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Поштовани, 

од 25. до 30. јуна 2017. године одржана је конференција под називом „9th European 

Nonlinear Dynamics Conference" (ENOC 2017)  у Будимпешти, Мађарска, чији 

организатор је Европско друштво за механику (EUROMECH). На конференцији сам 

учествовао са усменим саопштењем рада на минисимпозијуму „Fractional derivatives“ 

са радом под називом „COMBINED RESONANCE OF A NONLOCAL NANOBEAM ON 

FRACTIONAL PASTERNAK-TYPE VISCOELASTIC FOUNDATION“, где је председавајући 

секције била др Dana Copot. Коаутори на овом раду су др Данило Карличић и проф. 

Михаило Лазаревић. Такође, као други аутор учествовао сам са радом у постер 

секцији под називом „NONLINEAR DYNAMICS OF A FUNCTIONALLY GRADED NONLOCAL 

NANOBEAM IN THERMAL ENVIRONMENT BY USING INCREMENTAL HARMONIC BALANCE 

AND MELNIKOV METHOD“ који је презентовао први аутор рада др Данило Карличић. 

На конференцији је учествовалo преко 400 истраживача  од којих осам истраживача 

из Србије и пет истраживача са пројекта ОИ 174001 укључујући и руководиоца 

пројекта. Конференција је организована у 21 минисимпозијума a председници 

организационог одбора били су проф. Gábor Stépán и проф. Giuseppe Rega. Области 

које је покривала су: моделирање и методе у нелинеарној динамици, примена 

фракционог рачуна на проблеме механике, квалитативна и квантитативна анализа 

нелинеарних динамичких система, нелинеарна динамика континуалних, 

дисконтинуалних и хибридних система, бифуркација и хаос, нелинеарни 

стохастички системи, нелинеарни динамички феномени, проблеми управљања 

осцилацијама и хаосом, примена механике на више скала и у реалним инжењерским 

проблемима из области грађевинарства, електронике, механике, медицине, 

материјала, комуникација идр. Такође, конференција је обухватала и 

мултидисципинарне теме из примењене математике, физике, биофизике, генетике, 

нанотехнологија, финансија, медицине и гео-наука. 



Након мог излагања рада „COMBINED RESONANCE OF A NONLOCAL NANOBEAM ON 

FRACTIONAL PASTERNAK-TYPE VISCOELASTIC FOUNDATION“ није било дискусије и 

питања из публике.  

Други рад под насловом „NONLINEAR DYNAMICS OF A FUNCTIONALLY GRADED 

NONLOCAL NANOBEAM IN THERMAL ENVIRONMENT BY USING INCREMENTAL 

HARMONIC BALANCE AND MELNIKOV METHOD“ је на постер секцији излагао први 

аутор рада и колега са пројекта ОИ174001, др Данило Карличић. Било је више 

питања и дискусије на тему рада са препознатљивим истраживачима из области 

нелинеарнe механике и нелинеарних динамичких система. 

Радни део конференције је одржан у згради Универзитета Технолошких и 

Економских наука у Будимпешти. Конференција се одржава на три године. 

За учешће на овој конференцији сам подржан од Математичког института САНУ, 

пројекта ''ОИ174001 Динамика хибридних система сложених структура, Механика 

материјала'' и руководиоца пројекта проф. др Катице (Стевановић) Хедрих и 

Министарства просвете, науке и технолошког развоја Републике Србије.  

 

_____________________________       дана   02. 07. 2017. 

Милан Цајић 
истраживач-сарадник, Математички институт САНУ 
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Summary. In this communication, we observe the interaction of fundamental parametric resonances with subharmonic resonances of 
order one-half of a geometrically nonlinear nonlocal nanobeam model resting on a fractional Pasternak-type viscoelastic foundation.  
Euler-Bernoulli beam theory and nonlinear von Karman strain-displacement relation are employed to obtained fractional order 
governing equation for the transverse vibration of a system. Under the assumption of small fractional damping, we used the perturbation 
multiple-scales method to obtain an approximated analytical solution for the frequency-amplitude response. Combined parametric 
resonance from axial load and subharmonic resonance under external excitation are examined for different parameters of the model. 
Validation of the multiple scales solution against numerical solution in the phase plane and Poincare map will be provided. 

 
Introduction 

 
Nanostructures having similar shapes as macro engineering structures such as beams, plates and shells are developed 
using various nano-technological processes. Mechanical behavior of nano-scale structures is also similar to the 
behavior of macro structures with the main difference that influences of various size-effects cannot be neglected. 
Studying the dynamic behavior of nanostructures is especially important for the development of new types of 
nanoactuators, nanosensors or resonator devices. Geometrically nonlinear oscillations with different resonance 
conditions together with dissipation effects from different sources are important effects for the investigation and 
performance of nano-scale resonators. Very important is consideration of dissipation effects from external medium. 
Application of experimental and atomistic methods is limited for the analysis of nanostructures and it can be applied 
only to specific and less complex systems. Continuum based theoretical models have attracted a great attention of 
researchers in recent years. ne of the first that consider size effects and 
atomic forces through a single material parameter [1]. This theory shown to be very useful in describing the 
mechanical behavior of various nanostructures and nanocomposites compared to other methods [2].  
Dissipation models based on fractional derivative viscoelasticity become widely used due to proven advantages 
compared to classical viscoelasticity models [3]. Recently, such models are successfully used to describe linear and 
nonlinear dynamics of nanostructures considering size and damping effects [4, 5]. When solving nonlinear dynamic 
problems together with the fractional derivative damping one can use numerical [5] or analytical approximation 
methods [6]. 
In this work, we will investigate a combined parametric and subharmonic resonance of a nanobeam system subjected 
to time dependent axial and transverse loads. Effects of fractional derivative Pasternak-type viscoelastic foundation, 
representing some medium around nanobeam, and size effects on frequency-amplitude response will be examined for 
changes of model parameters. Our intention is to fill the gap in the literature by studying the combined resonance 
condition of a nanobeam system using the multiple scales perturbation method to solve nonlinear fractional order 
differential equations. In addition, verification of the analytical perturbation method results with numerical solution 
will be presented in the phase plane and Poincare map. 

 

 
Fig.1 Illustration of a nanobeam on viscoelastic foundation a) Physical model b) Mechanical model 

 

Problem formulation 

Let as assume that a nanobeam is homogenous with length , cross section area , density modulus 
, Fig. 1. Assuming the nonlocal elasticity stress-strain equation for one-dimensional case, von Karman strain-

displacement relation and Euler-Bernoulli beam theory [6], we derive governing equation for nonlinear transverse 
vibration of a nanobeam resting on fractional Pasternak-type viscoelastic foundation [7] as 
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where  is the assumed transverse harmonic load,   is the force-

displacement relation from fractional Pasternak-type foundation, where  is the operator of the Riemann-
fractional derivative.  Axial force from  is given in the form  

 

Governing equation (1) is the fractional derivative type of partial differential equation with one fractional parameter 
. This equation can be solved numerically or analytically using approximation methods such as modified multiple 

scales perturbation technique proposed in [3]. In using this method, firstly we employ the Galerkin discretization 
method. In developing the multiple scales solution usual assumptions for the first and the second time derivatives are 
adopted while for the fractional time derivation we have 

 

with  and , , denoting the Riemann-Liouville  fractional time derivatives 

for , , , where  is the small parameter. Multiple scales solution of fractional order differential 
equation is verified with the numerical solution of the same equation. Steady state response, frequency-amplitude 
response and instability regions are plotted for simply supported nanobeam and different values of system parameters 
such as nonlocal parameter, order of fractional derivative and parameters of Pasternak-type of viscoelastic foundation. 
Interaction of fundamental parametric resonance from axial force with subharmonic resonance from external 
harmonic load is also discussed in detail. 

Conclusions 
 

This paper studies the combined fundamental parametric resonance and one half order subharmonic resonance of a 
nano-scale system composed of a nanobeam and fractional Pasternak-type viscoelastic foundation. Geometric 
nonlinearity is considered together with the Euler-Bernoulli beam theory and nonlocal elastic constitutive equation to 
derive motion equations of the observed system. The system is subjected to two different types of loads, transverse 
harmonic force and axial pulsating force. Solution of the governing equation is proposed via modified multiple scales 
perturbation method for fractional derivative equations, which is also confirmed with the numerical solution. Effects 
of different parameters on frequency-amplitude response and regions of instability are examined through several 
numerical examples.  
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