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UNDERSTANDING PARTIAL BED-LOAD TRANSPORT: EXPERIMENTSAND
STOCHASTIC MODEL ANALYSIS

HongGuang Sun1

1College of Mechanics and Materials
Hohai University
Nanjing, Jiangsu 211100, China
e-mail: shg@hhu.edu.cn

Keywords: Bed-Load Transport; Stochastic models; Fractional derivative models; Experimental Analysis
ABSTRACT

The complex dynamics of partial bed-load transport in a series of well-controlled laboratory experiments are
explored systematically and simulated by a stochastic model in this study. Flume experiments show that the
leading front of bed-load on a 20-m-long, mixed-size gravel-bed moves anomalously, where the transient
transport rate of the accelerating front varies with the observation time scale. In addition, observations show that
moving particles may experience bimodal transport (i.e., coexistence of long trapping time and large jump
length) related to bed coarsening and the formation of clusters on a heterogeneous gravel-bed, which is
distinguished from the traditional theory of hiding-exposing interactions among mixed-size particles. A
fractional derivative model is finally applied to characterize the overall behavior of partial bed-load transport,
including the coexistence of the sub-diffusion and non-local feature caused by turbulence and the micro-relief
within an armor layer.

Acknowledgments: This research and presentation were supported by the National Science Foundation of China
(11572112, 11528205) and Serbia-China bilateral project under the number 3-12.
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PA3YMEBAILE IMMPOLIECA JEJMMHWYHOT KPETAIbA PEUHOT HAHOCA —
AHAJIN3A BABUPAHA HA EKCIEPUMEHTHMA M CTOXACTHYKOM
MOJIEJTY

HongGuang Sun1
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Hohai University
Nanjing, Jiangsu 211100, China
e-mail: shg@hhu.edu.cn

Kmyune peunm: Kperame peunor Hanoca, Croxactmukn Mopen; Mopemn ca (pakiMOHMM — W3BOIKMA,
ExcriepumenTania aHanmmsa.

AIICTPAKT

CnoxeHa JMHAMUKA JEIMMHYHOI KpeTama PEeYHOI HAaHOCA j€ MCIHUTaHa CEepHjoM J00pO KOHTPOJHMCAHHUX
eKCIIepUMeHaTa U CUMYJIMpaHa oAropapajyhum croxacTH4kuM MozesoM. Ha ocHOBY ekcriepuMeHara U3BeJeHUX
y KaHaJTy II0Ka3aHo je Jia je Ty)KHHa TJaBHOT GpoHTa peyHor Hanoca 20 MeTapa, y KOMe ce NIJbYHAK PaTNdHTHX
BeJM4rHA Kpehe HenpaBHIHO, 0K ce TaiacHu GpoHT Kpehe yOp3aHo ca mpoMeHIbUBOM OpP3MHOM KOja 3aBUCH O]
rmocMaTpaHe BpeMEHCKe cKaie. Takole, U3 eKNepHMEHTaJHHX IIOCMAaTpama Ce MOXKE 3alla3hTH JBO-MOIATHO
KpeTame YecThlla HaHoca (Tj. MICTOBPEMEHO MOCTOjamke YeCTHIa Koje ce Kpelly y JyriMM CKOKOBHMA W OHHX KOje
JIYro MUPY]y) yclen rpybe MOBpIIMHE W HOCTOjakba KIIACTEpa Y XeTePOreHOM MIJbYHKOBUTOM KODHTY, IITO CE
OuTHO pasnukyje o nocrojehe Teopuje CKPUBEeHUX-BUIJBUBUX MHTEPAKIIMja YECTUIIA Pa3IMYUTUX BennunHa. Ha
Kpajy, IpUMEmEeH je MoJen ca (pakIMOHUM H3BOAMMA 32 KapaKTEepU3allHjy OLITEr KpeTama PedyHOr HaHOCa,
VKJbY4yjyhH HCTOBpEMEHO INOCTOjake CyO-mudy3uje W HENOKaJIHHX CBOjCTaBa Kao IOCJEAMIE IOCTOjama
TypOyJIeHIIije ¥ MUKPO pesbeda MOBPIINHE KOPHUTa.

3axBasHocT: OBO HCTpaKuBame je moAapxkaHo ox crpaHe Kunecke HaumoHanHe QoHIanMje 3a HAyKY
(11572112, 11528205) u cpricko-KUHECKOT OMIIaTepaHor mpojekra 6poj 3-12.

PE®EPEHIIE

[1] Sun, H., Chen, D., Zhang, Y., & Chen, L. (2015). Understanding partial bed-load transport: Experiments and
stochastic model analysis. Journal of Hydrology, 521, 196-204.

[2] Chen, D., Sun, H.G., & Zhang, Y.(2013). Fractional dispersion equation for sediment suspension. Journal of
Hydrology, 491: 13-22.

[3] Zhang, Y., Chen, D., Garrard, R., Sun, H.G., & Lu, Y.(2016). Influence of bed clusters and size gradation on
operational time distribution for non-uniform bed-load transport. Hydrological Processes, doi:
10.1002/hyp.10837.

[4] Zhang, Y., Martin, R.L., Chen, D., Baeumer, B., Sun, H.G., & Chen, L.(2014). A subordinated advection
model for uniform bedload transport from local to regional scales. Journal of Geophysical Research-Earth
Surface, 119(12): 2711-2729.



Mini-symposium “Fractional Calculus with applications in
problems of diffusion, control and dynamics of complex systems”
Belgrade, July 13, 2016

FRACTIONAL AND FRACTAL DERIVATIVE MODELS FOR THE
CHARACTERIZATION OF ANOMALOUSDIFFUSION IN MAGNETIC
RESONANCE IMAGING

YingjieLiangl, Wen Chen2 and Richard L. Magin3

1College of Mechanics and Materials
Hohai University
Nanjing, Jiangsu 211100, China
e-mail: liangyj1989@gmail.com

2College of Mechanics and Materials

Hohai University
Nanjing, Jiangsu 211100, China
e-mail: chenwen@hhu.edu.cn

3Department of Bioengineering,

University of Illinois at Chicago,
Chicago, IL, 60627, USA
e-mail: rmagin@uic.edu

Keywords: Anomalous Diffusion; Magnetic Resonance Imaging; Fractional Derivative; Fractal Derivative;
Spectral Entropy

ABSTRACT

Anomalous diffusion is wide spread in biological tissues where its effects modulate chemical reactions and
membrane transport. When viewed using magnetic resonance imaging (MRI), anomalous diffusion is
characterized by a persistent or ‘long tail” behavior in the decay of the diffusion signal [1]. Recent MRI studies
have used the fractional derivative to describe diffusion dynamics in normal and post-mortem tissue by
connecting the order of the derivative with changes in tissue composition, structure and complexity [1]. In this
study we consider an alternative approach by introducing fractal time and space derivatives into Fick’s second
law of diffusion [2]. This provides a more natural way to link sub-voxel tissue composition with the observed
MRI diffusion signal decay following the application of a diffusion-sensitive pulse sequence. The result is a
simpler, computationally faster, and more direct way to incorporate tissue complexity and microstructure into the
diffusional dynamics. Furthermore, the results are readily expressed in terms of spectral entropy [3], which
provides a quantitative measure of the overall complexity of the heterogeneous and multi-scale structure of
biological tissues. As an example, we apply this new model for the characterization of diffusion in fixed samples
of the mouse brain. These results are compared with those obtained using the mono-exponential, the stretched
exponential, the fractional derivative, and the diffusion kurtosis models. Overall, we find that the order of the
fractal time derivative, the diffusion coefficient, and the spectral entropy are potential biomarkers to differentiate
between the microstructure of white and gray matter. In addition, we note that the fractal derivative model has
practical advantages over the existing models from the perspective of computational accuracy and efficiency.

Acknowledgments: The work described in this paper was supported by the National Science Funds for
Distinguished Young Scholars of China (11125208), the 111 project under Grant B12032, the China Scholarship
Council (CSC) (Grant No. 201406710047).
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MOJAEJIA CA PPAKIIUOHUM U PPAKTAJIHUM U3BOJAUMA 3A
KAPAKTEPU3ALINJY AHOMAJIHE JIU®Y3UJE Y TOMOI'PA®UIN
MAT'HETHOM PE3OHAHIIOM

YingjieLiangl, Wen Chen2 and Richard L. Magin3

1College of Mechanics and Materials
Hohai University
Nanjing, Jiangsu 211100, China
e-mail: liangyj1989@gmail.com

2College of Mechanics and Materials

Hohai University
Nanjing, Jiangsu 211100, China
e-mail: chenwen@hhu.edu.cn

3Department of Bioengineering,

University of Illinois at Chicago,
Chicago, IL, 60627, USA
e-mail: rmagin@uic.edu

KibyuyHe peun: aHomaiHa qudysuja; TomMorpaduja MarHeTHOM Pe30HAHIIOM; (paKIMOHU M3BOIY; (QpaKTaIHU
W3BOJIU; CIIEKTpaJIHA EHTPOIIH]a.

AIICTPAKT

AHnomanHa qudysuja je mporecc KOju Ce YeCTO jaBjba y OMOJIOIIKMM TKHBHMA W 4dju edekaT ce oriena y
MOJIyJIAIMjH XEMHU]CKUX PeaKidja U TPaHCIOPTY Kpo3 memOpane. Tomorpaduja maraeTHom pe3onaniiom (TMP)
oMoryhaBa KapakTepusalyjy Ipoueca aHoMajiHe Judy3uje Kpo3 MPUCYCTBO “Ayradykor pema” ca ciabibemeM
mudysujoHor curHana. Henasuo npuxasane TMP cTynuje koprucTe H3BoJIE 3a ONUCHBAKE TMHAMUKE 1udys3uje y
JKUBOM M MPTBOM TKHBY BE3HMBam-EM Iapamerpa peaa (GpakIroHOT U3BOJA 32 IPOMEHE Y cacTaBy, CTPYKTYPU U
CIIOKEHOCTH TKHBa. Y OBOM Pajly CMO IIPHUMEHHJIM aITEPHATUBHU MPHUCTYH yBohemeM (paKTaJHUX BPEMEHCKHUX
U mpocTopHUX u3Boaa y dukoBom apyrom 3akoHy audysuje. OBak MPUCTYI ce II0Ka3a0 IPHUPOJHUJUM 32
IOBe3MBame Cy0-BOKcella TKHMBa ca IOocMaTpaHuM cialbmeweM TMP curHana npaheHux npumeHoM
nyncupajyhux cekBeHIM oceTJbUBUX Ha audysujy. JloOujeHum pesynrar je jeOTHOCTaBHHjH, padyyHapCKu
epuKacHUjU, M JUPEKTHHJU HAYUH 332 HHKOPIOPUPAE CIOKEHE MUKPOCTYPKTYpe TKHBAa Y JAWHAMHKY
mudysuoHux mnpoueca. Jlasbe, pe3yaraTH cy IpuKasaHd Yy (QYHKUMjU CIEKTpalHEe EHTpOIuje, Koju je
KBaHTHTATHBHA Mepa OIIIITE CIOKEHOCTH, XeTEPOreHOCTH U BUIIIE CKaJlapHe CTPYKType Ouomnomkux Tkuea. Kao
IprMep HaBOAMMO IIPUMEHY IPHUKa3aHOI MOjela Ha KapakTepu3alujy nudysuje y (QUKCHpaHHM y30pHHuMa
mumjer mosra. JoOwjenu pesyaratu cy ynopeheHu ca pesyiararuMa J00HjeHUM MOZAEIHMAa Ca jEJHUM
EKCIIOHEHIMjaJIoM, pa3By4e€HHM €KCIIOHEHIMjaIoM, (PpakmOHIM M3BOIMMA M KypTO3HC MojenoM audysuje. ITo
cemy cynaehu, moxemo pehu ga cMO OTKpWIM Ja cy pel (pakTaJHOr BPEMEHCKOT H3BOJa, IU(]y3uoHOT
KoeHUIMjeHTa U CIIEKTpaHE EHTPOIIUje MOTEHIUjalHn OMOMapKepH 3a pa3IMKOBalke MUKPOCTPYKType Oene u
cue marepuje. Tpeba nonaru na QpaxranHu Mozesl MMa MPaKTHYHUX MPEIHOCTH y OAHOCY Ha moctojehe y
TIOTJIely TAYHOCTH U €(PUKACHOCTH HyMEPHYKUX U3pauyHaBamba.

3axBaanoct: OBaj pan je moxpxan ox crpane KuHeckor HanpoHamHor (oHga 3a muaze tainerre (11125208),
npojekra 6poj B12032, Kuneckor on6opa 3a crunencuje (CSC) (Grant No. 201406710047).
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A VARIABLE-ORDER FRACTAL DERIVATIVE MODEL FOR
ANOMALOUSDIFFUSION
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ABSTRACT

This report pays attention to develop a variable-order fractal derivative model for anomalous diffusion. We
introduce a variable-order fractal derivative diffusion model, in which the index of fractal derivative depends on
temporal moment or spatial position, to characterize the above mentioned anomalous diffusion (or transport)
processes[1, 2]. Compared with other models, the main advantages in description and the physical explanation of
new model are explored by numerical simulation. We also make discussion on computational efficiency,
diffusion behavior and heavy tail phenomena of the new model and variable-order fractional derivative model.

Acknowledgments: This research is supported by the National Science Foundation of China (11572112,
11528205) and partially supported by Serbia-China bilateral project under the number 3-12.
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AIICTPAKT

VYV oBoM caomnmTeny qyKHa Naxmwa O6uhe nocsehena pa3pojy Mojena aHoManHe 1udy3uje IPOMEHBUBOT pera.
VYBoguMo ¢paktaiHu Mozpen audysuje NPOMEHJBUBOTI pela, Ille MHAEKC (pakTajHOr H3BOJA 3aBUCH O]
BPEMEHCKOI' TPEHyTKa WJIM IIO3HIHMje Yy MPOCTOpY, Kako OW CMO IpeACTaBHIM IIOMEHYTH IIpOLEecC aHOMajHe
mudysuje. ['maBHe NperHOCTH Y ONMCUBAKY U IOjalllkbehy (QU3NUKUX I0jaBa HOBOT Mojena y mopehemy ca
JIpYyrUM MOJENUMa Cy HCIIWTaHe OAroBapajyhuM HyMepudkuM cumylandjama. Takohe, Ouhe muckyroBaHa
e(pHUKacCHOCT U3pauyHaBawba, MU(PY3UHOr IMOHAIIama U (EHOMEHa TEIIKOr perna y Cllydajy HOBOI Mofena U
Mozielna ca ppaKIMOHUM M3BOMMA IPOMEHJBUBOL pelia.

3axsananoct: OBaj paj je noapskan of crpane Kunecke Harponasnse Gponnanmje 3a Hayky (11572112,
11528205) u genuMuYHO O CTpaHe CPIICKO-KUHECKOT OUIIaTepalHor mpojekta 6poj 3-12.
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TIME-BASED FRACTIONAL VISCOSITY MODEL FOR SEMISOLID
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ABSTRACT

Recent years have witnessed a research boom in food engineering, especially in the new foodstuffs, such as
compound foodstuffs and three-dimensional (3D) foodstuffs made from 3D food printer. However, the
thixotropic behavior of semisolid foodstuffs remains confusing [1], because the most existing models ignore the
vital role of “memory” nature in apparent viscosity, which causes dilemma when applied. In the current study,
we propose a novel theoretical model via fractional derivative to address the high demand by food industries.
The physical mechanism underlying the thixotropic behavior is also explored. We find that the parameters a
(fractional derivative order) and K (ideal initial viscosity) can be recognized as unique indexes for foodstuffs,
which directly determine the thixotropic behavior. Since thixotropic phenomenon is a hotspot in soft matter
mechanics [2], the proposed model has a great application potential in characterizing other kinds of soft matters.

Acknowledgments: This research were supported by the National Natural Science Foundation of China
(11572111, 11572112, and 11528205).
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AIICTPAKT

ITocnenmux roguHa 101IUIO je 10 opacTa Opoja HCTPaKMBAYKUX CTy/AWja Ha TeMy IpexpaMOeHHX TEXHOJIOIHja,
HapoO4YHUTO Ha TeMY H3pajZie HOBUX BPCTa HAMHMPHHIA, KA0 IITO CY CJIOKEHE HaMEpHHIE CaTaBJbEHE O] BHUILE
KOMITOHEHTH W HaMUpHHIIe HanpasibeHe nomohy 3/] npunTepa. Vnmak, u mopex BENHKOr Opoja HCTPaKMBAYKUX
pazoBa eHOMEH THKCOTPOIIHj€ je 0cTao HepasjallimeH jep BehrnHa mocrojehux Mozena 3aHeMapyje BaXHY yJIOTy
“memopuje” Ko BHUCKO3HOCTH, INTO HM3a3WBa HEJIOYMHIE KOJ IpUMEHa. Y OBOM pany, IMpelyiakeMO HOBH
TEOPHjCKH Mojel ca (pakLHOHUM H3BOJOM Yy HAMEpH Ja 3aJ0BOJbMMO BEJMKE 3aXTeBe MHAYCTpHjE XpaHe.
Mexanu3am (eHOMEHa TUKCUTPOIH]jE je Takohe mocMarpas u ucrpaxkeH. OTKPUBEHO je 1a ce mapamerpu a (pex
¢bpakimoHor 13B0/a) U napameap K (umeaiHa moyeTHa BHCKO3HOCT) MOT'Y MHIETH(HKOBATH KAO jeJUHCTBEHU
WH/IEKCH 32 KOHKPETHE HaMepHHIIE, LITO JUPEKTHO oapelyje cBojcTBa TUKCUTpONMje y TUM HaMmepHuliaMma. Kako
j€ THKCHUTpOIIHja aKTyeJlHa TeMa y MEXaHWIM MEKUX CYICTAaHIH, IPEeIJIOKEHH MOJENl UMa BEJIUKY IPUMEHY y
KapakTepu3aljyu APYTuX BPCTH MEKUX CYIICTaHIIH.

3axBaanoct: OBaj pan je monapkaH ox crpaHe KwHecke HanuonanHe Qonpamuje 3a Hayky (11572111,
11572112, u 11528205).
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ABSTRACT

Theory of oscillations of the fractional order discrete system with finite number of degrees is presented [1-3,
5]. The generalized function of fractional order dissipation of system energy [4] is presented. For a class of
fractional order discrete systems with finite number of degrees of freedom, main independent fractional order
oscillators are identified and corresponding independent fractional order modes are identified. On the basis of the
energy analysis a serried theorems are defined and presented. For a number of analogous mechanical and
electrical oscillators with finite number of degrees of freedom energy analysis is presented.

Properties of the eigen time functions for a class of discrete continuum hybrid systems containing coupled a
finite number deformable bodies (beams, or plates, or membranes) coupled by discrete continuum fractional
order layers are presented. An analogy between these eigen time functions and generalized coordinates of a
fractional order chain system is identified. Some theorems of independent eigen main fractional order modes of
these eigen time functions are defined.

Eigen main chains, and eigen main surface nets for a class of fractional order discrete continuum oscillatory
models will be presented.

Petrovic’s theory of Elements of mathematical phenomenology is visible on the presented results about
analogous disparate nature fractional order oscillators.

Acknowledgments: Parts of this research were supported by the Ministry of Sciences of Republic Serbia trough
Mathematical Institute SANU Belgrade Grants Ol 174001 ”Dynamics of hybrid systems with complex
structures; Mechanics of materials”, and through Faculty of Mechanical Engineering University of Nis.
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Kibyyne peun: J[ucKpeTHM ocUMIaTOpHH cUcTeM ()PaKIHMOHOT peja, TeHepainucaHa (yHKIHja IUCHIIALNje
eHepruje (ppakIMOHOTr THIIA, ITIABHA MOZOBH (PpaKLHOHOT pea, TeopeMe.

AIICTPAKT

Teopuja ocumianyja AUCKPETHUX cHUCTeMa (DpaKIMOHOr pela, M ca KOHAuYHMM OpojeM CTeneHu ciodoje
ocumioBama je npukasana [1-3, 5]. ['enepanucana ¢yHkupja aucunamnyje GpakHoOHOT pefja EHepruje cucremMa
je npukasana [4]. NneHTrn(UKOBaHNH Cy HE3aBHUCHH COIICTBEHH IJIABHH OCHHJIATOPU (PAKIMOHOT PEfia 3a jeIHy
KJIacy JMCKPETHOI cucTeMa (ppakunoHOr peja, U ca KOHAauHUM OpojeM CTereHH ci1obone, Kao U oarosapajyhu
HE3aBUCHU COIICTBEHU TJIABHU MOJIOBH (hpakumoHor pena. Ha 0a3zu eHeprujcke aHaimse, cepuja Teopema je
neduHucaHa U npencTaBibeHa. [IpencraBibeHa je eHeprujcka aHanu3a Ha aHaJOTHHM MOJENNMa jelnHor Opoja
MEXaHWYKHX M eJNEeKTPUYHHX OCIHUIaropa (pakIMOHOI pela ca ca KOHAuHUM OpojeM cTereHu ciobdone
OCLIMJIOBAMA.

CBojcTBa COINCTBEHMX BPEMEHCKHX (YHKIMja jeqHe Kiace AUCKPETHO KOHTYYalHHX XHOPUIHUX CHUCTEMa,
KOJU CajpKe CIIPErHYT KOHa4yaH Opoj nedopmabunHux Tena (rpeia, Wid IUIoYa WM MeMOpaHa) CIpPerHyTHX
JUCKPETHO KOHTHHYaJIHUM CJIOjeBMMa (pakIMOHMX CBOjCTaBa Cy MpHKa3aHa. AHainoruja wusmehy Tux
COIICTBEHMX BPEMEHCKUX (D3YHKIMja M TeHepallMCaHUX KOOpJHHAaTa JlaHala (pakIMOHOr pela je IOoKa3aHa.
Jedunrcane cy HeKe TeopeMe O HE3aBHCHUM COIICTBEHMM IJIaBHUM MOJOBHMa (PpakuHMOHOr pela THUX
COIICTBEHHMX BPEMEHCKHX (YHKIIH]ja.

Jedunrcanu cy M npUKa3aHH COICTBEHU I'JABHU JIAHIIM U COIICTBEHE IOBPIIMHCKE MpEXe 3a jefHy Kiacy
JUCPETHO KOHTHHYATHUX Moziesa (GpaKIIHOHOr pesa.

IlerpoBuheBa Teopuja o Enemenruma maremarnuke (eHOMEHOJIOTH]jE j€ BUIJbHBA KPO3 TIPUKa3aHe pe3yiraTe
Yy OBOM HIpErJIeIHOM pasly Kpo3 aHaJOorHe ocumiaTope (GpakoOHOT pesa, a AucrapaTHe GpU3WYKe MpUpose.

Hanomena: J[leo wucrpaxuBama (UHAHCHJCKA j€ IOTIIOMOTHYT oA MUHHCTapcTBa IIPOCBETE, HAyKe U
TEXHONOIIKOr pa3Boja PenmyOmuke CpOuje npexo Maremarnukor mHcturyra CprcKe akajeMuje Hayka U
ymerHoctr mpojekar OU 174001 ”"Jlunampka XUOPUAHMX CHCTEMa CIOXKCHUX CTPYyKTypa. MexaHuka
Marepujajia”’, kao 1 MamuHcKkor gakynrera Y HuBep3urera y Humry.
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ABSTRACT

Fractional derivative is the non-local operator, represented in case of the Caputo derivative by a convolution
of a power type kernel with the ordinary derivative of the function. Non-locality of the fractional derivative plays
a major role in its applications in modelling hereditary processes, where the current value of some physical
quantity is influenced by its history, as well as in the modelling spatial non-locality, where the value of some
physical quantity in a point of space is influenced by the values of that quantity in other points as well. Both of
these properties will be used in modelling heat conduction phenomena.

The classical heat conduction equation is obtained from the energy balance equation and the constitutively
given heat conduction law (Fourier's law). The energy balance equation is not subject to generalization, while the
constitutive heat conduction law, connecting the heat flux and temperature gradient, is generalized by
introducing history dependent heat flux through the time-fractional derivative, as well as by introduction of
spatial non-locality via generalization of the temperature gradient by employing the space-fractional derivatives.

Diffusion-wave equation, under appropriate assumptions on the constitutive equations, can be regarded as
the generalization of both wave equation and heat conduction (or diffusion) equation. In particular, the fractional
telegraph equation and the distributed-order diffusion wave equation represent the generalizations of the
diffusion-wave equation.
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ABSTRACT

It is well known that nonlocal elasticity models are successfully applied to various nanostructure based systems
to study their stability or vibration behavior [1]. Such modified continuum approach shows to be reliable and
much more efficient way to study complex nano-scale systems and structures compared to atomistic methods
based on discrete nature of nanostructures. Nonlocal elasticity introduces the scale effects into the model via
single material parameter also called nonlocal parameter. Dissipation of mechanical energy in nanostructures is
important feature of nano-scale system that significantly affects their dynamic or stability behavior. Various
rheological models can be applied to describe such effects. However, well known comparison of fractional
derivative rheological models compared to classical integer order one, candidates them for this application [2].
Finally, combination of nonlocal elasticity and fractional order viscoelasticity constitutive relations yield hybrid
models that due to their nonlocal nature can describe nonlocality in space domain as well as
relaxation/retardation processes in time domain. Here, we apply nonlocal elastic and fractional viscoelastic
models to study vibration behavior of nanoplate and nanobeam like structures [3]. Euler-Bernoulli beam theory
and Kirchhoff-Love plate theory are used for nanobeams and nanoplates, respectively. Several fractional
derivative rheological models are shown and some of them applied to given nanostructure models. Governing
equations are derived using D’Alambert’s principle and solutions for the simply supported boundary conditions
are found using separation of variables, Laplace transform and Mellin-Fourier inverse transform methods as well
as residue theory. Complex poles of unknown functions are determined by finding the roots of the characteristic
equation using technique that is available in the literature. In order to show the effects of fractional derivative
parameters, damping coefficients and nonlocal parameter on complex roots i.e. damped frequencies and damping
ratios as well as on transient response of the systems, several numerical examples are given.

Acknowledgments: This research was supported by the Ministry of Education, Science and Technological
Development of the Republic of Serbia, Grant No. Ol 174001 and Serbia-China bilateral project number 3-12.
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AIICTPAKT

ITo3HaTo je 1a cy HeJIOKAIHO eNacTUYHU MOJIENHU YCIIEIIHO IPUMEHEHH Ha H3y4yaBame podieMa cTabuIHOCTH U
OCHUMIIANMja Pa3IMYMTUX CHCTEeMHMa 0a3MpaHuX Ha HaHOCTpyKTypama [1]. Tako MOmupHUKOBaHH KOHTHHYYM
MIPUCTYII Ce MOKa3ao MOYy3/JaHUM M MHOrO e(pUKAaCHUJUM KOJ| M3ydaBama CIIOKEHHX CHCTeMa M CTPYKTypa Ha
HaHO CKauu y 1opehemy ca aTrOMHUCTHYKMM MeTofaMa KOju ce Oa3upajy Ha JUCKPETHO] IpUpOIU
HaHOCTPYKTypa. HenokallHa TeopHja e€lacTUYHOCTH YBOAW y MoOJeNl e(deKTe BelIW4yuHEe caMo IPEKO jeaHOT
rmapamMerpa Mojela KOjU C€ Ha3uBa HeJIOKaJHM mapamerep. /Jlucunanuja MexaHWYKe €Hepruje y
HaHOCTPYKTYpaMa je BaKHO CBOjCTBO CHCTEMa Ha HAHO CKaJlM KOj€ yTHUYe Ha BUXOBY CTAOMIHOCT U TUHAMUYKO
roHamame. Mory ce NpUMEHHUTH pa3HH PEOJIOLIKM MOAeNu Ja Ou ce obucamu TakBu edexru. Mmak, mozHare
MIPEJHOCTH PEOJIOIKUX Mojena 0a3upaHuX Ha U3BoANMA (PAKLIMOHOT pefa y OIHOCY Ha KJacH4He MoJeNe ca
1eno0pOjHAM W3BOIMMA, YMHHM WX NPHOPUTEHHM 3a IPUMEHY y OoBoM ciyuajy [2]. Kowauno, kombuHaimja
HEJIOKAJIHO eJIACTUYHUX M ()PaKIHMOHO BHUCKOETACTHYHHMX KOHCTUTYTHBHHX pelalyja Jaje XUOpUIHE Mojele
YyHja HeJNOKaJHa IpUpOoJa OINCYje KaKO HEJOKAIHOCT Yy TIIPOCTOPHOM JIOMEHY TakO U Ipolece
penakcaruje/perapaamuje y BpeMeHCKOM JoMeHy. OBie CMO IIPUMEHUITH HEJIOKATHO eNIACTUYHE U (PPaKIMOHO
BUCKOEJIACTUYHE MOJENC KO OCHUIIAlMja CTPYKTypa Kao MTO Cy HaHomioda u Hadorpexa [3]. Eymep-
Bepnoynnu-jeBa teopuja rpene u Kuprnxxodd-Jlose Teopuja mioue cy NpUMEHEHE 32 HAHOTPELy OJHOCHO
Ha”omouy. [Ipuka3zaHa Cy HEKOJNHMKO pa3jIM4uTa pPEOoJIOMIKa Mozena (pakIMOHOT pela M HEKU Of HHX
MIPUMEHEHN Ha JaTUM MOJENMMa HaHOCTPYKTypa. M3BeneHe Cy jeHaunHe KpeTama CHCTEMa Ha OCHOBY
JI’AnamOepr-oBOr TpHHIMIIA W pelIeHha JaTa 3a CIy4aj TPaHUYHUX YCIIOBAa CIIO0OJHO OCIIOEEHHX
HaHOCTPYKTypa Kopuctehu MeTo] pasBajama NMpOMEHJbUBHX, JlarutacoBe u uHBep3He Memmna-Doypuep-oBe
tpancdopmanmje kao u Kommujese Teopuje ocraraka. KomiuiekcHr nonoBu Hero3Hare QyHKIMje cy oapehenu
HaJla)kemheM KOPEHOBa KapaKTepUCTHYHE jenHauuHe Kopuctehu merone u3 nuteparype. Jla 6u cMo mokasanu
edexre HpakIMOHOT NapaMeTpa, apaMeTpa MPUTyIIeHha U HeJIOKAJIHOT ITapaMeTpa Ha BPEAHOCTH KOMIUICKCHUX
KOpeHa Tj. mpurymiese (peKkBeHIrje U OAHOCE MPYTylIekha Ka0 U BPEMEHCKH OJI3UB CHUCTEMa, J1aToO j& HEKOJIHKO
HYMEPUYKHX [IPUMeEpa.

3axBasHocT: OBO HCTpaxuBame (UHAHCHjCKH j€ IOTIOMOTHYTO o MUHHCTapcTBa IpPOCBETE, Hayke M
TEXHOJOIIKOT pas3Boja Pemybmike Cpbuje, mpojekat Opoj OW 174001 u CpriCKO-KHHECKOT OHMIIaTepasHOT
npojekra 3-12.
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ABSTRACT

In this presentation, we provide some applications of memristors and mem-systems with a particular focus
on electromechanical systems and analogies that holds great promise for advanced modeling and control of
complex objects and processes. In science and engineering, the ideas and concepts developed in one branch of
science and engineering are often transferred to other branches. In addition to the analogy between mechanical
and electrical systems, it was observed that phenomena from other physical domains exhibit similar properties,
[1]. Representative example is nonlinear element -memristor which was postulated by Chua in 1971 [1] by
analyzing mathematical relations between pairs of fundamental circuit variables. Besides, the relation between
current and voltage which defines a memristive system, the relation between charge and voltage also specifies a
memcapacitive system, and the flux-current relation gives rise to a meminductive system [2]. Here, we give a
short review of available mem-systems integer order. In addition, important property of fractional operators is
that they capture the history of all past events which means that fractional order systems [3] have intrinsically a
memory of the previous dynamical evolution. Particularly, we present the connection between fractional order
differintegral operators and behavior of the mem-systems which can be used for modeling dynamics of complex
systems. Several potential applications of electromechanical analogies of integer and fractional order are
discussed. Further, we investigate and suggest an open-closed-loop P/PDalpha type iterative learning control
(ILC) [4] of fractional order singular complex system [5]. Particularly, we discuss fractional order linear singular
systems in pseudo state space form. Sufficient conditions for the convergence in time domain of the proposed
fractional order ILC for a class of fractional order singular system are given by the corresponding theorem
together with its proof. Finally, numerical example is presented to illustrate the effectiveness of the proposed
open-closed ILC scheme of fractional order for a class of fractional order singular complex system.

Acknowledgments: This research was supported by the research grants of the Serbian Ministry of
Education, Science and Technological Development under the numbers TR35006, 11141006, and
Serbia-China bilateral project number 3-12.
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Kiby4yHe peun. enekTpoMeXaHHYKe aHAJIOIWje, MEMPUCTOD, (PpaKIMOHHN U3BOJ, UTEPATUBHO YIPABIbAKE IYTEM
yuera, CHHTYJIapHH CUCTEM

AIICTPAKT

VY 0BOj mpe3eHTalMjH, JaTe Cy HeKe alUTUKalKje MEMPHCTOpa U MEMpPUCTUBHUX CHCTEMa ca HMOCCOHUM
HarjJlaCkoM Ha eJEKTPOMEXaHWYKe CHCTEME W aHaJOTHje KOje CalpiKe BEJIMKH IOTSHIUjal 3a HampexHo
MOJICTMpake U YIpaBJbakhe KOMIUIGKCHHX OOjekara M Imporeca. [103HATo je na y Hayld W HHKCHEPCTBY,
pa3BUjeHe UIeje U KOHLENTH Y jeHO] IPaH! HayKe U TEXHUKE Ce YeCTO MOT'Y HCKOPUCTUTH H y APYTHUM IpaHaMa
Hayke u TexHuke [1]. Jeman pempeseHTaTHBHH IIpUMEp MPE/ICTaB/ba HENMHEAPHU €JICMEHT-MEMPHCTOP, KOjH je
nocrynupad ox crpade Uya (Chua), 1971 [1], anamusupajyhu maremaruuke Bese u3Mel)y OCHOBHHX BEJIMYHHA
crpyjHor kosa. OcuM Tora, penamyja usmely HaroHa M CTpyje KOju JeQUHHUINY jeaH MEMPUCTUBHU CUCTEM,
Be3a m3Mel)y HaenekTpucama M HaloHa NeQUHUINY caja jelaH MEeMKaNalMTHBHH CHCTEM, JOK Be3a m3Melhy
¢uykca u crpyje onpehyje jenan MeMUHIYKTUBHHU cucteM [2]. YV ToM cMucity, OBjie ce [aje U KpaTak mperiie]
PACIIONIOKUBUX MEMPUCTUBHUX CHUCTeMa Iienor pena. [lopenm Tora, BaKHO CBOJCTBO (pakIMOHUX OIepaTopa
orjejia ce y 0coOMHU Jla MEMOpHIIE IPETXOMHA IIOHANIaka CUCTEMA IITO IpyruM pednma omoryhyje [3] ma
cuCTeMH (DPaKIHOHOT pella MMajy MEMOpPH]Y NPETXOIHOT JHHAMUYKOT TOHamama cucreMa. [ToceOHoO, oBne je
Ipe/ICTaB/beHa Be3a u3Mel)y AuQepeHlnjaTHO-UHTerpalHAX — oreparopa (pakIMOHOr peAa W IIOHAllama
MEMPHCTOPCKUX CHCTEMa TJe CC UCTH MOTY IPUMEHHTH 338 MOJEIOBamhEe JUHAMHKE KOMIUJIEKCHHUX CHCTEMA.
Hekonmko MOTEeHINja THUX MpUMEHa eNISKTPOMEXaHWYKAX aHaJorHja [eNor H (pakiHoHOr pefa cy MoceOHO
MIPE/ICTABJbEHE U IUCKYTOBAHE.

VY npyrom neny, cyrepuiie ce [4] 1 mpoyyaBa ureparHBHO ynpaBibame myteMm yuewa (ML), TI/IIJ] e
(pakuMOHOr pefa y OTBOPEHOj-3aTBOPEHO] IMETJbH 33 jelaH KOMIUICKCHH TUHAMHYKHA CHCTEM (paKIHOHOT
pena,[5]. TloceOHO ce MUCKYTYjy CHHTYJIapHH CUCTEMH (PaKIHOHOT Peia Y IPOCTOpY MCeym0-CTama. JJoBOJbHI
YCJIOBH 32 KOHBEPreHIN]Y Y BPEMEHCKOM JOMeHY mpemioxenor ¢hpakuuHor pena WL 3a kiacy ¢pakumoHor
pelia CHHTYJIapHOT CUCTeMa Cy JaTH OAroBapajyhoM TeopemMoM ca mparehnM mokaszom. KoHauHO, HyMepUYKd
IpUMeEp je MPEACTaBbeH y LIbY miycTpanuje ebpukacHoctr npemnoxene NI cxeme dpakmmoHor pema 3a
KJIaCy CHHTYJapHOT KOMIUIEKCHOT cucTeMa (ppakIHOHOT pefa.

3axBanHnna: OBO HCTpaXHBame je MOAPKAHO OJ CTpaHe NpojekTa MUHHCTapcTBa 0oOpa3oBama, Hayke U
TeXHONOIKOr pa3Boja Penybnuke Cpouje, 6p. TR35006, 11141006 u cpricko-KMHECKOT OHIIATEPAHOT IPOjeKTa
3-12.
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ABSTRACT

As there are experimental evidences that Zona Pelucida (ZP) changes its elasticity during process of
maturation we may supposed that ZP changes its oscillatory states as well. One of biological functions of this
multi-layer mesh-like 3D structure that surrounds mammalian oocytes is selectivity regarding sperm penetration.
On a basis of single-layered oscillatory spherical net model of mouse ZP (mZP) the improved double layer
model is developed. Two new variables were included into the model: double-layered network and visco-elastic
properties between its constructive elements. Due to visco-elastic properties of ZP and its importance for
mechanism of sperm penetration double layered oscillatory net model of mZP has fractional order properties.
Molecules in double-layered oscillatory mZP model are interconnected with standard light fractional order visco-
elastic element defined by constitutive relation force - elongation expressed by fractional order derivatives.

Oscillatory behavior of this double-layered system is discussed. As the sperm has to penetrate ZP it is of
great importance what is the energy barrier it has to pass or what is the energy it has to own to fulfill the
demands of ZP selection criteria. The energy states of one and double layered ZP oscillatory fractional order
model of mZP are analyzed.

Acknowledgements: Authors would like to thank to prof. Katica (Stevanovi¢) Hedrih from the Mathematical
Institute of SASA, Belgrade, Serbia for valuable consultation and suggestions. This work was supported by the
Ministry of Education, Sciences and Technology of the Republic of Serbia through the Mathematical Institute
SANU Belgrade, Faculty of Mechanical Engineering University of Belgrade and State University of Novi Pazar
Grant ON174001 as well as Project 111 No. 41006.
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Kmyune peun: zona pelucida, enepruja mucumanmje, BUIIECIIOJHH MOIEN OCLMJIATOPHE chepHE Mpexe ca
(hpaKkIMOHUM CBOjCTBHMA, OCLIMJIALIN]€, KYIIJIOBAaHE MPEIKE.

CAXKETAK

C 0631poM J1a eKCIIepIMHETAIIHY [ToIaly ykasyjy na Zona Pelucida (ZP) mema cBoja enactidHa CBOjCTBa TOKOM
rporieca ca3peBama, MOXXEMO Ja IpeTnocraBuMo jna ZP Mema W CBOje OCHWIATOPHO CTame. JemHa of
OMOJIOIIKKX yJIOTa OBE BHIIECJIOjHE TPOAUMEH3HOHAJIHE CTPYKTYpE HAJMK MPEXH Koja OKpYyXKyje jajHy hemujy
cHcapa je CeJIeKTUBHOCT KaJia je y ITaHkbYy IEeHeTpalyja CliepMaTo3001/1a.

Ha ocHoBy jemHociojHOr Momena ociiatopHe cheprae mpexe ZP muma (MZP) mocraBmwim cMo O0OJBIIAH,
JIBOCJIOJHH Mofes. Y nBociojHu MZP Mozpen cy yKJbydeHH HOBH IIapaMeTpH. JBOCIOjHA Mpexa |
BHCKOEJaCTHYHE Be3e u3Mely HmEeHUX KOHCTHTYTUBHHX elleMeHarta- MZP rimkonporeuna. Co63upom na ZP
M0Ka3yje BUCKOEJACTUYHA CBOJCTBA M Jla Cy OHa OJ 3Hauyaja 3a MEXaHW3aM IMEHEeTpaluje CIepMaTo300H/1a,
JIBOCJIOjHA ocumiiaTopHa MZP Mpexa uMa ¢pakinnuoHa cBojcTBa. MOJEKyIH y IBOCIIOJHO] OCLMIIATOPHO] MPEXHU
MZP cy melycoOHO moBe3aHM CTaHJAPAHUM JIAKMM €JIEMEHTOM (pPaKIMOHOI pela 4Hja Cy BHCKOENACTHYHA
CBOjCTBa JedMHHCAHA KOHCTUTYTHBHMM pellalijaMa CHJIA-U3IYXKEHhEe M3PaKEHUM IIPeKo omeparopa
(pakuuoHor pena. Pazmarpano je ocIUIaTOpHO MOHAIIAKkE ABOCIOjHOT ocumnatopHor MZP monena. Cob3upom
Ia criepmaro3oon]; Tpeba na npohe kpo3 MZP o BenuKor je 3Hayaja eHeprercka 6apujepa Kojy tpeda mpu ToMm
Jla caBiajia WM €Hepruja Kojy crepMaro3rnoous Tpeba Ja moceayje Ja OM MCIYHHO CEeJEKLHOHE KpUTEpHjyMme
MZP. AHanu3upaHo je eHEepreTCKO CTamke AUCKPETHOr (PPaKIMOHOT jeJHO- M ABOCIOJHOI MOENa OCIIIATOPHE
cdepre mpesxe MZP.

3axBaanuna: Ayropu ce 3axBasbyjy npod. dp Karumu (Crepanosuh) Xenpux ca Maremarmukor MucturyTta
CAHY, beorpan, CpOuja Ha KOpPUCHUM cyrecTHjamMa M KOHCyJdTanujama. HactaHak OBOr paja MOApXKaH je
cpencTBuMa MUHHCTApCTBa MPOCBETE, HAYKe U TEXHOJIOMIKOr pa3Boja mpeko npojekara OM 174001 u 111 41006
KOju ce peanu3yjy Ha [IpxaBHooM yHuBep3uteTy y HoBom Ilazapy u MammHckom ¢axynrery YHuBep3uTeTa y
Beorpany.
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ABSTRACT

Gear power transmission systems have extensive fields of application last decades. In addition to
conventional applications in operation machines, their modern application in generators of renewable energy
sources with request for high efficiency and noise reduction is very important. These requirements initiate new
research activities in all aspects of gear operating. The all parameters of dynamics behavior of gears are the most
important input for state-of-art application of gears. Therefore, many new or improved approaches for gear
dynamics solving are published during recent years. They all start with the same main mechanical model of gear
pair system, but used different analytical and numerical methods and approximations for model solving.

One of very extensive research attempts to find an analytical solution is certainly the work of Theodossiades
and Natsiava [1], who explain the fundamentals for different analytical methods, but similarly as other authors
concluded that only approximate solutions could be found. One of the new and original approaches to modeling
and solving the gear dynamics is model developed by Prof. Hedrih and Prof. Nikolic-Stanojevic, [2]. This model
of multistep gear transmission dynamics used the assumption that teeth contact could be modeled with standard
light element with constitutive stress-strain relation expressed by members with fractional order derivatives, [3].
The fractional calculus is then used for obtaining the eigen fractional order modes. The same approach is used
for fractional order dynamics of planetary gears, [4]. It is very interesting comparison of this approach with
Finite Element Analysis (FEA) models for gear dynamics, which are developed by different research groups.
The special attention should be dedicated to the discussion of possibilities for building in the new FEA
procedures for periodic varying mesh stiffness, [5, 6], in developed fractional order system dynamics model for
gears, [2].
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Mathematical Institute SANU Belgrade, Grants Ol 174001 ”Dynamics of hybrid systems with complex
structures; Mechanics of materials”.
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AIICTPAKT

3ynuacTu NpeHOCHUIIM CHAre MMajy CBe IIHpY 00J1acT IpHUMEHe rocieipbux Aenenuja. [lopen yoduuajenum
MprMeHa KOJ[ MOTOHCKMX MalllMHa, BeoMa je BaKHa HHXO0BA NpHMEHa KOJ IreHeparopa OOHOBJBMBHX H3BOpa
EHepruje Koju MMajy BeoMa PUTOpPO3HE 3aXTEeBE 3a BHCOKOM eduKacHOmNYy U cMameHOM OykoMm. OBH 3aXTeBU
WHULUpPAIA Cy HOBAa HCTPaXUBamka Yy CBUM acHeKTUMa pajna 3ynmdyaHuka. CBU IapaMeTpu IHMHAMHYKOT
MIOHAIlIakha 3yITYaHNuKa Cy HajBAXXHUjU 32 HUXOBY CaBPEMEHY IIPUMEHY, I1a Cy MOCIEABUX roAruHa ITyOIUKOBaHU
MHOTH HOBU WJIM TOOOJBIIAHU NPHUCTYIH ¥ MOJEINHU 3a pellaBame JAWHAMUKe 3ylmyaHuka. Tpeba Harnacutu na
CBH OHHM Kao I10JIa3Hy OCHOBY Y3MMajy MUCTH MEXaHWYKH MOJIEJl CUCTEMa CIIPETHYTHX 3YIYaHUKa, ajli KOpHCTe
pa3IMYUTE aHATUTHYKE U HyMEPHYKe METOJIE U yIpolhema 3a pelaBambe.

JenHo ox BeoMa ONIIMPHUX UCTPAKUBaKka KOja ce THYY NPOHAIAXEHa aHAIMTHYKOr peliemha JeguHucanor
npobieMa je cBakako pax ayropa Txeomoccuanmec ann Harcuasa [1], Koju cy ormmmcand OCHOBE pa3iIMUUTHX
AQHAJMTUYKUX METO/a M Ha Kpajy Kao M OCTaJM ayTOpU 3aKJbY4WJIM Ja caMO NPHOJIMKHA pellermha MOry Ja ce
nponal)y. JenaH o HOBUX M OpPUTMHAHUX IIPUCTYIIA MOJICJHpPaky U pellaBamky AMHAMUKE 3yMUaHHKa je MOJel
koju cy passwie I[Ipod. Xeapux u Ipod. Hukomuh-Cranojesuh, [2]. OBaj mMozmen [HHAMHUKE BHIIECTEIICHOT
3yIYacTor MPeHOCHUKA KOPHCTH IMPETIIOCTABKY Ja c€ KOHTAKT 3y0ana Mo)ke MOJENHpaT CTaHJapAHUM JIAKUM
€JIEMEHTOM Ca KOHCTHUTYTHBHHM pellallijaMa HaroH-AedopMalija IMpUKa3aHUM YIAHOBHMa ca H3BOIKMA
¢pakimoHor pena, [3]. ®pakuponn pauyH je kopuinhen 3a 100Hjame COICTBEHUX MOI0BA (hYPAKIIMOHOT PEia.
HWcru npuctyn je kopumiheH 3a ONMMCHBAKC IUHAMEKE (DPAKIMOHOr pejia KOJ[ IUTaHeTaApHUX MpPEeHOCHUKa, [4].
Beoma je 3anuMiprBO mopeheme oBor mpucTyna ca MoOAeNMMa 3a JAMHAMUYKY aHaJu3y METOIOM KOHauyHUX
eJIeMeHaTa, Koje Cy pa3BHjalid pa3IMyuTe UCTpaKUBayKe rpyne. Y cKiaay ca TUM, noceOHa naxma rnocsehyje ce
quckycuju MoryhHoctH yrpahuBama HOBE Ipolenype 3a oipehuBame MepHoJUYHO MPOMEHJBUBE KPYTOCTH
crpere kopumhemeM Mojela KOHauHWX enemeHata [5, 6], y pasBHjeHHM MoIelMMa 3yITYaHHKa Kao
JMHAMHYKEX cHCTeMa (pakmionor pena [2].

Hanomena: Jleo ucrpaxuBama (GHUHAHCHjCKH j€ IOTIHOMOTHYT O MMHHCTapcTBa IIPOCBETE, HAyKe U
TEXHONOWIKOr pa3Boja PemyOmuke CpOuje npexko Maremarnukor mHcturyra CpricKe akajeMuje Hayka H
ymerHoctH, IIpojekar OW 174001 “/InHamuka XHOPHIHHX CHCTEMa KOMIUIEKCHHUX CTPYyKTypa. MexaHuka
Marepujana.”.
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ABSTRACT

In recent years, nonlinear and damping effects have become more important in the study of the dynamic
behavior of micro- and nano- systems and devices. Therefore, investigators direct special attention to the
mathematical modeling of the dynamic behavior of nano-structures such as carbon nanotubes, ZnO nanctubes
and functionally graded beams.

The functionally graded materials (FGM) are types of structures that are composed of at last two-phase
inhomogeneous particulate composite and synthesized in such manner that the volume fractions of constituents
vary continuously along any desired spatial direction. This results in smooth variation of mechanical properties
along desired direction. Nazemnezhad et al. [1] have analyzed the free nonlinear vibration of FG nanobeam
based on the von Karman deformation, Euler-Bernoulli beam theory and nonlocal elasticity. They obtained
approximated analytical solution for the nonlinear natural frequency by applying the multiple scales perturbation
method. Ansari et al. [2] proposed nonlinear dynamic model to analyze the nonlinear forced vibration of FG
nanobeam in thermal environment based on the surface elasticity theory.

Some authors describe dissipation effects in viscoelastic structures and nanostructures using fractional
derivative models [3]. Ansari et al. [4] investigated the nonlinear vibration of a nonlocal fractional viscoelastic
nanobeam using numerical methods.

By browsing the literature, the authors found a small number of studies focused on the vibration analysis of
FG nanobeams embedded in certain type of medium. In this report, we investigated the dynamical model of a
functionally graded (FG) beam modeled as a nanobeam with geometric nonlinearity embedded in a fractional
Kelvin-Voigt viscoelastic medium by using the nonlocal continuum theory. The material properties of FG
nanobeam vary continuously through thickness direction, which is based on the power-low distribution. We
assume that the FG nanobeam has simply-supported boundary conditions and vibrates under the influence of the
transversal periodic load. Based on the nonlocal Euler-Bernoulli beam theory, von Karman nonlinear strain-
displacements relation, we obtain the nonlinear fractional partial differential equations of transversal motion of
the embedded FG nanobeam. By using the assumption of small fractional damping we employed the
perturbation method of multiple-scales to obtain the approximated analytical solution of the governing equation
of motion. The relationships between frequency-amplitude and force-amplitude in the presence of fractional
damping are derived by using the multiple scales method. It is shown that the nonlocal parameter, fractional
damping and material property gradient index have significant effects on the vibration behavior of FG nanobeam
and therefore receive substantial attention.
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AIICTPAKT

Ilocnenmux roavHa, HENMHEApHW W e(EKTH MpUTyLIekha Cy IOCTaJl CBE BAXHUJU KO H3ydaBama
JUHAMHIYKOL TIOHAIIalka MUKPO U HaHO cucTeMa u ypehaja. Ctora, HCTpakuBayu Cy CBOjY MaXKkby YCMEPHJIHN Ha
MaTeMaTH4YKO MOJIEIUpPamhe TUHAMUYKOT TOHAIIaka HAHOCTPYKTYpa Kao INTO CYy YIJbeHW4He HaHouesd, 3HO
(IMHK OKCHJT) HAHOIEBY U () YHKIIMOHAIIHE Tpeie.

Oynkuuonanay Matepujamu (ODYM) cy TUIIOBH CTPYKTypa Koje Ce CacToje Of HEXOMOTCHOI KOMITO3HTa Ca
HajMame /1Be (paze, KOju Cy CHHTETH30BaHU Ha TaKaB HA4MH J1a Ce 3aI[PEMUHCKH Y/1€0 CBaKe (a3e KOHTUHYAIHO
Mema JYX JKeJbeHor npasia. OBO Kao pe3yiraT jAaje IiaTKy Bapujalujy Y MEXaHWYKHUM CBOjCTBHMA JIyX TOT
npasia. Haszemuesxan u xoayropu [1] cy aHanusupanu cnoboane HenuHeapue ocipwianuje @I HaHorpene Ha
ocHoBy (o KapmanoBux nedopmanuja, Ojnep-bepHynujeBe Teopuje rpele M HEJOKaJIHE €JIaCTHYHOCTH.
Jlobujena cy anpoKCUMAaTHBHA pelIekha 3a HelIMHeapHe MpUpoiHe (PpeKBeHIMje NepTyOalliOHOM METOIOM BHIIE
ckanma. AHcapu W Koayropu [2] Cy NpeIOKWIIM HETMHeapHH TUHAMHYKA MOJEN 33 aHaJW3y MPUHYIHHX
ocumianyja @Y HaHorpee noa TepPMUYKUM YTUIIAjEM CPEeJUHE Ha OCHOBY HOBPIIMHCKE TEOPHUje eIaCTHYHOCTH.

Hexu ayropu cy edexre qucunaiyje y BUCKOESIACTHYHUM CTPYKTypamMa W HaHOCTPYKTypama OIHCHBAJII
nomohlly Mmomena ca ¢pakuuonnuM u3Boamma [3]. Ancapu u koaytopu [4] cy HCTpaxwiu HeJIuHEapHe
ocCLUJIalKj € HEOKaJIHE (PaKIIMOHO BUCKOEIACTHYHE HAaHOTPeIe IPUMEHOM HYMEPHUYKIX METOIA.

IIpeTpaxxuBameM JuTeparype, ayTopy Cy HaWIUIU HAa Majy Opoj cTyauja Koje ce 6aBe aHaJIM30M OCLMIIaluja
@Y HaHOrpena yMETHYTHX Y HEKy cpeiauHy. IIpiMeHOM HeloKanHe KOHTHHYYM TEOpHje, Y OBOM pPaay CMO
AHAIM3UPAIN [UHAMWYKA Mojen pyHkimoHanHe (DY) HaHOrpene ca reOMETPHjCKOM HelnHeapHoihy Koja je
yMeTHyTa Y ppakunony Kensun-BojT Buckoenactuuny cpeauny. Marepujanae kapakrepuctuke @Y HaHOrpene
Cy KOHTHHYaJIHO IIPOMEHJbHBE Yy IpaBlly AcOJbUHE HAHOTPEAe Ha OCHOBY 3aKOHa moTeHuuje. IlpermocraBumu
cmo aa je @I' Hanorpena cnoOOIHO OCIIOBEHA U Ja OCLIITYje MOJl YTULIajeM TpaHcBep3anHe nodyne. Ha ocHOBY
Ojnep-bepHynujese Teopuje rpena u Gon Kapmanose HenmHeapHe penanyje nedopmaliyja-rmoMmepamne 1001jaMmo
HeJMHeapHy (paKkLIHOHY MaplyjajHo JudepeHyjaIHy jeAHaYnHy TpaHcBep3aidHux ocumnanuja @Y nanorpene.
YBohewe nperrocTaBke 0 MajioM (hpaKIMOHOM IIPUTYIIEHY Jaje HaM MOTYNHOCT NIpUMEHe METO/Ie BUIIIE CKaJla
3a n00ujame arpOKCUMATHBHOI AHAIM3UTHUYKOL pellelka jeqHaYrHe Kperama. Bese nsmely dpexsenuije-
aMIUTYJE U CUJIe-aMIUIUTY/E Y MPUCYCTBY (PPaKIIMOHOT PUTYILIeHa Cy J00HjeHe Takol)e MEeTos0M BHIIIE CKala.
Iloka3aHo je na HelOKaIHM HapaMerap, (PakIUOHO IPUTYIICHE W HHACKC TPagljeHTa MaTepujaHuX
KapaKTepUCTHKa CHCTEeMa MMajy 3HauajaH yTHLaj Ha NoHamame @Y HaHOrpezae u crora UM je rnocBeheHo Buie
TIAXKHE.
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ABSTRACT

Many systems in nature are inherently under-actuated, with fewer actuators than degrees of freedom.
However, even with reduced number of actuators, these systems are able to produce complex movements. To be
capable of performing such motions, complex control algorithms must be implemented. Classical benchmark
examples for studying problems of this kind include inverted pendulum systems. This paper deals with stability
problem of two types of inverted pendulum controlled by a fractional order PD controller. Rotational and cart
inverted pendulum are highly nonlinear mechanical systems with one control input and two degrees of freedom.
Detailed mathematical model of both pendulums are derived using the Rodriguez method. Stabilization of
pendulum around its unstable equilibrium point is achieved by using the fractional order PD® controller, in
combination with partial feedback linearization technique. There are several methods for determining stability
region of a closed loop system, and D-decomposition is one of them. Herein, D-decomposition method is applied
to the inverted pendulum case, and determining its stability regions in parameters space of a fractional order PD
controller is presented. D-decomposition for linear fractional systems is investigated, and for the case of linear
parameters dependence. Fractional order control laws are represented by a transfer functions which are not
rational, which gives rise to a problem of practical implementation of the corresponding control algorithms. A
method for rational approximation of linear fractional order systems used in this paper is computationally
efficient, accurate, and relies on the interpolation of the frequency characteristics of the system on a predefined
set of target frequencies. The performance of the proposed method is demonstrated with experimental
verification of the stabilization control of the cart pendulum system.

Acknowledgements. Authors gratefully acknowledge the support of Ministry of Education, Science and
Technological Development of the Republic of Serbia under the project TR 33047 (P.D.M.) as well as supported
by projects TR 35006 (M.P.L.) and TR 33020 (T.B.S) through the Faculty of Mechanical Engineering and
School of Electrical Engineering, University of Belgrade.
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CAXKETAK

MHoru cuctemu y NpHpOAH CY HEepelylaHTHH ca CTaHOBUINTA YIIPaBJbaha, Tj. UMajy Mambe YIPaBJbauKUX
BEJIMYMHA HEro cTeneHu cioboae. MehyTum, oBU cucTeMH CIIOCOOHU CY 3a U3BOheme clokeHuX nokpera. Jla ou
To Ouno moryhe, Mopajy ce NPUMEHHTH CJOXKEHH YIIPaBJbauku alropuTMu. KiacHuHH INpUMepH OBaKBHX
cucTeMa Koje U3y4yaBajy HaydYHHIM Cy CUCTEMH THIIa MHBEP3HOT KJIaTHA. Y OBOM pany, IIpUKa3aHa Ccy JBa THUIa
WHBEP3HOT KJIaTHA YHpaBibaHuX romohy ¢paxuuonor I/l perynmaropa. PoranmmoHo W JuMHEapHO HHBEP3HO
KJIATHO Cy HEJMHEapHH MEXaHWYKH CHCTEMH Ca jeJHOM YIpPaBJbauKOM BEJIMYMHOM M J[Ba CTEIeHa cl00oje.
Kopucrehn Poxpuros mpuctyn ommcanu cy mMaTeMarnuku Mojnenu oba kinarHa. CraOuin3anyja KiIaTHa OKO
HecTaOWJIHOT TI0JI0Kaja paBHOTEXE IOCTUTHYTA je yroTrpedoM ¢pakiuonor I1J] perynaropa, y komOHHaImju ca
texuukoM mapuujanae feedback mumeapusanmje. 1llro ce Tude mOMeHa CTAOMIIHOCTH 3aTBOPEHOr CHCTEMA
yIpaBJbama, MOCTOJU BHIIE METOAA 33 HEroBO padyHamwe, a Meroaa Jl-pasznarama je jenHa on mux. OBne je
Merona Jl-pasnaramba IpUMEHEHA 3a CIydaj MHBEp3HOI KJaTHA W 3a olpehuBame J0MEHa CTaOMIHOCTH Y
rapaMeTpacKkoj paBHHU (pakiuoHor peryiaropa. IIpukasaHa je mprMeHa oBe METOZE 3a JMHeapHe (paxuuoHe
cHucTeMe, U 3a Clly4aj JIMHEeapHe 3aBHCHOCTH n3Mel)y napamerapa. YIpaBibauky allrOpUTMHU (PaKIMOHOT THIIA CY
MIPEJCTaB/bEHN HEPAIMOHAJIHUM [PEHOCHMM (YHKIMjama, YClel 4uera ce jaBjba Ipo0OJeM IpaKTH4HE
HUMIUIEMEHTAlMje HaBeIeHUX aJropuTaMa. ¥ OBOM DAy je NPUMEHEH METOJ 3a palllOHAJHY arpoKCHMAaId]y
JMHEeapHUX (PaKIMOHUX CHCTEeMa KOjH je IOrojaH 3a HMIUIEMEHTAaldjy Ha padyHapy, M 3acHHBa ce Ha
HHTEpIIoNIalrju (PpEeKBEeHTHE KapaKTEPUCTUKE CUCTEMa Ha OCHOBY IPETXOAHO HM3a0paHUX KapaKTepHCTUYHUX
¢pexBennuja. EdukacHocT oBe Merone OEMOHCTpUpPaHAa j€ EKCIIEPUMEHTAJHO Ha IpUMepy JIMHEapHOT
WHBEP3HOT KJIATHA.

3axBaanuna: HacraHak OBOr paja IOJApKaH je CPeiCTBMMa MUHHCTapCTBAa MPOCBETE, HAYKE U TEXHOJIOMIKOT
pasBoja mpeko mpojekara TP 33047 (I1.A.M), TP 35006 (M.ILJI), TP 33020 (T.B.ILL.) xoju ce peanusyjy Ha
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Description

Recent advances in the field of nanoscience where different nanomaterials (NM) and nanostructures(NS) can
be synthetized from various chemical elements often yields new materials that are having improved electric,
mechanical, thermal and optical properties compared to the conventional materials. All this candidates NM
and NS for a wide range of applications in modern sensors and nanodevices such as nano-electromechanical
systems (NEMS), micro-electromechanical systems (MEMS), micro and nano-optomechanical systems (MOMS
and NOMS). In spite of many theories, there are still many challenges for the scientific community to develop
proper theoretical models that accounts the size effects appearing at nano-scale. Deficiencies and limitations of
experimental and atomistic methods to examine larger and more complex nano-scale systems demands use of
continuum based methods. However, classical continuum theory is not able to consider small-scale effects and
atomic forces that are present at the nano-scale level. For accurate modeling of such systems, one can use
various modified continuum based theories that accounts small-scale i.e. nonlocal effects such as coupled
stress theory, strain-gradient theory or nonlocal theory of Eringen. Recently, many results are published related
to nanostructure systems by using the models based on nonlocal theory of Eringen. These results are often
proved to be in excellent agreement with the results obtained by atomistic methods, which is shown on more
simple NS like nanobeams, nanorods and nanoplates. The small-scale i.e. nonlocal parameter that accounts the
size effects is usually obtained by fitting the results with molecular dynamics simulations or lattice dynamics.
Equations for static deflection, stability and vibration behavior of various elastic and damped nano-scale
systems are solved by utilizing different analytical and numerical methods. Further, problems such as finite-
time stability and control of vibration of smart NS as well as nanoparticles transport are another interesting
problems of investigation. Hence, above mentioned systems with fractional order damping models, finite-time
stability and control using fractional order controllers and nanoparticles transport are still not well explored in
the literature.

Onuc npojeKra

HenasHM HanpeaaKk y 061acTM HAHOHAYKA U CUHTE3M PasnnMunTUX HaHomaTtepwujana (HM) n HaHocTpykTypa (HC)
M3 pa3sHUX XEMUjCKUX enemeHaTa 4ecTo [AOHOCM HOBe MmaTepujane Koju Mmajy nobosbluaHe enekTpuuHe,
MeXaHUYKe, TepMUYKe U onTUYKe ocobuHe y nopeherby ca KOHBEHLMOHANHUM MaTepujanuma. Cse oBe
omoryhaBa WKWpOK crnekTap npumeHe HM n HC y caBpemeHMM ceH3opuMMa M HaHoypehajuma nonyT HaHo-
eNeKTpomMexaHuykmx cuctema (HEMC), mukpo-enektpomexaHuykux cuctema (MEMC), MMKpPO M HaHO-
onTomexaHunykux cuctema (MOMC n HOMC). YnpKoc MHOTMM TeopunjaMa, jol yBEK NOCToje MHOTM M33a30BM 3a
Hay4Hy 3ajegHuULy [a pasBuje oarosapajyhe Teopujcke mogene Koju objalmraBajy epekte BesIMYMHE Koju ce
nojas/byjy Ha HaAHO-CKanu. Hepoctaum M orpaHuyerba eKCNepuMMEHTaHMX M aTOMWUCTUYKOr MeToAda 3a
ucnuTMBakbe BehUX U CNOXKEHUUX CUCTEMA Ha HAHO-CKanW 3axTeBa ynoTpeby meToga 3aCHOBaHUX Ha
MeXaHULLW KOHTUHYYMA. MehyTum, KnacuyHa Teopuja KOHTUHYYM HUje y CTaky Aa npeasuam epekte sBeanynHe
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M aTOMCKE CuNe Koje Cy NPUCYTHE Ha HaHO-CKanuW. 3a YCMewHo MOAenvparbe TaKBMX CUCTEMA MOry ce
KOPUCTUTK pasHe moaudUKoBaHe Teopuje KOHTUHYYMa Koje y3uMmajy y 0631p edekTe BeNUMHE 4a Ce Kao LTO
Cy Y cnpesu Teopuja CNperHyTUxX HamnoHa, Teopuje 6asmpaHe Ha rpagujeHTMa gedopmaumje Uav HeaoKaHa

Teopuja EpuHreHa. Y nutepatypu ce moxe Hahu Benuku 6poj nybankaumja Ha Temy aHanu3e HaHOCTPYKTypa
Koju cy 6asmpaHn Ha HenokasHoj Teopuju EpuHreHa. MNokasano ce ga ce pesyntatm obujeHn oBom Teopmjom
OA/IMYHO MOKNaNajy ca pesyntatmma gobujeHnm aTOMUCTUYKUMM MeToama, Ha NpumMmepuma jeaHocTaBHMjux HC
nonyT HaHOrpeAa, HaHOLWTanoBa M HaHonio4a. MapameTap mane cKane, O4HOCHO He/I0Ka/HM NapameTap Koju
y3uma y o63up edekte BennUMHe ce 0b6MYHO oapehyje Ha OCHOBY pesynTata gobujeHUX MOoJieKynapHoO
OMHAMUYKUMM CUMyaumjama WM Ha OCHOBY Teopuje AMHaMUKe pelleTke. JefHauyuHe 3a CTaTUuKK yrub,
CTabUAHOCT M ocumnaumje PasaMUUTUX eNacTUUHUX U MPUTYLIEHUX HaHOCUCTEMA Ce peluaBajy Kopuwherbem
Pa3MUUTUX AHANUTUYKMX U HYMEPUUYKMX MeToga. [asbe, npobiemm Kao WTO cy CTabUNHOCT KOHAUHWUX
BpeMeHa, yrnpas/batbe ocuunaumnjama nametHux HC, Kao M TpaHCMNOPT HaHO4YecTMLUa cy Takohe npobnemu og
MHTepeca 3a UcTpaxkusarbe. CTora, rope NOMeHyTM MOAENU CUCTeMa ca npurylierem ¢pakumoHor peaa,
CTaBUNIHOCTM KOHAYHUX BpemMeHa W ynpas/bakba KOHTposepuma dpakumMoHor pesa Kao M npobnemwu
TPaHCNOPTa HAHOYECTULLA HUCY AOBOJBHO UCTPANKEHW Y IUTEPATYPU.

Project objectives
Serbian researchers

The main results of the Serbian researchers are achieved in the modeling, analysis of vibration and stability of
complex nanostructured systems by using the nonlocal theory and analytical methods of solution. Also, Serbian
partner has distinguish competencies on finite-time stability and control based on fractional order controllers
for mechanics systems of integer and fractional order. The objectives for future investigation are to employ
more general fractional order damping models for complex nanostructured systems and to apply fractional
order controllers for vibration damping of nanostructures.

Chinese researchers

The research results and interests of Chinese researchers include fractional derivative modeling of complex
mechanical behavior (such as viscoelasticity, damping, and anomalous diffusion in nanomaterials), numerical
methods of fractional differential equation. Their objectives include: (1) Investigation of stress-strain behaviors
of nanometer material, numerical methods for fractional differential equation models and particle transport
process in nanostructure systems. (2)Efficient numerical methods of fractional differential equation model for
nanomaterials, the new method should have advantages of high accuracy and low CPU expense.

The main project objectives are

- Development of generalized nonlocal fractional order damping models for nanostructures

- Development of proper analytical and numerical methods for finding the solutions of fractional order
equations appearing in generalized nonlocal fractional order models

- Optimal control of smart nanostructure systems using the fractional order controllers

- Development of particle transport models in nanostructure systems and their investigation

- Investigation of stress-strain behaviors of nanometer material, numerical methods for fractional
differential equation models and particle transport process in nanostructure systems

- Efficient numerical methods of fractional differential equation model for nanomaterials, the new
method should have advantages of high accuracy and low CPU expense.
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ANOMALOUSDIFFUSION: FRACTIONAL DERIVATIVE EQUATION MODELSAND
APPLICATION IN ENVIRONMENTAL FLOWS

HongGuang Sun', Y ong Zhang®, Wen Chen'

'College of Mechanics and Materials, Hohai University, No. 8 Focheng West Road, Nanjing, Jiangsu 211100,
China. E-mail: shg@hhu.edu.cn

ABSTRACT

Heterogeneity embedded in natural media and flow field challenge the application of Fick’s 1st Law in
anomalous diffusion well documented in many disciplines. Anomalous diffusion is one of the major topics in
theoretical physics and statistical mechanics, and it is also the fundamental physical process with good potential
application in environmental and hydrologic sciences and engineering. As a novel modeling tool in mathematics
and physics, the fractional-order derivative diffusion equation models characterize anomalous diffusion with
history-dependence and spatial non-locality, accurately describe the tailing in breakthrough curves of solute
transport. We summarize the recent progresses and discuss the key challenges of fractional derivative diffusion
equation models including the existed research and current development, fractional derivative modeling,
numerical algorithms, and related applications in the field of environmental fluid mechanics. Here also made
some preliminary discussions on issues of fractional derivative diffusion equation model, such as statistical
description, model parameter determination and dimensional analysis, which may contribute to the further study
of anomalous diffusion.
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STRUCTURAL DERIVATIVE, IMPLICIT CALCULUSEQUATION, DIFFERENTIAL OPERATOR
ON FRACTAL, AND THEIR APPLICATIONS

Wen Chen', Yingjie Liang*

'College of Mechanics and Materials, Hohai University, No. 8 Focheng West Road, Nanjing, Jiangsu 211100,
China. E-mail: liangyj1989@gmail.com

ABSTRACT

This survey paper summarizes the latest advances of the first author’s group on the three new
methodologies of fractional and fractal derivatives modeling to meet the increasing and challenging demands in
scientific and engineering communities. Firstly, the structural derivative approach was proposed as a significant
extension of the global fractional calculus and the local fractional derivative approaches to tackle the perplexing
modeling problems. The classical derivative describes the change rate of a certain physical variable with respect
to time or space, which rarely takes into account the significant influence of mesoscopic time-space fabric of a
complex system on its physical behaviors. The structural function plays a central role in this new strategy as a
kernel transform of underlying time-space fabric of physical systems. Secondly, we employed the fundamental
solution or probability density function of statistical distribution which can describe the problem of interest to
construct the implicit calculus governing equation. The “implicit” suggests that the explicit calculus expression
of this governing equation is difficult to derive and not required. The fundamental solution or potential function
of calculus governing equation and corresponding boundary conditions are sufficient to do numerical simulation.
We call this strategy the implicit calculus equation modeling. Thirdly, based on the implicit calculus equation
modeling approach, we introduced the concept of fundamental solution on fractal and consequently defined the
fractal differential operator to describe various mechanical behaviors of fractal materials. Fractal calculus
operator significantly extends the application scope of the classical calculus modeling approach under the
framework of continuum mechanics. This is also a step-forward advance of the fractal derivative proposed
earlier by the first author. To demonstrate the structural derivative application, we applied the inverse Mittag-
Leffler function as the structural function to model ultraslow diffusion of a random system of two interacting
particles. On the other hand, this paper uses the fractional Riesz potential as the fundamental solution to establish
the implicit calculus equation of fractional Laplacian modeling the power law behaviors of steady heat
conduction in multiple phase material. Finally, by using the singular boundary method, we made numerical
simulation of the fractal Laplacian equation for phenomenological modeling potential problems in fractal media.
Numerical experiments show that all the three new methodologies are feasible mathematical tools to describe
complex physical behaviors.
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Joint work for the ICFDA2016 conference, July 18-20, 2016, Novi Sad, Serbia

VIBRATION OF AN ORTHOTROPIC NANOPLATE RESTING ON A VISCOELASTIC
FOUNDATION: NONLOCAL AND FRACTIONAL DERIVATIVE VISCOELSTICITY APPROACH

Milan S. Caji¢*, Mihailo P. Lazar evi¢®, HongGuang Sun®®, Danilo Z. Karli&i¢*, When Chen®®

! Mathematical Institute of the Serbian Academy of Sciences and Arts,
University of Belgrade, Kneza Mihaila 36, Belgrade, Serbia
e-mail: mcajic@mi.sanu.ac.rs
2Faculty of Mechanical Engineering,
University of Belgrade, Kraljice Marije 16, Belgrade, Serbia
e-mail: mlazarevic@mas.bg.ac.rs
3State Key Laboratory of Hydrology-Water Resources and Hydraulic Engineering, College of Mechanics and
Materials, Hohai University, Nanjing 210098, China
e-mail: shg@hhu.edu.cn
*Faculty of Mechanical Engineering,
University of Ni$, Aleksandra Medvedeva 14, Ni$, Serbia
e-mail: danilozmaj@gmail.com
SInstitute of Soft Matter Mechanics, College of Mechanics and Materials, Hohai University, Nanjing 210098,
China
e-mail: chenwen@hhu.edu.cn

Key words: Nonlocal Elasticity; Nanoplate; Fractional Viscoelasticity; Damped Vibration

ABSTRACT

Here, we investigate the free vibration behavior of a nanoplate resting on a foundation with
viscoelastic properties using nonlocal elasticity and fractional viscoelasticity approach. Nanoplate is modeled
using nonlocal and fractional viscoelastic constitutive equation and orthotropic Kirchhoff-Love plate theory.
Viscoelastic foundation is represented by the viscoelastic model with fractional derivative operator. Governing
equation is derived using D’Alambert’s principle and solution is assumed in terms of Fourier series using
separation of variables method and satisfying the simply supported boundary conditions for nanoplate. Fractional
differential equation is solved using the Laplace and Mellin-Fourier transforms and residue theory. Complex
poles of unknown function are determined by finding the roots of the characteristic equation using technique that
is available in the literature. In order to show the effect of fractional derivative parameters, damping coefficients
and nonlocal parameter on complex roots i.e. damped frequency and damping ratio as well as on nanoplate’s
displacement, few numerical examples are given.
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CVs of bilateral project 3-12 coordinators in China and Serbia

HongGuang Sun

HongGuang Sun, Professor, PhD
Director of the Institute of Soft Matter Mechanics, Hohai University.

Current research interests: Anomalous diffusion modelling and its
applications, numerical methods for fractional differential

equations.

E-Mail : shg@hhu.edu.cn, sunhongguang08@gmail.com

Education

2002 .9- 2006.6: Computational Mathematics Hohai University Bachelor
2006.9- 2008.1: Water Science Hohai University Graduate student
2008.3- 2012.1: Environmental Fluid Mechanics Hohai University PhD

Experience

2007.9-2007.10: Simula Laboratory Oslo University Visiting student
2009.1-2009.12: Electrical and Computer Engineering Utah State University

Visiting Scholar

2010.9-2011.1: Mechanical Engineering University of Hong Kong Research Assistant
2011.4-2012.3: Division of Hydrologic Science Desert Research Institute Visiting Scholar

Journal Papers

1. Kun Gao, HongGuang Sun, Jian-Zhou Zhu. Disorder and Power-law Tails of DNA Sequence Self-Alignment
Concentrations in Molecular Evolution, arXiv:submit/1119289 [physics.flu-dyn] 20 Nov 2014.

2. Yong Zhang, Raleigh L. Martin, Dong Chen, Boris Baeumer, HongGuang Sun, Li Chen. A subordinated
advection model for uniform bedload transport from local to regional scales. Journal of Geophysical
Research-Earth Surface, 2014, DOI: 10.1002/2014JF003145.

3. Yong Zhang, Li Chen, Donald M. Reeves, HongGuang Sun. A fractional-order tempered-stable continuity
model to capture surface water runoff. Journal of Vibration and Control, 2014, 1-11, DOI:
10.1177/1077546314557554.

4. HongGuang Sun, Yong Zhang, Wen Chen, Donald M. Reeves. Use of a variable-index fractional-derivative
model to capture transient dispersion in heterogeneous media. Journal of Contaminant Hydrology, 157
(2014) 47-58.

5. HongGuang Sun, Mark M. Meerschaert, Yong Zhang, Jianting Zhu, Wen Chen. A fractal Richards' equation
to capture the non-Boltzmann scaling of water transport in unsaturated media. Advances in Water
Resources, 2013, 52: 292-295.

6. HongGuang Sun, Hu Sheng, YangQuan Chen, Wen Chen, Zhongbo Yu. A dynamic-order fractional dynamic
system. Chinese Physics Letters, 2013, 30(4): 04660.
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7. Dong Chen, HongGuang Sun and Yong Zhang. Fractional dispersion equation for sediment suspension.
Journal of Hydrology, 2013, 491: 13-22.

8. HongGuang Sun, Wen Chen, K.Y. Sze. A semi-discrete finite element method for a class of time-fractional
diffusion equations. Philosophical Transactions of The Royal Society A, 20120268.

9. HongGuang Sun, Wen Chen, Changpin Li, YangQuan Chen. Finite difference schemes for variable-order time
fractional diffusion equation. International Journal of Bifurcation and Chaos (2012), 22 (4): 1250085 (16
pages).

10. HongGuang Sun, YangQuan Chen, Wen Chen. Random-order fractional differential equation models. Signal
Processing, 91 (2011): 525-530.

11. HongGuang Sun, Wen Chen, Hui Wei and YangQuan Chen. A comparative study of constant-order and
variable-order fractional models in characterizing memory property of systems. The European Physical
Journal Special Topics, 2011, 193:185-192.

12. Hu Sheng, HongGuang Sun, Calvin Coopmans, YangQuan Chen, Gary W. Bohannan. A Physical experimental
study of variable-order fractional integrator and differentiator. The European Physical Journal Special
Topics, 2011, 193:93-104.

13. Hu Sheng, HongGuang Sun, YangQuan Chen, TianShuang Qiu. Synthesis of multifractional Gaussian noises
based on variable-order fractional operators. Signal Processing, 2011, 91(7):1645-1650.

14. Wen Chen, HongGuang Sun, Xiaodi Zhang, Dean Korosak. Anomalous diffusion modeling by fractal and
fractional derivatives. Computers and Mathematics with Applications, 2010, 59(5): 1754-1758.

15. HongGuang Sun, Wen Chen, Hu Sheng, YangQuan Chen. On mean square displacement behaviors of
anomalous diffusions with variable and random orders. Physics Letters A, 2010, 374: 906-910.

16. HongGuang Sun, Wen Chen, Changpin Li, Yangquan Chen. Fractional differential models for anomalous
diffusion. Physica A, 2010, 389:2719-2724.

17. Wen Chen, Linjuan Ye, HongGuang Sun. Fractional diffusion equation by Kansa method, Computer and
Mathematics with Applications, 2010, 59 (5):1614-1620.

18. HongGuang Sun, Wen Chen. Fractal derivative multi-scale model of fluid particle transverse accelerations in
fully developed turbulence. Sci China Ser E-Tech Sci., 2009, 52 (3): 680-683.

19. Wen Chen, HongGuang Sun. Multiscale statistical model of fully-developed turbulence particle
accelerations. Modern Physics Letters B, 2009, 23(3): 449-452.

20. HongGuang Sun, Wen Chen, Yangquan Chen. Variable-order fractional differential operators in anomalous
diffusion modeling. Physica A, 2009, 388: 4586-4592.

Monograph

Wen Chen, HongGuang Sun, XiCheng Li. Fractional derivative modeling in mechanics and engineering, Science
Press, 2010.

Important Conferences

International Conference on “Fractional Differentiation and Its Applications”, ICFDA ‘14, Universita degli
Studi di Catania, Catania, 23-25 June 2014, Session Chair.

Sino-German Bilateral Symposium on Fractional Dynamics: Recent Advances, Hohai University, Nanjing,
China, May 13-18, 2012, Conference Organization Committee Secretary.

The 5th IFAC Symposium on Fractional Differentiation and its Applications (FDA12), Hohai University,
Nanjing, China, May 14-17, 2012, Conference Secretary.

MESA Fractional differential term and applications (FDTA2011) Washington DC, “MESA-1-9 Numerical
Methods of Fractional Calculus”, Aug.28-31, 2011, Session Co-Chair.

AGU Fall Meeting, Dec. 5-9, 2011, San Francisco, USA.

Academic Day of Fractional Dynamics and Control (FDC-2010), shanghai, China, May 16-18, 2010.

The Third International Conference on Dynamics, Vibration and Control ICDVC-2010, Hangzhou, China,
May 12-14, 2010.

Fractional calculus symposium, 2010 IEEE/ASME International Conference on Mechatronics and Embedded
Systems and Applications (MESA), Qingdao, China, July 15-17, 2010.
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9. Workshop on Flows and Networks in Complex Media, Institute for Pure and Applied Mathematics,
University of California, Los Angeles, United states, Apr.27-May 01, 2009.

10. Fractional calculus symposium, 8th World Congress on Intelligent Control and Automation, Jinan, China, July
6-9, 2010, Invited speaker.

11. Fractional calculus symposium, ASME 2009 International Design Engineering Technical Conferences (IDETC)
& Computers and Information in Engineering Conference (CIE), San Diego, United States, Aug. 30-Sep. 2,
2009, Session Co-Chair.

12. The Second International Symposium on Physics of Fluids, Nanjing, China, June 9-12, 2007.

Honors and Awards

1. PhD joint cultivation program by China Scholarship Council (Utah State University, 2009.01-2009.12)

2. Institute for Pure and Applied Mathematics travel grant “Workshop on Flows and Networks in Complex
Media, Institute for Pure and Applied Mathematics, University of California, Los Angeles, United states”

3. Scholarship for best thesis in Hohai University

4. Atlas Copco Prize, 2010 Professional Service Austin Journal of Hydrology,

Editor

Guest editor, Special issue “Computational Fractional Dynamical Systems and Its Applications”on Advances in
Mathematical Physics

Reviewers of journals: Advances in Harmonic Analysis and Operator Theory, Advances in Water Resources,
Applied Mathematics and Computation, Applied Mathematical Modelling, Applications and Applied
Mathematics: An International, Journal (AAM), Asian Journal of Control, Chinese Physics B, CMES: Computer
Modeling in Engineering & Sciences, Computers and Mathematics with Applications, IEEE Transactions on
Control Systems Technology, International Journal of Differential Equations, International Journal of Thermal
Sciences, Journal of Computational Physics, Mathematical Modelling and Analysis, Mathematical Problems in
Engineering, Neurocomputing, Optimization, The European Physical Journal Special Topics, Water Science and
Engineering.

More information: http://www.ismm.ac.cn/sunhg/
Power Law and Fractional Dynamics: http://www.ismm.ac.cn/ismmlink/PLFD/index.html
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Mihailo P. Lazarevi¢

Mihailo P. Lazarevi¢, Professor, PhD
University of Belgrade, Faculty of Mechanical Engineering
President of the Serbian Society of Mechanics

Research Interests: Robotics and control, Fractonal Calculus with applications to
modelling and control of system dynamics including time-delay, biomechanics

and theory of viscoelasticity.

E-Mail: mlazarevic@mas.bg.ac.rs

Npod. ap Muxauno JNlasapesuh

Mwuxauno M. Nasapesuh je pohen 07.07.1964. roanHe y Beorpagy. OCHOBHY M cpeatby LWKOAY,NPUPOLHO-
MaTemaTUYKM CMep, 3aBpLIMO je ca OAAMYHUM ycnexom. [lobuTHuK je BykoBe u Anacose agunnome. Ha
MawmnHckn darynteT y Beorpagy ynucao ce 1984. roguHe U ogn Tpehe roguHe ctyamja Ha MalMWHCKOM
dakyntety 6MO je ctuneHaucta YHuBepsuTeta y beorpasy Ha OCHOBY MOCTWUrHYTOr ycnexa y TOKY CTyauja
O/ZIHOCHO 3a UCTM je MOoXBa/bMBaH M HarpahmeaH of cTpaHe dakyaTeTa. Junaomupao je 1990 rogmHe Ha pynu
33 aepoKOCMOTEXHUKY. fogmHe 1987 ynucao ce Ha EnekTpoTexHMUYKM dakynTeT y Beorpagy Ha oAcCeK TEXHMUKA
du3MKa, Ha Kom je gunaomumpao 1991 roguHe.

Marucrtapcke cryamje ynucao je 1990 roguHe Ha MawwuHcKkom dakynTery Ha Cmepy 3a ayTOMaTCKo
ynpas/batbe. Maructapcku pag, “«CuHmesa KaamaHosoe peaynamopa y CAY ca Kawrerem» oabpaHUNo je Ha
MawmnHckom darynTeTy y beorpagy ¢ebpyapa 1994. NogmHe. JOKTOPCKY gucepTaumjy nog Hacnosom «[lpusoe
MamemamuyKkom Mooenupary U yrnpasrearby pedyHOaHmMHUM cucmemuma» npujasuo je 1996. roamHe u Kojy
je ogbpanHuo jyna 1999 rogmHe Ha MawmHckom dakynTeTy y Beorpagy.

Y nepuoay oA Kpaja 1992 roanHe go centembpa 1993 rogmHe 610 je 3anocneH Kao capagHuk Ha Kategpu
33 ayTOMaTCKO ynpaB/bakbe,EnekrpotexHnukun dakynter y beorpagy. Ha MawuHckom dakyntety y beorpaay,
centembpa 1993. rognHe n3abpaH je y 3Bakbe acMCTeHTa-NpunpaBHMKa Ha Kateapw 3a MexaHUKy U o4 Taga je
HenpeKkUaHo y pagHoOM oAHocy Ha MawwuHckom dakynTety. Y 3Barbe acucTeHTa u3abpaH je Ha ucroj Kateapwm
Majal996. roguHe.

Y 3Bakbe JOLEHTa 3a NpeameTe MexaHuKka Ha KaTegpu 3a MexaHuWKy M3abpaH je jyHa 2001. roguHe,
OZIHOCHO Y 3Bakby AOLIEHTA 33 YKy HayyHy obnact MexaHuKa npema Pewery [lekaHa og jyna 2003. roguHe. Y
3Barbe BaHpegHor npodecopa 3a YKy HayyHy obnacT MexaHWKa usabpaH je geuembpa 2005. roguHe, a y
3Bakbe pefoBHOr npodecopa 3a gaTy obnact Ha wucrtoj Kategpu anpuna 2009. rogmHe WTO NpeacTaB/ba
cajallbK NooXKaj.

3a Weda nabopatopuje 3a MexaHunky, MawmnHckor pakynteta y beorpagy je umeHosaH 2009. roavHe.

Y okeupy mehyHapoaHe 6unatepanHe capagre y nepuogy 2010-2011. rogmMHe oCTBapMo je CTyaujcKe
6opaBKe Ha MHCTUTYTY 3a PoboTuKy, YHuBep3anteta PEPU, Mapubop, ChoseHuja.

Capa je KOOPAMHATOP NPOjeKTa ca CPMCKe CTpaHe y OKBUpPY bunatepanHe capagre ca H.P. KuHom (2016- ).

YyecTBOBaO Kao PyKOBOAMANAL, Ca CPMCKe CTpaHe y peanusaumju mehyHapoaHOr HayyHOr NpojeKTa u3
nporpama EYPEKA (EYPEKA!4930 —2009-2012).

YnaH je Cprickoe Opywmea 30 MexaHuky Kao u mehyHapogHe opraHusaumje IUTAM. 3a cekpeTapa
Cpnckor gpywTsa 3a MexaHuky(CAM) usabpaH je jyHa 2013. roanHe a 3a MpeaceaHuka COM-a jyHa, 2015
roguHe. YnaH je HayyHor oabopa mehyHapoaHor KoHrpeca “International Congress of Mechanics-Serbian
Society of Mechanics”. YyectBoBao je y pagy Ha OCHOBHMM, TEXHOJIOWKUM UM WHOBALMOHUM NpOjeKTUMa
MUHUCTapcTBa NpocBeTe,HAayKe U TeXHOMOLWKOr pa3Boja Penybanke Cpbuje Kao M Ha MpojeKTMMa y OKBUpY
capagme dakynTeta ca NpuBpesoM.
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Pagvo je peueH3suje 3a BuUWe MoHorpadckux nena, pafosa 3a norpebe gomahux yaconuca FME
Transactions, Scientific Technical Review, Tehnika, kKao 1 3a yaconuce uHaekcupaHux Ha SCl nuctu "Nonlinear
Dynamics, Journal of Vibration and Control, Asian Journal of Control". Takohe, 610 je npeaceaasajyhu Ha Buwe
cekuMja Ha mehyHapogHuUM KoHrpecuma CHISA 2004,206, Serbian Society of Mechanics.YnaH ypehusaukor
onbopa mehyHapogHor Yaconuca Theoretical and Applied Mechanics op, 2015 roanHe.

[DobUTHUK je Harpage 3aaybuHe AHgpejesuh 3a 2003 roguHy n3 obnactm PoboTuKe, Kao M 3axBasiHMLE
33 JONPUMHOC Yy pasBojy  HayyHO-TEXHMYKOr 4aconuca Scientific Technical Review, 2011. roguHe. Ha
mehyHapogHoj KoHdpepeHuujn ©OA 2012 KuHa, (Fractional Differentiation and its applications) je kao KoayTop
0CBOjMO Harpaay 3a Hajbosbu paf npeseHTOBaH Ha KOHdepeHuuju. Takohe,04pKao je BMLWe npenaBarba Mo
nosuay.

Kao ayTtop unu Koaytop je objasuo:

JeaHy moHorpadujy oa mehyHapoaHor 3Havaja

Tpu nornaema y moHorpaduju mehyHapoaHor 3Hauvaja

6 MoHorpadmja HaLuMOHaNHOT 3HaYaja

21 HayyHu pag y mehyHapogHum yaconmcuma (SCI nucta)

7 HayyHux pafoBa Yy mehyHapoaHUMm Yaconucuma

87 Hay4yHWUX pafoBa,caoniuTerba Ha MefhyHapoaHMM CKyNnoBMMA

29 HayyHux pafoBa y Bogehum YaconucMma of HauMOHAMHOT 3HaYaja
44 HayyHa pafa,caoniTerba Ha CKYNoBMMA HaLMOHANHOT 3Havaja
JepHy Krbury

JepHy 36VpKy 3a4aTaka, u

JepaH npupyyHuK 13 npeameTta MexaHuKe 33 noTpebe cTyaeHaTa MawwuHckor dakynTeTa.

YKynaH 6poj umtata pagosa npod. Jlazapesuha je 305 (Scopus) a nHaekc hje 9.

Moppyyja HEroBOr MHTEPECOBaka M HAYYHO-UCTPAXKMBAYKOM paja MOKpUBajy obnact mopenvpara u
ynpaB/batba POHOTCKUX (MEXaTPOHWUYHUX/aAaNTPOHCKUX) CUCTEMA, KAao M NpobaemaTuKy cTabunHOCTU KpeTakba
ncTux. [leo HEroBOr WUCTParkMBakba Ce OAHOCU U Ha aKTyenHe npobneme 6GUomexaHuKe, (NpUmMeHa BUONOLLKNX
aHANOTOHA M CUMHEPIWjCKUX MPUHLMMNG Y MOLEAUpaky M MpojeKToBaky 6GuomexaTpoHuukux ypehaja u
nomarana). Cafala Herosa rnasHa 06/1actT MHTEpPecoBaka M UCTPAXKMBAHA Ce OAHOCU HA Pa3BOj U NPUMEHY
T3B. Mmeopuje eeHepanuzosaHoz payvyHa (fractional calculus-a) y npobnemmma moaenunpara U ynpas/bakba
AVHAMUUKUX cucTema ca U 6e3 Kalwmera, AMHAMULM (€N1EeKTPO)-MEXaHUYKMX CNOMKEHUX CUCTEMA, Y TEOPUjU
BMCKOEaCTUYHOCTM Kao 1y 06/1aCTU BUOUHIKerepuHra.
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1. Spasié, A., M. Lazarevié, D. Krsti¢, Chapter:Theory of electroviscoelasticity, pp.371-394 in Finely Dispersed
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Florida,2006,ISBN 1574444638,pp.950, International scientific monograph.
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