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FLOW PATTERNS AND BIFURCATIONS IN A
Z-SHAPED CAVITY PART II: REFINEMENT

OF CORNER AND EFFECT OF
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Ebutalib Çelik and Ali Deliceoğlu

Abstract. This research builds upon Çelik’s earlier study [1], which explored
various flow patterns and constructed a bifurcation diagram for the flow with
Stokes approximation in a Z-shaped domain driven by dual lids. In this study,
enhanced solutions near the re-entrant corner are initially derived using the as-
ymptotic matching technique. These solutions direct attention towards a com-
prehensive analysis of flow structures and behaviors at the re-entrant corner
point. The formation and bifurcation of the separation bubble that appears
near the corner is investigated in detail. Subsequently, the (h1, h2) control
space diagram, which was previously developed on the basis of cavity height
parameters, is recreated for a Reynolds number of 50. Additionally, the impact
of the Reynolds number (Re) on vortex formation is analyzed. The findings
indicate that at Re = 50, distinct flow patterns occur, and an increase in the
Reynolds number accelerates vortex formation, leading to earlier transitions
in flow topology and more complex bifurcation scenarios.

1. Introduction

Cavity flows, influenced by geometry, boundary conditions, and flow regimes,
exhibit rich vortex structures and bifurcation phenomena that evolve as the
Reynolds number increases. Cavity-type flows are significant in various engineer-
ing applications due to their complex dynamics and implications for performance
and control [2–4]. Understanding these flows is essential for optimizing designs in
aeronautics, heat transfer systems, and fluid mechanics, where accurate prediction
of vortex behavior directly impacts efficiency and stability. Among the diverse
cavity configurations studied in the literature, the Z-shaped cavity represents a dis-
tinctive geometry, offering unique challenges and opportunities for analyzing flow
separation, vortex interaction, and bifurcation phenomena. Applied research has
investigated flow structures in multi-bend and Z-shaped configurations [5–8]. Çe-
lik [1] investigated flow patterns and vortex formation for incompressible, steady
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flows with Stokes approximation in a Z-shaped cavity with two lids moving in the
same direction, using numerical methods and nonlinear dynamical systems to an-
alyze how flow structures change with varying cavity heights. He constructed a
control-space diagram to map these transformations and detail the bifurcation sce-
narios that lead to the creation of new vortices. In subsequent research, Çelik et
al. [9] also utilized the Z-shaped cavity geometry, but focused on the case where
only the upper lid is in motion. By solving the flow analytically, paper specifically
investigated the critical role of the separation line crossing the corner point in the
genesis of new vortices. More recently, computational fluid dynamics analyses of
Z-pipe geometries have highlighted the influence of circulating flows on separation
efficiency and operational stability [10]. Complementary research has extended
these insights to magnetohydrodynamic mixed convection in lid-driven Z-shaped
cavities, revealing the interactions between Joule heating, rotating elements, and
magnetic fields that produce intricate thermofluidic behavior [11].

In complex cavity geometries, singular points near corners often degrade nu-
merical accuracy and stability. To overcome these challenges, several studies have
developed specialized techniques [12]. Phillips [13] pioneered singular matched
eigenfunction expansions for Stokes flow around corners, while Hawa and Rusak [14]
extended asymptotic solutions through numerical-asymptotic expansion match-
ing. More recent contributions, such as Deliceoğlu et al. [15], further refined
eigenfunction-based treatments for viscous flows. Complementary approaches in-
clude combined analytical–numerical methods [16] and singularity-aware discretiza-
tions in modern computational frameworks. Additionally, studies on convective
heat transfer enhancement [17] underscore the broader relevance of corner singu-
larity treatment in thermofluid applications.

In fluid mechanics, the study of flow separation followed by reattachment, lead-
ing to separation bubbles, is crucial due to its impact on aerodynamic design and
thermal efficiency. These bubbles cause performance losses in systems, including
decreased lift, increased drag, and uneven surface heat transfer. The Laminar Sep-
aration Bubble (LSB), common in low Reynolds number applications, occurs when
flow separates from the surface laminarly, transitions to turbulence within the re-
circulating area, and reattaches turbulently. The dynamics of separation bubbles
and their impact on engineered systems have been extensively studied [18–23].
Some research efforts aim to better understand the formation, development, and
transition of the separation bubble. Deliceoğlu and Aydin [24] investigated the
complex interaction between the main internal flow (driven by the moving lid) and
separation vortex formed at the sharp re-entrant corner of the L-shaped cavity. In
recent studies, Xenos [25] focused on the mathematical modeling and preliminary
numerical results for the LSB phenomenon in a compressible flow regime, aiming
to build a theoretical framework. Kumar and Sarkar [26] investigated the Laminar
Separation Bubble (LSB) under varying conditions using experiments and Large
Eddy Simulation (LES).

Despite the extensive investigations into cavity-driven flows, the Z-shaped cav-
ity continues to attract attention across engineering and applied sciences due to
its distinctive geometry and the challenges posed by corner-induced singularities.
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These singular points not only complicate numerical accuracy but also interact
strongly with separation bubbles, which influence flow reattachment and vortex
dynamics. Building on previous work [1], the present study advances this line of
research by focusing on the corner regions through an asymptotic matching tech-
nique, enabling a more precise characterization of separation bubbles and their
coupling with other flow structures. Furthermore, the previously established bifur-
cation diagram is extended at a constant Reynolds number (Re = 50), revealing
new flow regimes and transitions. By solving the Navier–Stokes equations with a
stabilized finite element method, this study provides a comprehensive framework
for analyzing vortex formation, singularity effects, and bubble dynamics within the
Z-shaped cavity, thereby contributing to the fundamental understanding of complex
cavity-type flows.

2. Governing equations

The flow patterns identified by Çelik [1] will be analyzed locally near the corner
using the matching technique. To achieve this, the polar form of the governing equa-
tions is derived for the Stokes flow approximation. Furthermore, the Navier–Stokes
equations are formulated to explore the influence of the Reynolds number.

2.1. Separable solutions of the Stokes equations. The study of the local
flow near the re-entrant corner is conducted using a polar coordinate system (r, θ).
Consequently, we employ the separable solutions of the dimensionless Stokes equa-
tions for steady, planar flows. The stream function, which satisfies the biharmonic
equation, is expressed in the polar form

∇4ψ(r, θ) =
( ∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2

)2

ψ(r, θ) = 0,

where ur(r, θ) = 1
r
∂ψ
∂θ is the radial and uθ(r, θ) = −∂ψ

∂r is the circumferential velocity
components, respectively. The solution of the steady flow around the corner of angle
2α formed by the wall θ = ∓α takes the form by [27,28],

(2.1) ψ = ℜ
{ ∞∑
n=1

[Anr
λa,nfλa,n

(θ) +Bnr
λs,nfλs,n

(θ)]

}
,

where

(2.2) fλa,n
(θ) = cos((λa,n − 2)α) cos(λa,nθ)− cos(λa,nα) cos((λa,n − 2)θ),

(2.3) fλs,n(θ) = sin((λs,n − 2)α) sin(λs,nθ)− sin(λs,nα) sin((λs,n − 2)θ).

Unknown complex constants An = arn + iain, Bn = brn + ibin are determined by the
least square sense. For a non-trivial solution, eigenvalues of (2.2)–(2.3), λa,n and
λs,n, satisfy equations

(λn − 1) sin(2α) + sin(2α(λn − 1)) = 0,

(λn − 1) sin(2α)− sin(2α(λn − 1)) = 0,

for anti-symmetric and symmetric flow, respectively.
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2.2. Navier–Stokes equations. Governing equations in an open bounded
domain Ω ⊂ IR2 with the boundary ∂Ω for the steady, viscous and incompressible
flow are given in dimensionless form as follows:

(2.4)


(u · ∇)u− ϵ∆u+∇p = f in Ω,

∇ · u = 0 in Ω,

u = 0 on ∂Ω,

where u is velocity field, p and f are scalar pressure and a given source function,
respectively. Reynolds number (Re) expresses the ratio of inertial forces to viscous
forces. This system is derived from the conservation laws of momentum and mass in
an incompressible fluid. The final condition enforces a no-slip boundary constraint,
requiring the velocity field to vanish on the boundary ∂Ω. The term f denotes
a given body-force vector accounting for external forces acting on the fluid. For
the numerical experiments reported in this paper, the source term is set to f = 0.
Due to the presence of nonlinear terms, the system is generally addressed through
numerical techniques. In this study, the solutions of the equations are obtained
numerically in a coupled form in terms of velocity components and pressure.

3. Numerical methods

3.1. Asymptotic matching method. In many cases, the current numerical
methods applied to cavity problems fail to produce satisfactory outcomes at singular
points near re-entrant or salient corners. To address this issue and enhance the
accuracy of solutions at these singular points, various techniques have been devised
(see, [13–15]). In our research, we employed the asymptotic matching method
introduced by Deliceoğlu et al. [15] to refine the solutions around the corners. In
this approach, numerical or analytical solutions at points sufficiently distant from
the singularity are matched with the asymptotic solutions, thereby determining the
behavior of the flow around the corner.

The detailed investigation of local flow characteristics is conducted using the as-
ymptotic solution (2.1). As depicted in Figure 1, the current finite element method
is employed to determine the flow properties at locations beyond the radius r0 (first
region). The numerical approach is matched with the asymptotic solution at points

Figure 1. Display of points around the corner for the matching process.
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within the r0 < r < r1 (common region), which are close to the corner yet distant
from the singularity. The analysis of flow properties is carried out by considering
solely the asymptotic solution when the radius is r < r0 (second region).

In the first region, the stream function is derived using standard axes through
the numerical method. Conversely, in the second region, where local trajectory
analysis is conducted, a polar-type solution is sought using the asymptotic solution
(2.1). The points lying in the common region are rewritten in polar form using
the transformation x = r cos(θ + π/4) and y = r sin(θ + π/4) to facilitate the
application of the matching method. Naturally, the velocity vector components
obtained from both the numerical method and the asymptotic solution are equal
at the points within the overlapping region. Therefore, the matching conditions
are taken as uIr = uIIr and uIθ = uIIθ , where the superscripts indicate the region
to which the vector components belong. Initially, the anti-symmetric term of the
asymptotic solution (2.1) is considered during the matching process. Therefore, the
first N terms for anti-symmetric flow are used to approximate the stream function
solution. By applying the least-squares method to the points within the matching
zone, the total squared error across all points is determined as follows:

E2 =

M∑
k=1

{
− uIIr (rk, θk) +

N∑
j=1

(arjϕj(θk)− aijµj(θk))

}2

+

M∑
k=1

{
− uIIθ (rk, θk) +

N∑
j=1

(arjφj(θk)− aijωj(θk))

}2

,

where
ϕj = ℜ[f ′aj(θ)rλaj−1 ], µj = ℑ[f ′aj(θ)rλaj−1 ],

φj = ℜ[−λajfaj(θ)rλaj−1 ], ωj = ℑ[−λajfaj(θ)rλaj−1 ],

and the coordinates (r1, θ1), . . . , (rM , θM ) represent the locations of points sur-
rounding the re-entrant corner. The function E2 serves as an error function for
the constant variables arj , aij . By differentiating this error function with respect to
arj , a

i
j to minimize it, a linear equation system Ax = B is formed, containing 2N

unknown real scalars {aj , bj , j = 1, . . . , N}. This system can be resolved for the un-
knowns using the standard Gauss elimination method implemented in FORTRAN
on a computer, allowing for a detailed examination of local flow properties (refer
to [15] for more information).

3.2. Finite element formulation for Navier–Stokes equations. In this
research, the coupled system (2.4) is numerically solved using the finite element
method. Stabilized finite element methods involve incorporating mesh-dependent
terms into the standard Galerkin finite element formulation to stabilize the system.
There are many studies with stabilized finite element methods for incompressible
Navier–Stokes equations [29–31], and analysis can be found in [32]. The weak
formulation of problem (2.4) can be expressed utilizing the two function spaces
V = (H1

0 (Ω))
2 and P = C0(Ω̄) ∩ L2

0(Ω) [33]: Find u ∈ V , p ∈ P such that for all
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v ∈ V , q ∈ P

(3.1) B(u;u, p;v, q) = (f ,v),

where B(u;u, p;v, q) is as (∇u)u,v+ϵ(∇u,∇v)−(∇·v, p)+(∇·u, q) and ϵ = 1/Re.
The mixed finite element approximation of problem (3.1) is established through the
selection of finite-dimensional subspaces Vh ⊂ V and P1 ⊂ P , which are defined on
a series of discretizations Th of the domain Ω.

It is well-established that the decomposition of a domain into regular geometric
elements, such as rectangles or triangles, does not yield stable results within a
standard Galerkin finite element framework. As mentioned above, we employ the
stabilizing sub-grid method to achieve more stable solutions. We assume that
Th consists of regular triangles {K}. Furthermore, we define the following finite-
dimensional subspaces on Th:

Vh = V1 ⊕
⋃

K∈Th

(B(K))2 = {v ∈ (H1
0(Ω))2|v|K ∈ (P1(K)⊕B(K))2 , K ∈ Th},

where

V1 = {v ∈ (H1
0 (Ω))

2 |v|K ∈ P1(K)2, K ∈ Th},
P1 = {p ∈ C0(Ω̄) ∩ L2

0(Ω) |p|K ∈ P1(K), K ∈ Th},

B(K) is the space of the residual-free bubble functions which are defined in [34].
Then, the Galerkin finite element formulation of the problem is written as

follows: find the pair {uh = u1+ub, p1} from Vh×P1 such that ∀{vh, q1} ∈ Vh×P1

where

(3.2) B(uh;uh, p1;vh, q1) = (f ,vh) = ((∇uh)uh,vh) + ϵ(∇uh,∇vh)

− (∇ · vh, p1) + (∇ · uh, q1).

The problem (3.2) is non-linear due to the inclusion of the advection term. An
iterative process is used to overcome this difficulty such that we decompose the
approximate solutions uh and p1 as un+1

h = unh + ûh, p
n+1
1 = pn1 + p̂1 where the

variables un+1
h and pn+1

1 represent the approximations at the current iteration step,
while unh and pn1 denote the approximations at the preceding iteration step. The
terms ûh and p̂1 correspond to the corrections applied to the approximations from
the previous iteration step.

The stabilized finite element formulation of the problem can be written as
follows by employing this linearisation and appending the bubble function values
[35]: Find {un+1

1 , pn+1
1 } ∈ V1 × P1 such that ∀{v1, q1} ∈ V1 × P1

B(un1 ;u
n+1
1 , pn+1

1 ;v1, q1) +
∑
K∈Th

τK

∫
K

[(∇un+1
1 )un1 +∇pn+1

1 − f ][(∇v1)u
n
1 −∇q1] = (f ,v1),

where

B(un1 ;u
n+1
h , pn+1

1 ;v1, q1) = ((∇un+1
h )un1 ,v1) + ϵ(∇un+1

h ,∇v1)

− (∇ · v1, p
n+1
1 ) + (∇ · un+1

h , q1),
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and the stabilization parameter τK is calculated approximately as given in [36].
See [36,37] for detailed information on the stabilization process.

4. Qualitative analysis of streamlines

This section presents a qualitative analysis of the streamlines to understand
the structure of the flow patterns, particularly near the corner within the cavity,
and the transition of this structure. In this analysis, the term “flow bifurcation”
refers to a change in the nature of the critical point. Generally, there are two types
of critical points: in-flow and no-slip. In-flow critical points have zero flow velocity,
whereas no-slip critical points have zero vorticity. Consider an incompressible 2D
flow. There is a stream function ψ such that ẋ = u = ∂ψ

∂y , ẏ = v = −∂ψ
∂x .

To analyze the structure of in-flow critical points locally, the velocity field is
expanded in a Taylor series as:

(4.1) ψ =

∞∑
i+j=1

aijx
iyj

whose coefficients have a direct physical interpretation. First order coeefficients are
related to velocity field, so the linear approximation of streamlines (4.1) is

(4.2)
(
ẋ
ẏ

)
=

(
a01
−a10

)
+

(
a11 2a02

−2a10 −a11

)(
x
y

)
.

If we assume that the critical points are the origin, then a01 = a10 = 0. Based
on Hamiltonian systems theory, the determinant of the Jacobian matrix of (4.2)
determines the structure of the flow: if |J | > 0, the critical point is a center; if
|J | < 0, it is a saddle point, Figure 2a. For more details about in-flow critical
points, see [38]. Hartnack [39] presented the stream function at no-slip critical
points in the form of a power series as ψ = y2

∑∞
i+j=0 aijx

iyj , which has y2 factor
because of the boundary condition on the wall. In a similar way, (4.2) is reduced

a)

b)

c)

Figure 2. Streamline patterns a) at in-flow b) near a stationary
wall for σ = −1 c) near a stationary wall for σ = 1
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to the dynamical system with the Jacobian

J =

(
2a12 3a03
0 −a12

)
.

Under non-degenerate condition (a12 ̸= 0), the critical point is a hyperbolic saddle,
which is either a point of separation or attachment depending on the sign of co-
efficient a12 related to wall shear stress. He used the normal form transformation
to determine the local streamline pattern for higher-order terms when (a12 = 0).
Then, he presented the normal form of the stream function at fourth order as
ψ = y2(σy + c0 + 0.5x2). He constructed a bifurcation diagram depending on σ
and c0 that shows the formation of a separation bubble and the merging of two
separation bubbles, as shown in Figure 2b and Figure 2c. For a higher-order normal
form and the transformation of the streamline, see [39].

5. Numerical results

The boundary value problem formed for steady, viscous and incompressible
flow in the two-dimensional Z-shaped cavity, as shown in Figure 3, was solved
numerically for Re = 0 [1]. By altering the cavity heights h1 and h2, Çelik [1]
identified various flow patterns within the Z-shaped domain and constructed a
control space diagram for the ranges −1.8 < h1 < −1.4 and 1.4 < h2 < 1.8, which
includes both salient and re-entrant corners. The bifurcation diagram is illustrated
again in Figure 4.

The diagram features several bifurcation lines that depict different types of
bifurcations. Bifurcation refers to the change in the nature of a critical point. Near
a stationary wall, a bifurcation occurs where two saddle points on the wall merge
to form a saddle point off the wall. This type of bifurcation is represented by
BMi, (i = 1, 2). Besides the points on the wall, there are off-wall points that split
into a saddle and a center, illustrating a cusp bifurcation, with the corresponding
curves marked as CPi, (i = 1, . . . , 5). The creation of a bubble on the stationary

Figure 3. Boundary conditions for the lid-driven Z-shaped cavity.
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Figure 4. Bifurcation diagram for the double lid-driven Z-shaped
cavity generated by Çelik [1].

Figure 5. Enlarged view of the control space diagram region (Fig-
ure 4) where the separation bubble is formed.

wall is indicated by SE. The stream function value at the interior saddle point can
match the values of the critical points on the walls, leading to a global bifurcation
curve, denoted as GBi, (i = 1, 2). For detailed information on bifurcation of critical
points, see [38–40].
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Figure 6. Detailed examination of the flow structures around the
corner point using the matching method.

5.1. Detailed examination of flow patterns around the re-entrant cor-
ner. Among the intriguing subjects in the study of low-numbered Reynolds flows
is the separation bubble that forms within the flow. Investigating the structural
bifurcations of the separation bubble and its role in the eddy mechanism is chal-
lenging due to its small size and its tendency to appear primarily at corner points in
cavity flow problems. Consequently, this section aims to enhance existing numerical
solutions by employing the asymptotic matching method. It will thoroughly exam-
ine the structural transformations of the separation bubble at the re-entrant corner
point, influenced by variations in the control space parameters (h1, h2). Addition-
ally, the impact of these transformations on the curves in the previously derived
control space diagram and the regions defined by these curves will be explored.

The section of the control space diagram where the separation bubble forms is
once again determined using the asymptotic matching method and is expanded as
illustrated in Figure 5. Corresponding flow patterns of the regions in Figure 5 are
plotted in Figure 6.

Tracking the flow patterns and their bifurcations is relatively straightforward
by following any path in Figure 5. However, it is important to highlight the phase
of the separation bubble. As indicated in (211B2B) in Figure 6, the two branches of
the separation bubble are positioned below the corner point and along the vertical
sidewall. When crossing the curve L1u from region (211B2B) to (211U2B), the
separation bubble ascends along the sidewall, and the branch reaches the re-entrant
corner, then transitions to the horizontal wall by crossing the corner point (refer
to (211U2B) in Figure 6). As we proceed from region (211U2B) to (211U2U ) by
crossing the curve L2u, the second branch of the separation bubble moves through
the corner point toward the horizontal wall, and the separation bubble is now
entirely on the horizontal wall (see (211U2U ) in Figure 6). Figure 7 illustrates the
interaction between the separation bubble formed near the corner point and other
internal flow structures.
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Figure 7. Bifurcations occurring around the corner point and
their interactions.

6. Regained control space diagram for Re = 50

In this section, the flow bifurcations within the Z-shaped cavity, as described by
the Navier–Stokes equation, are examined using the previously mentioned stabilized
finite element method. By varying h1 and h2 while keeping the Reynolds number
constant, we derive the flow patterns and their bifurcation curves. The control
space diagram is constructed for the interval −1.8 ⩽ h1 ⩽ −1.4 and 1.4 ⩽ h2 ⩽ 1.8,
similar to the previous study. The Reynolds number is set at Re = 50, and its
influence on the bifurcation diagram is analyzed. The transition from two to four
eddies in the cavity takes place within a small region of the control space diagram.
This allows us to identify and depict all bifurcation curves within this confined area
of the control space diagram for this specific Reynolds number. Figure 8 displays
numerous bifurcation curves and regions, most of which are identical to those found
at Re = 0. These identical curves result in the formation of topologically similar
flow patterns in the regions, which are labeled with the same names as the corre-
sponding regions in Figure 4. Figure 9 illustrates the flow patterns for region 28 at
Re = 0 and Re = 50. The flow patterns are topologically identical in both cases.

However, for Re = 0, the region is defined by −1.77 ⩽ h1 ⩽ −1.64 and
1.74 ⩽ h2 ⩽ 1.725, whereas for Re = 50, it is defined by −1.75 ⩽ h1 ⩽ −1.575
and 1.6 ⩽ h2 ⩽ 1.69. Comparing the bifurcation curves for region 28 reveals that
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Figure 8. Control-space diagram for Re = 50. The labels in each
region are related to the flow patterns in Figure 4.

Figure 9. Streamlines for the region 28 for a) Re = 0, b) Re = 50

this region emerges at earlier values of h1 and h2 for Re = 50. In the ongoing
comparison between Figure 8 (for Re = 50) and Figure 4 (for Re = 0), a significant
transformation in the shape of the bifurcation curves is observed. Notably, in Fig-
ure 8, the curves lose their symmetry with respect to the line y = −x. Additionally,
the curves for Re = 50 shift to the right in the control space diagram and become

Table 1. h1 and h2 values in which the second vortex in the upper
cavity is formed.

h1 Re = 0 Re = 50 Re = 100 Re = 1000

−1.40 h2 = 1.769 h2 = 1.723 h2 = 1.558 h2 = 1.275
−1.50 h2 = 1.723 h2 = 1.695 h2 = 1.553 h2 = 1.277
−1.60 h2 = 1.751 h2 = 1.687 h2 = 1.552 h2 = 1.277
−1.70 h2 = 1.742 h2 = 1.684 h2 = 1.551 h2 = 1.278
−1.80 h2 = 1.740 h2 = 1.683 h2 = 1.551 h2 = 1.278
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intertwined. Consequently, some regions disappear (such as 20-21-22-23-24 in Fig-
ure 4), while new regions emerge. New flow patterns in these regions are illustrated
in Figure 10.

Table 1 presents the h1 and h2 values for the formation of the second eddy
generation in the upper section of the cavity. When h1 is held constant, it is
observed that h2 values decrease as Re increases from 0 to 1000. The impact of
the Reynolds number is that the vortex formation mechanism initiates at lower
(h1, h2) values.

Figure 10. Streamline patterns for Re = 50 which cannot be
observed for Re = 0.

7. Conclusion

In this study, flow patterns and bifurcation mechanisms in a lid-driven Z-shaped
cavity have been investigated with particular emphasis on the refinement of corner
solutions and the influence of the Reynolds number. Building upon the earlier
Stokes flow analysis of Çelik [1], the present study extends the investigation by
incorporating asymptotic matching techniques to improve the resolution of flow
structures near the re-entrant corner and by examining inertial effects through the
Navier–Stokes equations.
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The detailed structure of the separation bubble forming near the corner has
been clarified by matching the numerical solution with local asymptotic expansions.
The evolution of this separation bubble, including its migration across the corner
and its interaction with the cavity walls, has been systematically analyzed within
the control space defined by the geometric parameters (h1, h2). The refined analysis
reveals that the corner region plays a critical role in triggering local and global
bifurcations that govern the overall flow topology.

Furthermore, the control-space diagram previously constructed under the
Stokes approximation has been successfully regenerated for a finite Reynolds num-
ber of Re = 50. Although many bifurcation curves and flow patterns remain
topologically similar to the creeping-flow case, the inclusion of inertial effects leads
to significant quantitative and qualitative changes. In particular, the symmetry
of the bifurcation diagram is lost, bifurcation curves shift and intersect, and sev-
eral regions observed at Re = 0 disappear while new flow regimes emerge. These
results demonstrate that even moderate Reynolds numbers can substantially alter
the bifurcation structure.

The parametric study on the Reynolds number further indicates that increas-
ing Re promotes earlier generation of secondary vortices in the cavity. For fixed
geometric parameters, the critical values of h2 at which new eddies appear decrease
monotonically as the Reynolds number increases. This finding highlights the strong
coupling between inertial effects and geometric confinement in determining flow
transitions and vortex dynamics in complex cavity flows.

Despite these contributions, the present study has certain limitations. The
analysis is restricted to two-dimensional, steady, incompressible flows, and unsteady
effects or three-dimensional instabilities, which may become important at higher
Reynolds numbers, are not considered. In addition, the asymptotic matching pro-
cedure is applied only in the vicinity of a single re-entrant corner and is based on
Stokes-type local solutions, which may become undetermined at higher Reynolds
numbers. Future work may address these limitations by extending the analysis
to unsteady and three-dimensional flows, exploring higher Reynolds numbers, and
incorporating adaptive numerical techniques to further improve resolution near sin-
gular points.
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ОБРАСЦИ ТОКА И БИФУРКАЦИJЕ У ШУПЉИНИ
Z-ОБЛИКА ДРУГИ ДЕО: ПРЕЦИЗИРАЊЕ УГЛА И

ЕФЕКАТ РЕJНОЛДСОВОГ БРОJА

Резиме. Ово истраживање се надовезуjе на Челиков чланак [1], у коме су
истражени различити обрасци тока и у коме jе конструисан диjаграм бифур-
кациjе за ток са Стоксовом апроксимациjом у домену облика Z вођен дуалним
поклопцима. У овоj раду, су побољшана решења близу повратног угла, прво-
битно изведена коришћењем технике асимптотског подударања. Ова решења
усмераваjу пажњу на свеобухватну анализу структура и понашања тока у тач-
ки повратног угла. Детаљно се истражуjе формирање и бифуркациjа мехура
раздваjања коjи се поjављуjе близу граничног угла. Након тога, диjаграм кон-
тролног простора (h1, h2), коjи jе претходно развиjен на основу параметара
висине шупљине, рекреиран jе за вредност Реjнолдсовог броjа 50. Поред тога,
анализиран jе утицаj Реjнолдсовог броjа (Re) на формирање вртлога. Резулта-
ти показуjу да се при Re = 50 jављаjу различити обрасци протока, а повећање
Реjнолдсовог броjа убрзава формирање вртлога, што доводи до раниjих пре-
лаза у топологиjи протока и сложениjих сценариjа бифуркациjе.
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