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Parcijalne diferencijalne jednaqine 2. reda

Linearna jednaqina:
n∑

i,j=1

aij
∂2u

∂xi∂xj

+
n∑

i=1

bi
∂u

∂xj

+ cu = f

aij, bi, c, f, u − funkcije x = (x1, x2, . . . , xn)

Semilinearna jednaqina:

aij, bi, c − funkcije x, f = f(u)

Kvazilinearne jednaqine:

c = 0; aij, bi, f − funkcije x, u

c = bi = 0; aij, f − funkcije x, u,
∂u

∂x1

, . . . ,
∂u

∂xn

Jednaqine vixeg reda

Jednaqine matematiqke fizike
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Lu := −
n∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+

n∑
i=1

bi
∂u

∂xj

+ cu

Eliptiqnost

aij = aji, ∀ x ∈ Ω̄;
n∑

i,j=1

aijξiξj ≥ c0

n∑
i=1

ξ2
i , c0 > 0, ∀ ξ = (ξ1, . . . , ξn) ∈ Rn

Difuzija

Konvekcija / advekcija
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Eliptiqki graniqni problem

Lu = f, x ∈ Ω

u = 0, x ∈ ∂Ω
(E)

Klasiqno rexeǌe: u ∈ C2(Ω̄), u ∈ C2(Ω) ∩ C(Ω̄)

u ∈ C2(Ω̄), aij ∈ C1(Ω̄), bi, c ∈ C(Ω̄) ⇒ f ∈ C(Ω̄)

aij ∈ C1(Ω̄), bi, c, f ∈ C(Ω̄)

∂Ω dovoǉno glatka, C0,α

}
⇒ u ∈ C2(Ω̄)
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Slaba rexeǌa

Prostori Soboǉeva

(u, v)L2(Ω) =

∫

Ω

u(x)v(x) dx =

∫
· · ·

∫

Ω

u(x1, . . . , xn)v(x1, . . . , xn) dx1 · · · dxn

Hk(Ω) = W k,2(Ω) =
{
u ∈ L2(Ω) |Dσu ∈ L2(Ω), |σ| ≤ k

}

σ = (σ1, . . . , σn), |σ| = σ1 + . . . + σn, Dσu =
∂|σ|u

∂xσ1
1 . . . ∂xσn

n

(u, v)Hk(Ω) =
∑

|σ|≤k

∫

Ω

Dσu(x)Dσv(x) dx

Hk
0 (Ω) := zatvoreǌe C∞

0 (Ω) u normi Hk(Ω)
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Slaba forma (E):

Na�i u ∈ H1
0 (Ω) takvo da je

a(u, v) = (f, v)L2(Ω), ∀ v ∈ H1
0 (Ω) (W )

gde je

a(u, v) :=

∫

Ω

( n∑
i,j=1

aij
∂u

∂xj

∂v

∂xi

+
n∑

i=1

bi
∂u

∂xi

v + cuv

)
dx

aij, bi, c ∈ L∞(Ω), f ∈ L2(Ω)

f ∈ H−1(Ω) =
(
H1

0 (Ω)
)′

: f = f0 +
n∑

i=1

∂fi

∂xi

, fi ∈ L2(Ω)

(f, v)L2(Ω) → 〈f, v〉H−1(Ω)×H1
0 (Ω) = (f0, v)L2(Ω) −

n∑
i=1

(
fi,

∂v

∂xi

)
L2(Ω)
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Apstraktni problem: V ↪→ H ≡ H′ ↪→ V ′; u ∈ V

a(u, v) = 〈f, v〉 = 〈f, v〉V ′×V , ∀ v ∈ V

Lema Laksa-Milgrama:

|〈f, v〉| ≤ ‖f‖V ′‖v‖V
|a(u, v)| ≤ C1‖u‖V‖v‖V
a(u, u) ≥ C2‖u‖2

V





⇒ ∃1 u ∈ V , ‖u‖V ≤ 1

C2

‖f‖V ′

Problem (W ): H = L2(Ω), V = H1
0 (Ω)

aij, bi, c ∈ L∞(Ω), f ∈ L2(Ω) (ili f ∈ H−1(Ω))

c ≥ 0, bi − “dovoǉno mali”

bi ∈ W 1,∞(Ω), div b =
n∑

i=1

∂bi

∂xi

− “dovoǉno mala”
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c < 0 i / ili bi − “veliki”:

Gardingova (G̊arding) nejednakost

a(u, u) ≥ C2‖u‖2
H1(Ω) − C3‖u‖2

L2(Ω), C3 > C2 > 0

Posledica: λi > −C3 (<λi > −C3)

Fredholmova alternativa
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Operatorska formulacija: Au = f

A : H → H, D(A) ↪→ H, A = A∗ > 0, ∃A1/2 = (A1/2)∗ > 0,

(u, v)A = (Au, v) , ‖u‖A = (u, u)
1/2
A = ‖A1/2u‖ , HA

(u, v)A−1 = (A−1u, v) , ‖u‖A−1 = (u, u)
1/2

A−1 , HA−1

HA ↪→ H ↪→ HA−1 , HA−1 = H′
A

(Au, v) = (f, v) , ∀v ∈ D(A)

(u, v)A = 〈f, v〉 , ∀v ∈ HA

|〈f, v〉| ≤ ‖f‖A−1‖v‖A , |(u, v)A| ≤ ‖u‖A‖v‖A , (u, u)A = ‖u‖2
A

a(u, v) = (u, v)A , A = L , H = L2(Ω), HA = V = H1
0 (Ω)

bi = 0 , c ≥ 0
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Paraboliqki problem

∂u

∂t
+ Lu = f, (x, t) ∈ Q = Ω × (0, T )

u = 0, (x, t) ∈ ∂Ω × (0, T ) (P )

u = u0, x ∈ Ω, t = 0

Lu := −
n∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+

n∑
i=1

bi
∂u

∂xj

+ cu

aij, bi, c, f, u − funkcije (x, t) = (x1, x2, . . . , xn, t), u0 = u0(x)
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Apstraktni problem: V ↪→ H ≡ H′ ↪→ V ′; u(t) ∈ V〈
du

dt
, v

〉
+ a(t; u(t), v) = 〈f(t), v〉, ∀ v ∈ V , t ∈ (0, T ); u(0) = u0 ∈ H

Hk((0, T ),H); Q = Ω×(0, T ) : Hk,l(Q) = L2((0, T ), Hk(Ω))∩H l((0, T ), L2(Ω))

t → a(t; v, w) merǉiva

|a(t; v, w)| ≤ C1‖v‖V‖w‖V
a(t; v, v) ≥ C2‖v‖2

V − C3‖v‖2
H

f ∈ L2((0, T ),V ′)





⇒ ∃1 u ∈ L2((0, T ),V),
du

dt
∈ L2((0, T ),V ′)

Problem (P ): H = L2(Ω), V = H1
0 (Ω), aij, bi, c ∈ L∞(Q),

‖u‖H1,1/2(Q):=‖u‖L2((0,T ),H1(Ω))+‖u‖H1/2((0,T ),L2(Ω))≤C
(
‖u0‖L2(Ω)+‖f‖L2((0,T ),H−1(Ω))

)

C3 = 0 : C = const; C3 > 0 : C = C(T )
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Operatorska formulacija:

du

dt
+ A(t)u(t) = f(t), t ∈ (0, T ); u(0) = u0 ∈ H

A(t) : H → H, t ∈ (0, T ) , A(t) = A∗(t) > 0

∃A0 = A∗
0 > 0, A0 6= A0(t), A0 ≤ A(t) ≤ constA0

A(t) = L = L(t), a(t; u, v) = (u, v)A(t), H = L2(Ω), HA0 = V = H1
0 (Ω)

‖u‖L2((0,T ),HA0
) + ‖u‖H1/2((0,T ),H) ≤ C

(
‖u0‖H + ‖f‖L2((0,T ),H

A−1
0

)

)
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Hiperboliqki problem

∂2u

∂t2
+ Lu = f, (x, t) ∈ Q = Ω × (0, T )

u = 0, (x, t) ∈ ∂Ω × (0, T ) (H)

u = u0,
∂u

∂t
= u1, x ∈ Ω, t = 0

Lu := −
n∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+ cu

aij, bi, c, f, u − funkcije (x, t) = (x1, x2, . . . , xn, t), u0 = u0(x), u1 = u1(x)
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Apstraktni problem: V ↪→ H ≡ H′ ↪→ V ′
〈

d2u

dt2
, v

〉
+ a(t; u(t), v) = 〈f(t), v〉, ∀ v ∈ V , t ∈ (0, T )

u(0) = u0 ∈ V ,
du

dt
(0) = u1 ∈ H

t → a(t; v, w) merǉiva, a(t; v, w) = a(t; w, v)

|a(t; v, w)| ≤ C1‖v‖V‖w‖V ,
∣∣ d
dt

a(t; v, w)
∣∣≤C ′

1‖v‖V‖w‖V
a(t; v, v)≥C2‖v‖2

V−C3‖v‖2
H, f ∈ L2((0, T ),V ′)




⇒





∃1 u∈L2((0, T ),V)

du
dt
∈L2((0, T ),H)

d2u
dt2
∈L2((0, T ),V ′)

Problem (H): H = L2(Ω), V = H1
0 (Ω), aij, c,

∂aij

∂t
, ∂c

∂t
,∈ L∞(Q)

∥∥∥∥
∂u

∂t

∥∥∥∥
L∞((0,T ),L2(Ω))

+‖u‖L∞((0,T ),H1(Ω)) ≤ C
(
‖u0‖H1(Ω)+‖u1‖L2(Ω)+‖f‖L1((0,T ),L2(Ω))

)

C3 = 0 : C = const; C3 > 0 : C = C(T )
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Prenos mase i energije u oblastima sa slojevima

Difrakcija svetlosti, fazni prelaz, kompozitni materijali, ...

Prekidni koeficijenti, uslovi saglasnosti, ...

Interfejs problemi, transmisioni problemi, ...
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Jednaqina sa singularnim koeficijentom
Koncentrisani kapacitet

(1 + Kδ(x− ξ))
∂u

∂t
− ∂2u

∂x2
= f(x, t), (x, t) ∈ Q = (0, 1)× (0, T ), ξ ∈ (0, 1)

u(0, t) = u(1, t) = 0, t ∈ (0, T )

u(x, 0) = u0(x), x ∈ (0, 1)

∂u

∂t
− ∂2u

∂x2
= f(x, t), (x, t) ∈ Q1∪Q2, Q1 = (0, ξ)×(0, T ), Q2 = (ξ, 1)×(0, T )

N∑
i=1

Aiδ
(i)(x− ξ) = 0 ⇒ Ai = 0;

dϕ

dx
=

{
dϕ

dx

}
+

M∑
i=1

[ϕ]x=xi
δ(x− xi)

Uslovi saglasnosti

[u]x=ξ := u(ξ + 0, t)− u(ξ − 0, t) = 0,

[
∂u

∂x

]

x=ξ

= K
∂u

∂t
(ξ, t)
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Egzistencija rexeǌa

B
du

dt
+ Au = f(t), t ∈ (0, T ); u(0) = u0

H = L2(0, 1), Au = −∂2u

∂x2
, Bu = (1 + Kδ(x− ξ))u

A = A∗ > 0, B = B∗ > 0

‖u‖A ³ ‖u‖H1(0,1), ‖u‖2
B ³ ‖u‖2

L̃2(0,1)
:= ‖u‖2

L2(0,1) + u2(ξ)

ũ = B1/2u, f̃ = B−1/2f, Ã = B−1/2AB−1/2, ũ0 = B1/2u0

dũ

dt
+ Ãũ = f̃(t), t ∈ (0, T ); ũ(0) = ũ0

‖ũ‖L2((0,T ),HÃ) + ‖ũ‖H1/2((0,T ),H) ≤ C
(
‖ũ0‖H + ‖f̃‖L2((0,T ),HÃ−1 )

)

‖u‖L2((0,T ),H1(0,1)) + ‖u‖H1/2((0,T ),L̃2(0,1)) ≤ C
(
‖u0‖L̃2(0,1) + ‖f‖L2((0,T ),H−1(0,1))

)
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Numeriqko rexavaǌe

H̃s(0, 1) = H1
0 (0, 1) ∩Hs(0, ξ) ∩Hs(ξ, 1), s ≥ 1

H̃s,s/2(Q) = L2((0, T ), H̃s(0, 1)) ∩Hs/2((0, T ), L̃2(0, 1))

Qhτ , H̃1,1/2(Qhτ )

‖uhτ − u‖H̃1,1/2(Qhτ ) ≤ C(h2 + τ) log
1

h
‖u‖H̃3,3/2(Q)

Immersed Interface Method
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Konturni problemi u strogo disjunktnim oblastima

1D primer

a1 < b1 < a2 < b2, Ω = (a1, b2)

Ω1 = (a1, b1), Ωc = (b1, a2), Ω2 = (a2, b2)

� � � � � � � � � 	 
 � � 


%(x)
∂u

∂t
− ∂

∂x

(
p(x)

∂u

∂x

)
+ q(x)u = f(x, t) (1)
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p(x) =





p1(x), x ∈ Ω1,
pc(x), x ∈ Ωc,
p2(x), x ∈ Ω2,

q(x) =





q1(x), x ∈ Ω1,
qc(x), x ∈ Ωc,
q2(x), x ∈ Ω2,

f(x, t) =





f1(x, t), x ∈ Ω1,
fc(x, t), x ∈ Ωc,
f2(x, t), x ∈ Ω2,

%(x) =





%1 ³ 1, x ∈ Ω1,
%c ≈ 0, x ∈ Ωc,
%2 ³ 1, x ∈ Ω2,

∂ui

∂t
− ∂

∂x

(
pi(x)

∂ui

∂x

)
+ qi(x)ui = fi(x, t), x ∈ Ωi, i = 1, 2 (2)

− ∂

∂x

(
pc(x)

∂uc

∂x

)
+ qc(x)uc = fc(x, t), x ∈ Ωc (3)
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Uslovi neprekidnosti:

u1(b1, t) = uc(b1, t), uc(a2, t) = u2(a2, t) (4)

p1(b1)
∂u1

∂x
(b1, t) = pc(b1)

∂uc

∂x
(b1, t), pc(a2)

∂uc

∂x
(a2, t) = p2(a2)

∂u2

∂x
(a2, t) (5)

uc(x, t) = C1(t)v1(x) + C2(t)v2(x) + w(x, t) (6)

v1(x), v2(x), w(x, t) – poznate funkcije

C1(t), C2(t) – nepoznate funkcije
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Iz (4) i (6) sledi:

[
v1(b1) v2(b1)
v1(a2) v2(a2)

]
·
[
C1(t)
C2(t)

]
=

[
uc(b1, t)− w(b1, t)
uc(a2, t)− w(a2, t)

]
=

[
u1(b1, t)− w(b1, t)
u2(a2, t)− w(a2, t)

]

odakle daǉe dobijamo:

p1(b1)
∂u1(b1, t)

∂x
= −α1u1(b1, t) + β1u2(a2, t) + γ1(t) (7)

−p2(a2)
∂u2(a2, t)

∂x
= −α2u2(a2, t) + β2u1(b1, t) + γ2(t) (8)
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α1 =
pc(b1)∆1(a2, b1)

∆(b1, a2)
, β1 =

pc(b1)∆1(b1, b1)

∆(b1, a2)

α2 =
pc(a2)∆1(b1, a2)

∆(b1, a2)
, β2 =

pc(a2)∆1(a2, a2)

∆(b1, a2)

γ1(t) =
pc(b1)

∆(b1, a2)

(
∆1(a2, b1) w(b1, t)−∆1(b1, b1) w(a2, t) + ∆(b1, a2)

∂w

∂x
(b1, t)

)

γ2(t) =
pc(a2)

∆(b1, a2)

(
∆1(a2, a2)w(b1, t)−∆1(b1, a2)w(a2, t) + ∆(b1, a2)

∂w

∂x
(a2, t)

)

∆(b1, a2) =

∣∣∣∣
v1(b1) v2(b1)
v1(a2) v2(a2)

∣∣∣∣ , ∆1(r, s) =

∣∣∣∣
v1(r) v2(r)

dv1

dx
(s) dv2

dx
(s)

∣∣∣∣

pc(x) > 0 ⇒ αi, βi > 0
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Postavka poqetno-graniqnog transmisionog problema

∂u1

∂t
− ∂

∂x

(
p1(x)

∂u1

∂x

)
+ q1(x)u1 = f1(x, t), x ∈ Ω1, t > 0

∂u2

∂t
− ∂

∂x

(
p2(x)

∂u2

∂x

)
+ q2(x)u2 = f2(x, t), x ∈ Ω2, t > 0

p1(b1)
∂u1(b1, t)

∂x
+ α1u1(b1, t) = β1u2(a2, t) + γ1(t)

−p2(a2)
∂u2(a2, t)

∂x
+ α2u2(a2, t) = β2u1(b1, t) + γ2(t)

u1(a1, t) = 0, u2(b2, t) = 0

u1(x, 0) = ϕ1(x), u2(x, 0) = ϕ2(x)

(9)
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pi(x), qi(x) ∈ L∞(Ωi), i = 1, 2

0 < p0i ≤ pi(x), 0 ≤ qi(x), s. s. u Ωi, i = 1, 2

αi > 0 , βi > 0, i = 1, 2
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2D problem

Ω1 = (a1, b1)× (c, d), Ω2 = (a2, b2)× (c, d), a1 < b1 < a2 < b2, c < d

1 2

 a1                b1                    a2                    b2 x

y

d

c
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∂u1

∂t
− ∂

∂x

(
p1(x, y)

∂u1

∂x

)
− ∂

∂y

(
q1(x, y)

∂u1

∂y

)
+ r1(x, y)u1 = f1(x, y, t) (10)

(x, y) ∈ Ω1, t > 0

∂u2

∂t
− ∂

∂x

(
p2(x, y)

∂u2

∂x

)
− ∂

∂y

(
q2(x, y)

∂u2

∂y

)
+ r2(x, y)u2 = f2(x, y, t) (11)

(x, y) ∈ Ω2, t > 0

p1(b1, y)
∂u1

∂x
(b1, y, t) + α1(y)u1(b1, y, t) =

∫ d

c

β1(y, y′)u2(a2, y
′, t) dy′ (12)

−p2(a2, y)
∂u2

∂x
(a2, y, t) + α2(y)u2(a2, y, t) =

∫ d

c

β2(y, y′)u1(b1, y
′, t) dy′ (13)

y ∈ (c, d), t > 0

Nelokalni uslovi saglasnosti
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u1(a1, y, t) = 0, y ∈ (c, d); u1(x, c, t) = u1(x, d, t) = 0, x ∈ (a1, b1)

u2(b2, y, t) = 0, y ∈ (c, d); u2(x, c, t) = u2(x, d, t) = 0, x ∈ (a2, b2)
(14)

u1(x, y, 0) = ϕ1(x, y), (x, y) ∈ Ω1; u2(x, y, 0) = ϕ2(x, y), (x, y) ∈ Ω2 (15)

Uslovi regularnosti i eliptiqnosti:

pi(x, y), qi(x, y), ri(x, y) ∈ L∞(Ωi), i = 1, 2 (16)

0 < pi0 ≤ pi(x, y), 0 < qi0 ≤ qi(x, y), s. s. u Ωi (17)

αi ∈ L∞(c, d), βi ∈ L∞ ((c, d)× (c, d)) , i = 1, 2 (18)

αi > 0 , βi > 0

—————————————————————————————————–
MI SANU 27.05.2016. 28 / 41



Primer iz fizike

Prenos toplote zraqeǌem izme�u dva disjunktna crna tela

� �
� �� � � � �

	 
 � � 

� �� � � � ��
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∂ui

∂t
− div (Ai(x, t, ui)∇ui) = fi(x, t), x ∈ Ωi, t > 0 (19)

(Ai(x, t, ui)∇ui, ν(x)) + hi(ui(x, t)) =

=

∫

∂Ω3−i

h3−i(u3−i(x′, t))w(x′, x, t)dS(x′) + gi(x, t), x ∈ Γi,R ∪ Γi,N , t > 0
(20)

ui(x, t) = ψi(x, t), x ∈ Γi,D, t > 0 (21)

ui(x, 0) = ϕi(x), x ∈ Ωi (22)

i = 1, 2
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Sistem u staǌu mirovaǌa:

w(x′, x) =





(ν(x′), x− x′)(ν(x), x′ − x)

bn|x′ − x|n+1
, ako je [x, x′] ∩ (Ω1∪Ω2) = ∅

0, ako je [x, x′] ∩ (Ω1∪Ω2) 6= ∅
(23)

bn = mes Sn−1/(n− 1), (obiqno n = 2 ili n = 3)

Zraqeǌe Xtefan-Bolcmanovog (Štefan-Boltzmann) tipa:

hi(ui) = αi|ui|3ui

Poqetno-graniqni problem (10)-(15) svodi se na linearizovan nesta-
cionaran problem prenosa toplote zraqeǌem tipa (19)-(22) ako se βi

izaberu u skladu s (23):

βi(y, y′) =
α3−i(y

′) (a2 − b1)
2

2 [(a2 − b1)2 + (y − y′)2]3/2
, i = 1, 2
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Egzistencija rexe�a transmisionog problema (10)-(15)
Funkcionalni prostori

L2 = L2(Ω1)× L2(Ω2) = {v = (v1, v2) | vi ∈ L2(Ωi)}

(u, v)L2 = (u1, v1)L2(Ω1) + (u2, v2)L2(Ω2), ‖v‖L2 = (v, v)
1/2

L2

Hk = {v = (v1, v2) | vi ∈ Hk(Ωi)}, k = 1, 2, . . .

(u, v)Hk = (u1, v1)Hk(Ω1) + (u2, v2)Hk(Ω2), ‖v‖Hk = (v, v)
1/2

Hk

H1
0 = {v = (v1, v2) ∈ H1 | vi = 0 na Γi, i = 1, 2}

Γ1 = ∂Ω1 \ {(b1, y) | y ∈ (c, d)}, Γ2 = ∂Ω2 \ {(a2, y) | y ∈ (c, d)}

H1,1/2 = L2((0, T ), H1) ∩H1/2((0, T ), L2)
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A(u, v) =

∫

Ω1

(
p1

∂u1

∂x

∂v1

∂x
+ q1

∂u1

∂y

∂v1

∂y
+ r1u1v1

)
dx dy

+

∫

Ω2

(
p2

∂u2

∂x

∂v2

∂x
+ q2

∂u2

∂y

∂v2

∂y
+ r2u2v2

)
dx dy

+

∫ d

c

α1(y)u1(b1, y)v1(b1, y) dy +

∫ d

c

α2(y)u2(a2, y)v2(a2, y) dy

−
∫ d

c

∫ d

c

β1(y, y′)u2(a2, y
′)v1(b1, y) dy dy′ −

∫ d

c

∫ d

c

β2(y
′, y)u1(b1, y)v2(a2, y

′) dy dy′

Slaba forma (10) – (14):
〈∂u

∂t
(·, t), v

〉
+ A(u(·, t), v) = 〈f(·, t), v〉, ∀v ∈ H1

0 , t ∈ (0, T )

(16)−(18) ⇒
{ |A(u, v)| ≤ C1‖u‖H1‖v‖H1

A(u, u) ≥ C2‖u‖2
H1 − C3‖u‖2

L2

⇒



∃1 u ∈ L2((0, T ), H1

0 ),

∂u

∂t
∈ L2((0, T ), (H1

0 )′)
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Apriorna ocena

fi(x, y, t) = fi0(x, y, t) +
∂(%i(x) fi1(x, y, t))

∂x
+

∂fi2(x, y, t)

∂y

+

∫ T

0

fi3(x, y, t, t′)− fi3(x, y, t′, t)
|t− t′| dt′, i = 1, 2

fi0, fi1, fi2 ∈ L2(Qi), fi3 ∈ L2(Ri), %1(x) = b1 − x, %2(x) = x− a2

Qi = Ωi × (0, T ), Ri = Ωi × (0, T )2, ϕi ∈ L2(Ωi)

‖u‖H1,1/2 ≤ C

2∑
i=1

(
‖ϕi‖L2(Ωi)+‖fi0‖L2(Qi)+‖fi1‖L2(Qi)+‖fi2‖L2(Qi)+‖fi3‖L2(Ri)

)

C = C(T ) = C4TeC5T ; C3 = 0 : C = const
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Numeriqko rexavaǌe

Za transmisione probleme razmatranog tipa karakteristiqno je pri-
sustvo nelokalnih uslova saglasnosti (videti (7)-(8), (12)-(13), (20)
itd.). To dovodi do izvesnog uslo�ǌavaǌa numeriqkih metoda za
ǌihovo rexavaǌe. Naime, prilikom diskretizacije zadatka umesto
uobiqajenih “retkih” matrica dobijaju se matrice nexto “gux�e”
strukture, xto dovodi do pove�aǌa broja aritmetiqkih operacija
neophodnih za dobijaǌe rexeǌa
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Parcijalne jednaqine razlomǉenog reda

Integrali i izvodi razlomǉenog reda (Riman-Liuvil)
∫ x

a

dx1

∫ x1

a

dx2 · · ·
∫ xn−1

a

f(xn) dxn =
1

(n− 1)!

∫ x

a

(x− ξ)n−1f(ξ) dξ , n ∈ N

(Iα
a+f)(x) =

1

Γ (α)

∫ x

a

(x− ξ)α−1f(ξ) dξ , α ∈ R+; I0
a+f = f

dnf

dxn
(x) =

dn+1

dxn+1

( ∫ x

a

f(ξ) dξ

)
→ Dα

a+ =
d[α]+1

dx[α]+1
I

[α]+1−α
a+

(Dα
a+f)(x) =

1

Γ (n− α)

dn

dxn

(∫ x

a

(x− ξ)n−α−1f(ξ) dξ

)
, n− 1 ≤ α < n

Analogno se definixu Iα
b− i Dα

b−
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Primeri

Dα
0+(xβ) =

Γ (β + 1)

Γ (β − α + 1)
xβ−α

Dα
0+(1) =

x−α

Γ (1− α)
6= 0, α 6∈ N

Dα
0+(e±x) =

e±x

xα
γ∗(−α,±x)

Osobine

Dα
a+Iα

a+f = f, Dβ
a+Iα

a+f = Iα−β
a+ f, α ≥ β > 0

Iα
a+Iβ

a+f = Iα+β
a+ f , α ≥ 0

Dα
a+Dβ

a+f = Dα+β
a+ f , 0 < α, β < 1, f(a) = 0

Parcijalni izvodi razlomǉenog reda
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Prostori Soboǉeva: Hα(Ω), Ḣα(Ω) = Hα
0 (Ω), Ω ⊂ Rn

|u|Hα
+(a,b) = ‖Dα

a+u‖L2(a,b) , ‖u‖Hα
+(a,b) =

(
‖u‖2

L2(a,b) + |u|2Hα
+(a,b)

)1/2

, α > 0

Hn
±(a, b) = Hn(a, b), n ∈ N; Ḣα

±(a, b) zatvoreǌe Ċ∞(a, b) = C∞
0 (a, b)

Lema 1. (Li, Xu, 2009) Neka je 0<α<1, u∈Hα
+(a, b), v∈ Ċ∞(a, b). Tada je

(Dα
a+u, v)L2(a,b) = (u, Dα

b−v)L2(a,b) .

Lema 2. (Ervin, Roop, 2006) Neka je α > 0 i u ∈ Ċ∞(a, b). Tada je

(Dα
a+u, Dα

b−u)L2(a,b) = cos πα ‖Dα
a+u‖2

L2(a,+∞) .

Lema 3. Ako je α > 0 i α 6= n + 1/2, n ∈ N, tada su prostori Ḣα
+(a, b),

Ḣα
−(a, b) i Ḣα(a, b) jednaki a ǌihove norme (i seminorme) me�usobno

ekvivalentne.

Hα,β
± (Q) = L2((0, T ), Hα(0, 1)) ∩Hβ

±((0, T ), L2(0, 1)) .

0 ≤ β < 1/2 : Hα,β
+ (Q) = Hα,β

− (Q) = Hα,β(Q) .
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Jednaqina subdifuzije α ∈ (0, 1), Q = (0, 1)× (0, T )

Dα
t,0+u− ∂2u

∂x2
= f(x, t), (x, t) ∈ Q (24)

u(x, 0) = 0, x ∈ (0, 1) (25)

u(0, t) = u(1, t) = 0, t ∈ (0, T ) (26)

Slaba forma problema (24)-(26): na�i u ∈ Ḣ1,α/2(Q) takvo da je

a(u, v) = l(v) , ∀ v ∈ Ḣ1,α/2(Q) (27)

gde je
Ḣ1,α/2(Q) = L2((0, T ), Ḣ1(0, 1)) ∩ Ḣα/2((0, T ), L2(0, 1))

a(u, v) =
(
D

α/2
t,0+u, D

α/2
t,T−v

)
L2(Q)

+

(
∂u

∂x
,

∂v

∂x

)

L2(Q)

l(v) = (f, v)L2(Q)
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Teorema 1. (Li, Xu, 2009) Za α ∈ (0, 1) i f ∈ L2(Q) problem (27) ima
jedinstveno rexeǌe koje zadovoǉava apriornu ocenu

‖u‖H1,α/2(Q) ≤ C ‖f‖L2(Q)

f = f0 +
∂f1

∂x
+ D

α/2
t,0+f2, fi ∈ L2(Q) : ‖u‖H1,α/2(Q) ≤ C

3∑
i=1

‖fi‖L2(Q)

Numeriqko rexavaǌe

U sluqaju aproksimacije metodom konaqnih razlika frakcioni izvod
po vremenu numeriqkog rexeǌa na vremenskom sloju tj se izra�ava
kao linearna kombinacija vrednosti rexeǌa na svim prethodnim
vremenskim slojevima tk, k < j, koju svaki put treba izraqunati.
Na taj naqin se pove�ava numeriqki napor (u pore�eǌu sa stan-
dardnim nestacionarnim problemima paraboliqkog i hiperboliqkog
tipa). Osim toga, vrednosti numeriqkog rexeǌa u qvorovima mre�e
v(xi, tk) moraju se trajno quvati, xto mo�e biti “skupo”, naroqito u
vixedimenzionom sluqaju.
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2. I. Podlubny, Fractional Differential Equations, Academic Press 1999.
3. M. Renardy, R. C. Rogers, An Introduction to Partial Differential Equations, Springer 2004.
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