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Moje yuemrthe y paxy oBor TpaauuuoHaigHe MmelyHaponHe koHpepeHuuje audepeHuujaiHe TeoMeTpHje U
IIPUMEHA je PealnsoBaHo cieaehuM aKTUBHOCTHMA!

* YnanctBoMm y mpencenHuintBy Kongepenmuje Ha orBapamy Kondepenmuje, a Ha mpeayor axkaJeMHKa
Munese IlpBanoBuh w npexacennuka Tenszop apymrtBa (Tensor Society (Tokyo)) mpodecopa Tomoaku
KaBaryuwnja. Tum npeuiozuma cam Oniia 3aucTa moyacTBOBAaHa,

* [IpencenaBameM Ipyrom mieHapHOM cenuuiioM Kondepenuuje;

*Yyemrhem nuramuMa 1 KOMeHTapuMa Ha ceanunama Kondepenmyje:

* YnanctBoM y Penakiimonom onbopy uaconuca TENSOR Jananckor apymrsa Tensor Society;

* OppxanuM 90-TOMUHYTHUM TUIEHAPHUM TIPEIaBambeM IO MO3HUBY, 110 HACIIOBOM:

Katica R. (Stevanovi¢) Hedrih, Structural, qualitative and mathematical analogies: Theorems of
mechanical energy change in dynamics of discrete fractional order system and of a multi-deformable
body fractional order system, Dedicated to 80" Anniversary of Tensor Society President-Professor-
Scientist Tomokai Kawaguchi’s birthday, 90minutes Onvited Plenary Lecture, The 14th International
Conference of Tensor Society on Differential Geometry and its Applications, and Informatics. Tensor
Society (Tokyo) and University of Tsukuba for mutual Progress. Tsukuba, Japan, , Sept. 7-12, 2015., Abstracts,
2015, pp/ 2-3.

Mocne opgp:aHor npepaBarba MOCTaB/beHA CY MU ABa NMUTakba, Ha KOja cam Ca 33a40BO/bCTBOM
oprosopuaa. Kn,wyetam pag he 6utn nybankosaH y HapegHom 6pojy gacomrca TENSOR Jamanckor
apymtBa Tensor Society. [{aconuc ce myonukyje Ber 75 roauHal

Opranuzanuja Koadepennuje je 6una nodpa, nmpenaBama U CaoNCTeHa HA BHCOKOM HaydHOM HHBOY. Ha
OBOj KOH(epeHIUju je OWIo Mame y4YeCHHKa HEero paHUjuX TOAMHA, jep je 300r E€KOHOMCKE Kpu3e
OTCyCTBOBAJIa Tpyla UCTpaxuBada U3 Pymynuje, akagemuka Pagy Mupona.

C HoIIToBameM,

VY beorpany, 25 cenrem6pa 2015. KaticaR. (Stevanovi¢) Hedrih
PyxoBoaunar npojexta OM174001
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THE 3rd INTERNATIONAL CONFERE MECHANICAL ENGINEERING IN XXI CENTURY, POCEEDING, September
17 - 18, 2015, NIS, Faculty of Mechanical Engineering University of Nis, pp.

Y nporpamy oBe KoHbepeHuuje 6una cy 3acTyn/beHa TpM moja paga. [Ba paga cy yBpwheHa y perynapHu geo
KoHdepeHumje, a jeaaH je yBpwheH y Aeo nporpama, Koju je nocBeheH }KUBOTHUM jybuaejma mojux HeKaaallHux
CTYAEeHaTa, 04, KojuX je jegaH 6paHMo AOKTOPCKY gucepTaumjy npes KOMUCHMjOM Uuju cam uaaH buna Ha novyeTky moje
YHUBEpP3UTETCKE aKTUBHOCTU. Taj nporpam je 6uo noa Ha3oBOM:

MECHATRONICS AND CONTROL, COLLOQUIUM IN HONOUR OF THE 65TH BIRTHDAY OF PROF. NENAD D.
PAVLOVIC AND PROF. TOMISLAV PETROVIC

Csa Tpu moja paga cy nybavkosaHa y KoHdepeHumjckom 360pHUKY, peLieH3npaHmx pagosa. Cnucak Tux nybanMKoBaHMX paaosa ca
6ubnuorpadckum nogaumma je y npuory:

Katica (Stevanovié) HEDRIH, Elements of Geometry, Kinematics and Dynamics of Billiards,
MECHATRONICS AND CONTROL, COLLOQUIUM IN HONOUR OF THE 65TH BIRTHDAY OF PROF. NENAD D. PAVLOVIC AND PROF.
TOMISLAV PETROVIC, THE 3rd INTERNATIONAL CONFERE MECHANICAL ENGINEERING IN XXI CENTURY, POCEEDING, September

17 - 18, 2015, NIS, Faculty of Mechanical Engineering University of Ni&, pp. 313-318. Hard Copy
ISBN 978-86-6055-072-1 and CD.

Katica R. (STEVANOVIC) HEDRIH, Velocities of the Basic Vectors of a Tangent Space Of Moving Mass Particle
Vector Position In Curvilinear Coordinate Systems, THEORETICAL AND APPLIED MECHANICS AND MATHEMATICS, THE 3rd
INTERNATIONAL CONFERE MECHANICAL ENGINEERING IN XXI CENTURY, POCEEDING, September 17 - 18, 2015, NIS,
Faculty of Mechanical Engineering University of Nis, pp. 449-454.Hard Copy ISBN 978-86-6055-072-1

and CD.

Katica R. (STEVANOVIC) HEDRIH, The Fractional Order System Oscillations: Analytical Theory and Examples,
THEORETICAL AND APPLIED MECHANICS AND MATHEMATICS, THE 3rd INTERNATIONAL CONFERE MECHANICAL ENGINEERING IN XXI

CENTURY, POCEEDING, September 17 - 18, 2015, NIS, Faculty of Mechanical Engineering University of
Nis, pp. 455-460. Hard Copy ISBN 978-86-6055-072-1 and CD.
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XIll konferencija Digitalziacija kulturne bastine i digitalna humanistika, Beograd, 10.i11. 9. 2015.
3a oBy KOHdepeHUNjy NpujaBuaa cma Tpu caonhtera:

Kamuua P. (Cmesanosuh) Xeopux,
1* Tatomup AHhenuh, flaHnno PackoBuh u TeH30pCcKu pauyH y Cpouju
2* Ope/berbe 3a mexaHuKy u CemuHap mexaHuke Matematuukor nHctutyta CAHY y nepuoay HoBembap
2010-asryct 2011 roauHe
3* Nona Beka Kateape 3a mexaHnky MacuHckor c¢phakynteta YHuBep3uteta y Huwy.

36or noaypapHocTM TepmuHa 6opasKa y JanaHy, nocnana cam OpraHM3aTopMma ABa NOCTepa sa NPBO CAONCLWITEHE, U
NO® dajn 3a gpyro caonwTere y3 KOMNAETUPAH TEKCT 32 NOCTaB/barbe y 6a3y enekTpoHcke 6ubanoTteke. HapaBHoO cee

TO Y3 U3BUHEHE LWITO INYHO Behy yyecTBOBaTH.
Tpehe caonhTerwe cam ognoxkmna 3a cnegehy KoHbepeHUMjy Aa Taga UcTo caonhTum-.

C HoIITOBamEM,

VY beorpany, 25 cenrem6pa 2015. KaticaR. (Stevanovi¢) Hedrih
PyxoBoaunar npojexra OM174001



























Sructural, qualitative and mathematical analogies: Theorems of mechanical ener gy
change in dynamics of discrete fractional order system and of a multi-defor mable
body fractional order system

Dedicated to 80" Anniversary of
Tensor Society President-Professor-Scientist Tomokai K awaguchi’ s birthday

KaticaR. (Stevanovi¢) Hedrih,
Mathematical Institute SANU Belgrade, Department for Mechanics and Faculty of Mechanica Engineering, University of NiS§, Serbia.
Priv. address: 18000-Ni§, ul Vojvode Tankosi¢a 3/22, Serbia, e-mail: khedrih@eunet.rs, khedrih@sbb.rs .

ABSTRACT. A series of theorems of mechanical energy change in dynamics of discrete fractional
order system and of a multi-deformable body fractional order system are defined with corresponding
proofs. Using structural, qualitative and mathematical analogies between mechanical chain system and
electruical chain system the theorems of total mechanical energy change in mechanical fractional order
system are presented as analogous with the theorems of total electrical energy change in electrical
fractional order system.

Some of theorems for discrete fractional order system dynamics are:

Theorem 1. For a class of fractional order no conservative system dynamic, with n degrees of

freedom, and defined by: matrix of inertia properties A = (akJ )l kL2310 matrix of rigidity properties

- j=1,2,3,..n

i czs _ _ _ ) . _ L k=12,3,...0
C= (ij)a ioaa . matrix of viscoelastic creep fractional order properties C, = (Cayki)~ 3.0 N0
Li2sn rate of fractional order system total mechanical

matrix of viscoic linear properties B = (%)q i-123,.n



energy E=E, +E, degradation is equal to negative sum of double Rayleigh function 2d and matrix

product between velocity (x) and first partial derivative > ;E”{X} of generalized function of fractional
t
order energy dissipation with respect to fractional order derivative ®7{x}.

k=n j=n

—-—2<D ZZXKW for a#0and O<a<l 1

k=1 j=1

For system with one degree of freedom previous relation (10) take the following form:

d< Eki”e(‘j: Ep°t> = —Z(D(U) + Qfrac (sta [u])J O<asl @

or
dE - 20 .) (9”[U]) 2 b, ®ulu O<as<l )

dt < []>

Theorem 2: For a class of fractional order no conservative system dynamic, with n degrees of
freedom, and defined by: matrix of inertia properties A = (akJ ): kj_llZ;S ", matrix of rigidity properties
1 k=1,2,3,....n

j=1,23,..n and

:( j)l kh23-n - matrix of viscoelastic creep fractional order  properties C, (ca k,)

- j=1,2,3,...,n
1 k=1,2,3,....n

matrix of viscoic linear properties B :(bkj)q i=123,..n

, With properties that both side product by modal

1 k=123

matrix R = ({Kjk}): (Knsk)q ;i,z,e'.','.'.y.,nn of corresponding linear system produce all system matrix in diagonal
form: A =R'AR=diag(i.) €=R'CR=diag(C.) ®B=RBR=diaglp,) ¢,=RC,R= diag(&,)e)

then rate of each system independent eigen main fractional order mode total mechanical energ>;

E.=E, .tE degradation is equal to negative sum of double Rayleigh function 2d_ and matrix

kin,s pot,s

t s

product between velocity &, and first partial derivative agfg—])of generalized function of fractional

order energy dissipation with respect to fractional order derivative ®°[&_]:
dE

—ES~(—[—D for a#00<a<1s=123..n, (4)
saga
or inthe form.

ddEtS:—zqns—Emgss:’[fs], for a#00<a<l s=123...n (5)

Hybrid system contains multi deformable bodies (beams, plates or membranes), same boundary
conditions, coupled by discrete continuum layers. Discrete continuum layers are built by standard elastic
and inertia properties and fractional order elements homogeneously distributed between each of two
adjacent deformable bodies. During the dynamics of deformable bodies in transversal direction each of
standard elastic, and inertia, and fractional order elements obtain extension or compression equal to
difference between two displacements of the corresponding body points for which are coupled its ends:
A, (% y,t) =W, (%, y,t) - w (x,y,t) for plates and membranes, and Aw,,,, (x.t)=w,,(xt)-w,(xt) for beams

and belts. Energy analysis of dynamics of definrd multi-deformable body system with elastic, and
translator ind rotator inertia properties, and fractional order discrete continuum layers is presented. Sries
of theorems are defined and proofed. One of theorem is:



Theorem 3. Generalized forces Q"™ °* and Q;™*** of interaction between two deformable bodies

elem-sloja elem-sloja

coupled by standard discrete continuum layer with known kinetic E, and potential E |

energies  and known Rayleigh function of energy dissipation ®™™9%® and generalized function of
fractional order element energy dissipation in the form:
dnde"‘e”‘"aye’=1co<,,<1(k,k+1){®{’[wk+1(x,y.t)—wk(x,y.t)]}z’ where where =¢[.] is fractional order differential

O<a<1
2

operator of the a™ derivative with respect to time t in the following form: @a[.]:d"[-]: (1 )gj( [-]) dr
! dt  Tr@-a)dty(t-1)

r(i-a) is Euler Gama function, c, ., are rigidity coefficients expressing fractional order dissipation
properties, and a a rational number between O and 1, o<a<1, expressing dissipation properties of
standard fractional order element, for generalized coordinates w, (X, y,t) and w,,,(x,y,t) displacement of

deformable bodies at the point of contacts with discrete continuum elastic, inertia and fractional order
layer are in the following forms:

Qelem—layer - — E aEkelewlayer _ aEkE|Em-|ay8f _ aE p‘3|e"“|ayef _ aq)elem—layer _ 0¢ngffl_layer — Qelem—def.bodya (6)
e dt a(Owk(x, y,t)j ow (x y.t) | ow(xy,t) a(Owk(x, y,t)j @7 [w, (x, y.t) W bxy)
ot ot
Qoo o | 4 _OESTOT  GESTST | OESTTRT | gotemie | Q0SGEOT e
. dt a(awk-l(x, y,t)) ow,(xyit) [ ow(x y.t) a(awk-l(x, y,t)) AR [y (x y b))~ el
ot ot

expressed by energies and energy dissipation which posses discrete continuum layer.

Other theprems are related to the change: * of total mechanical energy of one eigen amplitude
mode and generalized function of fractional order energy dissipation; * of a total mechanical energy of a
eigen time mode of eihrn time function correspond to one eigen amplitude mode. Transiet of enegy
between defrmable bodies in the hybrid system is analyzed.

Ttheorem 4. Change of total mechanicale energy of the multy bory fractional order system
dynamics is equal to the power of dissipative forces and fractional order dissipative forces work along

corresponding system displacements:
d(Ek,bidies + Ep,bodies) + d(Ek,Iayers + Ep,layers) -

dt dt (7)
= -2 ayers ™ 23: 0P O<asl (Qta [Wk+1 (X- Y, t) - W (X- Y, t)]) (Wk+1(X. y,t) _ Wk (X, Y, t))

- a(gta [Wk+1(X' Y, t) - W (X- Y, t)])
w, (x,y,t)=0

Where

0 0<g<l Qta W\ K Y, 1) = WX Y, . .
Plocaeti et = q)a(@:g[wk[l(x’ E/’ t;/—t\)lvk (X, E/’ t;:/l)t)]) (Wk+1(X, \Z t) - W, (X, \Z t)) (8

power of fractional order dissipative forces of a discrete continuum layer between two deformable bodies
(plates,, or membranes, or beams) and along displacements of upper w, (x,y,t)and lower w,.,(x, y,t)
body (plate or membrane); and =¢[-] is fractional order differential operator of the a™ derivative with

respect to time t in the following form[4-11]:

a2 4T G 9
® [']‘ddt[r]‘r(ll-a)gtl(t[l)ad’ ©
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Figurel. Qualitative and mathematical analogous fractional order chains: @ mechanical fractional order
chain system and b* electrical fractional order chain syste aswell as; ¢* multi circular membrane and d*
multi rectangular membrane system on the fractional order discrete continuum fundation.

Table 1. Qualitative and mathematical analogous fractional order system energies. a* mechanical
fractional order system and b* electrical fractional order system

r(1-a) is Euler Gamafunction, and Cyy y.q) and C.q) arerigidity coefficients — momentary ( expressing
ideal elastic properties) and prolonged one (expressing fractional order dissipation properties), and a a
rational number between 0O and 1, o<a<1, expressing elastic and dissipation properties of standard
fractional order element. @ 1C0<a<1(kvk+l){gg[wkﬂ(x,y,t)_wk(x,y,t)]}zgeneralized function of fractional

<a<dl — 5
2

order discrete continuum layer energy dissipation for o<a<1.
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WHEELCHAI R- FOR RAMP CONFI RVED



NON STCP M LAN TO BELGRADE
OPERATED BY: AlR SERBI A, JU 545
EQUI PVENT: Al RBUS | NDUSTRI E A319

FLI GHT TI CKET(S)

TI CKET: AF/ ETKT 057 9340299346-47 FOR HEDRI H KATI CA MRS

GENERAL | NFORMATI ON

CHECK YOUR TRIP ONLINE
https://mwww.checkmytrip.com/CM T Saerviet?R=Y 14J62& L=US& N=HEDRIH

T. Kawaguchi<tensor-ns@nifty.ne.jp>;

From: T. Kawaguchi
Sent: Monday, August 31, 2015 11:50 PM

To: Katica Hedrih

Cc: T. Kawaguchi
Subject: Re: Address in Japan

Tsukuba, Sept. 1, 2015

Dear Professors Hedrih and Prvanovic,

Thank you for your kind message. | and my wife Akemi are good health.
In Tokyo, we have arranged that you with your grand daughter and Mrs. Prvanovic
together will stay in my apartment at Tokyo:
Komagome 1-3-5-302, Toshima-ku, Tokyo.
Tel. 81- 03-3947-3910, Mobil Phone: 090-9150-4681 (Tomoaki), 090-8486-7413 (Akemi),
81 means Japanese country code, 03 means Tokyo code.
My apartment is not so large, but it is in center of Tokyo, and very near Komagome
Station (JR rail way, Yamanote line).
During conference, you can put big laggage etc.

In Tsukuba, we also arranged Guest House of Univ. of Tsukuba,

Room No. 407, for Mrs. Prvanovic, Tel. 029-853-8707 (direct),

Room No. 408(twin), for you and Grand daughter, Tel. 029-853-8708 (direct)
Room No. 406 (twin), for | and my brother, Tel. 029-853-8706 (direct).

On 7th Sept., my wife Akemi will pick up you and Prof. Prvanovic at
Tokyo Haneda airport, after then will go to my apartment. After some rest there,
evening, Prof. H. Endo and Prof. T. Kashiwada will guide and accompany all member
to Univ. of Tsukuba.

All member: Prof. Prvanovic, Prof. Hedrih and Miss Mihaela, Dr. Zerrin Senturk.

Looking forward to seeing soon, Sincerely yours,
Tomoaki KAWAGUCHI and Akemi KAWAGUCHI












