHTY map-
HOT' CTeleHa :

a4=10 Ay Ay Ay v Qg Oy,
Ay 0 Ay Ay @201 (243,
a3 Q32 0 A3y Tt Qgyz, A3y,
ay Ay Ay 0 Tt Oy, i1 Oy,
Gay 151 U192 Azy_193 By 1,4+ 0 A2y 1124
1
a‘.’m}l a2n72 aZn’S az‘rn-} e a'.’.m:!n-l O ar::h-asr
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Ta AeTepMHHaHTa je HpeMa Ma.0 Yac HOMEHYTO] TeopeMu
NOTOYH KBaApaT HEKOr I0AMHOMA, a jeAaH 41aH Tora
KBajApaTa je

2 2 2 2
Ay A3y Qg *** Ay_q,2,-

UsBynumMo caa Apyru KOpeH U3 OHOI HM3pasa, IITO Mpea-
craB.ba Aerepmunanty 4. HKako rtaj kopen uma aBe Ae-
TepMUHaluje, TO he ce y jeAHO] AeTepMHUHALMjU jaBbHATU
4.naH

T+ s Ay Gsg Aoy 10y (p)

a y ApYyroj u.aax
T (g Gy g *** Q14240

Kopen y kome ce jaBma uaau (p), 30Be ce ughaghujan
e/leMeHaTra LITO ce HaJaze y MaTpuily AerepMuHaHTe 4
Bullleé TJAaBHE AHujaroHaae mesuHe. Ha mnpumep, wuspas
(ga. 70.)

af — be 4 cd

je neaeunjaH eaemenara a, b, c, d, e, f AeTepMuUHaHTe (c).

72. Ilvadujan eaemeHaTa, 1TO ce HAJAA3€ BUIIE TA3BHE
AujaroHase azerepMuHaHTe 4, 6eaemru ce cHMGOIMIKA OBAKO:

PE' Qg (i3 Gy "0 Grye,1 152, . (@)
Aoz Agq *** gy, 252,
Ay " Qgy2,-1 As3y2,

Aoy 25201 X20—252

a’2n—-l’2n

IIpema ToMe je
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lEaf—be+cd. (b)
|
|
|
|

Ho uma w rpahux cum6oaa; takBu 61 61an oBH cuMGOAN:

Pe= !} Ay Ggg Usg = * Agy_142y |
Al

P=ff(tys) man P=!|a,,,|

UnaH ayp Gy G -+ Gy,_1y2, 30BE C€ TAABHU YJaH HPASI-
jana {(a), a pea neaenjaHa oapehyje ce mo 6pojy eaeme-
HaTa INTO C€ jaB.hajy y 110jeAUHNM 4Y.1aHOBUMAa HeIOBHM.
Ha npumep, neaeujan (a) je n-Tor peaa, jep y HeroBy
YAAHY Oyg Gy Osg - ** Ay, 1,2, UMA 1 caeMeHaTa. [leasujan (b)
je ‘apyror peja, a rJAaBHM YJ4aH ILETOB je af.

Ilvaeujan umajy, Kao u AeTepMUHaHTe, CBOje BpCTe
U cBOjé KOJ0He. Y upBoj BpeTH noadujaHa (@) uma (2n—1)
eJeMeHaTa, a y II0CAeAO] caMO jejaH eaeMeHaT; Ha-
OpOTUB, Yy MpPBOj KOJAOHK TOI' NdadMjaHa MMa CaMO jejaH
eaeMeHaT, a y 1ocaeAwoj (2n — 1) eaemenarta. Ho o6uuno
ce eaeMeHTH y neadujaHy oApehyjy Ha Apyru HauuH, a
He 110 MeCTuMa Koja OHU 3ay3UMajy Yy I10jeAMHUM BpCTaMa
¥ KOJAOHaMa, a eBO karo To 6mBa. IIpBa Bpcra 30Be ce
npsu uopy6 (frame line) neadujana; Ha ToM nopyby mma
(2n — 1) eaemenara. Apyrn nopy6 je pasaoM/beHa TNpaBa
HITO cHaja ' '

iz 13 R {-Bu mopy6
”23 A 2-ru &
‘139' » 3-hn «
> 4-Tn «

eJleMeHaT @, ¢ eJeMeHTHMa Apyre BpcTe; Ha Tpehem 1o-
py6y Ha.lazse ce eAeMEHTH a3, Ay M CBU eaeMeHTH Tpehe
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Bpcre un T. A. llo Tome ce BuaM 1-BO, Aa Ha CBAKOM IIO-
py6y mMa (2n — 1) eaemeHaTa u 2-ro, Aa ce IO ABA NO-
py6a cery Ha jeAHOM jeAMHOM €.1eMEeHTY.

Huje sroper npumeruru, Aa je eaeMeHAT IITO ce Yy
noadujaHy HaJa3u Ha 1-TOM u k-ToMm mopydy, eaemenar
i-Te BpcTe M k-T€ KOJAOHE Yy MaTpULU KOCO CUMEeTpHUHe
aervepmunante 4 (i << Rj.

73. Munopu neaeusana P. Kaa ce y marpunu Heror
neadujana P nsbpuily cBUKOAUKM eAeMeHTH U3 ABa Hopyba
BeroBa, OHAa ce Ao0NBa jeAHa HOBa cXeMa; Ta CXeMa
npeAcraB.ba Takohep jejan nNeadujaH, a Taj neasujaH je
MUHOp e.]eMeHTa, Ha KOME Ce CeKy IIOMeHyTa ABa 1opyoda.
Ha npumep, y neaonjany

P=la b ¢
d e

f

je f MuHOp eaemeHTa @; e je MUHOp eaeMeHTa b, a d je
MuHOp eaemeHTa c. Ho kako je

P =af — be + cd,

TO €€ BUAHM A4 c€ NPadUjaH APYror' peaa pasBiija 10 OBOM
IpaBuUAy : Tpeda Hajupe UpPsu, ua OHOa Opyu, ua OHOa
Tpefiu edeMeHaT UPE0z TOPYOa LOMHONCUTU MUHOPOM KOJU
My 00z06apa; aizedapcku 36up Tux upouseoda Guhe ugha-
dujan ; sHak upeo: waana To:z 36upa je wosuruseaMm, a y
OCTaAuM “AAHOBUMA Ce 3HAUU HausMeHue merwajy. Morao
61 ce y OCTaa0M AOKa3aTH Aa C€ y ONIUTE O TOM Hpa-
BILAY pasBuUjajy neadHjaHn Ma KOr' peaa.

1

Oenm. 1. [a b cd =alhi —b*fg’—}-c!e g, —dle f\::O.
efg; J J i hl

h i

i
|
i
i

j
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leum, 2. | @ b ¢ d e |=a|j k 1 |—0b]lg h t)—{—
f g h i m n m n
i k1 p‘ p
m n
P

=ua (jp — kn 4 Im) — b (gp — hn 4 im) 4 ¢ (fp — hl 4~ ik}
— d(fn—gl+ip) + e (fm — gk -+ hj).

Buan ua. 70. o6p. {d).

AaTepHanTe.

74. AerepMuHaHTe OBOI O00.HKA :

Ad=| folx) file) - fuza (x)
folxs)  filxa) -+ facr (2

fo@) filed oo faoq(x)

B0BY ce aArepHaHTe. Y alTepHAHTaMa Cy AaKJe eAeMeHTH
IpBe BpPCTE SYHKIMje HeKe NPOMEH.bUBE X;, a HACIpaMHU
e]1eMEHTH i-Te BpCTe Cy Te HCTe $YHKIUje INPOMEH.bUBE
x;(i=2, 3, n). CuMmboan4ryu ce aaTepHaHTe Oeaee
OBAaKO:

A= Alfo(x), fixaly =+ fuca (X))

JacHo je Aa he aarepranta A IIpOMEHHTH CBOj 3HAK, Kaj
Yy B0j IpOMEH.bABE X; U X; y3ajaMHO IPOMEHE CBOja MECTa.
AarepHaHTa je AakJae functio alternans.
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75. YouuMo caj OBY ,IIPOCTY“ aaTEpHAHTY

0 1 2 ~1 __ 2 -1
A(x11x2yx37"'xnn )—~i : L Xy oo xln (a}
; 1 .?C2 x22 g JC2"_1
|
| 2 n—1
5 1 xﬂ x’ll T xn

U ynopeaumo je ca IIpou3BOAOM

P = (g — x)) {305 — 2] [0 — 2y =+ [, — 2]
X (g — ) (204 — 29} +++ (x, — X))
X (2, — xg) <+ (20, — )

X (xn - xu-—l)'

Taj npousBoA 30Be ce Upoussod pasiukad KOANUUHE
n(n — 1)
Xy, Xy X3, *+ - X,. Y BBEMY UMA — g DbasamuurTux pas-

JANKa, a Y CBAaKOj pasAniy je Kasa/bKa NPBOr yJlaHa Beha
C¢A Kasa.bKe APYyror 4.aHa.

TeopeMA. [Ipocra aarepnanra A (x°, 25', a5, -++ xt_y)
je paewa upous3eody P pasauri HKOAUMUHE X, Xy, ++ X,

A (xloa x21’ .X'32, x:':_l) = P. (b)
Raa je n = 3, onaa je (upum. 4. ua. 20.) de facto
A (.X‘lo, xgl, x32) p— P.

To je jom Bamaepmona pokazao. Ho kaa je n Ma Kakas
neo 6poj, OHAa ce TeopeMa @opMyaucaHa obpacuem (b)
OBaKO AOKasyje.

Aata aerepMuHaHTa (@) je = 0 kaa je x, = x;. [Ipema
TOME ce AeTepMHHaHTa (a) 6e3 ocraTKa MOe [0AEAUTH

TEOPHJA AETEPMAHAHATA 11
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ca x, — Xx;: T. j. AeTepMUHAHTa (@) MOMe ce 6e3 ocTaTKa
IOAEAUTH Ma KOjUM YMHHTE.heM Ipol3BoAa P, a To 3HaYM
Aa ce AeTepMUHAHTa (@) Mome 0e3 OCTaTKa NMOAEAMTH U
npoussoiom P. Crora je

A o g, ey o 25Y = MP,

Ocraje nHam jom Aa oapeaumo M. I'aaBHU 41aH AeTepMiu-
HaHTe (a) je X, xg .-+ xy ', Mehy Tum ce y npousBoasy MP
y3 x5 -+ a7} jaB.ba camo M kao unaures. To 3Hauu

n

Aa je M= + 1, 1. j. aa je

0 1 .2 -1
A (31, X3y Xyg'y 00 X ) = P.

Hanomena. IlpousBoa P Oeaemuhemo EKaa I Kaa ca
P ("X:h Xgy Xgy """ xn)-

76. O3nauuMo ca f, (X) HEKY Leay paluOHalHy PYHK-
nujy p-TOr CcTelleHa, a Ca @, KOePUIUjeHaT MmTo ce jaB.ba,
y3 x? y oyurnmju f,(x). Aokasahemo Aa je y TOM caydajy

A [fO (xl)’ fl ka)’ te fn—l (xn)]

P (xh Xyt xn)

= Cl«(,dl(lg e a”_l.

Aa He OucMmo mucaau Beauke uspase, ysehemo Aa je aa-
tTepuanTa A Tpehera creiena, na Heka je

folx) = @, fi(x) = ax + by, falx) = a;x* 4 byx + .
Y Tom cayuajy je
A=A[fyix1), filxa), folxs)]=| a0 a0, 4 by age’ by 4-ca |, ()
@y @3+ by 325"+ byXa+
|ay a,x5-+b, Ayx4% 4 by +Co

a Tpeba AOKazaTH Aa je
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A [folxn) frloca), falocs)]
P (x,, 23, )

—_ aoalag.

[ToMHOKUMO TOTa paAu NpPBY KO.JOHY AGTEPMHHAaHTE (c) ca
b,

U OAYSMHMO I0CA€ TOTa Ty KOAOHY OA Apyre KO.OHe.
0

AerepmnuanTta 4 He he Taja UPOMEHNTH CBOjy BPEAHOCT;

6uhe aparae

Ad=|a, ax, ax°4 byx, + ¢, 1

y |
Gy Xy WX 4 byxy + i

Ay X3 a5’ 4+ byxy + co

Aa./be, IOOMHOMXKUMO OPBY KOJAOHY IIOCAEAILE AGTEPMUHAHTE

Cy by
ca =, a APYry ca = M OAy3MUMO IoCJle TOra o6Ge Te
0 1

Ko40He 04 Tpehe Ko.aoHe. Peayarar he 6utu 0BO:

A= a, ax, ax’®|=awa,| 1 x x|
Gy Ay gt 1 & &°
Qg Qxg Bty 1 2 &

a 1o ToMe ce BHAM A3 je
A = A [folxd), filxs), folxeg)] = @,0,as P (xy, 25, ),

g. e. d. Taj pesyarar je y ocraaoM camMo clenuja.laH
caAydaj jeAHe onmrTuje Teopeme, Kojy hemo y mayhem
4.1aHy MOMEHYTH.

Npum. Hera je

xE—1)(x—2...x—p+1)
p! :

fo(x) =

1%
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V ToM cayuajy Omhe

TEOPUJA AETEPMHMHAHATA.

Plxs, %2, %5, -+
1 A1) felxr) -« fumalx) |= 5 __(f; 'T:l ii 2 x) 51
T filx2)  falxz) -+ fa—1lx2)
1 fl(xn) fz(xn) e fn—l(xn)

77. TEoPEMA. Ceaka aaTepHanTa A, wuju Cy eseMeHTu
PYHKYUJe TPOMEHDUBUX X1, Xy, *+- X, MOJice ce 6e3 ocTaTka
n00eAuTu UPoussodom P (x;, xy -+ x,), & KOAUYHUK PyHK-
yuja A u P je cumeTpuuna hyHKyuja KOAUUUNE X1, Xy, * -+ X,,.

Aara aarepHaHTa je Ha uMme = 0, Kaaz je x, = x;
Crora ce Ta aaTepHauTa MoOMe 6e3 OCTATKa MOAEANTH
Pa3AMKOM X, — X; a TO 3HAUM Aa Ce aiTepHaHTa A MOKe
6e3 ocTaTKa IIOAEANTH U TPOM3BOAOM THX PAa3AUKA, T. j.
npousBojoM P. Ho kako he u aarepranrta A u npoussoa P
NPOMEHNTH CBOje 3HaKe, Kaj ce KOAWYMHEe X, U X; y3a-

A
jaMHO CMéHe, TO Ce BHAU Aa C€ KOJANYHUK ﬁ Y TOM cAay-

dajy HuKako He he npomenutu. Kosnunuk oyHuujd A n P
6uhe jakie cUMETPUYHA SYHKIMja KOANUUHA Xy, Xy -« X,
a TO CMO ¥ TBPAUAHM.

ny

Ha npumep, Heka je

0 1 n—2 o 2 —2
Afe), g, o xt) = 1 2, xf o0 X x|,
1 ox, xy +or 2" xf
2 n—2
1 =, @« ook Xt

I3 TIOTPaMKUMO KOANYHUA F . Tora paau passuhemo ae-

TEPpMUHAHTY A 110 eaeMeHTHMa, nocaeAme KOJAOHEe. Pe-

syaTtaT he Guté 0BO:
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0 .1 n—2 . p
A (.X'] 7x21 T xn—l 7xn}

_— pgA_ pﬂ p% paA (d)
= Xy C).X‘lp + x4 Ox2p+"'+xi Ox‘_p+"'+xn ox:'

KRako je
0A
\ #- ’ 2 L n—2
Fpery = (— 1)'+" I x Xy x,"
1 x, %2, - xf
2 n—2
1 xip X o Xig
I & &2 =« g

= (— “H—n P (xy, x5, - Xy, Xig1, 0 %)y

TO C& BUAM Ad Cy KODAKTOPM eleMeHaTa I[I0CAeAlme KO-
JA0HE AaTe aJATepHaHTe A Takohep IIpousBOAN pa3JaHKa.
Aro aarae moaeaumo ca P (x;, x,, --- X,) 1 U3pa3 Ha J€BOj
1 u3pa3 Ha AeCHOj crpaHu eksaunuje (d), oHAa hemo y
U3pasy Ha AECHOj CTpaHH Te eKBalluje AOOHTH Y.JAHOBE
oBOr 006JMKa:

(— 1)+
(0, —0x) (o0, _—ac) - - (o0 —00)) (06—20) <0 (26,—06) (o0, —2y)
Crora je
A (xloa lea o xn’i—12; xnﬁ}
P (xb Xy *°° x,)
iE" (___ 1)i+n x,‘P )
T [ o) e (e —a) (06— X)) e ()

uAn



166 TEOPHJA AETEPMUHAHATA.

x

[y —2x,) [o;—2, ) (xl_xz)

xd

+( o _)

xi——xu) (x'.l_‘xii—l) et (xZ_x3) (xZ—

ol 4

+ ...... + -

(xn~1—-xn) (xrt—l-xn—Z) (xn—l_an:i) e ('x‘n~l_xll¥

X‘P

n

+ e —.

!.xu_xn—l) txu—xn—Q) e (xn_x:!) “xn_‘xl)

Mo Tome ob6pacuy je n. mp.

12 16 H | 9 4
|
1 3 81‘ 139
! |
I 5 625| |1 5 25
16 81 625

= 69,

951 2—3) T 3—5 3—2 T 5—35—9

78. TrorPEMA. Cearu koeffuyujeHar payuoHatHe 1eae
dynryuje f (x) mooce ce uspasuTu jeOHOM CUMETPUUHOM

dynryujom Hyad gyuryuje f(x).

Hera je Ha ume
flx) = a" 4+ @' + " + -+ g, + a,,

W HEKa Cy X, Xy -+ X, Hyle oyHKmuje f(x). ¥ ToM cay-
yajy 6uhe

a4 e a6, = o) — ) - o—,).

IToMHOMUMO CaA U A€CHU U JA€BHU 4.JaH T€ UAEHTUYHE eKBa-
mije ca P (x;, xy, -+ x,). KRako je
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n,

(0 — ) (0 — ) o+ o —x,) P lag, X, 00 )

—_ 2 n
— P(xb Xgy " Xy x| = o 2" x|,
1 x, a Xy
L 2 n
1 x’l :"" x"
1 x & - X"

6uhe u
(x’l + alxnﬁl + e + an—lx + an) P (‘xl’ x2) ot xn)

=1 2 2 - 2" | (e)

1 x x* .0 a"

AKO pa3BHjeMO Ty AETEePMHUHAHTY [0 €AEMEHTUMA [10CAEAE
BpCTe, M aKO U3jeAHAUUMO KOedUIjeHTe LITO ce jaBbajy
Ha AecHOj U .eBOj CTpPaHHM HAEHTHYHe eKBaluje (e) y3 ucre
cTeleHe NpoMeH.bUBe x, i00mhevMo oBe pesyarare:

(— 1)

2 n
a, = ST S B
P (xh Xy +o0 )
Xy x22 o xz“
3 2 .. n
x, x,;° - x,
= ,
a, = X0 xl”
P (xb Xgy * xn) ’,
1 x coxy” i
2 7 l
1 X, X,
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1 x e xn—2 X"

” n n

a THM je IIOMeHyTa TeopeMa AOKa3aHa.

79. Hera cy moHoBo x, x,, -+ X, Hyle palUoHaAHE
neae oyukuuje f (x) n-tor crenena. Taja he P (x), xy,---x,
6uT NpomsBOA pa3ankd Hya4 eyHruuje f (x). Hako je

2 1
Py ag, v =11 x x - x )
2 n—1
1 x5 x Xy
2 =i
1 x, x, X

P=| 1 + 1 4ot o dx ot o
X + oy X a2}
I SR UL P AN AP LS R

xln—-l +x2n—l + e +x"n—l xl" + xzu + . + x”n ..
n—1 #—1 n—1
" Xt 4 o,
x4 X 4+ xS

xln+l + x2n+1 _|_ Ve + xun-}-l

x]?n—2_|_ x227l-—2+ . +x,,2”—2
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AKO 03HaUNMO ca s; 301p I-THX CTeNeHa HYAd Xj, Xy +-- X,:

s =x +x + - 4+ &)

oHAa heMo kBajgpar npouspojra P Mohu oBako u3pasuTH:

PP=s 8 8 -84
Sl 82 Sg ¢ S,l
Sy 8 & Sug1
Sp-18, S:z+'l Tt Sy,

Jour jeaan BaskaH oGpasall 406uheMo, aKo MOAUTHEMO
Ha KBaApaT NPONIMPEHY AeTepPMUHAHTY

NIPUMEPH.
1. Aokazatn aa je
1 ay4-ag ayag = — P(ay, ay, ag).

i a3+a1 (g0,

1 a4 ay oa,

2. Aorazatu Aa je
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n—2 ; n—2_ 4
A (xlo' x211 X32, cee Xy -1 xu[’) . Xy A(xlo’ x2lv x32! e Xp—1 x”P 1)

P (xl’ X2y ¢ xn) P (xl, X2, + - xn)

< -3 -1
+ A (xlo, xg‘, xsz, LR S xun~2 7x1z[77]7_)

p (xla Xy o0 xn—l)

3. JAoka3arTu I1oMohy mnocaeamer ofpacia aa je:

(@) t x 8 |—Pxy2)=x4yt+z=2x
1y P

1 z 28

(b) 1 x a8 | Plx,y, z) = 2x3 4+ 2x%y 4 xyz.

) |1 «x X8 | P(x,y,2z) = 2xt 4 2%y + 222 4 2Ny
i
Loy
’ 1t z 28

4, AokraszarTu A2 KOAWYHHE

5 n—2
A (xlo’ x21’ Xg% e Np—1 s xup,)

PA(xlv X2, Xy)

HpeACTaBba WOTUYHY CUMETPUUHY (Jynryujy (p — n 4 1)-or crencHa
KOAMYMHA X, X2, « -+ Xye

5. Iloanhu HA EKBaADAT

1 1 1
|

a b l
{ a b2 12

M AOKa3aTH A4 je
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so 81 S | = X (a—b)2 (b—c)? (c—a)®
;
»
8] 82 83 ]
283 sS4 |
KoHTHHyaHTe.

80. Hera cy Ham aarTe Tpu JAMHeapHe eKBauuje

3x; — x, = 18§, (@)
4301 + ?xz — x3 = 0, (b)
14x, 4+ 3x3= O. ()

ITo exBamuju (@) Buagum ce aa je

18
_x‘l(g__ﬁ)=18; .".X'1: .
X, X
3 S
Xy
ITo erBanuju (b) Buanm ce Aa je
Xy 4 18
—_—— = 5 Xy =
Xy X3 4
2 — o 3+ B
=
Hajsaa ce mo exBamuju (c) Buau Aa je
s 14 {8
. — d
x; 3 1 4 )
3 + . 14
T3

Ho raro ce us cucreme exBaumja (a), (b), (c) 206uBa aa je
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w= 18 —1 0|3 —1 0],
|

0 2 —1 502 —1 |
0 14 3 0 14 3I

6uhe jacHo aa je m

'84 =118 —1 0 |-|3 —1 0|
34+ ——— |
14 0 2 —1 4 2 —1 |
2+ 5
0 14 3 0 14 3

a 10 TOMe & BUAM A3 C€ BEpPUIHI pasaoMak (d) Moike
U3pasuTi HOAUYHUKOM ABEjy AeTepMHIHAHATA.

81. VsMumo caj y omiure OBy cUCTEMY eKBalHja :
X, —x, =by,
b2x1+a2{V2:xs

by, + ages =x,,

(1)
bn—lxn—2 + an—-lxn—l = xn)

buxn—l + anxn - xn—}-l’

N3 Ttux erBamuja AobuBa ce ysacToOIlIEe OBO:

Crora je
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b
Ta 4 b
a; +_b3
as—+ -

X1

’ + bn—l
an-—l —I— bﬂ
@ — Xap
X

n

Henosnara x; uspasena je Kao [mro BHAUMO jeAHHM Be-

P
PUKHUM Pa3J]OMKOM, a Nn-Ta NPUGANKHA BPEAHOCT 6" TOT
n

BEPIKHOI pa3loMKa A00uBa ce Kaj ce B3 BePHIKHOT pas-
AOMEa mu3bpumie 1eo Aeo HITO G jaBba U3a @,; Y TOM
cayuajy je

b,
o + b,z,,,,,, ]
@ + bs
a3 -

.

PM
Q

: + bn——l
an—l + ?n
a

n

a Taj ce pasdaOMaK 4YecTO M OBAaKO MUIIle:

bbb b b,
ay + Ay + ag _|— a’n~1 + an.

P,

Q.
BuaeheMo aa ce u Taj BepUKHM pasaOMak MOKe uU3pa-
BUTH KOJMYHUKOM ABEjy AeTepMUHaHATa. Y OBaj Max je

Ha HuMe

xn+1 - xn+2 — 'x11+3 =it = O'
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Crora hemo y oBaj Max y cucTemu (1) uMaTu n eKBanuja,

a Te ekBanuje hemo HammcaTu OBAKO:

10, — Xy

by + @y —x

byt agxy— 2,

bu——lxu—Z + Uy (X, =X, = 07

bnxn~—-1 + a,X, = 0 #

Ty cucremy pemnhemo caA 1o HenosHaToj x; 1 Ao6uhemo
0Baj pesyarar:

| by —1 0 0 0 0
0 a, — 1 0 0 0
0 by a; — 1 0 0
0 0 0 0 a,  — 1
0 0 0 0 b, a,
a — 1 0 0 0 0
by a; — 1 0 0 0
0 bs a; — 1 0 0
0 0 0 0 a, , — 1
0 0 0 0 b, a,
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Ho rako je y oBaj max

TO je jacHO Aa ce n-Ta UpubAHAHA BPeAHOCT HEKOI Be-
PIMKHOI pPa3aOMKa 3aucra MOH{e H3Pa3UTH KOAUYHHEKOM
ABejy AeTepMuHaHaTa.

AEKo0 206po 3ariejamMo y AeTepMUHaHTe IITO Ce jaB.bajy
y 6pojuresy I HMeHHTe.LY pasaoMmEa (2), Buaehemo aa je

dQn
P,= TP
Crora je
b dQll
P, Tda _, dilogQ)
Qn o Qn - dal .

82. AreununusA. JderepMuHaHTe OBOI' O0AMKA:

Q=1|a —1 0 0 -+ 0 0 (3)
b, a, — 1 0 -+ 0 0
0 b, ag —1 - 0 0
0 0 b, a, - 0 0
0 0 0 o -« a,_, —1
0 0 0 0 - b, a,

BOBY ce KOHNTUHYyaHTe. Y KOHTHHyaHTaMa Hucy Aarae = 0
caMO e./eMeHTH I1aBHE AUjaroHale U €1eMeHTH ABe Haj-
6amke cycepHe MaHe AUMjarOHAJe; GeM TOra Cy Y jeAHO]
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04, THUX MalbUX AHjaroHaJa eJeMeHTH =— — |. — Akxko
TPaHCIIOHMPAMO MaTpully KOHTHHYyaHTe (3), 206uhemo oBo:

Q. = a b, 0o 0 - 0 01,
— 1 Qs by 0 -+ 0 0

0 —1 ag by, -+ 0 0

0 0 —1 ay - 0 0

0 0 o o0 -~ a,; b,

0 0 o 0 - —1 a,

a 10 TOMEé Ce BHAM 0a ce KOHTUHYaHTa He Mera, Kao
ce Y MaTpuyu 1HHesuHo] HaCUPAMHU eAeMEHTU 20PHe U
0ore Mare OujazoHale yaajamHo camene.

Cum6oamurn ce KoHTHHyaHTa (3) GeJeU OBAKO :

Q, = b, by -+ b,
L al ag a/3"' a, ]

n

Q.

IIo Tome ce BuAu, Aa ce HpI/I6./lI'IH{HI/I pa3aoMaRK CUM-

60ANYKN MOKe OBAaKO H3Pa3UTIH :

b b3 b4 ...b”
! Ay Az Qg -+ @,

P,
Qn b2 bS Tt bn .
ay ay by a,

83. AKO JeTepMUHAHTY, LITO Ce jaBba y 6pojure.py
pasaoMKa (2) pasBHjeMO MO eleMeHTHMA II0CAeAlme BpCTe,
AobuheMo 0OBO:

P — b b3 b4 T bn
" ! a’Z a3 a4 e aﬂ
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—=ablay—1 0 0 -0 0
b3 al; '—'1 0 O 0

.........

+ bnbl a2 = 1 O 0 e O O
b, a; —1 0 -0 0
0 b, a, — 1 0 0

.........

0 0 O O i b,,_,g a,_»

n—a

— ba b4"'bu~1 ) bs b4"’bu-2
_ anbl (az a3 e a,,_ll + bnbl a2 as b a. 9

=a, Pn—l + bn Pn—?' (4)

Hcro Taro Morau 6ucMo pas3BUTH 110 €AEMEHTUMA MOCAEAHE
BpCTe U AeTepMUHAHTY @, H Yy TOM caydajy Ao6man
6UCMO OBO :

Q — b, ba"'bn —a b, b3"’bn_1
" a a - a, "\ e a,_,

bz ba e bn—-2
+ b'! (al a; e an—'l)

== anQn—l + anu—‘.’.' (5)

TEOPHJA AETEPMHHAHATA 12
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84. [lo ob6pacuuma (4) m (5) BHAM ce KaKO ce A0-
6uBajy cykuecuBHe Npub.ANIKHE BPEAHOCTH BEPHIKHUX pas-
aomaka. Ho cem Tora Brgu ce mo obGpacuy (5) u To, Aa
ce HeKa KOHTHHYaHTa m-TOra peAa CBaKald MOMKe u3-
pasuTu 36MpOM KOHTHHyaHaTa HMKHX peaoBa. I[lo Tom
obpacuy je H. mp.

by bs by }__ by by b,
(a, a; a a4)—a4(a, &y 1y + b a, a,

b, b
= a3 (“1 2%) —+ a.bs (@) +b4(a1 2%)

= @300, + a4a3b; 4+ a,a,by + a,0,b, + byb,.

Jowr jeaam sak.pywak usseiwrhemo mosohy o6pacua
{5). Ako Ha ume ca N, o3HaunMo OpOj Y.AAHOBA HEKOr
NOJAMHOMA, INTO IpPEeACTaB.ba HEKY KOHTHHYAHTY N-TOT
crerena, oHAa he npema obpacny (5) 6utu

Nn = Nn——l + N,,‘g-

[lo Pauyny Honaunux Pasanka 6uhe pakse

N _ ll + Vg)u-t}-l - (l _ l/s-’n-}-l
" Qn-[—-l V'g

]

a raj je 6poj meo 6poj, kaa je n meo 6poj. To ce mo--
mohy IbyrHOBa O6pacma BpAo JaKO MOMKe AOKA3aTH.

85. Younmo caj OBY AETE€PMHHAHTY:
D,= ,a d, 0--0 0

Cy; Qy d3"' 0 0
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Aorasahemo aa je D, = Q,, arko je ¢;d; = — b, Ako Ha
uMe pasBujeMo AeTepMHUHaHTy D, 0o eleMEeHTHMa IOCAeA e
BpcTe, ao6uhemo oBO:

D,=a,D,, —cd,D, ,;
crora je
D, = a,D, ; + b,D,_s. (6)
Mehy Tum je
D, = Q,, D, = Q..

ITo obpacuy (8) Guhe aanae
Dy = a3Q; + b0, = Qg
Dy = a,Q5 + b,Q, = Q,,

a TO CMO U TBPAUAM.

Kaa je d; =1, a ¢, = — b;,, oHAa je
D,=Q,= a | 0 .- 0 0
— b, a, 1 . 0 0
0 — b, ag - 0 0
0 0 0 - a,; 1
0 0 0 .- —b, a,

T. .j KOHTUHYaHTa Ce He Mera Kad ce eremenTuma obe
Mare OujazoHade IHAYU TpPOMeHe.
13%
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86. V ua. 42. p0Kazaau cMO Aa je

0’4 04 od 04 o4

0a;0a;, = Oa, 5&; o 07/-, oa;

4

Hera je cap
—— — b2 bs Tt bn )
A= Q"=(a1 az o a”J’

i=r= L j=8=1%

Y ToM cayuajy je

624 _ dZA ( b3 b4 e bn—l ) —_— Bﬂ:l
0a,0a,  da,da, A A3t By b, ’

OA dA b3 b4 b bn P,,
a, as e a, =

da;,  da, by’
04 dA_( By Byern s )_
Oap — da,, - al az e a,,__l - Q""b
a
24 . o4
Oa/-; = (— 1) ' da, = byb; -+ b,.

ITo o6pacuy (7) 6uhe aarae

b2 bs"'bn ( b3 b4"'bn-1
G Gy o Q) \Qy Az - Ay

= bs b4 o b" b2 b3 Tt bn—l : n—~1 e
—(az as wise a”) (al a2 wese a "1)_(_—1) b2b3 .bn‘)

T. j. 6uhe
QnPn—l — PnQn—«l —_ (_ 1)# b1b2b3 ik b”,

a THM obpacueM je ®OpMyancaHa OCHOBHA TEOPEMa Y Te-
OpUjH BEPUIKHUX pa3.A0MaKa.

87. Nspasu oBor o6.auKa:
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b,
bn—l + an
. + an—l

by +-
£2+a3
E+“2

a

!

30BY C€ aCyeHOeHTHU 6ePUICHU Pa3iOMYU; OHU Ce UeCTO
I OBakKo Oeaemxe:

bbb Aha 4 b

a (L5 as a,._ 1 a,

F

I

OsnaunMo i-Ty OpubGAMKHY BpPEAHOCT TOT PasAOMKa Ca
D

P Kako je
P b &_“2b1+b2_a2p1+b2
@ @ G m@ gy
Ps 05 (@i b + by agpy + by
qs LU @3qs

6uhe y ommre u

_p_u_g_n_gn—l_‘_bn'

qn anqu—l

D,
NMennre.s pasaoMEa q—' IMa AaK.Je OBy BpPEAHOCT:

n

q, = a,a503 - a,=| @ — 1 0 --0 0 | (8)

.........
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a 6Gpojures p, je oapehen oBoM cucTeMOM eKBaluja:

Y4 = by,
— G3p; + P = by,
— 8sP> + Ps = by,
= @y_1Pu2 + P = b,y
— Py + Pu = by
Ae'replx.mnan'ra T€ CHCTEeMe JMHeapHUX ekBauuja je = 1;
crora je
P = 1 0 0 0 b
—ay t 0 0 b,
0 —a; 1 0 b
0 0 0 1 b,
0 0 0 —a, b,
=|b —1 0 ---0 0 | (9
b, a —1 -+ 0 0
bs 0 ag -+ 0 0
b, 0 0 a, , —1
b, 0 0. -0 a,

b.
Ilo Tome ce BuAM Aa ce n-Ta NpHOANAKHA BPEAHOCT 4.

”

HEKOI' aCUEHACHTHOI' BEPUMHOI pPas3iOMEa Taxobep MOKE
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u3pasuTN KOJAMYHUKOM ABejy AeTepMuHaHaTa. Te aABe ae-
TepMUHaHTe npeobpasnheMo y KOHTMHYaHTe U u3pasnhemo
mocae TOra AaT acCleHAEHTaH pa3AOMaK jeAHHM AecClieH-
AGHTHAM BEpHKHUM DPa3.0MKOM.

Tora paau nomuosuhemo i-ty Bpery (i=n,n—1,...3,2)
AerepMmuHanara (8) u (9) ca b,_;, a (i — lj-By Bpcry ca
b;; oaysehemo 3a Tum eaemenrte (i — 1)-Be BpcTe oA -Ha-
COpaMHUX €J1eMeHaTa i-Te BpcTe, N Haj3al heMo mopeantu
Te ABe mpeobpaeHne gerepMudante. Pesyarar ke Guru oso:

b, —1 0 . 0 0 0
O a2b1 + b2 a— bl M 0 O 0
0 ——a2b3 d3b2+b3 b O O O
0 0 0 e an—2bn—3+bn-2 - bn—3 0
O O 0 e - an—-?.bn—l a’n-lbn72+bn—l - bn—-2
0 0 0 - 0 —a,_b, ab, ,+b,
a, —1 0 0 0 0
_a1b2 a2b1+ bg - bl et 0 O O
O —agbs a3b2+ b3 e 0 O O
O 0 0 e an—2bn—-ﬂ+bn—2 - bu—s 0
O O 0 to - an—2bn—1 a’n—lbn—-2+ bn—l - bn—-2
O O 0 o 0 - an_lbn aubn—l+ bn

Aerepmunanty y umeHuressy Mohm hemo npema ua. 85,
HamucaT# y obauKy jeAHe KoHTmHYaHTe Q',, a Kako je
CeM TOora AeTepMuHaHTa y Gpojuresy
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aq’,
=b da,’
T0 he 6urn
b _
q'l
b ( _a2blb3' o —a,,,-gb,,_;;b,, -1 _an—lbu—2bn )
5 @b+ by azb,+bs---a, 3b, 3+b, » a, b, o+b,, ab, 40,

—ab,  —abby —, b, b,y —a, b, b, )
a, ab,+b, asby+bg---a, 5b, 3+b, , a, b, +b, ; ab, 4D,

a [0 ToMeé ce BHAU Aa je (da. 81.)

b a,by b, by a,_sb,_sb,_,

Gbusby g
a, —a3b+b, —agh,4+-by  —a, b, ,+b, , —ab, +b,

To je onaj obpasal] Mo KOMe ce MOMe ACIEHACHTAH Be-

PUMKHM pa3.aoMak NpeoOpasuTH y AeCLeHAEHTAH BEPUKHH
pasaoMakK.

88. IIposaEMA. Hauucaru ped

S=u1+u2+u3+ T +un
Y 06auKry jeonoz OecyeHOeHTHOz 6epuUNCHO: Pa3ioMKa.

Hanummimo aat pea oBako:

u.
1

+
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na npeo6pas3uMo Tal aCUEHACHTAaH BEPHIKHU Pa3JOMak IO
ob6pacny (10) y aecuenaenran pasaomak. Aob6uhemo oBaj
pesyaTaT:

S=u +u+u + -+ +u,

W Uy CUUg U, —gUy—1 U, _oU,
- 1 —'_ul—l—u’ﬁ _u2+u3 ——un—2+un—l —un—l+un
IIPUMEPH.

1. Aorazatum aa je

—=|t—1 0|=[3—1 0
3 4+ :
PRTLE 0 & —1 1 & =
5
0 1 5 0o t 5

(@) by bg...b, | _( by bg..-b; bite <o by
a ay .. a, ) ey a ... a g1 Gigg -+- @,

by ... b1 ) ( bi+3 ces by )
b; .
+ bipr (“1 ay ... a; 1) \dipe Gipg -v Gy

b2 bg ... b, - bg by---0,
(e) (al ay ... an)'_al (az ag ... a,

by bs--- by,
+b2(a3 Gy s an)'

@ o b by b b b bn.
@+t 4o, ta 40y Ha,
by by b xbi1 xb; b by

Tt a8 x4+ G a4,
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{e)

by b2 by b,

PR Rl

bl b2 "‘bn
m a; a... a,

- b2 ba .. b"
& & ... a,

! 1 1 1
n —E+u—2+7‘;+...+u_n

{ U12 u22 uzn—2 uzn-—l

uy — ul+u2 - u2+u3 — un—2+un—l - un—l+un

3. Hapasutu peaose
t4+2434... 4+n,
1 1 {
1 — —_— —_—
spoege Frmeads e e

Y 004aMKy AeCHOHACHTHHX BEDHIKHHX Da3a0OMAKa.

Jako6njanu, xecujanu, AHoepeHUHjaAHe AGTBPMHHAHTE.

89. V aerepmusaHTaMa, IITO Ce jaB.bajy y pasHUM
npo6aemama Ausepenuujainor u Hurerpaanor Pauyna,
jecy Bpa0 uecTo eaeMeHTH ANSEpEHIUjANHN KOAMYHHIM
cucreme oyHruuja. llsmehy Tux aerepMmunanara cy Haj-
BasKHUje T. 3B. jakoGujanu, xecujanu u Ooughepenyujaine

OdeTepMuHaHTe.

90. JakosuiaHu. Heka cy ca x), x,, --- x, O3HaueHe
HE3aBUCHO IPOMEHbUBE KOAMUMHE, 3 CA Yy, Yy, * * Y, HH-

XO0B€ ®yHKIUje, Na HEKa je
Y1 = filxey, X, -0 ),

Yz = faloer, %, -+ ),

yn = fn(xl) x21 U xn)'

(1)
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Torainn pueepeHnyjain THX SYHKIHja CY

01 0y
dy, = ()jc‘d +a Dy e 52

xn

Oyz Y,

0y
dy, = 3 doy+ 5o dwy + - +gc~jd

()y,, Y, ()y,,
Ay, = 3o 41+ 5 A% 4 oo g " dx

AeTepMUHAHTa

o oo
ox, 0x,  Ox

2 n

0x, 0x, ox,

n

oy, 9y, oY,
Y T R

n

187

ny

(2)

30Be Ce (PYHKYUOHAIHA OeTepMUHAHTa HUAUM jaroOujan
SYHRUMA Yy, Yp - Y, ). Te aerepMmunante Geaexe ce

cuMbOANYKI Ca

éi/_z__y) 7 .
0 (xb X, * ) > BAH ca (yl) Yo

: yn))

uaum upocro ca J. Eaementu jakobujama J cy AeanMUYHU

U3BOAM IIPBOTa peja AaTuX SYHKLBja Y, Yz, =

Yoo

Pemumo cag cucremy (2) no Henosnaroj dx;. Ako ca A,

9Y;
03HAUMMO KO®AKTOP M3BOAA O_Z y jarobujany J, so6uhemo
k

0Baj pesyaTar:

!) JakoOu je mpBE HCUHTEBAO 0CO0HHE TaKBEX AETEPMHHAHATA H OH HX
je H 3Ba0 ®YHRNHOHAAHEM AeTepMBHanTaMa. CHABECTEDP je Te AeTEePMHHAHTE

3Ba0 jaKOOHjJaHHMa H Tako heMO HX H MHE 3BaTH.
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Jdx; = Apdy, + Axdy, -+ -+ + A,dy,. (3)

91. TEOPEMA. Awxo ¢pynryuje Yy, Ys, **- Y, Hucy He-
sasucHe, oHda jarodujan Tux ¢Gynryuja mopa ouru = 0.

Hera je Ha ume

f(yb Yay - y,) = 0.

Ako ®yHEURjy [ AudepeHIMPAMO AEAUMUYHO N0 IPOMEH-
BUBUMA Xy, Xy, -+ X,, A0OMheMo OBy cucreMy ekBaumja:
of

oy | of Oy

oy 0, T oy, 0w, T oy 50, = O
of owy O dw O dw_
0y, 0xy; = 0Yy 0, oy, 0xy
Of Oy of Oy, . Of oy,
Oyl oxn Oyz O‘rn Oyn Oxn

Ta cucrema je .AuHeapHa II XOMOreHa NO H3BOAUMA

9 9 o
Oyl, Oy2’ Oyn’

[a KaKko TH M3BOAM Hucy = (, TO MOpa pe3y.ATaHTa CHC-
reMe O6uru = 0, T. j. Mopa OuTn

()yl Oy.’ Oyn

Jy, vy o y,) =| 2L L = 0.
i vl 0x, 0x; 0x,
% Oyz . Oyn
0X; 00Xy 0X;
0y, Oy 0V,
ox, 0x,  0x,
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Aouunje hemo pokasatu aa he u obparHOo, SyHKOHje
Y1 Y2y **° Y. MOpPATH BaBHCUTH jeAHA 04 Apyre, Kaj je
IBUXOB jakobujan = 0.

92. Kaa cy eynrumuje v,y - - Yy, He3aBHCHe, OHAA
ce cucreMa (1) Mose pelIMTH MO KOAMYMHAMA Xp, Xy, -+ X
YV rtoMm cayuajy Guhe

ne

X1 = @1 (Y1, Yo " Y,

Xy = @3 (Y1, Y2, =+ Yals

......

X, = 9)11 (yIY y21 e yn)j

T. jo y TOM cayuajy Mohm he ce x,, x, --- x, H3pasUTH
HEKUM SYHKIUjaMa @y, ¢y, ... P, HE3aBUCHO NPOMEH.bUBUX
Y Yo - Y, PyHKIH]E X1, X5, -+ X, B0BY C€ UHBEPCHE PYHK~-
yuje. Torasan aneepennnjaa eyakuuje x; 6uhe

0x; 0

d d i i
xi—ayl Y1 + 0Ys Yo =t == oy, Yoy

na Kako je {ua. 90.)

Jdx; = Ay dy, + Ay dy, + - + A, dy,,

6uhe u
0x;

J—:Ai.
Yy y

93. TEOPEMA. A0 cy Xy, Xy, -+ X, U Yy, Yy *** Y, UH-
eepcHe Pynryuje, oHoa je

0 (Y1, Yo, - y,) . 0 (o, Xy, v Xl
0 (X1, Xgy o X,) 0 (yh Yo, Yl

= 1. (@)

Aa He 6ucMo mncaau Beauke uspase, yshemo aa je
n =2, 1. j. ysehemo aa je



190 TEOPHJA AETEPMUHAHATA.
Y1 = fi (X, X3, Yo = fi (20y, X3, (4)

X = ¢ (Y1, Yoy X = @5 (Y1, Yol (5)

Y ToM caydajy 6uhe

0 (yy, Yo _ % Oi/} (l(x" o) _ O_-Xj O_-’ﬁ
0 (X, %)~ | Oxp  0xy 0(yn Yol | Oyr OYs '
| 0x; Ox, 0y, 0Ys

na je crora

_ 0y Y . 0 (X, Xg]
0 (xnxg) O (Y, Y

P

0y1 02y | 0Y1 0%y 00Xy | Oty O,y
0x,0y; ' 0x,0y, O0x;0Yp  0X30Y, ’

0ys 0wy | 0Yy 0y Oyp0Xy | OY3 0%y
0x, 0y, + 0x,0y;  0x;0Yy ' 0X,0Y,

ITo exBaumjama (4) u (5) Buaum ce mehy Tum aa je

0y, oYy, O_xl 0y, 0x;, Oy,

Oy, 0x;0y; | 0xy 0y, Oy

2

[Ipema ToMme je u

p—|% %
0yy 0y,
0y; 0y,

Ho kako oyHKIUje y, U Y, HE 3aBUCe jeAHA OA Apyre, TO je
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a TO 3Ha4YM Aa je

P - () (yh y2) . a (xhxz} . _O_y_l O
- 0 (xla x2.l 0 (yh y2) _ ayl

o U |
l 0y,

1 0

=1,

1o 1

a TO CMO U TBpAUAR,

94. TEOPEMA. Ao cy yi, Yy, - Y, Pdynryuje upomen-
AUCUX Uy, Uy, **+ U,y 3 UPOMEHDUEE Uy, Uy, -+ U, FYNKYUje
UPOMEHHLUBUX Xy, Xy, -+ X,, OHOA je

0 (Y1, Ys, * y:]: 0 (Y1 Yo - Y. . Q(ul, Ugy ** Uy

O (X, Xy, o x,) Oy tyy - ) Oy, ) O

Pynrnuje yi, y,, -y, cy y 0Baj Max CAOMeHe ®YHK-
nuje. AKO MOHOBO y3MeMO aa je n = 2, Guhe

Oy _ 0y1 0wy 4 0y 0uy  Oyy _ Oy 0wy | 9y, duy
0xX; 0w 0x,  O0uydxx;’ 00Xy Ou, Ox, Ouy 0,

0y _ 0y, 0uy |, 0y, 0u, 0Ys _ 0y 0u; |, Oy, 0uy

0x, 0w 0x;  Ouzox,’ Ou Ou 0x,  Oug O,

ma je crora

01 Y1 | _| 00w | 9y0uy Oy 0wy, Oy, duy |
0x;  0x, 0u; 0, Ouy0x;  O0u 0x,  OUy 0,
e 0z | | 0yy0wy | Oyz0uy Oy, 0w\ Oyau
dx; 0Ox, 0u; 0y Ouy 0,  Oup 0X; — Oug Oy |

oy, oy, ou; Ouy

« f —% —F | q. e. d.
ou;  0uy 0x; 0x,

0y, 0y, 0u;  Ou,
ou; Oy | 0xy Oux,
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95. TEOPEMA. AKO cy Yy, Y2y *** Y UMTAUYUTHE BYHK-
yuje TPOMEHHLUBUX X, Xg, *** X, aKO je OaK.ae

Fy (24, 2, «++ X4y Y1, Y3y **

F2 (xh Xy 0" Xy Y1y Yoy =0 yn’ == 0,

yn) == O)

(6)
F, (xh Xay =0 Xy Y1, Yoo - yn) =0,
O0HOa Je

O (Fl‘l F21 e Ez)

0 (Y1, Y, " Yl , 0 (X, X9y -or )
I= ai(xh X2y = x,) ==1 0 |Fy, Hy - F,) (C}

0 (Y1, Y2, - Y.)

YV oBaj max je

oF; O_g_/l oF; oy, oF; 0y, oF; o
oy, ox, ' dypox, ¥ T op 0w, T T om

G h=1,2,-n

j.

AKo ysumaMo y BHMAy Taj obpasar (7),

H3BOA OBa ABa jakobujaHa:

OF, OF, OF, | | o
oYy 0y, Y,

0x,
oF, OF, oF, oY,

oy Oy oy | | 0y

oF, OF, oF, oy,
oy, Oy, Oy, 0x

n

mMohu HanucaTu y OBOM OGAMEKY :

oy o,
0x, 0x,
0
0x, 02Xy
ayz “ o Oy”
0x, ox,

oHAa heMo upo-
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OF, o, oR
ox, 0x,  ox, |

(— 1)

oF, OF; oF,
d0x, Ox,  0x,

2

OF. OF, OF,
ox, Ox,  Ox

- ”

a 110 TOMe ce BUAN Aa je

J— w —_ (__1),, O(FI’F%.“F;:) e a(F[,Fz,"'F”)
- O(xhxz,"'xn) 0 o(xbxz,..-xn) ° O(yl) Yy **° yn)

a TO CMO U TBpAMJAU.

Hanoomena. ¥ AusepenunjasnoMm PauyHy yuu ce oBO:

(1) Ako cy y = flx) u x = ¢(y) uuBepcHe dyHKUH]E,
OHAA je

dy dx_
dx " dy — (@)
(2] Ako je
= flu), a u = gplx),
oHAA je
dy dy du
de = du’ & &

(3] Akro je flx,y = 0, oHAa je

of

dy ox

dx = T of 4
oy

TEOPHJA AETEPMHHAHATA 13



194 TEOPUJA AETEPMHUHAHATA.

ITo Tome cc Buam Aa uma canuHOCTH H3Mehy o6pasana
(@), )B!, (y) ¢ jeane n obpazaua (a), (b), (c) ¢ Apyre crpae.
Ta camusoct aaaa je moBoaa Beprpany ') aa jakoGujau
AePUHHIIE TaKo, Aa 6yae camunoctTn usMmehy seeunuumije
jakobujaHa cucreMe SYHKIHMja U N3BOAA

c_lg — lim (ZIA—Z)

dx Adx=0
HEKe dyHEuuje y = [ (x).
96. BEPTPAHOBA AEPHHNIMIA JAKOBWIAHA. Hewra je

Y = fl (xh Xy ot x;,), Yo = fﬂ (xb Xgy *** xn)’ o
yn = fn (xl) x2) te xn‘
U HEKa je ca
Aixy, dixy, -+ dix,,

Apxy, Ay, -+ Ay,
Anxh Anx2) Lo Anx’n
0O3HAUEHA CHCTEMa OA M PasINYATUX CHCTeMa IpHUpaITajl

HE3aBUCHO IPOMEHBUBHX Xy, Xy, <+ X,. TUM cCUCTEMaMa [pH-
paliTaja He3aBUCHO IPOMEH.LUBUX OATOBapahe mpupauiTaju

AﬂJn A1y2> Alyn,
Ath A2y§’ A2yn;

Anyb Any‘b Anyn
DYHRLUM}A Yy, Vs, -+ Y,. Deprpan je aonaszao Aa je

) Buam ). Bertrand. 1raité de Calcul Différentiel et de Calcul Jn-
tégral, t. 1. p. 63.
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O(yl y2""y) . )
S ) = M i = -
02y, X357+, A, =0 !A‘yl 4y Aly;n Ax, dixye - A,

)
\Azyl Awyz -4y, dyx, dyxy---dyx,

.....................

! A»yl Anyi . ‘Anyn Anxl M?' ‘ 'A,‘x,,

= dy diyy - dyy, || dyy iy -e- dye,
dyyy dyys -+ dyy, dyxy dyxy -+ - dax,
dﬂyl dnyZ T dnyn dnxl d,,xg o e d"x”

Hera je momoBo n = 2. V ToM cayuajy 6uhe
o] oy 0Ys 0Ys
iy, = O_xi dxy + Ex‘i dyxy,  dyy, = 0%, dix; + 0x, : X,

oy, Oy oy
dyyy = O daox; + 0%, d2x2, dagy; = Ox1 21 + ()x2 doxg,

I1Ia C€ CTOora IIPOU3BOA

|O_y1 *0—%"1(1'1951 X

0x; 0x,
o oy | | e de
ox, 0x,

MOK€e HAlMCaTH y OBOM O6AMKY:

dyyy  dayy

1Y, ‘dzyz

b

a TO 3HauM A4 je
13*
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0 (Y1 Yo .
m = —| dyxy, dyxy |

diyy  dyys

dyy;  dyye dox;  dyx, |

97. BparuMo ce caA TOHOBO CHCTEMH MMIIAUIUTHIX
®YHKIHUja, TTa Y3BMAMO A3 HaM je AaTa OBa CHCTeMa eKBaluja:

Fl (xl, Xy =0 Xy Y1y Yo y"+P) = 0’

Fy (1, X3y *** Xy Y1y Yo» = yn+p) =0,

Fn-{-p (xh Xgy o Xy Yy Ysy yn+p) = 0.

YV roj cucreMnm ¢y ca X, Xy -- X, O3HaY€He He3a-
BICHO IIPOMEH.bHBE, & Ca Yy, Yz, *** Yuy Yug1 ** Ynqp HOTIYHO
oapehene oyHKINUje TUX npoMeH.suBux. lIluta ce, Kako
hemo y ToM cayuajy Hahu jarobujan

e 0 (yb Yoy *°° yn}
= 3y 0y %)

MPBUX M &YHKIHU]ja TE CUCTEME.
YV oBaj Max je

OF, 0y,  OF, oy, OF: Wuyy OB g
dysom, Togpom, T T oy, 0w, T o,

IToMHOMKUMO cag ACTePpMUHAHTY

A ﬁ oF; OF;
oY, 0Ys OY gy
OF, OF,  oF,
oY 0Ys 0Y gy

OF,, OF.,  OF.,,
oy, Oy Yty

jaroOujaHOM
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J= O (yla y2’ s y..)
Y (xla Xgy = x,,)

I HAIUIIMMO Iipe Tora jako6ujan J y 06auMKy oBe AeTep-
MIHAHTe (n -+ p)-TOr cTeleHa:

W % War Wapy |
0, 0x;,  0x, 0x4

e e e
0X, 0xy; 00X, 0X,

MW s ey

0x, 0x, 0x, 0x,
0 = 0 1 A
0 0 0 1

OsHaunMo Taj mnpousBos ca P. Ako ysumamo y BHAY
obpasan (8), onaa hemo Taj mpoussBos mohu HammcaTH y
OBOM 006.4MKY:

pei_1p| M . OB OB R,
0x, 0x, OY,p OYugy
% oF, OF, oF,
0x; 0x, 0Y,p OY gy

OF.y,  OF, OF,4  oF.,,
0x, 0x,  O0Y,p 0Y sty

0 (Fb F27 ce Fn-}-p)
0 (xy, Xg, **+ X, Yug1s Yugoy ° y,,+,) ’

= (— 1)
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Crora je
; P
—— A .
98. TEOPEMA. AK0 Y Y, Ys, -+ Y, PYHKYUJE He3a6UCHO

UPOMEHDUBUX Xy, Xy, *++ X,, OHOA ce jarobujan J gymw-
YUJA Yy, Yo, Y, MOJCE USPASUTU UPOU3EOOOM

op; 0y 0P,

0x, 0xy  Ox

n

Y Tome uwpouseody je ca @, osnauena nera Pynryuja upo-

MEHLUBUX Yy, Yy, ** Yicty Xy Xig1y ** " Xy
Hera je
Yy = @1 (o0, Xgy 00 2,0, Yo = fo (%, Xgy -0+ X,), -0
Y, = fn {X1y Xgy o xn)'

s npee exBaumje Te cucreMe nspauyHahemo x; m cme-
HuheMo x, Bpeanomhy, kojy 6yaemo Ao6uau, y cBuMa
ocraauM erBauujama Tte cucreme. Tajaa hemo po6utu oy
CUCTEeMY :

Yo = Pg (Y1, X, *+- X,), Yg= Ws (Y1, Xgy *++ X,),0 0

Y, = y)u (yh Xgy *o* xn)'

Caa hemo W3 npBe eKBallUje Te HOBE CuCTEMe U3pavy-
HaTH X, U cMeHnheMo x, BpeaHomhy, kojy Gyaemo 206mam,
Yy cBUMa OCTaIMM eKBalujaMa Te cucreme u T. 4. Aary
cucreMy mohu hemo oBako HamucaTty:

Y — ?l (”x‘l) Xy *°* xn) == 07
Y2 — Pa (Y1, X3 -+ X)) =0,
Ys — Ps (Y1, Yo, X3y -+ X,) =0,

Y, — (pn (yh Yoy " Yuory xn) = (.
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Ilo obpacuy (c) 4a. 95. buhe aakae

. 0 (Y Y25 *** Y .
T 0 (®y, X, e

J

S o _om _oml

TTox,  Ox,  Ouxg ox, |

09 0ps 0py | g,

T x,  Oxg  Owx, ]-.-()y1 1 ¢ =D
0 0, 0p; 0@y
O 0 =8 Tew, oy, oy, 0
...... | sad w {]
0 0 0 cQ,
0 0 0 .. 0% 1% 09, cp.
ox,| | oy, oy, oys
jep je
090,- . "
ox, =0, Kaa je k <1,
a
op; .
_0%:0’ Kaa je B > 1.

[Ipema ToMme je

J=a_¢la_g)2. ?g'.‘

ox, 0x;  ox,

n

a ta om0 u TBpav.i. CBeau MO JaKae jakobujaH Ha
jeaaH jeauHu 4daaH, a Taj 00AMK je uecTO TOrojaH 3a U3--
paudyHaBame jakobujasa. Ha npumep, Hera je

x =psinfcosp, y=psinlsing, z= gcosb.

Hamnmnmo rte Tpu oyHEnmje x, Yy, 2 OBaKO:
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x = psinbcosp, z= cot®, y = xtg ¢.

X
Ccos q)

Ilpema ropmem ob6pacuy O6uhe

05y sin 6 cos (= =
olp, 0, — 5P “cos psin®0 cos’ ¢
e B : sin
~ ooty = — ¢ 50
Crora je
0 (x, v, 2) . .
679’ 8, 9 = p%sin 0.

99. TeoPEMA. Awo je jaroGujan cucreme HyHr-
yuwa = 0, onoa Te yHKYyuje Hucy He3agucHe.

Jep, ako je

0, 0, 0Q,
J OP1 0FP2 i—(},

= ox, Oxy | ox,

oHAa he MopaTm jejaH unHHTEH NPOUBBOAA

op1 0Py 0P,

dx, O0x,  Ox,

6utu = (; Guhe H. mp.

0p;
Ho rap je O_Z:).Z 0, oHAa oYHKUMjA @; HE 3aBHCH OA

NpOMeH.bUBE X;; TO 3HA4YM Aa je dYHKIHM]ja y;, KOja UHAYe
3aBUCU U OA IPOMEH.bUBE X; Yy OBaj Max OBOI OOJIKA:

Y, = @; (yla Yoy =0 Yicty Xiga x,,).

Ho raro je
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Yir1 = Pia (Y1,Y2r *** Yis Xig1y " X,),

TO heMO m3 mocaeame ABe ekBalyje MOhH eJMMUHUPATH
x4 M Taga hemo ao6utm 0BO:

Yt = Wi (Y1 Yas °* Yiy Xigo, *** X,

a 110 ToMe ce BUAM A3 Y,.; He he 3aBucutu oa x4, Ha
MCTH Ha4yuH MOram GMCMO AOKa3aTH, Aa HHU Y., He he 3a-
BUCUTH OA X, n T. A. Hajsag aobuhemo aa je

Y, = Y, (yb Yy = yn—l))

a Mo TOMe ce BHAU A4 SYHKIUjE Y, Y *-* Y, HACY He-
3aBHCHE.

Ha npumep, Heka HaM je AaTa AudepeHIUjalHA
€KBalluja

Mdx + Ndy = 0

npeora peaa (M u N cy oyHKUUje IPOMEHbUBUX X U Y,
na HekKa oy

Xy =auylx,y =>

Ibe3IHM NMHTerpaai. AKO AHPEPEeHINpaMo dyHKIMje ¢ 1 Y,
A06ukeMo 0BO:

op

de + 2 gy =0
x oy =0

oY oY
B'de—kagdy:(),

a II0 TOMe ce Buagum aa je

op 0p | _ g
ox oy
oYy oY

ox Jy
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Jarobujan oyHenujd ¢ n y je sakie = 0; To 3Ha4U Aa
PYHKINje ¢ W Y HUCY HE3aBUCHE, T. j. ougiepenyujaana
erneayuja Upeoza peda uMa camo jedaH HesasucaH OWWLTU
uMTezpal.

100. TPAHC®OPMAIMJA OAPEBEHKX WHTErPAJA., Heka
HaM je AaT OBaj Bumlierybum MHTErpan:

J = QSF (yl: Yay *o* Y, dy-,dyg dyna

1a NPETHoCTaBUMO Aa je
Yo = filxy, oy o), (1=1,2, - 7l
Y Tom cayuajy nmpeoGpasuhe ce syurumja F (y;, yy - y,)

y oynrunjy G (x,, x,, --- x,), a Aokazakemo aa he ce aar
unTerpaJ npeo6pa3uT y OBaj HHTErpPad:

0 s Ysy to n)
J: Qg... G (xl, Xay v x") aiill zii _”yx)dxl dxz-..dx,,'.

LY

IIpomensuBa y, Mome ce, Kao IITO 3HAMO, OBaKO
uspasura (4a. 98.):

yn - (pn (yb y27 e yn—-la .X'"}.
AKO AaKJle MOYHEMO WHTErpOBATH MO HPOMEHBUBO] 1,
o,

oHaa hemo dy, MopaTm samenuTu ca ox dx,, jep ce Taja
n

Y1 Yo, *** Y,1 MOPaAjy cMATpaTH Kao CTalHe KOJAUYNHE.
Crora he 6uru

0P,
J = SS e F (yla y?; e yn——h q)u) O%dyldy'l“'dyn—ldxu‘ (a)'
Aaxwe, y,_, MOKE ce OBAKO HM3PA3UTH :

Ynel = Puct Y1, Y5 ** " Y2y X1y X,).
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Aaraze, aKO MHTerpaa (@) [OYHEMO HHTErpoBaTH MO TPO-
MEH.bUBOj Yy, ,, OHAa hemo dy, , MopaTH BaMeHHTU ca
op,

n—1 5 s .
So— d%,_1, jep ce NP TOj MHTOrPAMN Y1, Yo ** Yus, T,
1

MOpajy cMaTpaTH Kao cTalHe KoaunuudHe. VHrerpaa (a)
npeobpasuhe ce Aakie y oBaj:

J =

()q)u -1 Oq)n

ox,_; 0x,

g\,. ’ 'F(yl)ym o 'yn—2390n—1)¢n) dyl dy2 Tt dy"—de"—ldx"'

Ako m aame 6yjeMo 3aMemUBAJH [OjeAHHE POMEH.BIBE,
Aobuhemo Hajzaz aa je

1 () 2 O n”
I= SS“. F(wh 9027 o wn) O¢ 7¢~ ."_ﬂdxl de vrm G

& i &3]
0x; 0x,  Ox,

HO KaKo je

0P1 0@ 0P, O (Y1, Yo " Y

0x; 0X;  0x, 0 (xy, Xy, - )

)
TO je yjeAHo u

O(y y_,...yn)
J= SS"' F(¢h P2, 'Son) 5 (xl,,,xi, e x,) dxldxz"' d.X‘,Z,

a TO CMO U TBpPAWJAU.

Ilpn TOj TpaHceopMalMju HHTErpa.da NPETIOCTaBba
Ce Aa CBAKO] CHCTOMU BPEAHOCTH IPOMEH/BHBUX Yy, Yz, *** Yy

YHUPODMHO OAroBapa jEAHa cHcTeMa BpPEAHOCTH HPOMEH-
/bUBHUX xl, xz, SLAR

Jarosu je mpBu (De determinantibus functionalibus,
Crelle’s Journ. f. die reine und angewandte Mathematik, t.
22. nam Werke, t. III. p. 436.) nainao o6pasal o KoMe ce
IPOMEHBUBE Yy, Yy, -*- Y, CMEHYjy Y HEKOM olITeM IH-
rerpaay. Ho mpe mera je Tpanceopmalujy ABOjHUX HHTE-
rpaaa u3BpIINO Ajaep, a TPaHCHOPMANNjy TPOjHHX HMHTE-
rpaaa Jarpasx.
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101. XEcusaHN. JaroGujan upsux 0eAUMUUHUX U3E00a
Hewe ghynryuje f (o, x5, -+ X,) 308e ce xecujan gynryuje f.

Xecujan oysrnuje f(x;, xp - x,) je Aarae

(o0 0,0t
Hifl — 0x, Oy’ Ofn_ _ aA(fh for oo [l
= ey g ) 0 ey, 2, o &
naK
| 2 o]
T ToxE Ooxox,  oxpox, |
A A s
0x50x,  0x®  0x,0x,
02,« ()2]( a:’f
ox,0x; Ox,0x;  Ox,}
Kako je

o°f O*f

0x,0x, = ox0x;

TO ce BUAU Ja je XecujaH cuMerpuuHa AeTepMuHaHTa. Hag
n3BoAM fi, fy, +-- f, HACY HE3aBUCHU, OHAA X€cHjaH SYHKE-
unje f mopa 6utn = 0.

102. AM®EPEHIMJAAHE AETEPMMHAHTE. leka cy vy,
Ys, +++ Y, PYHKLHUje He3aBUCHO npoMeH.bnBe x. Te oyHE-
nuje hemo aumeepeHuuparu (n — 1) nmyTa ysacronme u A0-
6uheMo OBe U3BOAE:

Yy Y2y v Yo

" " n

Y s Yz, Yy

(n—1)

n—1 1—1
YO oyt ey,
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JerepMuHaHTa
Dy, ys vl = | W Y 0 Y
dy, dy, dy,
dx dx dx
d2y1 d2y2 dgytz
da? da? T da?
d" Dy, d" Ny, A"y,
dx' ' da*! T dxt!
Al
D ‘.yh y27 yn) = yl yZ Y
y1' yz' oy,
wo Y Y
yl(n—l) y2(”‘1) ot yn("_l)

30Be ce ougeperyujaina OeTepMuHaHnTa uau no Muir-y
6pOHCKUjaH DYHKIUJE Y, Yo, *** Y,

103. TEOPEMA. AKO cy ay, ay, * - @, CTaIHE KOAUHUHE
u aKo cy Pgynryuje yy, Ys, -+ Y, 6e3aHe Mefy co0oM jedHOM
AUNEAPHOM perayujom 060z 06AuKa:

Gy + Gy + - + 4y, =0,
oHOa je Ougfiepenyujaana deTepmunanTa Tux gynryuja = 0.
AKO Ha uMe AaTy peJauujy AudepenHnupamo (n—1

nyra ysacromnuge, oHAa hemo ao6uTm OBy cuHCTEMY pe-
JAalyja:
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wy, +ay + - +ay, =0,
wy' + ey 4+ -+ ey =0,

n—1 n—1 n—1
a7 a4 - 4 ey, = 0.
C aarom pesanujoM 3ajeAHO MMa AaKJe CBera n peaamuja,
a AeTepMHHAHTa CHCTeMe TUX peaanuja mMopa 6utn = 0,
T. j. Mopa Outn
D (y1, yz -~ ) = 0.

104. AKO AaTe dyHKLUUjeé [OOHOBO O3HAYUMO ca Vi,
Ya, *** Y,, & N3BOAE IIPBOT, APYIOT, ‘*+ P€Ad TUX SYHKLUja Ca

Y, Yo 7 Yun

Yizs Yoz, " Yuoy

onaa hemo Aneepenuujaany AeTepMUHAHTY MohH OBAaKO
HalcaTy :

D(y,vey ~y)=|%m ¥ - Y.

Yu Ya t Ya

Yiyu-1 Yzyue1 " Yuno1
Osuvauumo caj Ca Yy HERY ¢yHRquy IIpOMEH/bUBE X, a Ca

(y:y); R-TM U3BOA IIPOU3BOAA Y,y PYHKIHMjA vy, M Y.
Jdako ce MoOMe AOKa3aTH, A je

Yy (Y o (Yo | = YD (Y1, V2o o )

Yoy (Yayhi = (YeY)ua

yﬂy (yny)l co (yny)n—l
nan
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D (yyy, vy, - yy) = y"D (yy, ys, -+ Y.
AeTepMI/IHaHH‘a, Ha ./leBOj CTpaHI/I MOME ce Ha uMme paGTB()—

puti y 36up AeTepMuHaHATa, jep je mpeMma I103HATOM
jeanom ob6pacny

Wayh = yay + va's W= vy + 20y’ + vy, -+
Jeana oa tux serepmunanara je = y"D (yy, vy, - Y, a

CBE OCTa./e Ccy 04 pejga — 0.

1
105. Ysmumo caa aa je y = R Y ToM cayuajy upeo-
g1

Opasnhe ce aerepmunadTa

Y (hyh o Yy

Yoy (Yo o0 (Y2l

YY WYh o WYiea

Yy OBY AeTepMUHAHTY':

G Gl | =L G (]

1
% Wl Pyl Y

L) () ()
Y1y \ Y1)y Yilw

Mehy Tum je

‘g D (y, yz), (is) =D(y1,‘)ys)’_” (l) _ Dyl

Yih EW - Y h Y Y 0’
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Jakie, ako y3MeEMO Aa je

() =2, (&) =2 ) =2,
yll—yl2 yll—ylz, yll—ylz,

T. j. aKO y3MeMO Aa je
D (yh yz) = 2 D (yh y3) =23 D (yh yvz) = 2,

onga he Guru mpema obpacuy (9)

?7121,,—4 2y 2y vt Zagw—s \:%D (yh Yay oo yn)
23 Zy; gy
Z, Zu Zan—2
nan
1
D(yhyzv"'yn)=yl,.—_2D(22,23,---z,,). (11)

108. TeorEMA. Kao je ougfepenyujasna OeTepmunanra
D (y1, Yo, -+ Y.) Mere cucTeme gyuryuja = 0, onda cy e
dynryuje mehy cobom eesare jedHOM AUHEAPHOM peda-
yujom 080z obaura:

oy + agys + - + ay, = 0. —
Vauumo aa vy, Huje = 0. Kako je no mpermocrasiu
D (yh Yoy yn) = 0)

tTo he mpema oGpacuy (11) moparu 6utu u

D (z3, 23, -+ 2,) = 0.

IIpernocraBuMo cap Aa Cy oYyHKUUje z,, z3 -+ z, Meby
co60M Be3aHe JMHEAPHOM pealalujoM

a222+a323+ ”'+anzu=0’ (1?) '
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Kaa je D (zy 25 --- 2,) = 0. Aro erBauujy (121 mojeaumo
ca y,%, A06uhemMo 0OBO:

n

AT R 0
as —3 as a, —5 =
2 ylz 3y12 ylz )

na je crora (Buam ekB. (10)) u
Y2 Ys Y
a (—» a (—-) v - oa, (_) = 0.
2 y1)1+ 3 y”-i— + oh

Aro nHTerpyjemo oBy ekBaliljy, Ao6umhemMo oBaj pe-
3yATAT:

oy + ay, + - + a,y, = 0.

[IpernocraBuBmu, Aa je cucreMa oA (n—1) oyHKIHUja Be-
3aHa Mehy co6oM jejHOM JHMHEAPHOM peJalujoM Kaj je
AudepeHnyjalHa AeTepMuHanTa te cucreMe = (), Aokazaan
oMo, Aa he um cucrema oa n eyHKumja Outn Mehy coGom
Be3aHa jeJHOM JAMHEApHOM pealallljoM, aKO je AudepeH-
uujaiHa AerepmuHaHTa Te cucreme — (. Ilomewyra mper-
I0CTaBKa 10CTOjU Kaj Y CUCTEMH UMa AB€ ®YHKIUje; IIpeMa
TOME je U IIOMEeHyTa TeopeMa MOTHYHO AOKA3aHa.

INIPUMEPH.

1. Hahu jakoOujaH ®yHKHU]jI
u =12+ 2ayz 4 2%,
v =x? - 2bxz 4 22,

w = x? 4 2¢cxy + 2
2. Aare cy <®yHKHUje

u=ux-4+2y+2 v=x— 2y 3z

w = 2xy — xz 4 4yz — 22%

TEOPHJA AETEPMHHAHATA 14
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Aokazatu (1), Aa oyHKUHje u, v, W HHCY HE3aBHUCHE Il (2), aa je
hw = u? — 02,

3. Hahmn jarkoG6ujaH SyHRUH]jA
u=xy+) v=yiz+x, w=zE—uy
M A0Ka3aTH A2 SYHEKIIje U, U, W HECY HE3aBUCHE.

4, Hahn xecujaH oyHRIHje
f(x,y, 2) = ax? 4 by® 4 c2® 4 2fyz + 2gzx -+ 2hxy.

5. Ca @, @y ...0Q, O3HAYEHH CY CTAIHM KOEPULUJEHTH, 3 ACIHU-
MHYHE U3BOAU [y, f2, -+ [, HEKe ®yHKuUHWje [ (X, X2, --- X,) BE3aHU CY
melhy co6oM OBOM JAMHEADHOM XOMOTLEHOM pelanujo :

afi + axfp + oo 4 anf, = 0.
AokaszaTu aa he ce dyHKuuja [ AHHEapHOM CcyGeTHTyUMjOM
X1 =Y1 + A3 Yns X2 =12 + Yy,  cer Xy—1 = Yn—1 + Ap—1Yns

Xy == @nYn

npeo6pasuTH y HEKY ®YHKUU]y NUDOMEHBHUBHX Y1, Y2, +++ Yy_1-
6. AorazaTL Aa je

dD (ylr Y2, o0 Yu)
dx

Y1 Y - You—-2 Y

Y2 Y21 -+ Y2m—2 You

CYn Ynl vt Ywn-2 Yma
7. Hahu aunsepeHIujalHy AeTepMHHAHTY SYHKIU]A
p=x"—4a yw=x"4+b, ys==x"+4c¢

U AOKAa3aTH A2 Cy Te &yHKOuje Mehy co6oM BesaHe jedHOM JAHHEAPHOM
peaanujoM.



AETEPMHHAHTE CHENMJAAHUX OBIAUKA. 211

8. AokasaTm Aa cy PyHKHmje sin x, cosx, e¥ mehy coGom BesaHne
jeAHOM AMHEAPHOM peaAanujoM.

Hamou. e¥ = cos x - i sin x.
9. Hera je
X1 X2 Xn—1
N=—, ==, -« Yp-1= )
;XH xﬂ xn

x4 x4 Fx2=1.
Aokaszatu Aa je

0 (ylr Yy wiee Yn—1) 1

0 (X1, X2y + v xn—l) xn"+l

10. x; =cos ¢,
Xg = sin ) cosz @,

xg = sin ¢ 8in 2 cos g,

X,_1 == $in (1 SN Pg ¢+ SN Py_2 COS Pp_1,
X, == sin (g1 Sin @3 - e+ $iN @P,_2 $iN P,_1 COS Pp.
Aokrazatu Aa je

9 (xlv X25 v 0o xn)
O(¢1) P2y (pn)

= sin"gp; sin*~lgpy sin" 23 .o . sin’e,_; sing,.

11. Ca u je o3Ha4YeHa HEKA XOMOreHa ®YHKIHUja NPOMEHbLUBUX,
X1, Xg, +++ Xy, & C& M CTelleH XOMOTeHOCTH, lla HeKa je

ou o%u
c)_x,- =U; s T == Ugpe

AoKrasaTun Aa je
14*
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Hanom. TpeGa umatu y BuAy AjaepoBe oGpacie
mu = u;x1 + ugxa 4 -+ 4 Uy,
(m — 1) u; = ux1 4 ugiXe -+ -+« 4 Uni%ns

(=1, 2, 3,...n).

e @ e

m |
u u1 Ug 00 U, =
m— 1
uy Uiy U - U,
Uz Ugr  Uge ... Uy
Uy, Unl Upg o0 Uy,



OAELAK CEAMIL.

AUHEAPHU 1 KBAAPATHU OBAUIA. AUHEAPHE TPAHC®OPMAIIUJE.

107. CBaka XoMoreHa Ie.aa ®YHKIHja 30Be ce 06Uk
(quantic, forme). O6aunu ce aeae mo 6pojy HPOMEH.HUBUX
04 KOjuX 3aBHce, Ha OuHepHe, TepHepHe, «--; OUHEpPaH 00.11K
3aBUCH OA AB€ TMPOMEH.bHBE, TepHepaH 04 TpH U T. A.
Cem rTora aeae ce o6aunu Ha 00auKe JAuHeapHe, K680-
parHe u T. A. JuHeapHH 064MIM CY XOMOreHe &YHKIHje
OpBOra CTENeHa, KBajApaTHU 00AuMIM Cy XOMOreHe ®YHK-
nuje apyrora crenesa u T. A. IIpema Tome je

ax® + 2bxy -+ cy?
6uHepaH KBaApaTaH 00.MK;
ax® + by® + ¢ + 2fyz + 29zx + 2hxy (1)
je TepHepaH KBaApaTaH OGJUK;
ax® + 3bx*y + 3cxy? + dy? (2)
je Ounepan o6.uk Tpehera cremena u T. 4. Ommra 064uK

GunepHOr 06.4HMKa M-TOU CremeHa Ao6uBa ce, Kaj ce y3
CBaKM 4YJaH y pa3BUjeHOM 00.1HMKYy H3pa3a

e 4 y)"

Halnuiie no jejaH Koeeunmjerar. Omomrty 064K GUHEpHOT
00.11MKa M-TOr CTelleHa je AaKJe OBO:
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v m— m m—2 .9
= @ + max"'y + ( ?l ax" Pyt 4

m

1n_1) am_lx,ym—l + amym'

+

Onirta 064uK TepHEpPHOT 06AMKa M-TOr cTeneHa A06uBa
ce Kal ce y3 CBaKH UJaH y DasBUjeHOM O0ANKY W3pasa

@ty + )

Hamume no jedan koeduuujemar u T. A. Heae je obauke
(1) m (2) cuM60AMUKN OBaKO Oeaemuo :

i ( 2 ( " 3

(a, b’ C’ f7 97 h) (x7 y'l z) b (a7 b) C) d}('x7 y) .
Yecro ce mehy tum 36or Behe cumerpuje y mspa-
3UMa TIpOMEH.bUBEe 0eleke jeAHIM IUCMEHOM, y3 Koje ce
cBaKaj y AECHO MuIlle 10 jeAHa Ka3a/bKa; Ca HCTHX pas-

aora 6eJexe ce N CTaAHI KOGSUNNjEHTH jEAHUM MUCMEHOM,
y3 Koje ce cBakaj y AecHo mumy kasabke. Ha mpumep,

f = a2, + a2y + a3y
je auHeapaH TepHepaH OGJHK;
f=anx®+ A% + W33+ 2120015 + 20151205 + 20250203
je KBaaparaH TepHepaH O00JNK;
f= amx® + amxs’ + Bgps’ + By1aXiP s + 30130, °Xs

+ B199%0,% - Bhp Xy X5+ 315515+ 3aga 2" 4 6193001055
je TepHepan o6auk Tpehera cremnena;

f=anx® + A5 + Agey” + y® + 20152020, + 210105

+ 201,200, + 22395 + 2240004 + 2034054



OB.1MIII. IMHEAPHE TPAHCPOPMAUMUIJE.

je KBagpaTan KBaTepHepan 0611k u T. A. KBajpaTuu 06.aumn
ca n NPOMEH.hUBHX MOTY C€ AaK.e OBAaKO 0EAeuTH :

i=n k=n
f= E: z: A X Xpy Wy = U5
=1 =1

215

o6aunu Tpehera crermeHa, a ca n OPOMEH.bUBIX, Oeaeike

Cc€ OBaKO:
i=n k=n Il=n
f= E: U)X X3 X0,
i=1 k=1 l=1

Ay = Qi = gy = Qpp; == "

108. JUHEAPHA TPAHCHOPMALNJIA. JnHeapHo Tpanceop-

MOBaTH HEKaKaB 006.1UK

f i @ o )

n

3HaUY CMEHUTI TOM OOJAUKY IIPOMEH.bHBE X1, Xy *
3 ‘25

OBUM H3pa3PIMa.:
X, = byyy + by + - + by

Xy = by + bpys + -+ + baYu,

xn = bulyl + bu?y‘_) + e + bunyu'

n

V TuMm uspasuMa nMa HOBUX IMDOMEH.bHBUX Y IICTO OHO-
AUKO, KOAMKO MMa IPOMEH.HUBHX X Y AaTOM O00aHMKY f,

T. j. Ha 6poj ux mMa n.

AerepMnHaHTa
M=| by by - by, )
5 |

by by o by,

bul bn" Ty bnn |



216 TEOPHJA AETEPMHHAHATA.

30Be ce M00Yo TpaHcgiopmayuje uan Mo0yo cybcTuTyyuje,
a SyHKIUja

F (Y1y Yoy =** yn]
y Kojy he ce momenyroMm TpaHceOpMalMjoOM TpeoOpasuTH
064Uk f 30Be ce TpaHcgiopmosan o6auK. JACHO je Aa MOAYO
TpaHCc®OpManuje He Moxke Outm = 0, jep kaa 6u Oma0
M = 0, OHAa KOJAUYHHE X;, X3, *-- X, He Ou Ou.e He3aBUCHE.
— 3a JuHEapHy TPaHCPOPMANUjy Kaie ce Aa je yHumo-
Jdy.aapHa, Kaa joj je moayo = 1.
IMpumer: Tpeba TpaHCLOPMOBATH AMHEAPHO O0GAMKE
f= ape® + 20,2002, + @205° —
YV oBaj mMax Tpeba yseTu Aa je
x; = by + b2y, X2 = by + bxYo-
Buhe aak.ae TpaHC®OpMOBaH 00.IK OBO:
F = a, (buyy + bays)® + 2a; (buyy + by (bays + by
+ @y (bayy + bays)’,
a 110 TOMe ce BHAM Aa ce F Moke OBAaKO HalUCaTH :
F = Ay’ + 2Amy: + Ay°;
y TOM u3pasy je
Ay=0b," + 20,b11b5 + Asby®, Ay=0bys* 4 21b1sb o+ 2b2y%
A;=aebbre+a; (bbsa+bioby) +:bnbos.

109. Oprorounaana traHC®OPMANMIA. IIpernocrasumo
A3 CMO ®YHEUH{Y f (X1, X5, -+- X,) Tpeobpa3uau y @yHKUUjy
F (yy, Y3 -+ Y,) AMHEAPHOM TPAHCEOPMALUjOM
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xy = byyr + buys 4 -0 + by,

Xy = buy1 + ba¥s + -+ + baY (3)

X, = bnlyl + bn‘.’yZ + T + bmzyn'
Axo je
P4ttt xt=y+ v+
OHAA C€ Kaske A3 je NUHeapHa TpaHcdopMmaluja (3) opTo-
2onaana. OpToroHaaHa TpaHCPOPMalldja je HajBaKHUja

JAWHEapHa TpaHChOpMalyja.

109 a. HoeeunumjeHTn OpTOroHaJHe TpaHCHOpMaluje
nMajy oBe ocoOuHe:

(a). Raro je
x4t 4 o ol
= (buy1+-brya+- - +b1.,y,.12 + (batr+ buys+-+ by y.)°
R oo e ee A (bayi byt by
=(bu® +ba® 40Nyl + b’ +bn’ +o by
+ 0 4+ 21y (bubie 4 baby + -0 + bab) + oo,
T0 he Outn n
b + b + - +0bS =1, I
biby + baby + - 4+ bbs =0, l
(k=12 nj.
(b). TlomHOUMO HpBY ekBaiujy cucreme (3) ca by,
APYry ca by, -++ mocaeamy ca b, n cabepuMo noc.ae Tora

Te exBaluje. Ja.be, IOMHOMKUMO IPBY €KBalMjy CUCTEME
(3) ca by, Apyry ca by, -+ nocaeamwy b,, u cabepumo moc.ae
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Tora Te exBauuje u T. A. 36or peaanujd I. mohm hemo
Te 30MpOBE OBAaKO HAIUCATI :

Y1 = buxy + baxs 4+ -+ 4 b,x,,

Ys = byoXy + b¥y + --+ + b, (3%)

yn — blnxl + b2rzx2 + e + bunxn'

Moayo Te TpaHceopManuje je

bll b21 bul ]
bl’ b'?.z bn.’.
bln b2n buu

T. j. Kajd je TpaHceopMmanuja (3) OpTOroHaaHa OHAA CY
MOAYaHU TpaHceopMalujd (3) u (3%) jeAHaku, aau c€ MOAYO
TpaHceOpMaunje (3) Ao6mBa TEK Kaj ce MaTpula AeTep-
MUHAHTe, IITO TPEeACTaBba MOAYO TpaHCPOpPMaluje (3),
TPAHCIOHNPA.

(c). KBaapaT Moay.aa OpTOroHaJaHE TpaHCHOPMALlje
1.

je = 1. — Hexra je Ha umMe
M=|by by b, = l Dy, |.
by by ba,
bnl bn2 bnn

Aerepmunanra | Dy, | je cumerpmuna (41. 56.), a mo oco-
6unn (@) koedunujeHara je

D;=1, Dy = 0.

Crora je M= 1, a T0 CMO I TBpAU.IIL
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(d). Aro je B, Ko®aKTOp eaeMeHTa b; y AeTepmi-
Haut | b, |, oHA3 je

Bik = b, | by, I -
ITo ocobunu (a) je

bubu 4 c2s 4 bnlbnk == 0;
bubu ik = bnkbnk == 1,

blnblk + e + bnnbnk == O‘

[lomuomxumo npBy usmehy oBux peasanmja ca B, Apyry
ca Bp, -+ mocaeawy ca B, m cabepumo mocae Tora Te
peaanuje. 36up he 6urnm 0BO:

bu (bllBﬂ + + blan) + + bilc (bﬂBil + + bx'nBin)
—|‘ + bnlz (bnlBil + + bszin) — Bik'

Ho rako cy cBu koeduuujeHTn = 0 ceM KOEDUIINjEHTA
mro ce jaBmba ys by, To he Gurn

by (baBa + -++ + b,B.) = By,
T. j. 6uhe
B, =1by | b,
(e). Rako je
ba| b | = By, bs| b, | =Ba - byl b | =B
buhe u

(babs+ bisbys+-- + b;,bs) I by, | =B;bu+Bib+--- +B,.b,,.

Nspas Ha aecHOj crpaHnm je | by|, Kaa je i=k; Taj
uspa3 je mehy tum = 0, Kaa je i # k. Crora je



TEOPUJA AETEPMUHAHATA.

bil2 + bi22 + T + bi'n2 = 17
babu 4 bibie + -+ 4+ byub, = 0,
(i,h=1,2, -
br+17r+| br+l1r+2 br+1m - l bln l X | bu b12 blr
br+27r+l br+27r+2 b'+2m b21 b22 b2r
bn}r-}-l bn1r+2 e bnn brl b72 Tt brr

Taj obpasar aokazahemo

3HaTOj TeopeMmn je (ua. 41.)

Bn B12 o Blr
B)l Bzz ) B2r
Brl Br‘2 ° Brr

= I bln lr_l X

Ho xakro je no ocobuun (d)

6uhe u T. A.

.........

oBako. IIpema jeanoj

br+1)r+1

br+2)r+l
bn’r+1
Blr == l by, \' X | by
: B2r b21
‘ Brr brl

br+1)r+2 ter br+17n

br+27r+2 Tt br—{-27n

bn7r+2 o bnn
b12 ° blr “’
bag =+ by,

br2 ot brr

II.

I10=-

ITpumep. Aare cy ABe OpTOroHaJaHEe KOODAMH&THE
cucreMe (xyz) u (XYZ). O6e cucreMe uMajy UCTH NMOYETAK,
ma HeKa je JuMHeapHa TpaHcdOpMalidja OBO :
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x=aX + bY + cZ, ]
y=a'X +b'Y 4c'Z, (@)
2=a"X +b"Y +¢"Z. l

AKo ¢y cap x, Y,z KOODAWHATe HeKe Tadke y IpBOj ClC-
TeMn, a X, Y, Z KoopAuHaTE Te HCT€ TadyKe Y ApPYroj cuc-
TeMH U aKO je ca @ O3HAYEHA pasjabiHA Te TAUKE OA
IOYeTKa, OHAa je

x2+y2+z2=X2+ Y2+Z2(:02).

IIo Tome ce BuAM Aa je JHMHeapHa TpaHc®OpMaluja (a)
oproroHa.aHa. Crora je

X=ax+a'y +a'"z,
Y = bx 4+b'y + bz,

Z=cx +cy +c'z

Aape je
a4+ a?+a%=1, ab+ ab 4+ a"b" =0,
B4+ b24+0"=1, ac4 ac + a'c" =0,

C2 + 0'2 + cl'2 —_— 1’ bC + bnct_'_bncn . 0,

C apyre crpaHe je omer
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@@ +bv + =1, ad 4+ bb' e =0,
a? 4 b2 + 2 =1, ad" 4+ bb" e’ =0,
a4 b4 =1, dd" +bb + c'c" = 0.
109 b. V cucremu I, Kao n 'y cucremn II, nma csera

nin—1] nn41j

nt T = g

noroa6eHux peJauija, a y OPTOTOHAAHO] TpaHCPOpMaLKji
(3) uma Mehy Tum n’® Koesuuujenara. Heae je nomohy ae-
TepMUHAaHATa AOKAa3a0, 0a ce KoeguyUjeHTU OpTOZOHAIHE
Tpancgopmayuje Mozy UIPASUTU PAYUOHAIHUM PyHryu-
jama Herux UOTUYHO Heoopehenux KoegiurujeHara

Ci2, CGi3y 7 Cim
Cagy " Couy
Cn—lm'

Tux ®oegfuyujenara uma ceed Ha 6poj

, nnt ) n (n—1)
N———— =5
2 2

Aokras. Heka je

Cjp = Cog = 1+ = 1, cat+ o= 0,

Ila HEeKa je ceM Tora



OBAHIM., AHHEAPHE TPAHCOOPMAIMJE. 223

X1 = 14y + C1222 + ce + C1121y

Xy = €2 + Co29 + b + C2.2,, (a)
(

Xy = Cny _’_ Cu222 + e + (‘”"z'”

Y1 = CuZ + 2 + -+ 4 C,2,,

Ys == C192; + €23 + -+ + C,2,, ib)

yn = C1.y + (e + e + CinZre

Cabepumo caa HacnpaMHe eKBalyje cucreva (¢ u (b).
Kako je mo mpernocrasuu

n=cCp=-=1,a ¢ =—c¢,
To he ce a06uTH 0BO:
X4 Y =22, X+ Yo = 225, 0 X, + Y = 22,
OsHauuMo aa.be MoAyo TpaHceopMaruje (¢) ca C, a
KODAKTOP eJAeMeHTa c; y AerepMuHanTu C = | ¢y, | ca Cj
U PemuMO CHUCTEMY (a) IO HeNo3HATUMA 2, 2y, - - Z,. Pe-
syarar he 6utm 0BO:

Czy = Cyxy + Cyey + -+ + L%

Czy = Cypx; + Copxy + -+ + C,2x,,

Czn = Clnxl + Can2 + s + Cﬂﬂx”'

Ho kako je
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6uhe u
Cy, = (2C,—C)x, + 2Waxy + - + 2C,1%,,

Cy, = 2px;  + 2Cp—Clx; + -+ + 20,5,

Cyn = ?C]uxl + 2(/'211'X’.2 + e + (QCnn“C}xn'

Axo ¢ Apyre crTpaHe pemmmo cucreMmy (bj, oHAa hemo
s6or peaanuje (c) A06UTH OBO:

Cx; = (20,—Cly, + 20y, + - + 201

ng = 2021y1 + (QCZZ_C)yZ + e + 2C2nyn)

Cx, = 20 + 20,»21/2 + -+ (QCnn—C,yn'
V3mumo caa Aa je

Wu—C_y, 2 11
C e 1) C — Yik* I’

V Ttom cayuajy Guhe

Y = buXy ~ baxy + -+ + b, l
Y = bizxy 4 bags + cor o buax,, (d)
yn = blnxl + b2nx2 + et + bfmxm

a
2y = by + by + - + b, Y.,
x3 = byyi + bays + - —+ b2.Yns (e)
xn — bnlyl + bn2y2 + e + brmyn'
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[Io Tome ce Buau Aa Cy AMHeapHe TpaHCHOPMALAje

(d) u (e} oproronaane, a nmo obpacuy III. Buan ce 1-Bo,

A3 KOEPUIjEHTH T€ OPTOroHa.AHE TpaHcpopManuje de facto
n (n—1)

3aBHUCE 04, 2

HeoApeheHux koeouLUjeHATA

Ci2, C13y *** Ciny Cagy "** Cayy *** Cp1yy

n 2-ro, Aa cy rKoeouuujeHtu by, by, -+ b,, Te oproronaane
TpaHC®OPMalluje palllOHAAHEe &SYHKIHje HeoApeheHux Ko-
CPNLUJEHATA Cjgy Cigy *** Cy_yyne

Ha npumep, ako cMmo paan aa ao6mjeMO Koeduiu-
jenTe GuHepHE OPTOTOHAJAHE TpaHcdOpManuje’ oHAa heMmo
ysetn Aa je

€= 1 w| = 1+ [u‘27
T. j. yseheMo Aa je ¢y =W, a cy = — WU
Taaa je
012=#1 Cop=—mp, Cy=0Cp=1,
ma je crora
1—u? g —2 1—u?
bu :TZ? by :T‘IL‘“Z’ 21 ""ﬁ{%a 22 = 1+Z27

T. j. GUHepHa OpPTOTOHA.JHA TPAHCPOPMALMja je OBa TpaHC-
eopMalja :

2
x,=1 w 2

wyl =} 1+ Y,

) 1—u?
xz=T52y1 +‘1‘q‘_%éy2-

Hanomena. Aerepmunanta C je KOca AETEPMUHAHTA.

TEOPHAJA AETEPMHHAHATA 15
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110. CHCTEMA JNHEAPHHX OBJAHKA. Y3MIMO OBY CHC-
TeMy JNHEApHUX 00.AMKa:

fi = anx; + Gppxe 4= -+ + 41X,

f2 = Qg Xy + A32X > + e + A3, X, ‘4)

vee

fn = @, + A,9X2 + e + [/ oo

AerepMunanTa Te cucreme (T. j. jaroGujan Te cucreme) je

A=\ ay ayp - a,
Ay Gy - Ay,
anl an? tee ann

Kaa je 4 # 0, onaa obauun fy, fo, -+ f, He 3asuce jeAaH
oA apyror; a kaa je 4 =0, oHaa obaunn fi, fo, - f, 3a-
euce jepan oA Apyror, jep je Taaa (4a. 46.)

Asify ‘l‘ Asfs + -+ ‘I" A.f, =0,

=1, 2 - n

Ho wxaa je 4 = 0, oHaa je
Ay i Ayt Ay =Ap: Ap: - T A,
s mes wee owsr see e By Bae 2

a [0 TOMe ce BuAM 0a ¢y obauyu fi, fa, -+ f, 6e3anu mehy
coGom jeOHOM JeOuHoM UOEHTUUHOM perayujom Kaod je
4=0. Y ToM cayuajy uma y Aaroj cucremu camo (n—1)
HEe3aBHCHUX 00.1NKA.

Rytke cmo mnpermocraBmaan Aa je Oap jeaaH o4
OpBUX MHHODa AeTepMuHaHTe # (). Ho pemaBa ce aa cy
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u cBHM IpBM MuHOpW = 0. AKOo Taja Gap jeaaH 04 Apy-
rux MuHOpa HHje = 0, OHAa 6u ce MOrJao0 AOKasaTu
(ua. 46.), aa y aaToj cucremMm uma caMo (n — 2) Hesa-
BIUCHUX OOAMKA U T. A.

Bparumo ce caa cucremu (4) m mpeo6pasumo cBaku
06AMK y TOj CHCTeMH JAWHEAPHOM TPAHCHOPMALUjOM .

xp = by + bys + - 4+ by,

Xy = by + baye + - + by,

X, = bays + by + -+ + by,

Taaa he ce f; npeobpasuru y F; a Guhe
Fi=ay(buyy+biya+ -+ +b1,y.) +aiabayi +boyya + . +b2.Ya)
deee oen +aln(bu1yl+bn2y2+"'+bmxyn)
= (anbu b+ - + 01,0, Y1+ (@ubi+ Gizbor + - - +a1bo2l Y
+ e e +(anbl"+a12b2.+...+alnb“‘)y._

Aakae, ako je |
anby + apby + - + a,b,y = ¢,

by + by + -+ 4 a,b,s = ¢y,

anby, + Msby, + -+ + b, = ¢y,
OHAA je
Fy = cuyy + cpys + -+ + cl-

Hcro Tako 6HCMO HamAM H A4 je
15%
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Fy, = cyyy + cnys + - + CouYnms

Fn = cnlyl + cn2y2 + T + Cnnyn'

OsznaunMo caa ca M moayo Tpanceopmanuje. Hako je

anby + by + - + ;b = Ca,

6uhe n
D=|cy Cp " Cn|= M4,
|
Co1  Coo Cay
cnl Cn2 cnn

T. j. Oerepmunanta D cucreme TpaHcgiopmosaHux AuHe-
aprux obaura Oobusa ce Kad ce MOOYO TpaHcgopmayuje
WOMHONCU OETEPMUHAHTOM cucTeMme O0aTux o6auxa.

Ta Teopema je caMo clelUjaiaH CcAy4aj jeAHe MHOTO
onmruje Teopeme, KOjy heMo KacHuje NOMEHYTH.

Hanomena 1. Kag je 4 =0, ovaa je u D=0, 1. j.
Kaa AaTH 06AMIM HUCY HE3aBICHHM, OHAA HUCY HE3aBHCHU
HE TpaHCc®OpwMoBaHH ofaunu n obpatro, kaa je 4 # 0,
onaa je u D = 0, T. j. Kag ¢y AaTu 00AuUM HE3ABUCHH,
OHAA Cy U TPAHCHOPMOBAHM OGANLY HE3aBICHU.

Hanomena 2. Kaa je Tpanceopmauuja (5) yHUMOAY-
JAapHa, OHAA je D = 4, . j. AeTepMuUHaHTa cuCTeMe AATHX
06aMKa He Mema Ce YHHMOAY.JapPHOM TPAHCOOPMALHMjOM.

111. AuckpumuHAHTE. Heka HaM je AaT HeKaKaB 06aMK
f (o1, 25, -+ X,). AKO AUPEDEHIUPAMO f ACAMMUYHO MO MPO-
MEH.bUBUMA X;, Xy, -+ X,, AoGnheMo usBoAe

of of .. Of

ox, ox, ox,

n
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PesyaTaHTa cucreme ekBaluja

of of of
O_xl:O’ &‘2:0,--°—‘=0

30B€ Ce OUCKPUMUHAHTa AaTe dYyHKUuje f.

Ha mpumep, Heka HaM je AT OBaj TePHEPAH KBaA-
paTtaH O0JHK:

2
f=anx,"+ 395" + Agss” + 2a1520,X5 + 215X, X5 F 2lggX2 X5

Y ToM cayuajy je

of
0—:”1 — 2 (auxl + a]2x2 + al3x3)1
of
= 2 (X 4 Aoy + GgsXs), 0y = ay)
of
'O_‘x'- —_— 2 (a3]x1 + a32x2 + a33x3)'
3

Crora je AuncKpuMuHaHTa 004BKA [ OBO:
Ad=|ay ap ay
g1 Qg2 Qgg

Nan, Heka je
_ 3 2 :
[ = asxy” + 3ayx,"x, + 3ay0%1005° + g .

Y Tom cayuajy je
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of . .

. = 3 (ag®)® + Wiy 4 a1px5Y),
X

af 2 15) 2\ .

o, 3 (@) + 2a13000X + @gsXy) ;
Xy

pesy.aATaHTa ClcTeMe eKBalnja
U300+ 205,005 + aypx5° = 0,
A% + 20,5015 + Gggts” = 0
je (4a. 53. exs. (d}) oBO:
A= a5 2wy 4 0
0 asy 20n

Ay 23 g 0

2

0 Ay 2y Qg

AerepmunaHTa 4 je AakJae AUCKPUMHHAHTa AaTe ®yHKLUje f.

Uan, vera je
o 4 4 3 6 2,..2 4 3 4
[ = awe,® + 4dayerac; + Bagexy” - dagoe,xy” - agcy’.

Y ToMm cayuajy je

af 3 2. 2 8
5‘;1 = 4 (agx,” =4 3a,20,°x; 4 3a20,%5° + @5y ),
of 8 1 3g.x.2 2 3
dxa — 4 (ax,” 4+ 3ay0,°% + 3az0,%5" + aXy).
. !
Iloaeaumo obe Te ekBanmje ca x,° U y3MUMO Aa j€ — = X.
] 1€ %
2

AuckpuMuHaHTa AaTtor ob.amka 6uhe Taja pesyaTaHTa OBHX
ABejy eKBaluja:
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ape® + 3a,x* + 3ax + a3 =0,
a,x® + 3a,x* + 3azx + a, = 0.
AnckpumMunanTa je Aakie (1. 53. eKB. (e)) 0BO:
4=13— 277

rae je
7: = a0a4 — 4@103 + 3(1/22,
j = agas® + a0 + a° — a0, — 20,0505
Hanomena. Haa je aara eyHKIUja HEXOMOreHa, OHAR
ce AUCKPIMHUHAHTA Te SYHKLUje Tpaud OBaKO: Hajmpe
Tpeba Aary SYHKLHUjy Ipeo6pasuTH y XOMOTEeHY PYHKUH]Y ;

AUCKPUMHUHAHTA Te XOMOoreHe oyHKNuje Ouhe yjepno u
AMCKPUMHHAHTA AaTe HEXOMOTeHe ®YHKIHje.

Ha npumep, Herka HaM je Jara OBa HEXOMOTeHa
SYHRIU]a :

a, + 20,x + axx’.

Mecro Te HexoOMOreHe #yHKIMje HalncaheMO OBy XOMOTeHY:
agy’+ 20,xy + ayx’,

Koja he ce y aaTy oyHKUHUjy npeoOpasuTH YUM C€ y3Me

Aa je y = 1. AuckpuMuHaHTa T€ XOMOreHe &YHKIHje je
pe3yATaHTa OBe CHucTeMe :

ay + ax = 0, ay + ax = 0,

T. j. AUCKPUMUHAHTa AaTe ®YHKIMje je OBa ®YHKIHUja Koe-
SUIIjeHaTa :

4= a, a, |= a®— ay,.

Ay A



232 TEOPMJA AETEPMHMHAHATA,

KeaapaTtHu 06AHUM.

112. Omurry u3pa3 KBaApaTHOr 0GAMKA ¢ M IPOMEH-
JbUBHX je

i=n k=n

f= E Z, A3pX X, (@2 = @)

i=1 k=l

T. j. ONIITH U3pa3 KBaApaTHOr 06JHKA je

f = anx® 4 22,0 + 297,25 + -0+ 2,20,
+ @y + a905%5 + 0 4 2a5,%5%,
+ apxs’ oo 4 200,
Jo sus e wwa
+ a,xz2 (1)

AKO ca f; 03HAYUMMO AeAUMUYaH MOAYN3BOA PYHKIHje [ 1m0
IpOMEeHBUBOj Xx;, Ouhe

1 of

fi =9 0x, + Xy + -0 + @y,
1 of

fa= 2 ox, . an T Ggpxs + -+ + ay,%,,
1 of

f" =§_x = Xy + an2x2 + e + @, X,

Crora je AuckpuMuHAHTA 004aMKA [ OBO:
d=|ay ay - @,

Az Az - Ay,
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Kako je a; = a,, To je Aerepmunanra 4 cumerpuyna ge-
TepMuHaHTa. — OOpaTHO, CBaKa CHMETPUYHA AeTepMu-
HAHTa MOMKE ce cMaTpaTH Kao AUCKPHMHHAHTAa HEKOI KBaj-
paTHOr 004UKa.

113. TeorEMA. HeadpaTam 06AuK ¢ N UPOMEHbUBUX
MOJiCe ce pacTeopurTu Yy 36up Keadpara JAuHeapHUX He3a-
sucHux obauka; Tux oGiura He Mmodxce y 36upy OGuru
euwe 00 n.

[Favcos METOA. Yamumo Hajuope Aa ce y AaTOM OOAURY
(1) jaBma Oap jeaaH KBaApaT; H. Ip. HEKa je a + 0.
Osaauynvo aa.be ca P HekakaB AuHeapaH, a ca @ HEKaKaB
KBaApaTaH 00.4MK, Ha MPETHOCTaBUMO Aa 06a Ta 06auKA
y OlIUTe 3aBUCE OA INPOMEH.bHHUBUX Xy Xz -+ X,. ¥ TOM
caydajy mohu hemo f oBako Hamucatu:

n®

f= anx,® + 2Px; + Q;
crora je

]

1 5 P
f=a_u(“11x1+P’+Q—' .

ayn

Aakae, ako je

ayx, +- P =P, a s = Pn
11
oHAa he Ourm u
2 P2
f=pP + Q— o
1

Y uspasy Ha AecHOj cTpaHu Beh ce, Kao mITO BUANMO,

jaBda jeaaH KBaApaT HeKor .AuHeapHOr ob6amka. Ho cem

TOr KBaApara jaB.hba C€ Yy HeMy jOlI U jeAaH KBaApaTaH
2

00AUK Q — 4 Y KOMe Hema BuuIe 04 (n — 1) npomen-
11

JbUBHX. AKO NpeTnocTaBUMO Aa C€ y TOM KBaAPaTHOM
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061UKy jaB.ba KBajipaT NPOMEHbUBE X, I aKO KOEPUIlI-
jeHat y3 x,° O3HAUMMO Ca @'y, OHAQ heMO 1O OHOM, LITO
2

Ma.J0 Yac PEKOCMO, 001K Q — P Mohu oOBakKO HamucaTu:
11
2

1 1] ! ]
2@\“22902-}"13)2‘!'(2 —

1
Qg

P'.‘
an

Aarae, ako je

1
a'yx; + P'= Py, a —— = py,
@ 22

oHAa he Ouriu u

2

3 5 p
f=npP° + pPy + Q"—a—v'
22
2
Nzpaz Q' — -~ TPeACTaB.ba jeAaH KBagpaTaH 001UK y KOMe
22
HeMa BUIlle 04 (n — 2} IPOMEH.bUBUX. AKO MPETIOCTABUMO
Aa ce y TOM KBaApaTHOM 00JuKy jaBhba KBaApaT NPOMEH-
JbUBE X3, OHAZ heMo, Kao U MaJ0 4Yac, MOhi A0oKasatu A3
ce Taj 06AMK MOMKe pPACTBODUTH Ha jeaaH 30up; jesaH
yaaH Tora 36upa Guhke y ommTe KBaipaT HEKOT AUHEAPHOT
06auKa, a ApyrH uaaH Guhe HerakaB KBajparaH 06JUK y
KOMe HeMa BHlle 03 (n—3) HpOMeH.LuBuUX u T. A. PacrBa-
pajyhn kBaapaTHe of.auke, mrTo ce GyAy jaBbaau, U Aa./be
0 HCTOM MeTOAy, AobuheMo Hajsag Aa je

f=101P12 + pZPz2 + = e P;P;Q-

V rtoMe m3pasy, Kao WITO je jacHO, He Moe i Guru Behe

0A n, a ca Py, P,, --- P, cy 0O3HaY€HU U3Pa3U OBOT 06.AUKA:
Py = anx, + -+
Py = 0-2; 4 a'pc5+ -+

Py = 0-2, 4 0-2c; + @'g05 + -+

P, = 0, + 0 4 05 4 -+ + 0-2,, +a'o 4 -
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Y aerepmnmuantn, unju 61 eaeMedHTn 6uAN KOEPUIU-
JeHTH TIPOMEHBUBUX X, X, - X,, Ouhe CBU €1€MEHTU Ha
jeaHO] crpanu raasHe Anjaronase — (; crora ce aerep-
MIHaHTa cucTeMe TuX 00.HKa CBOAM ¢aMO Ha TJ1aBHA YAaH

U ' '
A G ooligg - Ay
Ho kako HujeaaH 02 KOedUIUjeHATA Wy, @'y, A'gy, *++ @';
auje = 0, TO HM NOMEHyTa AeTepMHHaHTa Huje = 0, a
TO 3HaUM Aa cy obanuu Py, P, :-- P, He3aBUCHH. —

Kaa ce y wBajpaTHUM of6iuMumma He jaB.bajy KBaA-
paTu NMpPOMEH.LUBUX, OHAA ce TH O00AHIM HEe MOry IO Io-
MEHYTOM MeTOAY PacTBODHTH Yy 36Hp KBajpaTa JAUHEapHHUX
o6auka. Y ToM caydajy 6ap jeaaH O0A KOESUIIjeHATA
@ (1 # k) Huje = 0; H. Ip. HeKa je a,, # 0.

AKO ypeaumo 00aMK [ 1O NpPOMEHAHBHMA X; H X,
oHaa hemo mohm f oBako HammcaTn:

[ = 2% + 2Px; 4+ 2Qx; + R;

P u Q cy amHeapHm o06aMIU TIPOMEHBUBHIX X3 Xy, ** X,
a R je kBagpaTaH 06.MK THX HCTHX HOPOMEH.bUBUX.

Taj cayuaj csemhemo Ha npehammu oBako. Yse-
hemo aa je

Yy + Y , Y1 — Y2
X, :T) .X‘Z:—?—, Xg =Yg *** X, = Y,.

ToMm aureaproM TpaHCcPOpManujoM npeodpasuhe ce 06auK f
y jeAaH KBaapartaH 00.uK, y koMe he ce jaB.baTin KBaA-
paTi IMPOMEHMLUBAX Y, M Y, Na hemo crora Ttaj 06ank
Mohu 1o npehammem MeToAy pacTBOpuTH y 36Up KBaspara
AVHEAPHUX PA3AMYUTHX O0AMKA HPOMEHBUBUX Yy, Y, *** Yn;
TuX 06auKa He he 6uTu BuIIe y 36uUpy 04 n.

Tu obanmmu ocrahe mpema jeanoj mHaumoj Hanomenn
(ua. 110.) He3aBUCHM M KaA Y BUMA Yy, Ys, ' Y, 3AMEHUMO
HBUXOBUM BPeAHOCTUMA,
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Yy = X + Xy Yo = X} — Xy, Yg = X3, *** Y, = X,.

Crora je nmoMmMeHyTa TeopeMa MNOTIYHO AOKAa3aHA.

Hanomena 1. Keadparan o6aur Mmooce ce Ha Gecko-
HAUHO MHO020 HauuMa pacTeopuru y 30up wKeadpara Ju-
HeapHUX He3a8UCHUX 004uKa.

Hekxa je na nme

f=P24+ P24 -+ PL
AKo y3sMeMO H. 1p. Aa je
Q, = P,cosw — Pysinw, Q,= P,sinw + P;cos o,
ouhe
Q° + @F = P’ + Py,

1a je crora I
f:Q12+ Q22+P32+ "'+Pi2'

Axko caa 6yaeMo Memaan @, oHAA he ce MemaTru u 06U
Q 1 @, ma Kako @ MOMe uMaTH OECKOHAYHO MHOTO
BpeaHocTn, T0 he ce n f Mohu pacTBOpuTH Ha GECKOHAYHO
MHOrO HauuHa y 30Mp HEe3aBHCHHX JNHEAPHHX O00JHKa .

’Qh Q21 P37 P{'

Hanomena 2. Ceaxu weadparaH obauk moodce ce pac-
TeopuTu Yy aszebapcru 36up 00 Ma KOIUKO KeadpaTa Au-
HeapHux o6aura, ®ad Tu 06AUYU HUCY HE3a6UCHU.

Osnauumo Ha nMme ca @, @, --- (), HeKe JanHeapHe
00/0Ke TTPOMEHBUBUX X, Xg, **+ X,, Ila HEKa je

F = ng -+ Q22 - #58 ng;

y ToM m3pasy je k HerakaB 1eo Opoj, a F je kBajgparaH
06ANK TPOMEHBHBHUX X, X3, +** X,. JACHO je Aa je
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f=F+ (f— F).
O6ank f— F je wBagpatad. Taj 064MK MOMKEMO pacTBO-
putu 1o I'aycoBy MeToAy y 36up 04 i (i < nl KBagparTa Jau-
HeapHUX He3aBUCHHX 00auKa; crora he o06auk [ 6urn
pasJomeH y 36up o4 (i + k) KBajpaTa AuHEAPHHX O6AUKA,

na Kako k Mose 6uTH Ma KakaB neo 6poj, To je m mo-
MeHyTa TeopeMa AOKa3aHa.

114. OCHOBHA OCOBMHA ANCKPUMUHAHTE KBAAPATHIIX
OBAUKA. — Ja He 6ucMO HHMCaAM BeaHKe n3pase, Y3MIMO
OBaj TepHEepaH KBaApaTaH OO6.UK:

[ = aux® + anxy® + Agxs® + 201500005 + 201500065 + 255,
Taj 06auK MOMke ce U OBAKO HAIMUCATH :
[ = (@ux; 4 a2y + 13205020, + (@220 F Gap2y + Byg05) 0,
+ (@ + @gc; + ag005) x5,
a [0 TOMe ce Buin Aa je
[= x:fi + Xofs + Xsfs.
AuckpumMuHaHTa TOr 00JHEA je
d=|ay @y ay |
Gy Ggy Qo
1 (31 Ggp  dgg

[Ipeo6pasumo cajs 064uK f AMHEAPHOM TPAHCHOPMAIA]OM

X1 = buyr + by —+ bigys,
Xy = byny1 + baye + bagys, i2)

X3 = bayy + bsys + basys
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y 06ank F npoMeH.bUBHX Y, Ys, Vs Hajaarme hemo Ty
TpaHC®OpMauujy u3BpIHTH OBako. TpanceopmoBaheMo
Hajpe JAnHeapHe OOJAmKe fi, fa f; 1 Aobuhemo Tapa OBO:

fi = cu¥r + Y2 + CisYs
fo = Cath + €Yz + Cas¥s, (3)
fs = cay1 + Ca2lY2 + Casls

Aetepmunanra Te cucreme je (44. 110.)

D = MA.

[ToMHOKUMO AdJbe HaclpaMHe exBaumje cucrema (2) u (3)
n cabepumo ux mocae tora. Jobuhemo Taia OBO:

f=xfi + Xofa 4 Xsfs
= (buyr + by + bisysl (cuyr + CigY: + ci3ys)
+ (bay: + bay: + basysl (Caly + C2Ye + C23Ys)

+ (bays + bsyz + bssys) (Caiyr + CaYe + Cs3ysl.

I13pas Ha AeCHOj CTPaHH NpeAcTaB.ba Beh TPAaHCLOPMOBAH
o6auk F. HanummuMo Taj m3pas OBaKo:

F = [(bucy + buca + baca) Y1 + (bucie + buCo + baCal Yo
+ (bucis + buces + baiCs) Ys] Y1

+ [(BroCu + boator 4 bacar) Y1 + (brgCro + basCoe + bszCsl Y2
+ (biCis + Doy + baCss) Ys] Yo

+ [(Baseu + basar 4 basCall Y1 + (brgtrs + DasCoe + basCoal Y2

+ (brsCrs + basCas + basCss) Vsl Vs
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= (Apys + Ay + Awys
+ (Anyr + Axys + Asysl ys
+ (Aay1 + Ay + Asys) Ys.

ITo TomMe ce BuAlI A3 je AUCKPUMUHAHTA TPAHCHOPMOBAHOT
o6aura F oBoO:

0=| Ay Ay A 1: big Bs big | » | e € €
Ay Ay Ay | by bas bog !l Cy Cay Cag
Ag Az Agg k b bgs bgs C31 C3p Cs3

= M . M4 = M4,

T. j. OUCKPUMUHAHTA TPAHCPHOPMOBaAHOZ KBAOPATHOZ 06AUKA
oo6uea ce, ka0 ce QUCKPUMUHAHTA 0aToz 00AUKA LOMHONCU
KEa0paToM Mo0yaa Tpancgiopmaruje.

Kaga je rpancoopmannja oproronaasa, ovaa je M= 1,
T. j. OPTOOHAAHOM TpaHcgopMayujom He Merba ce Ouc-
KPUMUHAHTAE KEAOPATHOz 06AUKA.

115. Bpatumo ce moHOBO KBAApaTHOM OO.AUKY

i=n k=n
f= 5; _5_’ A XXy,
=1 =i

14 [OPETHOCTaBUMO Aa je Taj OOJMK pacTBOpPeH Yy 36up 04
" KBajpaTa HE3aBHCHAX JANHeapHHX O0.MKa:

f=p1P12+p2P22+ ”'+pnPn2' {a)
Taj o6auk cmarpaheMo 3a jejaH dYacak Kao SYHKIH)Y
npoMeH.buBux Py, Py, -+ P,. AuckpuMuHaHTa TOr 00JMKa

ouhe Taaa

D=p p; - p.
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IIpeo6pasumMo caa f AMHEAPHOM TPAHCHOPMALMjOM
Py=ayx,+ -
Py= 0-2,4 a'5% + -

Py= 0-x,+ 02, + @'gg%s 4+

P”: O'x1+ O'xg + 0"x3 +"'+O"xu—-1+a"’m‘xn‘

V ToM caydajy 6uhe TpaHc®OpMOBaH 0GJHK ynpaBO AaT
MpBOGHTHII 006ANE [ IPOMEHBUBHX Xy, Xy -+ X, AKO MO-
HOBO ANCKpHMHHAHTY o6auka f osHaummo ca 4, a MOAyo:
AMHeapHe TpaHceopMamije (4 ca M, Ouhe mpema Maao
4ac NOMEHYTOj TEOPeMII

A= MD = Mp,ps -+ P,

[lo 1ome ce Buaum opo: 1-Bo, ako je 4 = 0, onja
fap jeAaH 04 KoedulUUjeHATa P MODa ouru = 0; y ToMm
caydajy he y nspasy (@) Outn Mame oA n KBaApaTta; 2-ro,
ako je Ma koju uaMehy koeennujemara p = 0, oHA3 je It
4 = 0. To 3uaun, da ce cearu KeadpaTaH 06AUK MOJCE
pacTeopuru Yy 36up 00 n KeadpaTa AUHEAPHUX He3a6UCHUX
obauxa, camMo aro je reoea Ouckpumunanra =+ 0; Ha-
uporue, kad je OuckpuMuHanra xeadpaTHoz obiura = 0,
onda je Gpoj weadpara HesaBUCHUX AuHeapHux 06auxa
Marbu 00 n.

116. TaycoBs AaAJyHroBaHA oyHENUJA. Hewa Ham je
AAT OBaj TepHEpaH KBaApaTaH OGANK:

2 2 2
[ = anXy” 4+ axpxs + @ssxs 4+ a15%1%5 + 201320133 + 2agXpX 3

Taj o6ank hemMo .aMHEAPHO TPaHCPOPMOBATH M NPETHO-
ctaBnheMO Aa Cy HOBE NPOMEH.LUBE Yj, Yz, Y3 YIPABO Ae-
JAUMUYHHA [OAYUSBOAY f1, fo fs obanka f:
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Y1 = Xy + @y + Wig¥y,

Ya = A Xy + AgsXy + Qg (5)

Ys = 31X, + AgpXy + A0y [
Aerepmunanra Te cucreme je Auckpumnsanta 4 o6auka f.
Vamumo aa je 4+ 0, na pemmnmo cmcremy (5 IO He-

ITO3HATUMA, X, Xy, X3. AKO ca A; O3HAUNMO KOPAKTOp ede-
MeHTa @, Yy AuckpwMunastin 4, Gihe

dx; = Apyy + Ay + Aals,

Ax; = Apyr + Ao + Asls, (6)

dx; = Agyy + Anys + Apys [
[ToMHOKNMO caJ YHAKPCT HacCllpaMHe eKBaljije Cuc-

tema (5) um (6) u cabepumo mocae Tora Te expauuje. Ao-
6ubemMo OBaj pesy.Tar:

Af = Any + Azlyz + Asly3) Yy
+ (Apys + Anys + Asnys) ys
4+ (Aisyy + Assys + AssYs) Ys- (7)

Ha aecHoj cTpaHu Te ekBalujé jaBba ce, Kao LUTO BH-
AUMO, jeAaH KBaAparTaH 0641K; WeroBa AUCKPUMUHAHTA je

D=| A, Ay, Ay
Ay Ap Ag
Ay Ay Agg
Kako je aerepmuuanta 4 cumerpuuna, Omhe (4. 55.) u

aerepMuHaHTa D cuMeTpuyna; npeva ToMe je A, = A,
T. j. Onhe

Af= A11y12+-42-zy22+ Assy32+ A1+ 241301 Y3+ 2AssYaYs

TEOPAJA AETEPMUHAHATA 16



242 TEOPIJA AETEPMIHAHATA.

HAH, KaKo je
=1y Y2=T[o Us =y

TO jC It

Af = Anfi* + Axfy’ + Agfs® + 2A:hf2 + 2Auhifs + 2 Agfof s

24

3a oyHkuujy df Kame ce Aa je adjyHeosaHa ¢ynryuja
obaura f. AUCKpUMHHAHTa aAjyHTOBaHe $YHKIUje je aa-
jyHroBaHa AeTepMHUHaHTa AMCKpUMUIHaHTE O6aAHKa f.

Rag je
i=n k=n
[f= E; E’ XX
=1 k=2

OHJa, je aAjyHroBaHa &$YHRLUja OBO:

Jf: | 2 Ailrfifl-'

=1 k=l

Ta eyHRUIja MOMe ce HanucaTh y OO0ANKY OBe 3aOKBH-
peHe AeTepMUHAHTE :

Af= — | ay ay o, fi |
Gy Az s, fs
anl au.’ a/nn fn
fl fo +e- f" 0

117. TeoreEMA. HRsadparan pearan 006AUK UPOMEH-
DUBUX Xy, Xy, -+ X, MOJCE (e C6aAKAD OPTO20HAIHOM TPAHC-
fopmarujom ceecTu Ha 0GAUR

[f= ki’ + kays® + oo + kRl —
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Heka Ham je H. mp. 4aT OBaj KBaADATaH OOAUK:
f = anx® + apxs’ + 393"+ 201331205 4 20150165+ 2WpgXy%s.

AoraszaheMo aa ce Taj 00AUK OPTOrOHAJHOM TPAHCHOP-
MalujoM

Xy = by + bieYs + bisys,
Xy = ba¥1 + bunys + by, (8)
x5 = by i + basyz + bagys l
Mome npeoGpasurn y 004nK
f =y’ + kv’ + ksys’ (9)
Kako je TpaHceopuanuja (8) oprorosaana to he 6urn
Yy, = buxy 4 baxy + baxs,
Yy = bi¥y + by + basts, (10)
Ys = bygx; 4 bagXy + bsXs. l
Haunmmnmo caa Aat 0064HE OBAaKO:
f = (@ux; 4 Gpxs + Gg%s) Xy + (X + X + (azX3) Xy
4+ (@g2, + Gzx; + Ags) X5

AKo ysumamo y Buay obpacue (8), 6uhe jacHo Aa hemo
Mohu [ OBaKO M3pasuTH:

f = (an¥*1 + GXs + 13350 (byyy + by + bisysl
+ (anX) + @xs + Ag%3) (byyy + boys + bysys)

4 @nxy F Xy 4 agy) byl + bals + bgysl. (1)
16*
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C apyre crpane Mohn hemo, umajyhu y Buay cucremy (10,
n3pas (9) oBaKO HaIMCATH:

f = Ry (bux; 4 baxs + baxs) yi + Ry (bray 4 bggx, 4 bgs) Y2

4 k3 (bigxy, - baysXy + bsgxs) Ys. (12)

Nspasu (11) u (12) mopajy 6uru uaestnynu. Crora he roe-
SULMjeHTH, IITO ce Yy jeAHOM II ApyroM uspasy jaB-
bajy y3 ncre NpousBoAe KOAMYMHA X M Yy, MopaTu Ouru
jeaHaru. HsjeanayuMmo Hajnpe KoedulUjeHTe INPOU3BOAS.
XY, %Y1, X3y,. Taaa hemo podutm oBe peaanuje:

anby, + anb, + ayby = kb,
by - Ag,by  Asebsy = Riby,
tsbyy + @agby + @gby = Ryby,
nAn
(@ — Ry) by + Anby -+ A3 by =10, l
by + (a2 — ki) by + (303 =4, (13}
(13b1, + (a3byn + l(ags — k) by = 0. 1

N3jeanauuMo pzabe KOePUIMjeHTe IPOU3BOAA Xy, Xalo, Xgla.
Taaa hemo a06urn oBe peaanuje:

(@ — ko) by + A b + @b, =0,
A15bys + {thyy — Ry by + 3,035 =0 (14)

ty3bye + U23b2 + (as3 — ksl bg, = 0. ,

Hajsaa, usjeaznaunmo koeounmjenre, LITO ce y IIOMEHYTa
ABa N3pa3a jaB.bajy y3 MPOM3BOAE XYs, XpYs, Xgls. laja
hemo a06utn oOBO:
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(@, — Rg) bys + A bas -+ Agbss =0,
y3b13 T (@22 — kgl byy + @35b33 =0, (15)
Qy3bys = Agsbas + (@gs — ky) by = 0.
AKo u3 cucreme (13) eaumuHEpaMo KoedulujeHTe by, by, by;
u3 cucreme (l14) xoesunujente by by, by 1 Haj3aas us
cucreMe (15) roeduunjerre bz, by, by, oHAA hemo mo pe-

3yATaHTaMa TUX CHUCTEMa BUAETH A Cy HENO3HATH KOedu-
nujeHTn Ry, Ry, Ry KOpeHu oBe ekBaluje Tpehera crenena:

au ) k alo alg = 0.

(2 ) ai— k
Tu xopenn cy (ua. 60.) peaanu. Ako ux Hahemo, na wu-
XOBUM BpPEAHOCTMMA 3aMEHUMO R, Ry, ks y cucremama (13),

(14) m (15), omaa hemo A06uTH TpW XOMOTeHE ANHEApHE
cucTeMe U y CBaKOj CHCTeMB IO TpU HeNo3HaTe:

buy, bary bar; bigy bagy bag; big, bag, bas.
IIpsoj cucremnm pozahemo ocHOBHY peaauujy
bi® + byl +by = 1;
Apyroj cucremu poaahemo peaanujy
by + byP by =1,
a Tpehoj cucreMu goaahemo peaausdjy
by 4 byd b = 1.

Us Ttux moBMX cucrema Mohu heMo Tasa mormyHo oape-
AIITH HEMNO3HATE KOEPUINjeHTe OPTOroHaAHE TPAHCHOPMa-
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nuje (8). Mu BUAUMO AaK.Je, A3 C& MOTY OADEAUTH KOeoun-
jenTn by, by, byg, -+ by OHE OPTOTOHAAHE TpaHchopMaLje,
xojoM he ce Aar ob.uk mpeobpasuTu y 061K

f = Ry + Rays’ + Rsys's

a A0Kasall CMO CeM TOra, Aa Cy KOedULUJEHTH Rj, ky, Ry
TPAHC®OPMOBAHOT 06.uKa KOpeRH jeaue oapehene erBa-
uuje Tpehera crenena. llomenyra je Teopema Aakae moT-
NYHO AOKAa3aHA.

Jla cMo 6uam yseaum jejaH KBaapaTaH OOAMK ¢ 7
NPOMEH.BUBUX, OHAA GUCMO HamlAM A3 CYy KOGPHIHjeHTH
Ry, ks, -+ R, y CBEAGHOM OGAMKY

2 2 2
hlyl + h?yZ + e + hnyn
KOpEeHHI OBe €eKBaluje n-TOr' CTeleHa:
ay,—k ay o a, = 0. (16)

Uy @y — R e Uy

a, () s gy = B

nn

CBu KOpEHH Te eKBaluje Cy peaHH, a He3UuH arco-
AyTaH 4aaH je

d=|ay ap - @, |
(gp Uy w0
anl anQ a’nn

T. j. amcoayrad dJaH exBamuje i16) je AuckpuMmnanTta 4
aAartor obanka f. Haa je 4 0, onaa HM jedaH KOpeH
expamuje (16) muje = 0, T. j. y cBeaeHOM 00AMKYy uMa
taga n kpagpara. Ho kaa je 4 = 0, onaa he jeaan Ko-
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pen ekBanuje (16) 6urn = 0, a y cBeseHoM 001Ky 6uhe
(n — 1) KBaapara. Aa.be, 03HAYMMO INpBE MUHOpE, ILITO
0ATOBApAjy €1eMEHTUMA dyy, Ay, *** ¢, TAABHE AHjaroHaae
ca Ay, Ag, -+ A,,. Koesunujenar, mro ce y exBauuju (16)
jaB.ba y3 k, 6unhe 36up Tux upBIX MuHOpa. Jdak.ae, ako
je 4= 0 u aro je n

Ap=dp =" =4, =0,
oHaa he aa ropeua eksamuje (16) 6uru = 0, na he crora
raja y cBeaeHoM o6.auky 6uTH cBera (n — 2] KBaAparta.
Huje sroper mnoMenyT#, Aa he y ToM caydajy u CBU OCTaA#
npBu MuHOp#A AerTepMuHanre 4 6urn = 0. AerepMuHaHTa
4 je ma nve cumerpuvHa; oHa je cem tora = 0, na he
crora (4a. 59.) 6urn

7

T T
A = l ApAg, Ay = l Apdgg, *
a II0 TOME ¢e BHAH Aa je 3aHcra y OBaj MaxX M
4’112 == .“13 = e+ == U.

CauununM uyrem Morau 6ucemo Habu moroabe, 1104 Kojuva
he y ceaenom obanry durn (n — 3j, (n — 4), --- EKBaA-
pata. Aakae:

Kao je OuckpumuManrTa Hero: Kea0parHo: peairnoz
o6aura ca n upomensusux = ), 0H0a Y c6edeHOM 06AUKY
uma m weadpara; Tux wreadpara uma (n— 1), xao je
ouckpumuHnanra = (; ®ao cy U c6u UPsU MUHOPU, WLTO
00208apajy eaemeHTuUMa 21aéHe Oujazonale = (, oHoa Y
ceedeHoM 0OAUKY uMma (n — 2) weadpara u T. O.

Ha npnvep, Heka HaM je aaT KBajipaTaH KBaTepHepaH
061K

f= anXy” A A gy’ 4 g0y’ 281500000 + 204510
4 ay0030 F 505005 + 205,000 + 23 XyXy

AuckpumunaHTa TOr 06ANKa je
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Ad=|ay a, @y ay

Uy (yy Qg Az

(3 Qg (g Ogy

Uy Gy Oy Qg

Kaa je 4 # 0, oHAa je cBeaeH OOANIE OBO:
ki’ + kays’ + keys' + Ry

Kaa je 4= 0, oHaa je cBeAeH 00AUK OBO:

ki + kys + ks’

Kaga je
Ay Qe Gy | =0, ay tyy ay | =0,
Az Uy o Uy Ay Uy
Qg A3z (33 (y Qg Uy
Ay @y @y | =0, Az @y Gy | =0,
(g Az sy (g2 Ugg Gy
Ay Gy Ay Ay 43 (yy

0HAa ce AaT 06.AHK OPTOrOHAAHOM TPAHCPOPMALIIjOM MOIKE
¢BecTd Ha OO0JANK:

ko’ + Ry’
Hajszaa, raa je

an @ | =10, an a | =0, ay ay | =0,
Axn A2 Q3 33 Ay Uy
‘ Ay Qg3 | = () Ay Ay | =0, Usg A3y | = 0,
1 A3z U33 | Qg Oy Ay Ay

oHJAa je AaT 06AHK IOTOYH KBaApart.
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118. TeorEMA. Kao je duckpumuHanTa HeKoz 1#eaod-
paTHo: o6auka = (), oHda je adjynzosana (HyHKyuja T2
o6AuKra wOTTYH HEAOpAT.

Y3MUMO OHOBO TepHEpaH KBaAparaH 00AMK
f== “nxf 4 e 4 22000, et
AajynroBana $yHKIUja TOr 00AHEA je
Aufi® + Anfs® + Axf® + 2Aufifs + 2Aufifs + 24sfofs
Aro je 4 =0, oHjaa je
Ap = lrm Ay = ]/m Ay = ]/[171;274;

Crora he ce ajjyHroBaHa eyHKLUja (BUAU AeTa.be Y 4a. 59.)
Mohu OBakKO HalWCaTH:

(i An + Fo) A + o] A
Kaa kBajpata#d 06.4uK f 3aBUCH OA TIPOMEHBUBUX X,Xy - *X,,

oHAa 6 ce MOIJ0 AOKa3aTH A3 je aAjyHrOBaHA dYHKIUja
Tor 06AMKa OBO:

(iVAu+FflAe+ - + LTAD,
Kag je A= | a, | = 0.
Hanomena. Ieka je

fi=1uy, fo=uy f3=1u,.

Taaa he ajjynroBana oyukuuja garor o6auka [ OGutH
oBOr' 06AMKA:

Anul® + Apty® 4 Agus® + 24uu; + 245U + 245U,

Aro je capg f= 0 nmyHKTya.Ha eKBal{ja HEKOI' KOHHUHOI
npeceka, oHAa he ekBanuja
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Agu 4 o 4 2Apuu, + - =0
6uTH TaHreHNUjaiHa eKxBanuja Tor ucror npeceka. Ho kaa

je 4= 0, onaa ekBammja f = 0 upeacTaB.ba ABe IPaBe,
a aajyHroBaHa oyHEKNuja Ouhe oBo:

(uy V}I;l + Uy VEQ + us VA—a:s)Q;

TO 3Haun, A2 he KopeaaTHBHO cucreMu ABejy NpaBUX OArO-
BapaTé y TaHTEHIjaAHOj FeOMEeTPHju jeAHa ABOjHa TadKa.

119. TeopeMa. Had ce Hexarag weadparan 06Aux
ModIce U3PAsUTU TPOU3E000M 063 AuHeapHa obiuka, oHOa
je OuckpumuManra TO02 oCaura == 0.

Hexra je n. np.
@ = ax; + a4 + 0+ 4,
,lp = blx] + b2x2 + + bnxu’

f_—_?"]v: (@20, a4 Fa,x,) (b, + byx,+---+b,x,).

Taza he 6uru

0 of
e = ay + by, Fxff: ay + b, -

0x,

of
S-.XT,‘ - an ’l]U + bnw'

ITo ToMe ce BuAM Aa he 3ajeAHNYKU KOPEHM eKBaluja
P = 0 n ’!p =0

6uTn yjeAHO W KOPEHHM OBE cucreMe AUHEeapHNX XOMOreHuX
eKpaluja :
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of
— =0, — =20, =0
’ ox,

Ta cucrema umahe ApyruM pednMa 3ajeAHHYKMX KOPEHa.
Crora he mesuHa pesyaranra Mopartu 6utn = 0. Pesyi-
taHrta Te cucreMe je Mehy THM AnckpuMuHaHTa 06aMKA f.
Teopema je Aakae AOKaszaHa.

120. [lpobaEvA. Jara cy 0sa 1geaopaTHa TepHepHa
obaura

S = apay? - W, Xyt 4 500005 - 05000+ 2015X1X,
S' = byxy® + baxy’ + bags® 4 2bygcpocy 4 bg0500, + 2015225

Iura ce xad fie ce odaur S — RS' mofiu uspasuru upo-
u3endom 0ga auneapHa ¢parropa?

1o Ma40 4ac IOMEHyTOj TeOpeMH MOpa AUCKDUMH-
Hagra obamka S — kS 6utn = 0, T. j. Mopa GuTH

ay — kby @y — Rby @ — kb | =0,
Ay — kb @y — Rbyy  @gs — Rby

@y — kby @y — kbyy  dgg — Rby

A

4— kO 4+ RO — K4 = 0. (17)

Ta erBanija sose ce .Jameosa exeayuja. Y 1b0Oj cy ca
Adu d' osnmauene puckpumunanre o6aurd S m S':

A:!alfil’ A':lbm!a
a ca ® n @ cy osnauenn OBH U3pasU:
6 — Allbll + A22b22 + ‘A‘33b33 + QA33h23 + “)‘431b31 + 9‘4‘2b12)

O' = By, + Battyy + DBistsy + 2Basuss + 2Byas + 281,05
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A, je KOPAKTOp €AEMEHTa a; y AeTepMHHAHTU | ayg |, & Bjy
je KodaKTOp eseMeHTa b, Y AeTepMHHAHTI | b | Kako je
exsamyja (17) Tpehera cremena, To he ce 06auk S — kS'
caMoO 3a TpPU BPEAHOCTM mapameTpa k Mohmn uapasutn mpo-
M3BOAOM ABa JdHeapHa daKkTopa. JeiHa 0A Te TPH BpeA-
HOCTH jé CBaKaj peaJdHa.

121. 3AKOH O MHEPLIUJH 3HAKOBA. Y3MUMO A2 je KBaA-
partaH 06JUK peaJaH, Ila NPETIOCTABAMO A4 CMO Taj 061K
pacTBOpuAM y 30Mp KBaApaTa HE3aBICHIX JTHEAPHUX
006ANKAa :

f:plP12 +p2P22 + +pnPng' {a)

Uamehy roesnuujenara p Ouhe y ominre HERN NO3UTUBHI,
a HeKN HeraTUBHU. AKO je H. up. p; > 0, oHAa yaaH p, P’

MOEeMO OBAKO HAIlHCATH: (P1]/p1i2, a akro je p, < (), onaa 'y
36upy (a) Mecto p,P,’ MokeMo HamcaTH— (PQ]/' —pa2HuT. A,
V cnmre hemo aakae o6auk f MOhl OBaKO HANUCATII:

f: ‘Yl2 + X22 + o + X”2 - ‘X’;’+‘l - X}f+3 i AX211'

TeorEMA. Bpoj uwosurusnux u Gpoj HeaTUuSHUX Keaod-
paTa He Merwa ce, Kad ce HeKaKas pealan K6aOpaTaH 00AUK
Ha euwle HawuHna pacTeopu Yy 30up Keaopara He3aUCHUX
obaura.

Ty Xepmurosy reopemy Hazpao je Cuasecrep ysa-
KOHOM O WHEpIMj! 3HAKOBA Y, a MU heMo je A0Kas3aTH OBAKO.
IlpernocraBuhemo ga cmo o6auk f ceM y momenyTu 36up
KBajpaTa HE3aBHUCHHX AMHEAapHIX dyHKUHja X pacTBOpHAM
u y oBaj 36mp KBajpaTa:

= Yl2 + Y22 + -+ Yi2_' Y,i_, - Yii—;’_ T Kzz'

ITo XepmuroBoj Teopemu Tpe6a aa 6yae h =1i. Ako h
HUje == 1, OHAa je nanm h < iwmanm h >1i. Heka je n. np. h <Ti.
JacHo je aa Taja ueo 6poj h + n — i He Moe GuTH Behn
oA n — 1. ¥YaMumo caa OBy cHCTeMy AMHEAPHHX GKBaIlja :
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'Xl = 0’ ‘Yz = O, LR be p— O,

Yu=20,Y4=0 - Y, =0
Y roj cueremn nva csera h 4+ n — i ekBauuja; crora
1peMa OHOMe, IITO MaJA0 4YaC PEKOCMO, He MOMe Y TOj
cucremu OGuri Buule oA (n — 1) exBauuja. Pemumo Ty
clICTeMY MO HelO3HATHMAa X, Xy -+ X, U yOYUMO OHa pe-
Imema 3a Koja Gap jeana oa oyHruuja X, Xy, -
Hije = 0. Kaa TiM BpPEeAHOCTHMMA CMEHHUMO Xy, Xy, =+ X, Y
anHeapauM obanmnva X, X,, -+ X,, Y, Yy, -+ Y,, OHaa
heyo ao6urtn oBO:

f[=— ‘Xbil - Xh2+2 - Xn21
= Y + Y8 4 -+ YR

Te aBe Bpeanoctu tpeba sa OyAy jeaHake, & OHe, Kao
IITO BIAUMO, He MOry OWUTU jejHaKe, jep je IIpBa BpeA-
HOCT HeraTuBHa cTora, IITO 6ap jeAHa 04 KOANYHHA
Xyp1y Xyyo, -+ Huje = 0, a apyra je mosuruBHa. To 3Ha4n
Aa He Moxe 6urn h < i. lcro Tako Moram 6mCMO AOKa-
3aTi 11 A3 He Moke 6urn h > i

HanoMEHA. JoKazaau cMO Aa ce KBajpaTaH peaJaH
06.1IIK OPTOrOHAJAHOM TPAHCSOPMAIIMjOM MOMKE CBECTH Ha
00K

f: hlylz + k2y22 + T + knynz'

Adame eMO AoKas3aal Aa Cy KOoeduumjeHTH ky, ky, --- k, pe-
aaHe Ko.aumunHe. Raa cy ¢Bu T KoeeuIIjeHTH MO3UTUBHH,
oHaa he oymknuja f 6uTH NO3UTHBHA, Ma IPOMEH.EUBE
0/ KOjUX OHAa 3aBliCH, MMaJle Ma KakBy BpeaHocT. Crora
ce Kame Aa je 00JUK [ y TOM caydajy wosuTuean oGAux.
Kaa c¢y roeennujentu k HeraTuBHH, OHA3 he f cBakaa
nMaTH HeraTusHy BpejHocT. Crora ce Kame Aa je TakaB
06auK HezaTueaM obaukr. Kaa cy Heku KoeduuuieHtn h
NO3UTHBHY, & HEKU HEraTUBHU, OHAA ce Kake A3 je 004Uk f
unougpepentan O6auk f Guhe aakse nNosuTMBaH, Kaj cy
CBU KOpPEHU eKBaluje
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I

0

k (2 ik Qay, |

, — kh - (s,

i Uy Uy e, — R

MOSUTIBHU ; OH je HeraTuBaH Kaj Cy CBU KODEHI T erBa-
Inje HeraTUBHH, a MHAUPEPEHTaH je Kaa Cy HEKH KOpend
Te CKBalUje TMO3NTHUBHI, & HEKH HEeraTnpHIL

122. KOrpPEAUJEHTHE IIPOMEH/BHBE. y3MHMO Aa HaM je
AaTa Heka GYHKUMja MPOMEHLHBHX Xy, Xy, *°* , Ta, IpeTIo-
CTABIMO Ad CMO Ty ®YHRIUJY npeoﬁpa:umn AITHEAPHOM
TPaHCPOPMALUjOM

Xy, = buyy + buya + -+ bl

Xg = b21yl + b-_ggyg + = + quyM

Xy = nll/l + bn.’l 2 + 2 + bmx,

CeM TOTa Y3MUMO HEKY ®YHKIU]Y IPOMEHHUBIIX X', Xyt s
11a Tpeo6pasuMo Ty $YHEUII]Y AMHEAPHOM Tpch<1>opMaunJOM

x' = by, + by + -0 + b1l

x) = by + baye + o0 + byl

xnl = bulyl' + bn':yz' + Tt + b""J" *

YV ToM cayuajy ce Kame Aa €y NPOMEHBHBE Xy, Xy -+ X,
nox,,x), - x, KozpedujenTHe.

7

Ha upuMep, OBHAUNMO €& Xy, Xy &3 I Xy, &'y s
KOOpANHATE ABejy Tadara Y HEKO] TpmuHeapHo] KOODAII-
HATHOj CHCTEMI, & Ca Yy, Un¥Ys W Yy U2, ys' KOOpAN-
Hare THX NCTHX ABEjy TAYAaKa Yy HEKOj ApPYroj Tpunam-
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. : ! ' '
HeapHoj cucremu. KoopamHate x;, x,, X3 0 X', X', x5 6uhe
Taja KOTpPeAUjeHTHe; jep aKo ce MpH TpaHCPOPMALHUjuA KO-
opAnHaTa y3Me aa je

x; = bayy 4+ buys + biys, i=1,2,3)

oHAa he ce ¢ Apyre crpaHe MopaTH yseTU Aa je
! ]
x; = by 4 by + by,

123. HOHTPATPEANJEHTHE [IPOMEH.bUBE. Y3MUMO Aa.be
OlET ABe rpyne NPOMEH.LHBUX, [a INPEeTHOCTaBUMO A3 CY
Te mpoMmeHnbuBe Mehy co6om BesaHe OBOM OHAMHEAPHOM
peaanujom :

X, + upx, + o0 + u,x, = 0. la!
JAuseapHOM TpaHCPOPMALTjOM

x = byx,' + by = p AR o blnxn"

Xy = by’ 4 by’ + -+ 4 bax,, (b)

x, = bux' + ba¥y' + -+ + b,
npeobpasuhe ce ®yHKUUMja (@) Y OBy ®YHKUH]Y:
(bt Fbatat -+ b, )2 4 (brgthy +bagUa -+ 4 bgu,) 05!
+ -+ b+ byt by, = 0.
Aro ce caa ysme aa je
buty + bau, + - 4+ bau, = u,,

bty + bpu, + - 4 bou, = Uy,

bluu] + quU"J + e + bnnu’n - u’n’!
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ouza heMo TpaHC®OpPMOBaHY &¢YHKUMjy MOhu OBaKO Ha-
UcaTu :

ul'xl' + u2’x2' + tt + u’n"xn, - O) (d’)

a Ta GuAMHeapHA peaalyja M AaTa pesalyja UMajy ucTu
06.AUE.

PemumMo caa cucreMy (c) MO KOAMUHHAMA Uy, Ugy " U,
V pesyarary aAo6uhemo 0BO:

Bu, = Byu," + Byu, + -+ + Blnun':

Bu, = Buu,' + Byu,' + -+ + B,u,',

Bun == Bnlu’l' + Bn2u2' + t + Bnnun';

B je Moayo aAate TpaHceopMaumuje, a Bj je Ko®aKTOp ele-
Menta b, y AerTepmuHaHt;H B = |b), |-

[Io ToMe ce BHAM OBO: aKO Ce dYHKUUja (@) JnHe-
apHOM TPaHCPOPMALMjOM (b] Mema Yy CaCBUM CAUYHY PYHE-
nujy (d), oHA4 Ccy HOBE NPOMEH.HUBE ', uy, - u', 1 aaTe
IIPOMEH.BUBE Uj, Us,* U, Mehy cOGOM Be3aHe CUCTEMOM pea-
uuja (c) vam, IITO je jeAHO M HCTO, CHCTEMOM peaanuja (e).
Tpanceopmauuje (bl u (e mam 6ome pehm, Tpanceopya-
uuje (b) u (c) 30By ce uneepcHe TpaHCcPOpMAaInje, a 3a AaTe
ABe Trpyle TpPOMEH.bMBAX Kame ce Aa CY KOHTPazpeou-
jenwrne. Ha mpumep, nyHETyaaHe KOOpAMHATE Cy KOHTDPA-
rpeAujeHTHe C TaHMCHINjaAHIM KOOpAVHATAMA. "

—— e ————

1) BEan Mojy Anaaurwuny I'eomerpujy, p. 261.
y Y P
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UHBAPUJAHTE U KOBAPUJAHTE.

124. Herka naM je aaT HeKakaB 00.1MK
f(x7 Y, 2, +* Qg Gy gy )1

Ia TPeTIOoCTABUMO Aa Ce Taj 06JMK AMHEapHOM TPaHCHOp-
ManujoM npeobpasmo y 006.4MK

F(X7 Y,Z, .- Ay Ay, Ag, swafy

Moayo TpaHceopmanuje osHaumhemo ca M. Awo ce caa
HEeKa oYHKIUja (p KOECPUUMJEHATA Gy, Gy, O, *** PaABIUKYje
0A Te ucTe SYHELHUje ¢ KoedunujeHaTa Ay, A, Ay, -+ caMo
TOM, LITO je OHa HpBa ®YHKUMja KOedHLUjeHATa IOMHO-
JKeHa HEeKHM CTEeNeHOM MOAyJaa TpaHCeOpMalldje, OHAA ce
Kaxe Aa je dyHENUja ¢ uMeapujanra’'). Pynnuja ¢ 6uhe
AakJe WMHBapUjaHTa, aKo je

P (A, Ay, Ay, ) = M P (@, a, a,, »=)s

Mu cmo ce Beh cycperaau ¢ TaKUM SYHKNUjaMa: AO-
Ka3aam oMo Ha ume (ua 114), aa ce AUCKpUMHHAHTA
TPaHC®OPMOBAHOI KBaApaTHOr o6amka AobuBa, Kaj ce
ANCKPUMHMHAHTA AATOT 006.1HMKa IOMHOMU KBaAPATOM MOAYAa
tpaHcoopManmje. Croza je OUCKPUMUHAHTA HeKO:z Keao-
paTHoz o6aura uneapujanra. Ha mpumep, ANCKPUMUHAHTA
KBaApaTHOT O6AMKa

1) Keae ce mpsE GaBEO TeopHjoM HHBapHjamara. OH je Te ®YHENHje 3Ba0
xumep-gerepmunanrana. Tepura masaprjanra je Cuasecrepos.

TEOPHJA AETEPMHHAHATA 17
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ag® + 2axy + a0
je
a,’: — aQ,.
Taj o6ank mpeoGpasuhe ce AMHEAPHOM TPAHCHOPMAIINjOM
x = bpX + biY,
y =byX + bpY

y o6.auk
AY? 4 24, XY + AX%

Ilo nomenyroj Teopemu Ouhe
AR — AA, = M (a® — awy),
T. j. ®YHKLUja @° — @, je NHBApUjaHTA.
125. Kaa je p = 0, oHaa je

9’ (A(h Al? A‘l'; '”) = (a(h y, Ay, ”')'

VmBapujanta @ He Mela C® HUKAKO Y TOM CAydajy An-
HeapHOM TPAHCOOPMAMAJOM, Mfa YaK HU OHAA, KaA TPAHC-
sopManuja Huje yHuMoayaapwa. Crora ce Takpe UHBapH-
jaHTE B0BY AaUWCOAYTHUM UHBAPUJAHTAMA. Kaa Herakas
06auE uMa Gap ABe o6UuHe MHBapHUjaHTe, OHA3 CE CBAKaA
nomohy THX HHBapujaHaTa MoO:e Hahm jeAHa aICOAyTHA
muBapnjaETa TOr OOANMKA. Y3MUMO H. NIP. Ad CY SYHKLUje

P (&, @, as, ce)m oy ag @y Gy “ee)
ABe o6uuHe WHBapHjaHTe, Tla HEKa je
P (A07 Ah A2’ ' ) = M ¥ (aoa ay, Ao, )1

Y (Ag, Ay, Ay, ---) = MY (@, Gy, Gy e
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Y Tom cayuajy Guhe
[p(4o, A, Ay, ) = MPlpiaq, a1, @y, -],
[W(Agy Ay Ay )] = MA[p(a,, @y, as, -,
na je crora

(Ao, Ay, Ay, -+ )" . [play, ay, as, --*) ]

[?P‘.Am Ah A21 e )]P - ["P(am ay, A, * ;]’ ’

a TO 3Ha4YM A3 je SYHKLHUja

_[_Wam ay, Ay, )]q
[V’Wm Qy; Qg "')]P

amncoAyTHa HMHBAPHjAHTA.

Hanomena. Koeeunujentn by, by,, - - AMHEApHE TpaHC-
#opMalllje He MOTy ce CBaKdj) OAPEAUTH T4aKO, Aa Ipeo-
6paxeH 00ank Hekor obanmsa [ = @yx" 4 ---, KoOju 3a-
BHCH OA T TPOMEHBUBUX X, ---, OyAe HekakaB AaT 00aMK
F = AX" + -+ AKo Ha nuMe JAMHEAPHO TPAHCPLPOPMYjeMO
AaT O0AMK M aKO 3a TUM HM3jeAHAYMMO KOePUIMjeHTe IITO
ce jaBaajy y TpaHCHOpPMOBaHOM 06.AMKY y3 X", -+ .ca Koe-
®uUNUjeHTUMa IITO ce jaBnajy y o6auxy F ys3 X”, ---, oHaa
heMo a06uTH yMTaB jeAaH HU3 peaalwja:

Ay = @by, + o0 e e (a)
Tux peaanmja uMa OHOAUKO, KOAMKO MMA YAaHOBA Yy

onmTeM 004MKY Heke XOMOreHe ®yHKIHje n-TOr CTelleHa,
a ¢ r OPOMEH.UBUX, T. j. TUX peJanuja UMa CBera

_in+lm+2 434 r—1)
- 1-2-3--(r—1) )

N

Kako he y ToM caydajy y JuHeapHO] TPaHCPOPMALMju
6utu cBera r* Koesuuujenata, To he y ouwre Gurn N > r?.
17#
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NspauyHajMo caa u3 r* peaauuja cucreMe (@) Hero-
3HaTe KoeduuujeHte by, by, -+ by, by +-+ b, 1 3aMEeHUMO TE
KOedUIjeHTe y OCTaliM peaalidjaMa cucTeMe (a) — a THUX
je csera Ha 6poj N — 1 — BpejHOCTHMa, Koje O6yaemo
Ao6uan. Tum nmyreMm po6ukemo jeamy cucremy oa N — r?
peaanuja, a CBaKOM ToM peaanujom Guhe mehyco6uo Be-
3aHU KOGPULUJEHTH Gy, 4y, Gy, -+ U Ay, A, A,,---- Ha npumep,
aKo je obamk [ OuHepaH, oHAa he y .mHeapHOj TpaHC-
oopMannjun OUTH HeTHPH KOe®ULUjeHTa by, by, by, by, @
csera he y TpanceopmoBaHoM 06auKy 6Gutu (n + 1) uaa-
HoBa. Crora he y cucremu (a) 6utn (n 4+ 1) peasaumja.
AKO Aakae cradHe KOe®UIUjeHTe O0ApPeANMO M3 YeTHpH
peaanuje Te cuCTeMe M aKO MX 3aTHM eJAMMUHHPaMO u3
ocTaaux peJanuja, oHAa hemo pobutu cBera (n — 3) pe-
aanpja. [lo Tum peaanujama he ce BuaeTm Kako cy Me-
hyco6HO BesaHU KOEPULUJEHTH Gy, Gy, Gz -+ U Ay, Ay, Agy +++-
Koesunujentu Ay A;, A, -+ HE MOrY AaKJAe y ouuiTe GUTH
Ma KakBe KOAM4YnHE, T. j. 00aMK [ = aux" - --- He MOMKe
ce y ommTe .ANHEApPHOM TPaHCPOPMALUjOM NpeobpasuTu y
AaT ob6amk F = A X" 4+ ---- AKo ce jeiHa 0OA NIOMEHYTHUX
pesanuja Moxe HamucaTd y 06Ky

@ (A, Ay, Ay, 1) = @ (Ao, @y, A3, +++),

onaa he oyHKNuja ¢ 6uTu amcoayTHa uHHBapujanTa. bBn-
HepaH o00.4MK He MOMe AaKle NMaTH BuIle 04 (n — 3)
TAKBUX pe.Jalldja, a II0 TOMe ce BUAM Aa GuHepHu oGauyw
0pyz0z u Tpehez cTeUeHa HeMajy aUCOAYTHUX UHBapUjaHaTa.
To smaum Aa ™M 004uNM EeMajy ABe oOuuHe HHBApHjaHTE.
V onmroj Teopuju O6anka yuu ce, A2 je AMCKpUMHHAHTA
cBakor o6.auka MHBapujaHTa. Jeouna uMeapujanTa Gu-

HepHux o6aura 0pyz0z u Tpefiez creuena Gufie upema Tome
OUCKPUMUHAHTA TuX 06AuKa.

Hcro 6u ce TakKO MOIJI0 AOKasaTu U Ja je jeouHa
UHBaPUJAHTA Ma K02 K6a0PaTHO: 06auUKa Yy OUWTe CaMOo
JuckpumuHanTa Toz obauxa. Jep kKaj je n = 2, oHAA je

r(r+41)

1-2

a rtaj 6poj je mamu oa 1%
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Octaau 06amuy UMajy ancoayTHUX uHBapujanaTa. Ha
npuMep, ysMuMo oBaj GuHepaH 0GJAHK YETBPTOr CTENEeHa:

[ = ape* + bdax’x; 4 6ay0,’x, + 4age,x,® + a0t (b)

Taj o6aur npeoGpasuhe ce auHEapHOM TpaHCHOPMAITjOM
Yy 0Baj 06.4uK:

F = AX* 4+ 4A,X3X, + 64,X2X,;2 + 4A,X.X.° + A X4
Kako je
AoAy — 4AA; 4+ 3AF = M (aya, — hayay + 3a.8) = MY,
AAd + AAPR + AP — AAA, — 24,44,
= M°® (ayas® + 0,0 + a° — aga.a, — 20,0,05) = MY,
To he eoyHrumje

7: = aoa4 — 4a1a3 + 3@22

e 2 2 3
) = gty + a0,” + a;” — a0, — 20,0,0,4
6uru uHBapujaHTe 064MKA f.
Ilpema Tome je eyHkuuja

(A4 + AAF + A — Ad A, — 2A,4,4,)°
(A0A4 - 4‘41f13 + 31422.'8

_ (@05’ + ayar® + 45" — g, — 2a,0,0,)°
(@yy — 4aia5 + 3a,’)°

alcoJyTHa MHBapujaHTa 06.auKa (b).

Auckpumuaanta obauka (b) je (ua. 111.) oBo:

# — 277,
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CTOTa ¢ AMCKPMMMHARTA TPAHCHOPMOBAHOT 00AUKA A0-
6rpa, Kaja ce AUCKPHMAHAHTE npsoburHor ob.auka MO-
MHOXH ca M'™.

1268. CuUMYATAHE WHBAPHJAHTE. Kao mro jeaan 06auk
MO;Ke MMaTH UHBapmjaHaTa, MCTO TaKO MOMKE N CHCTeMa
06.AnKa nMaTH nHBapujanaTa. VHBapujanTe cucTeMe 06AnKa
B0BY Ce CuMY.ATaHe UH6apujanTe.

HeRa. HaM je H. Up. AaTa cucrema Oé./lﬂKa.
aoxm+ i aey box" + wvield cox‘l..., sow @ sow

ma [pEeTIHOCTABUMO Aa CMO Ty cucreMy o00Amka HEKOM
oApeheHOM AnNHEapHOM TPAHCPOPMALMjOM npeobpazuan 'y
cucremy o06.auKa

AX™ 4 ooor BXr o CpXT 4 e e oo
dyHKIMja
¢(a0, ey bOa"'a CO...',

6uhe cuMyaTaHa HNHBapujaHTa CHCTeMe AATHX 06.nkKa,
aKo je

q)(AO, R BO,..., CO"') == M? ¢(a0..., bo...’ 60“"’

M ¢ TakBEHM cMo ce dyHkmujamMa Beh cycperasu. /Joka-
3aaM cMO Ha nMe OBy Teopemy (4a. 110.): ako ce aume-
apHO TpaHcoOpMyje cucTeMa 06AMKA

fi = aux; + Gaxs 4+ -+ + a1,

fo = Gnx1 + A2, + - + azx,,

fn = aulx] + an‘2x2 + e + am;x»?
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OHAa ce AeTepMuHAHTA D cucreMe TPAHCLOPMOBAHNX 00.1UKa
A06uBa, Kaa ce MOAYO TPaHCPOPMALMje IOMHOMKH AeTEePMU-
HaHTOM A cucreMe AaTuX O0AUKA:

D = MA.

Crora je AeTepmuHaHTa 4 CHMyATaHa HHBAapHjaHTa ODAMKA

fh f21 r fn'

127. TeoPEMA. Axo cy obauvu f(x,y, - Gy, Gy, ***)

u g%, y, o by by, ++) ucroza creueHa u axo je @ (@gy @1y )
uneapujanTa upeo: o6iura, oHoa je

0 0 0
b“a—Z,+b1-$+b2'a%+ :

a,
cuMyATaHa wHeapujanTa obiuxa f u g.

O3HauMMo Ha M€ Cca k HEKaKaB [ApaMeTap U YO4uMO
mecto obanka [ obauk f -+ kg. Ako je

f=a0x"+.--, g::box“-l- R &y

6uhe

f + kg = (@ + Bb) & + -
[Io ToMe ce BUAU OBO: AKO je @ (@, G, ***) MHBAPHUjAHTA
06auKa f, 0HAA je @ (@ + kb, a, + kby, --+) MHBapUjaHTA

o6anra f + kg, a TO 3HAUM A4 je
@ (Ay + kB,, A, + kB, A; + BB, )
= M @ (ay + kb, @, + kb, a3 + kb, ---).

AKO caa passujeMo &yHKUMjy @ no Teaoposy obpacuy,
AobOuheMo 0BO:
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0 0 0
P (Ao, A1, Ay, ) + (Bo~0—i+ B‘?% + 327?;—24_...) | IR
o o 2 |
=MP¢(ao,a1,a2,u.) +Mp(b00—:):)+ bla?l-{—bz—gaz;_*_..’h_{_ ‘o

Kako k Mode uMaTH Ma KakBy BpeAHOCT, Guhe jacHO Aa
he koeemmMjeHTH, ITO Ce jaBAajy y3 MCTe CTelNeHe ma-
pameTpa k Ha AeCHOj M JeBOj CTPAHH TOCJAGAE EKBalU]e,
mopati GuTn jeaHaku. Msmehy ocraiux KOeeHIN]jeHATA
6uhe Aakae M KOePUIUjEHTH

0
Bt + B SE B+

Op . 0p

M? {bo oa +b1 Oa +b2aa + "')

jeAHaKM, a TO 3HAUN A2 je SYHKIOUjA
J ) ]

Ogo op
+b‘ aa +b°ba + o
cuMyaTaHa HHBapujaHTa o6aura f H g.

ITpumer 1. Hera je
f=ay® + 2axy + ax’, g = by’ + 2byxy + bay’.

BHa ce Aa je dYHENOUja @ = a,° — a0, WHBapUjaHTa 004MKA f.
Crora he n eyuruuja

op

So'i'sza

b° oa, + b, oa

T. j. ®YHKUHjA
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by (— az) + by (2ay) 4+ by (— ay)
— (agby — 2a,b, 4 agby),

6uTH cuMmyaTaHa uHBapujaHTa o6auka f u g. 11 3amcra
MOKe ce AOKasaTh Aa je

A2B0 — 2AlBl + AoB2 - W (a2b0 _— Qalbl + aobg).
[Tpumep 11. Heka je

f = ax® + by® + c2* + 2fyz + 2g9zx + 2hxy,

g =ax®+ by’ + 2 + 2f'yz + 29'zx + 2Mm'xy.

AucKpuMuUHAHTA
4d=|a h ¢
h b f
g f ¢

obanka [ je unBapujaHra. IIlpema ToMe he u eyHKHUja

P aA 04 04 .04
=ad_a + 0 +faf+gag+ Oh

T. j. ®YHKUUja
O = Ad' 4 Bb' + Cc' + 2Ff' + 2Gg' + 2HR,

6uTu cuMyaTaHa NHBapujaHTa 06aukd f u g.

Hero Tako morao 6um ce AOoKas3aTd U Aa je ®YHKUUja

o4 o4 oA oA od oA
@=aw+bw+ca—c-‘+fo—f+ga_y+hm

naAn
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0 = A'a +Bb + Cc + 2Ff + 2G'g + 2HR
cuMy.arana uHBapujaHTa 06aMKE f M g.

HanoMEHA. ¥ mOCAeABHM U3pa3nMa O3HAYMAU CMO

ca A, B, C,--+ KO®aKkTOpe e.JeMeHaTa a, b,c, -+ y Ae-
TepMnHanTn A ca 4 AUOKPUMUBARTY 06J1mca g, a ca
A B, C, - Roqaamope eaemenata a', b', ¢, - -y Aerep-

MHHAHTH A'.

128. KoBAPHIAHTE. AKO C6 HeKa &YHKIHja ¢ Koe-

PULUjEeHATa g, Gy, *** W OPOMEHBHBUX X, Y, 0641Ka
f(x,y, *, G @, ++) PaBANKyje OA Te uCTe PYHKIHje Koe-
eunujerara Ag, Ay <+ U NPOMEHAUBHX X, Y, +++ TpaHC®OP-
moBaHor obamka F (X, Y, .-, Ay A, --+) caMO THM, LITO

je ona mpBa $YHKIMja TOMHOMEHa HEKMM CTONGHOM MO-
AyJa TpaHCPODMalUje, OHAA Ce dYHKIMja ¢ 30BE HKoea-
pujanra obauxa f. dynkuuja ¢ 6uhe Aakae KOBAPUjaHTA,
aKo je

® (AO, Al; ) Xv Y’ ) — M’QO ((lo, Ay, ***y X, Y, "')'

YV onmroj Teopuju Ob6auka yuu ce Oa je ceara uh-
6apUjaNTa Here KOGBPUJaHTe YjeOHO U UHEAPUJAHTA UPEO-
6uTHoz o6aura. CeM Tora MOmKe ce AOKAa3aTH BPAO JAKO
U 0a je ceaxa K0BaPUjaHTa MNeKke KO6apUjanTe YjeoHo u
KoeapujanTa 0aroz obauxa.

129. [101APE. Y3MUMO ABe cucreMe IPOMEH/bUBHX X, Y
u x',y', na HeKa cy Te ABe cucreMe KorpeaujenrHe. Ju-
HeapHa TpaHceopManuja Guhe Taja

x = byX + b,Y,
(a)
y = byX + bpY

c jeaune, a

1) BEAE MOjy AnAIUTUNNKY Teomerpujy crp. 526. m crp. 859.
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x' = bpX' 4 bpY

y' = bpX' + bpY’
c Apyre cTpaHse.
AKO ce caa HeKakas GuHepaH 00AUK [ (X, Y, G, Gy,  **)

TpaHceopMalujoM (@) npeobpasuo y ob6auk F(X, ¥, Ay, Ay, -},
oHpa he ce o6.ank

flx+ k', y + RY', ag, @, )
MopaTH 0peo6pasutd y 061Uk
F (X 4+ RX', Y 4+ RY', A, 4,, ),

jep cy woamunse x -+ kx', y + ky' ucro oHako BesaHe ¢
kKoaumauaama X 4+ RX', Y + RY', Kao mWITO Cy WM KOAUYNHE
x, y BesaHe ¢ KoauumHama X, Y:

x 4+ kx' = by (X + RX') + by (Y 4+ RY),

y + ky' = by (X 4 kX' + by (Y + Y.
Buhe aak.ae 3aucra
flotka', y+Ry, agay, ) = F (XHRX', YHRY', Ay, 4y, ).

Mspase Ha .1eBOj U AeCHOj CTPaHU OBE €KBalMje pas3BH-
hemo caa no Teaoposy c6paciy un A06uhemo oBaj pesyarar:

f (xv Y, Ao, aa, )

'Of 'éi. 1 02 f
+(x&+y0y)k+ ) ( Yowoy T )k2
- oOF OF
+ e :I“’(X, Y,Ao, *41';"') +(X'5‘X+ Y'()—I_/J

1 (X,262F oy OF L g oﬂ 2
+ef et axoy T Y sy R T
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Kako mapamerap k MOMe MMaTM Ma KAaKBY BPEAHOCT, TO
ce BuAu Aa he Outn

,of ,of
Ox+yd—g;=

OF  _,oF
xt Yy

f l ] 2f l2o_2£_ 1y azF .2?_2_F_'
3T Y Sy TV 2—X sxi T Y Sy Y 5w

Kaa cy, Aakae, NpOMEHAUBE X, Y U x', y' rorpeau-
jeHTHE, OHAa je

( vi 02_‘” — (Xli Y'O )"F
xbx+y0y) f= OX+ oY)

YV syHrnujn

( +y()y‘f

3aBUCE KOEOUIMjEHTH 1IPOMEHBUBHX X', ¥' 04 X, Yy U OA
KoedulnjeHaTa ay, @y, >+, & y PYHKIUjU

(L0 oY
[x 5x+ Ty

saBuce Koesunujents mpomessnsux X', Y' oa X, Y u oa
roedunujeHaTa Ay, A, ---. Ako je 064uk f cTeneHa msTor,
OHA3 Ce ®YHKNUja

1
mm—1) - m —n + 1) ( ()x+y()y)f

30Be n-Ta wosapa o6auxa f mau mno CuaBecrepy n-ta
emananra obamka f. Te moaape mory ce, Kao IUTO BH-
AUMO, CMATpaT# Kao KOBapujaHTe, jep ce m-Ta moiapa
KOTPeAUjeHTHHX TNPOMEHLUBUX X, Y U x', y' anHeapHOM
TpaHCHOPMANUjOM MpeolpaxaBa y n-Ty [MOAapy NPOMEH-
suBux X, Y u X, Y.
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[Ipumep. I[IpBa noaapa KBagpaTHOr 06ANKS

. f=awx® + a2y + axy®
je

1 0 0
§(x' Py y'@) f = (ax + ay) ' + (@ + agy) y'.

Ta moaapa je
(., 9 , 0 . ' ,
E§‘X g+ YW, = AX 4+ AV X + AX+ 4,7 Y.

Hanomena. V Teomerpuju mpeacras.majy moaape mo-
JapHe KpUBE HAM II0JapHe MOBpIINHE.

130. AKO y mHojeAMHHM mO1apaMa CMATPaMO KOJM-
4iNHe X U y Kao craJdHe, OHAa heMo Te mo.sape Moparn
CMaTpaTd CaMO Kao ®YHKIje MpoMeHsnBUX x' u y'. ¥V
CBAKO] WHBAPUjaHTH THX ®YHKUM]ja jaBbahe ce mpema Tome
CeM KOedulMjeHaTa AaTOr 006.AMKa jOII 1 MapaMeTpH X U v.
To suauu, da fe Te uneapujante Guru xosapujanre daroz
obauxa.

Ha npumep, neka je

f = aw® + 3a,x%y + 3a,xy® + agy’.
IoTpaxnmMo caa usBoae

]

ox¥ oxoy’ oy?
M 3aMEHNMO UX u3pasuMa, Koje 6yaemo aobu.am, y uspasy

Ozf () azf LD azf
X5 + 2xy Oxoy'l"yz(')_yf

2
ox?

He Boaehu pauyma o Gpojuum BpezmocTima, a06uhemo
OBaj pe3yATar:

x® (age + ary) + 2%y (@ + ay) + ¥ (axx + agy).
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Taj mapas mpeAcTaBba ]e,my XOMOTeHY GYHKIUI]jy Apyrora
cTeleHa IpoMeH.buBuX X', y'. AMCKPUMUHAHTA Te dYHENYjE je

(@ + ayy) (aex + azy) — (G1X + ay)®
= (Ggls — a’) 2 + (aas — aay) xy + (@03 — a’) v5, (@

na Kako je AMCKPUMMHAHTA uHBapujanta, 6uhe o6auk (a)
KoBapujaHTa AaTor o6amka f.

131. TEoPEMA. Xecujan Hexe yHKYUje je KO6apUJAHTA.

V3MuMO HEKakaB O06AuK f (X, Xp, *++ X,) K YOUMMO
PYHKLUJY

(xl OC) +x2()x o 8 +x"dx)f

2 _O_eti Q [P ) azf Q
m”xﬂmm+”+““mm

] .‘x,‘.l'
0 O
ox’

o°f
. ' 1]
+ Xg + 2"'\72 X Oxzox”

x,”? azf. ‘
n Oxnl

Koanumnne x, X3 *** X, cmanaheMo 3a jeAaH 4acak Kao
craHe, a KOAMYMHE X', Xy, --+ X, KAO MPOMEH.bUBE. Auc-
KpUMUHAHTa Te ®YHKINje jé OBa AeTepMUHAHTA:

o’f o’f °f |
U ox,®  0x;0x 0x,0x,
o*f o’f o*f
0x0x;,  0Xy° T 0xy0x,
()2f O2f 021,'
ox,0x, 0x,0x;  0Ox]
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Ta AeTepMuHaHTa je, Ka0 LITO BHANMO, XeCHjaH GYHKIW]E f.
Ho raro je auckpummHaHTa Hekor o6.uka MHBapUjaHTa,
TO0 he u xecujan H (f) mpeMa oHOMe, IITO Maao 4ac pe-
KOCMO, GUTH KOBAPWjaHTA GYHKIHjE f.

To mecro Moxke ce y 0CTaa0M U OBAKO AOKa3aTH. —
As He Gucmo mnucaam Beaure uspase, ysehemo aa HaM je
AaT HeRaKas OuHepan 06.amk f (x;, x;). Xecnja# Tor 06auKa
je oBo:

Hifj=| o &
0x,? 02,0203

o°f Of

axx,  Oxy

Taj o6anr npeobpasuhe ce AnHEAPHOM TPAHCHOPMAIHjOM
xp = buys + by,
Xy = bayr + bny,

y obanr F (y,, y,). Crora je

oF Of()_x-l é_f_()_xz_c)fb of
ayl 0x, 0y, T 0x, 0y ox, 1 + 5;2 ba = py,

OF _ of oy | of oy Of of

53_/—2 T 0x, 0y, ax2 Oy2 dx- X bis + O—x2 by = p..

AKO NOHOBO AMdepennupamo, A06uheMo 0BO:

O°F  op,
5'1/? O b11+ O bzn

O°F  op Py 0p> opz, o°F
Syioys — 0w, 2 T 0, P = 5 I 5o bu =55

o’F dp op, 8y
oy — ox, b+ 5. dx




272 TEOPHJA AETEPMHHAHATA.

IIpema ToMe je

H(F)=| op: 0P, op, op, =M| op, op
5;11)11 +O—x2b21 O_xlbls +O_x2b22 3%, 0%,
0p; 0p; 0p; 0p; Ops OPg
0, by + 02, ba 0, bz + ()—xzb22 5;; 5—.76_2

= M| o*f o*f o*f o*f
()_x? by + m ba 02502, by + a_x_;bm ’
o’f o’f o*f o’f

e dw0w,? Smow, T 0w
a Mo TOMe ce BUAU A3 e

H (F) = M*H (f),
T. j. XecujaH oyHKuuje f je KOBapHjaHTA.

132. TropPEMA. JaroGujan cucTeMe xomozeHux GHynr=
yuja je cuMyarana rkoeapujaHTa TUX GHYHKYUJA.

Herka cy HaM Ha 1Me AaTH OBH o6annmn.:

fl (xh Xgy **° xn)'} f2 (1) X3y *°* x”), e f,‘ (xh Xogy *** x,,).
HNspasn
Ol Of ,Oh
%1 5a, T %250, T e e
ofz ofs Ofs
1= U L o1 L
X1 axl + 0x, + + x, Oxn’
of of. 0f
vt ' U L3
X1 oxl +x2 Ox2 + +x,, ()x,,
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MOry Ce CMaTpaTi Kao JAiHeapHe ®YHKIUje IPOMeH/bUBUX
x/, %, «++ x,), a AeTePMUHAHTA Te CHCTEMe &YHKUUja je
unBapujadTa. Ta AerepMuHaHTa je Mehy TuM jaroOnjan

cucreMe ®YHKUHja fi, fo, ++* f,. Crora je jaroOujan

J = bfl Ofl o_fl

o om, " ow,
ofy ofs  Ofp
0x; 0xy ox,

ofn Of O

0x; 0Xxy 0x,

CUMYATaHA KOBapHUjaHTa. —

Ta TeopeMa Mmoraa 6u ce Takohep, Kao u Maa0 4ac
TIOMEeHYTa, AOKa3aTH M HEINOCPeAHO. Y3MHMO Ha UMe Aa
CMO AATy CHCTEMY ®YHKIHja AMHEAPHOM TPAHCSOPMaUIjoM

x; = bayy 4 bays + -+ + by,
i=12--n
npeo6pasuau y cHCTeMY SYHKIUja

Fy (yly Yoy yn)v FZ (yla Yo, - yn)a Fn {yh Yoy * y..)-

YV ToMm cayuajy Ouhe (4a. 94.)

OY(FM_ MO_‘(fl) fZ) tre fn) . 0 (xh Xgy *°* xn)
0 (Y1, Yo = Y O (201, X3y o+ &) O (Y1, Ygy = y,,‘»’
1. j. 6uhe
O0(Fy,Fy - F) 0(fy, f3 - [
a (yl) y27 T yrz) () (xl-‘ x27 s x’"),

TEOPAJA AETEPMHHAHATA 18
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a 1o TOME€ ce BMAW, Aa je jaRoOujaH cuCTeMe SYHKIHja
3aUCTa CHMYyATaHa ROBapHUjaATa THX dYHKUHja.

133. KonrpaBaPmiaRTE. Heka cy Ham aare ABe rpyme
KOHTParpeAnjeHTHNX IPOMEHMBUBUX Xy, Xz, +-* H Uy, Uy, -+,
na OPeTnoCTaBUMO Aa ce 00AUK f (x,, Xy -+ Gg, @y, +++) HEKOM
oApeheHoM JaMHEapHOM TpaHcoOpManujoM npeobpasuo y
064uk F (x', x5,++, Ao, 4y, +-+). AKO ce caa HeKa dYHKIUjA ¢
KOE®UIjEHATA @), @y, *** W POMEHBUBHX U, Uy, *** PaA3AN-
Kyje 0A Te ucre &SYHKNUje ¢ KoeduumujeHata Ay A, .-+ u
IIPOMEHBUBHX Uy, Uy',-++ CAMO THM, IITO j€ OHA NPBA IIOMHO-
JKEHa HEKNM CTeleHOM MOAyJAa TpaHCHOpMaluje, OHAA ce
dYHKLUja ¢ 30Be KoMTpasapujanra. PyHruuja ¢ O6uhe
AaKJae KOHTpaBapHujaHTa, aKo je

P (Ao Ay ) ul.) u2'1 o) = Mpw (@0, @1y *+y Uy, Us, ).

Oamax hemo BMAETH KaKO ce MOry oApehuBaTu Heke
KOHTpaBapujaHTe Aatnx o6auka. Ilpermocrasuhemo Tora
paan Aa HaM je H. np. AaT HEKaKaB TepHepaH 06.4uK

- nn—1)
f = apx,* 4 nayxe," oy + nayx,"'x; + 1—.2—a3x,"‘2x22—|— ee.

dynrnuja
U, + UsXy + Usxs

npeoGpasuhe ce y 0Baj Max AMHEADHOM TPAHCHOPMALjOM
y eyRruujy

' ' ] ' L ]
UpXy + Uy’ + ug'ay

Axo ce Aarje AaT 06AWK TOM TPaHCHOPMALUjOM Npe-
o6pasuo y 06ank

F= A" + nApe," 'xy + -,
onaa he ce TOM TpaHceopManujoM 06auK

g, 4+ -+ 4 R (ux, 4 upx, + ugxcy)”
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MopaTu OpeolpasnTd y oGAus
dyxg” 4 o+ B (U + ugicy + ugg)”,
T. j. mpeobGpasithe ce 064nK
(@ 4+ Ruy") 2" 4+ n (@, + Ruy"ug) 2y + -+ (a)
y 06auk

(Ao + Ruy™) " 4 1 (Ay 4 Ruy™twg) " g A -

Axo je caa ¢ (ag @y, --+) ueBapujaHra o6auka [, OHA4
he oynrnumja

® (@ + Ru”, a; + Ru""luy, o)
Mopatn OuTm uHBapujaHTa O6auka (a). Buhe aakae
P(Ag+huy™ A+ huy" " tuy, - ) =Mtp(ay+ku,"\a,+ Ru," " ug, ).

DyHKRUjy @ pasBrheMO caj ¥ Ha AGCHOj U HA J@BQj CTPAHU
no TeaopoBy o6pacuy. V3sjeaHaunBIIM KOEdUIHjeHTE IITO
ce jaB.bajy ys mcTe cTeleHe napaMeTpa k, Bugehemo aa
he xoednmujentn

{ ” _a__ n—1 i n—1, i m—2,, 2 _O__ )"
U, 0A0+u1 U, OA1+ul Ug OA2+ul U 014.3-'_ 9)

u

Mp( n 9 n—1 __O___ n-1 0 n—2 2i )"
U, oa, +u u20a1+u1 u36a2+u1 Uy ()a3+”. ¥

6utn jepnakd, a TO 3Ha4M Oa je ghyHwryuja

n O n—1 a n—1 () n—2,, 2 O J"
(ul é_a;_i"ul u2()_al+ul usgd—a‘f'ul Uy oaa'l""' @ (b)
18*



276 TROPUJA AETEPMUHAHATA.
®ronTpasapujanra oOaroz obauxa f. Te KOHTpaBapujaHTG
3Bao je Cuapecrep esexrantama. Haaroa je Aakae nosHara

jeAna uHBapujaHTa HeKOr 00.uKa, OHAA Ce CBaKaj 0O
obpacny (b) MOse OAPEAUTH U jeAHA €BEKTaHTa TOT 06.nKa.

MruMep 1. AaT je 06JNK
a4 20,y + agy®.

dyurnnja alz—a Qg je HRBapHjaHTa TOT o6auka. Ctora
] 0
je PYHRIIH]A

au? — 20,uv + a4’
KOHTpaBapujaHTa (eBEKTaHTa) TOr 06aHUKa.

Ipumep 1. Aat je 06auk
ap,? + Aoy’ 4 g5’ - 2552y + 21250, + 201X
NuBapujanTa TOr 004UKa jeé ANCKPHMUHAHTA HEroBa
A = aplolg + iy — 01307 — 05a% — As0P1a-
Crora je ®yHKNuja
Apnu? 4 Apus® + Agug® + 24Asuus + 2Azuu, + 24uiU,
KOHTpaBapujanTa TOr 00.HKa.

Hanomena. Ca A, o3HaumaAum cMO KOSAKTOP eJe-
MeHTa a; y AeTepMuHaHTH 4 = |ay].

[lpuMeP 1. Aata cy ABa KBajpaTHa TepHepHa 006auKa

2 2 2
anX:® + Ay’ + Ag%s" = 2aagx5x3 + 2WpxgX; - 2015%1%;

bux:® + bmx22 + b3:<x-7c:«)2 + 2bagx2205 4 2bgi 5%y 4 2by200,.



WHBAPUJAHTE M KOBAPHJAHTE. 277
CumyaTaHa MHBapHjaHTa THX 06auKa je
O = A;by + Axby + Aggbss + 2As5be + 2Azbg + 241505,
Crora je
D= (@35} Assbas— 2agbg) Us® + (Bgsbiy + B11bgs— 2051 bgy) Us?

+ (@11bog F Bosby — 2@15b1a) Us” + 2 (@12b1g+ Aygbye

— @11 byg—Aasbyy) UgUs+ 2 (Aasbor + By bag— iagbgy

— 031 bgg) Ugtly + 2 (@31 D33 + Agabgy — 33D 10— A12bgs) U Uy
KOHTpaBapujaHTa cucreMe Aatux obanka. Exsanuja ¢ = 0

NpeACTaB.ba TEOMETPHUjCKH T. 3B. TAHTEHUHjalaH XapMo-
HOjCKU KOHMYAH IIPeceK. ')

1) Baam mMojy Anaauruuny I'eomerpujy crp. 761. m crp. S80.





