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Determinants Evaluation of determinants of order 2 slide 3.2

Definition 4.1.1 (p. 65)

Let A = [aij ] be a square matrix of order n.
The determinant of A is the number det A defined
by the sum

det A = (−1)n
∑

L∈L(A)

(−1)c(L)
w(L)

where the summation extends over all linear
subdigraphs L of the digraph D

∗(A).
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Determinants Evaluation of determinants of order 2 slide 3.2

Example 4.1.2 (p. 66)

Calculate the determinant

det A =

∣

∣

∣

∣

a11 a12

a21 a22

∣

∣

∣

∣

.
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A =

[

a11 a12

a21 a22

]

|A| =

∣

∣

∣

∣

a11 a12

a21 a22

∣

∣

∣

∣

det A = (−1)2+2
a11a22 + (−1)2+1

a12a21

= a11a22 − a12a21

1 2

a12

a21

a11 a22

D∗(A)
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∣

∣

∣

∣

det A = (−1)2+2
a11a22 + (−1)2+1

a12a21

= a11a22 − a12a21

1 2

a12

a21

a11 a22

1 2

a11 a22

D∗(A) L1
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∣

det A = (−1)2+2
a11a22 + (−1)2+1

a12a21

= a11a22 − a12a21

1 2

a12
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1 2
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A =

[

a11 a12

a21 a22

]

|A| =

∣

∣

∣

∣

a11 a12

a21 a22

∣

∣

∣

∣

det A = (−1)2+2
a11a22 + (−1)2+1

a12a21

= a11a22 − a12a21

1 2

a11 a22

1 2

a12

a21

L1 L2
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Determinants Evaluation of determinants of order 3 slide 3.3

Example 4.1.2 (p. 66)

Calculate the determinant

detA =

∣

∣

∣

∣

∣

∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣

∣

∣

∣

∣

∣

using

det A = (−1)n
∑

L∈L(A)

(−1)c(L)
w(L).
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Determinants Evaluation of determinants of order 3 slide 3.3

A =





a11 a12 a13

a21 a22 a23

a31 a32 a33





detA = (−1)3+3
a11a22a33 + (−1)3+1

a12a31a23 +

(−1)3+1
a21a32a13 + (−1)3+2

a11a23a32 +

(−1)3+2
a22a13a31 + (−1)3+2

a33a12a21

det A = a11a22a33 + a12a31a23 + a21a32a13

= −a11a23a32 − a22a13a31 − a33a12a21
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detA = (−1)3+3
a11a22a33 + (−1)3+1

a12a31a23 +

(−1)3+1
a21a32a13 + (−1)3+2

a11a23a32 +

(−1)3+2
a22a13a31 + (−1)3+2

a33a12a21

1

2 3

a12

a21 a13
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a23

a32

a11

a22 a33
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detA = (−1)3+3
a11a22a33 + (−1)3+1
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Richard Brualdi, Dragoš Cvetković ()A Combinatorial Approach to Matrix Theory (slides by Vladimir Baltić) 9 / 31
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detA = (−1)3+3
a11a22a33 + (−1)3+1

a12a31a23 +

(−1)3+1
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a11a23a32 +

(−1)3+2
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a33a12a21

1

2 3

a12

a21 a13
a31

a23

a32

a11

a22 a33

1

2 3

a21 a13

a32

L3 :
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detA = (−1)3+3
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detA = (−1)3+3
a11a22a33 + (−1)3+1
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Determinants Evaluation of determinants of order 3 slide 3.3

detA = (−1)3+3
a11a22a33 + (−1)3+1

a12a31a23 +
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Determinants Determinant of a transpose slide 3.4

Theorem 4.2.1 (p. 72)

det A
T

= det A.
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Determinants Determinant of a transpose slide 3.4

Theorem 4.2.1 (p. 72)

det A
T = det A.

Theorem 4.2.1 implies that every statement that

holds for the rows of a matrix also holds for the

columns.
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Determinants Determinant of a transpose slide 3.4

A =





a11 a12 a13

a21 a22 a23

a31 a32 a33



 A
T

=





a11 a21 a31

a12 a22 a32

a13 a23 a33
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Determinants Determinant of a transpose slide 3.4

Effect of transposition

entry a at position (i, j)

i j

a
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Effect of transposition

entry a at position (j, i)

i j

a
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det A = det AT =

= (−1)3+3
a11a22a33 + (−1)3+1

a12a31a23

+(−1)3+1
a21a32a13 + (−1)3+2

a11a23a32

+(−1)3+2
a22a13a31 + (−1)3+2

a33a12a21
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Richard Brualdi, Dragoš Cvetković ()A Combinatorial Approach to Matrix Theory (slides by Vladimir Baltić) 13 / 31
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det A = det AT =
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Determinants Effect of zero entries slide 3.5

The effect of a zero entry

(related to remark on p. 69)
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A =





a11 a12 a13

a21 a22 a23

a31 a32 a33





1

2 3

a12

a21 a13

a31

a23

a32

a11

a22 a33

detA = (−1)3+3
a11a22a33 + (−1)3+1

a12a31a23 +

(−1)3+1
a21a32a13 + (−1)3+2

a11a23a32 +

(−1)3+2
a22a13a31 + (−1)3+2

a33a12a21
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A =





a11 a12 a13

a21 a22 0
a31 a32 a33





1

2 3

a12

a21 a13

a31

0

a32

a11

a22 a33

detA = (−1)3+3
a11a22a33 + (−1)3+1

a12a31 · 0 +

(−1)3+1
a21a32a13 + (−1)3+2

a11 ·0·a32 +

(−1)3+2
a22a13a31 + (−1)3+2

a33a12a21
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detA = (−1)3+3
a11a22a33 + 0 +

(−1)3+1
a21a32a13 + 0 +

(−1)3+2
a22a13a31 + (−1)3+2

a33a12a21

1

2 3

a12

a21 a13

a31

0

a32

a11

a22 a33

1

2 3

a11

a22 a33

L1 :

Richard Brualdi, Dragoš Cvetković ()A Combinatorial Approach to Matrix Theory (slides by Vladimir Baltić) 16 / 31
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detA = (−1)3+3
a11a22a33 + (−1)3+1

a12a31 · 0 +

(−1)3+1
a21a32a13 + 0 +

(−1)3+2
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detA = (−1)3+3
a11a22a33 + 0 +
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a21a32a13 + 0 +

(−1)3+2
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detA = (−1)3+3
a11a22a33 + 0 +

(−1)3+1
a21a32a13 + (−1)3+2

a11 ·0·a32 +
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a31

0

a32
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a22 a33
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detA = (−1)3+3
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A =
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a33

L6 :
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Theorem 4.2.2 (p. 72)

Let each element of some row (row i) of the ma-
trix A be multiplied by c, resulting in matrix B.
Then

detB = c · det A.

Richard Brualdi, Dragoš Cvetković ()A Combinatorial Approach to Matrix Theory (slides by Vladimir Baltić) 19 / 31
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A =











ai1 ai2 · · · ain











i-th row
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A =
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i-th row ai1 ain

1 n

i

D
∗(A)

B =
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cai1 cai2 · · · cain
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i-th row cai1 cain

1 n

i

D
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weights of other
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i
aix

x

i
c · aix

x

LA ∈ L(A) LB ∈ L(B)
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iaix

x

ic · aix

x

c · w(LA) = w(LB)

c(LA) = c(LB)

(−1)c(LA) = (−1)c(LB)

(−1)
n

∑

L∈L(A)

(−1)
c(L)

c · w(L) = (−1)
n

∑

L∈L(B)

(−1)
c(L)

w(L)

c · det A = det B
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Theorem 4.2.3 (p. 73)

Let two rows (rows i and j) of the matrix A be
interchanged, resulting in matrix B. Then

det B = −det A.
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A =











ai1 ai2 · · · ain

aj1 aj2 · · · ajn











i-th row

j-th row
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i and j belong

to the same cycle

i and j are in

different cycles

i

j

x

y  

j

i

x

y

LA ∈ L(A) LB ∈ L(B)
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i and j are in
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i

x
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i

j

x

y

j

i

x

y

w(LA) = w(LB)

c(LA) + 1 = c(LB)

−(−1)c(LA) = (−1)c(LB)
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j

i

x

y

i

j

x

y

w(LA) = w(LB)

c(LA) − 1 = c(LB)

−(−1)c(LA) = (−1)c(LB)

−(−1)
n

∑

L∈L(A)

(−1)
c(L)

w(L) = (−1)
n

∑

L∈L(B)

(−1)
c(L)

w(L)

−detA = det B
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Example 4.1.3 (p. 69)

A =















a1 0 · · · 0 0

0 a2 0 0

.

.

.
. . .

.

.

.

0 0 an−1 0

0 0 · · · 0 an















Calculate the determinant det A.

Richard Brualdi, Dragoš Cvetković ()A Combinatorial Approach to Matrix Theory (slides by Vladimir Baltić) 25 / 31
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A =















a1 0 · · · 0 0
0 a2 0 0
...

. . .
...

0 0 an−1 0
0 0 · · · 0 an















digraph D
∗(A)

a1 a2
an−1 an

1 2 n − 1 n

det A = (−1)n

(

(−1)n

a1a2 · · · an

)

= a1a2 · · ·an
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Example 4.1.4 (p. 70)

A =









b a 0 0

c b a 0

0 c b a

0 0 c b









Calculate the determinant det A.
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A =
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digraph D∗(A)

b b b b

c

a

c

a

c

a
1 2 3 4

detA = (−1)4
(

(−1)4b4 + 3(−1)3ab
2
c + (−1)2a2

c
2

)

= b
4
− ab

2
c − ab

2
c − ab

2
c + a

2
c
2

= b
4
− 3ab

2
c + a

2
c
2
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Exercise 4. (p. 95)
Solution (p. 248)

Prove that
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a0 a1 a2 · · · an−1 an

−1 x 0 · · · 0 0

0 −1 x 0 0

.

.

.

.
.
.

.

.

.

0 0 0
.
.
. x 0

0 0 0 −1 x

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

n
∑

i=0

aix
n−i

.

Richard Brualdi, Dragoš Cvetković ()A Combinatorial Approach to Matrix Theory (slides by Vladimir Baltić) 29 / 31
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A =
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−1 x 0 · · · 0 0

0 −1 x 0 0

.

.

.

.
.
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.

.
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.
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a0 x x x x x
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−1 −1 −1
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a2

ai
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an

a0 x x x x x

det A = a0x
n

+ a1x
n−1

+ a2x
n−2

+ · · · + aix
n−i

+ · · · + an−1x + an =

n∑

i=0

aix
n−i
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Richard Brualdi, Dragoš Cvetković ()A Combinatorial Approach to Matrix Theory (slides by Vladimir Baltić) 31 / 31
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