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BICLIQUES AND GRAHAM-POLLAK THEOREM

A complete bipartite graph is called a biclique.

THEOREM (GRAHAM-POLLAK 1971)
If the edge-set of the complete graph Kn on n vertices are partitioned

into k bicliques, then

k ≥ n − 1.

REMARKS

All the known proofs of this theorem use methods from linear algebra.

There are many partitions using n − 1 bicliques.

SEBI CIOABĂ (U DELAWARE) DECOMPOSITIONS OF (HYPER)GRAPHS ILAS 2010 2 / 12



GRAPH DECOMPOSITIONS INTO BICLIQUES

The biclique partition number bp(G) of a graph G is the minimum

number of bicliques that partition the edge-set of G.

THEOREM (WITSENHAUSEN 1971)
If G is a graph, then

bp(G) ≥ max(n+(G), n−(G))

where n+(G) is the number of positive eigenvalues and n−(G) is the

number of negative eigenvalues of the adjacency matrix of G.
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APPLICATIONS

Ka,b has eigenvalues
√

ab
(1)

, 0(a+b−2),−
√

ab
(1)

so

bp(Ka,b) ≥ max(n+(Ka,b), n−(Ka,b)) = 1.

Kn has eigenvalues (n − 1)(1), (−1)(n−1) so

bp(Kn) ≥ max(n+(Kn), n−(Kn)) = n − 1.

THE KNESER GRAPH K (n, k)

The vertices of the Kneser graph K (n, k) are the k -subsets of

[n] := {1, . . . , n} and A ∼ B iff A ∩ B = ∅.

bp(K (n, k)) ≥ max(n+(K (n, k)), n−(K (n, k))) =

�
n − 1

k

�
.
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HYPERGRAPH DECOMPOSITION INTO HyperBICLIQUES

COMPLETE r -UNIFORM HYPERGRAPHS

Let K
(r)
n denote the complete r -uniform hypergraph on n vertices. Its

vertex set is [n] = {1, . . . , n} and its hyperedges are the r -subsets of

[n].

COMPLETE r -PARTITE r -UNIFORM HYPERGRAPH

If A1, . . . ,Ar ⊂ [n] are pairwise disjoint, then the r -uniform hypergraph

whose edge set is A1 × · · · × Ar is called a complete r -partite

r -uniform hypergraph.

EXAMPLE

The 3-uniform hypergraph whose edges are {1, 2, 3}, {1, 2, 4}, {1, 2, 5}
is complete 3-partite 3-uniform hypergraph with edge set

{1} × {2} × {3, 4, 5}.
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GRAHAM-POLLAK THEORM FOR HYPERGRAPHS

Let fr (n) denote the minimum number of complete r -partite r -uniform

hypergraphs that partition the edge-set of K
(r)
n .

Graham-Pollak Theorem states that f2(n) = n − 1.

QUESTION (AHARONI-LINIAL 1980S)
For fixed r ≥ 3, is fr (n) linear in n ?

THEOREM (ALON 1986)

f3(n) = n − 2

and for fixed r ≥ 4

fr (n) = Θ
�

n
� r

2
�
�
.
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OUR RESULTS

THEOREM (CIOABĂ-KÜNDGEN-VERSTRAËTE 2009)
For 2k ≤ n,

2
�

n−1

k

�
�

2k

k

� ≤ f2k (n) ≤ f2k+1(n + 1) ≤
�

n − k

k

�
.
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PROOF OF THE LOWER BOUND f2k(n) ≥
2(n−1

k )
(2k

k )

PROOF IDEA 1
From a complete 2k -partite 2k -uniform hypergraph with edge set

A1 × · · · × A2k construct
(2k

k
)

2
bicliques in the Kneser graph K (n, k):

for each partition I ∪ J = [2k ], |I| = |J| = k , take the biclique whose

color classes are AI := ×i∈IAi and AJ := ×j∈JAj .

PROOF IDEA 2

From an optimal decomposition of K
(2k)
n with f2k (n) hypergraphs, we

obtain f2k (n) ·
(2k

k
)

2
bicliques that partition the edge-set of the Kneser

graph K (n, k):

f2k (n) ·
�

2k

k

�

2
≥ bp(K (n, k)) =

�
n − 1

k

�
.
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PROOF OF THE UPPER BOUND

f2k(n) ≤ f2k+1(n + 1) ≤
�

n−k

k

�

CONSTRUCTION

For 1 < i1 < · · · < ik < n + 1 with ij+1 − ij ≥ 2 for each j , let Hi1,...,ik be

the complete (2k + 1)-partite (2k + 1)-uniform hypergraph whose

edge-set is

{1, . . . , i1−1}×{i1}×{i1+1, . . . , i2−1}×· · ·×{ik}×{ik +1, . . . , n+1}.

The
�

n−k

k

�
hypergraphs Hi1,...,ik partition the edge-set of K

(2k+1)
n+1

.
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OPEN PROBLEMS

DETERMINING fr (n) WHEN r ≥ 4

n2−3n+2

6
=

2(n−1

2
)

(4

2
)

≤ f4(n) ≤
�

n−2

2

�
= n2−5n+6

2

QUESTION (BRUALDI 2010)
For fixed k ≥ 1, do any of the following limits exist ?

lim
n→∞

f2k+1(n + 1)

f2k (n)

lim
n→∞

f2k (n)

nk
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OPEN PROBLEMS

DE CAEN CONJECTURE

In any partition of Kn with n − 1 colored bicliques, there exists a

multicolored path with n − 1 edges.

THEOREM (ALON, BRUALDI AND SHADER 1991)
In any partition of Kn with n − 1 colored bicliques, there exists a

multicolored tree with n − 1 edges.

DE CAEN-GREGORY-PRITIKIN CONJECTURE

Given λ ≥ 2, there exists n(λ) such that bp(λKn) = n − 1 for any

n ≥ n(λ).
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OPEN PROBLEMS

COVERING EACH EDGE OF Kn AT MOST TWICE

What is the minimum number of bicliques that cover the edges of Kn

such that each edge of Kn belongs to precisely one or two bicliques ?

Huang-Sudakov 2010: this number is between
√

n and 2
√

n.

HOFFMAN’S HONEYMOON HOTEL

The Honeymoon Hotel HH(m) is obtained from K2m by adding a

perfect matching.

m + �
√

2m� − 1 ≤ bp(HH(m)) ≤
�

3m−2

2
m even

3m−1

2
m odd

CONJECTURE (HOFFMAN 2001)
bp(HH(m)) = RHS. True for m ≤ 10. (Mike Tait, UDel Undergrad).
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