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Abstract. This paper investigates the stochastic stability of gyroscopic vis-
coelastic systems subjected to parametric wide-band noise excitation. The
analysis focuses on both moment stability, using moment Lyapunov exponents,
and almost-sure stability, via the largest Lyapunov exponent. The wide-band
noises considered include Gaussian white noise and Ornstein–Uhlenbeck noise.
The Stratonovich stochastic differential equations governing the system with
small damping and weak excitation are first converted to Itô stochastic differ-
ential equations through stochastic averaging techniques. An elegant mathe-
matical framework is then introduced to approximate the moment Lyapunov
exponents through stochastic transformations and an eigenvalue problem. The
largest Lyapunov exponent is subsequently derived based on its relationship
with the moment Lyapunov exponents. An application example involves de-
riving the stochastic equations of motion for an axially moving band system
with fluctuating tension, analyzing its stochastic stability. The analytical ap-
proximations are validated via Monte Carlo simulations and compared with
results from the literature. The study also discusses the influence of various
parameters on the system’s stability, with potential applications in engineer-
ing fields.

1. Introduction

For many mechanical and civil engineering structures, gyroscopic systems are
usually an important component [1], and they can be modeled as:

(1.1) Mq̈+ (D+G)q̇+ (K+C)q = 0,

where q is the vector of state coordinates, M is the inertial matrix, D is the
viscous damping matrix, G is the gyroscopic matrix, K is the stiffness matrix
with KT = K, C is the circulatory matrix, CT = −C, which is attributed to a
non-conservative positional (circulatory) force. Eq. (1.1) is classified as gyroscopic
because it contains the term Gq̇, where G is skew-symmetric, GT = −G. The
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gyroscopic term often arises in rotating systems, where the equation of motion
are expressed relative to the rotating body. These terms usually involve coupling
between two or more coordinates.

The axially moving band under stochastically fluctuating tension is a typical
gyroscopic system. The dynamic stability of axially moving systems has received
considerable attention, partly because the characterization of vibrations and sta-
bility is essential for the analysis and optimal design of a broad class of mechanical
systems that incorporate belt drives, chain drives, or moving bands. Due to irreg-
ular fluctuations, excessive wear and fatigue may occur in such systems, and the
quality of products produced by these machines may become unpredictable.

One of the earliest studies on band saw vibrations was conducted by Mote [2],
who obtained upper and lower bounds for the natural frequencies of transverse
flexural vibration. Experimentally, Mote and Naguleswaran established a strong
relationship between tension and axial velocity [3]. Around the same time, Nag-
uleswaran and Williams [4] investigated the lateral vibration of moving bands
caused by periodic tension fluctuations and derived conditions for parametric insta-
bility of the subharmonic type in flexural motion. Later, Ulsoy and Mote examined
the vibration of wide-band saw blades using an axially moving plate model [5]. In
a systematic study, Asokanthan analyzed the instability of torsional-flexural vibra-
tions of band saws under deterministic periodic excitation and also investigated
moment stability for both torsional and flexural vibrations under random tension
fluctuations [6]. Yin [7] completed his master’s thesis on Lyapunov exponents
and the stochastic stability of linear gyroscopic systems—one of which was an ax-
ially moving band under stochastically fluctuating tension—using the method of
stochastic averaging and Khasminskii’s formulation [8]. More recently, Abdelrah-
man [9] obtained significant results for viscoelastic materials, including Lyapunov
exponents and the stochastic stability of linear viscoelastic gyroscopic systems.

Loadings on structures can be of a deterministic [10–12] or stochastic na-
ture [13–15]. The stability of stochastic systems can be analyzed using either
sample-based or moment-based approaches [16]. Sample-based stochastic stability
refers to almost-sure stability (i.e., stability with probability one), while moment-
based stability concerns the behavior of the system’s moments over time. Lyapunov
exponents play a central role in characterizing almost-sure stability: the largest
Lyapunov exponent not only determines whether a linear stochastic system is sta-
ble but also quantifies the exponential rate at which its solutions grow or decay
over time. However, almost-sure (sample-path) stability does not necessarily imply
moment stability. This distinction can be understood through the lens of large
deviations theory [17]. For certain parameter values, the solution of a stochastic
system may be almost surely stable, yet its second moment may still grow expo-
nentially. Conversely, the second moment may remain stable, while higher-order
moments, such as the fourth moment, grow exponentially. To fully understand the
dynamic stability of a stochastic system, it is crucial to investigate both sample-
path stability and moment stability for all real values of p. This requires evaluating
both the largest Lyapunov exponent and the pth moment Lyapunov exponent, pro-
viding a comprehensive picture of the system’s long-term behavior [14]. Moment
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Lyapunov exponents provide information not only about moment stability but also
about almost-sure stability.

Although moment Lyapunov exponents play a crucial role in the dynamic sta-
bility analysis of stochastic systems, their actual determination is very difficult—
if not practically impossible to evaluate exactly. Therefore, several perturbation
approximations [18] and asymptotic expansion series [19] have been developed
for two-dimensional linear stochastic systems. Sri Namachchivaya and Van Roes-
sel [20] investigated the moment Lyapunov exponents of two-degree-of-freedom
(2DOF) coupled elastic oscillators under real noise excitations. Vedula completed
his PhD thesis on the stability of parametrically excited linear and nonlinear gyro-
scopic systems [21], although viscoelasticity was not considered in his work. The
moment Lyapunov exponents and the largest Lyapunov exponent for 2DOF coupled
non-gyroscopic systems [22] and multiple-degree-of-freedom (MDOF) systems [23]
have been derived using the stochastic averaging and the perturbation methods,
respectively. More recently, a comprehensive book summarizing the author’s group
research on modeling complex dynamic systems, including stochastic stability, was
published [15].

In many engineering structures, viscoelasticity is present in various materi-
als [24], such as metals and alloys at elevated temperatures. Understanding the
effect of viscoelasticity on structural stochastic stability is urgently needed due to
the growing applications of viscoelastic materials. Although several studies have
examined Lyapunov exponents in viscoelastic systems [9,25,26], relatively few have
addressed moment Lyapunov exponents. Xie [27] derived a small-noise expansion
for the moment Lyapunov exponent of a one-degree-of-freedom (1DOF) viscoelas-
tic column under bounded noise excitation. Later, Huang and Xie [28] further
investigated the moment Lyapunov exponents of such a viscoelastic system under
wide-band noise excitation, using both first-and second-order stochastic averaging
methods. It has been shown that special techniques are often required to address
dynamic stability problems in viscoelastic structures [29].

To gain a comprehensive understanding of dynamic stability, it is essential to
investigate both moment stability and almost-sure stability in gyroscopic viscoelas-
tic systems subjected to wide-band noise excitations. This paper is motivated by
the dynamic stability challenges encountered in axially moving viscoelastic bands
exposed to stochastically fluctuating external loads. The main contributions and
novelties of this study include: (1) the formulation of stochastic averaging for gyro-
scopic viscoelastic two-degree-of-freedom (2DOF) systems in Section 2. However,
the detailed derivations are given in Appendix A and B; (2) a scheme for approx-
imately determining the moment Lyapunov exponents and the largest Lyapunov
exponent of gyroscopic systems using mathematical transformations only, presented
in Section 3; (3) the calculation of analytical stability boundaries in Section 4; (4)
an application to the stochastic stability analysis of axially moving viscoelastic
bands in Section 5; (5) the formulation of a Monte Carlo simulation approach in
Section 6; and (6) results and discussion provided in Section 7.
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2. Formulation

Consider the following gyroscopic system of two-degree-of-freedom

(2.1) q̈+2εβaq̇+ ς

[
0 −1
1 0

]
q̇+

[
k1 − εH −εβbς
εβbς k2 − εδH

]
q− ε1/2

[
1 0
0 ζ

]
ξ(t)q = 0,

where q = {q1, q2}T are state coordinates, βa and βb are damping coefficients, other
parameters or coefficients are constants. There is a relationship βa = βn+βb, where
βn and βb denote the internal and external damping coefficients, respectively. ε≪ 1
is a small parameter introduced to make the analysis more convenient. H is a linear
viscoelastic operator defined by

(2.2) H[ψ(t)] =

∫ t

0

H(t− τ)ψ(τ)dτ, 0 ⩽
∫ ∞

0

H(θ)dθ < 1,

where H(θ) is the relaxation kernel. It is noted that Larionov [29] justified an
averaging method in a rigorous manner for general integro-differential equations.

Random excitations ξ(t) can be described as two types of wide-band stochastic
processes [14]. The first is Gaussian white noise, formally defined as the time deriv-
ative of a Wiener process: ξ(t) = σẆ (t) where σ is the intensity of the white noise.
This process has a constant cosine power spectral density S(ω) = σ2 and a zero sine
power spectral density Ψ(ω) = 0 across all frequencies. The second type, known as
real noise, is often represented by an Ornstein–Uhlenbeck process, given by

dξ(t) = −αξ(t)dt+ σ dW (t),

where W (t) is a standard Wiener process. The corresponding power spectral den-
sities are

(2.3) S(ω) =
σ2

α2 + ω2
, Ψ(ω) =

ωσ2

α(α2 + ω2)
.

where σ and α are the parameters for intensity and band-width of the real noise,
respectively. When α is large, the power of the real noise is spread across a wide
frequency band. Therefore, the Ornstein–Uhlenbeck process can serve as a mathe-
matical model for wide-band noise.

The equations of motion of many physical systems under the excitations of
wide-band random processes can be approximated by Stratonovich stochastic dif-
ferential equations. Eq. (2.1) is known as the Stratonovich stochastic differential
equation if ξ(t) is described as a wide-band stochastic process. A key advantage
of this form is that it can be treated similarly to non-stochastic differential equa-
tions. However, physical stochastic processes are often approximated by Markov
processes, in which case it is more convenient to use Itô stochastic differential
equations [13, 30]. This approximation can be carried out using the method of
stochastic averaging.

The process of applying the stochastic averaging method involves transforming
the equations of motion in Eq. (2.1) from generalized coordinates to polar coor-
dinates, as detailed in Appendix A. The transformation expresses the generalized
coordinates (q1(t) and q2(t)) in terms of amplitudes (a1(t) and a2(t)), and phase
angles (ϕ1(t) and ϕ2(t)), using sinusoidal functions with frequencies (ω1 and ω2).
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The specific transformation functions are given in Eq. (A.7), repeated here:

(2.4)

{
q1(t) = ϖ11a1(t) sin[ω1t+ ϕ1(t)] +ϖ22 a2(t) sin[ω2t+ ϕ2(t)],

q2(t) = ϖ11a1(t) υ1 cos[ω1t+ ϕ1(t)] +ϖ22a2(t)υ2 cos[ω2t+ ϕ2(t)],

whereϖ11 andϖ22 are scaling parameters, ω1 and ω2 are the system’s characteristic
frequencies, υ1 and υ2 are constants defined in Eq. (A.5).

The equations of motion in Eq. (2.1) are transformed into differential equations
for the amplitudes (ai) and phase angles (ϕi) in Eq. (A.16), repeated here:

(2.5) ȧi = ε1/2 F
(0)
a,i + εF

(1)
a,i , ϕ̇i = ε1/2F

(0)
ϕ,i + εF

(1)
ϕ,i , i = 1, 2,

where F (0)
a,i and F

(0)
ϕ,i are functions containing the stochastic loads, F (1)

a,i and F
(1)
ϕ,i

are functions without the stochastic loads. These four functions are derived in
Eq. (A.17). In spite of the transformation from a second-order equation in Eq. (2.1)
to a first-order equation in Eq. (2.5), all are still Stratonovich differential equations.

If the correlation function of the noise ξ(t) decays sufficiently quickly to zero
as the time t increases, then the Stratonovich stochastic differential equations ai(t)
and ϕi(t) in Eq. (2.5) converge weakly on a time interval of order 1/ε to an Itô
stochastic differential equation for the averaged amplitudes āi and phase angles ϕ̄i,
whose solutions provide a uniformly valid first-order approximation to the exact
values [13, 14, 30, 31]. As ε → 0, the method of stochastic averaging could be
applied to Eq. (2.5) to yield diffusive processes for the averaged amplitudes āi(t)
and phase angles ϕ̄i(t), i = 1, 2, in Eq. (B.1), repeated here:

dai = εma
i dt+ ε1/2

2∑
j=1

σa
ijdW

a
j ,(2.6a)

dϕi = εmϕ
i dt+ ε1/2

2∑
j=1

σϕ
ijdW

ϕ
j ,(2.6b)

where the overbar is removed for clarity of notations. Wa = {W a
1 ,W

a
2 }

T and
Wϕ = {Wϕ

1 ,W
ϕ
2 }

T
are two-dimensional vectors of independent standard Wiener

processes. Stochastic averaging, the drift coefficients εma
i , εm

ϕ
i , and the elements

of 2 × 2 diffusion matrices εba = εσa(σa)
T , εbϕ = εσϕ(σϕ)

T , where σa = [σa
ij ],

σϕ = [σϕ
ij ], b

a = [baij ], bϕ = [bϕij ], are presented in Appendix B.

3. Moment stability and almost-sure stability

The sample, or almost-sure, stability of the stochastic system in Eq. (2.1) is
governed by the largest Lyapunov exponents defined as

λq = lim
t→∞

1

t
log ∥q∥,

where ∥q∥ = (qTq)1/2 is the Euclidean norm of the state coordinates. If the
largest Lyapunov exponent is negative, the trivial solution of the system is stable
with probability 1; otherwise, it is unstable almost surely.
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On the other hand, the stability of the pth moment E[∥q∥p] of the solution
of the system in Eq. (2.1) is governed by the pth moment Lyapunov exponent
defined by

Λq(p) = lim
t→∞

1

t
log E[∥q∥p],

where E[ · ] denotes the expected value. If Λq( p) is negative, then the pth moment
is stable; otherwise, it is unstable.

It is important to note that the original equation of motion in Eq. (2.1) has
been deliberately approximated by Eq. (2.6a) and (2.6b) through the method of
stochastic averaging. Both the averaged amplitude equation ai in Eq. (2.6a) and
the phase angle equation ϕi in Eq. (2.6b) do not involve the phase angles, so
the amplitude equations are advantageously decoupled from the phase angle equa-
tions. Hence, the averaged amplitude vector (a1, a2) is a two-dimensional diffusion
process, on which the moment Lyapunov exponents will be formulated through
stochastic transformations and an eigenvalue problem in the next section.

3.1. Stochastic transformations. For a two-dimensional amplitude system
such as Eq. (2.6a), an approach has been developed to obtain moment Lyapunov
exponents [32]. For completeness, that approach is outlined here.

First, one may transform the Itô stochastic differential equations for the am-
plitudes using Khasminskii’s transformation as follows [8,36]:

(3.1) r =
√
a21 + a22, φ = tan−1 a2

a1
, a1 = r cosφ, a2 = r sinφ, P = rp,

and then the moment Lyapunov exponent is given by

Λ = lim
t→∞

1

t
log E[P ].

The Itô stochastic differential equations for P and φ can be obtained using the
Itô Lemma,

dP = mP (P,φ)dt+ σP1dW1 + σP2 dW2 = mP (P,φ)dt+ΣP (P,φ)dW,(3.2)

dφ = mφ(φ)dt+ σφ1dW1 + σφ2dW2 = mφ(φ)dt+Σφ(φ)dW,(3.3)

where

(3.4) mP (P,φ) = ε
{
ma

1
∂P

∂a1
+ma

2
∂P

∂a2
+

1

2

[
ba11

∂2P

∂a2
1

+ (ba12 + ba21)
∂2P

∂a1∂a2
+ ba22

∂2P

∂a2
2

]}
= εpP

{ ma
1√

a2
1 + a2

2

cosφ+
ma

2√
a2
1 + a2

2

sinφ+
1

2

[ ba11
a2
1 + a2

2

[(p− 2) cos2 φ+ 1]

+
(ba12 + ba21)

2(a2
1 + a2

2)
(p− 2) sin 2φ+

ba22
a2
1 + a2

2

[(p− 2) sin2 φ+ 1]
]}

,

Σ2
P = σ2

P1 + σ2
P2 = ε

{
σa
11

∂P

∂a1
+ σa

21
∂P

∂a2
σa
12

∂P

∂a1
+ σa

22
∂P

∂a2

}
σa
11

∂P

∂a1
+ σa

21
∂P

∂a2

σa
12

∂P

∂a1
+ σa

22
∂P

∂a2


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= ε
[
((σa

11)
2 + (σa

12)
2)
( ∂P

∂a1

)2

+ 2(σa
11σ

a
21 + σa

12σ
a
22)

∂P

∂a1

∂P

∂a2
+ ((σa

21)
2 + (σa

22)
2)
( ∂P

∂a2

)2]
= ε

[
ba11

( ∂P

∂a1

)2

+ (ba12 + ba21)
∂P

∂a1

∂P

∂a2
+ ba22

( ∂P

∂a2

)2]
,

mφ(φ) = ε
{
ma

1
∂φ

∂a1
+ma

2
∂φ

∂a2
+

1

2

[
ba11

∂2φ

∂a2
1

+ (ba12 + ba21)
∂2φ

∂a1∂a2
+ ba22

∂2φ

∂a2
2

]}
(3.5)

= ε
{
− ma

1√
a2
1 + a2

2

sinφ+
ma

2√
a2
1 + a2

2

cosφ

+
1

2

[ ba11
a2
1 + a2

2

sin 2φ− (ba12 + ba21)

a2
1 + a2

2

(2 cos2 φ− 1)− ba22
a2
1 + a2

2

sin 2φ
]}

,

(3.6) Σ2
φ = σ2

φ1 + σ2
φ2 = ε

[
ba11

( ∂φ
∂a1

)2

+ (ba12 + ba21)
∂φ

∂a1

∂φ

∂a2
+ ba22

( ∂φ
∂a2

)2]
= ε

[ ba11
a21 + a22

sin2 φ− (ba12 + ba21)

a21 + a22
sinφ cosφ+

ba22
a21 + a22

cos2 φ
]
.

It is noted that the coefficients of the terms on the right-hand side of the
amplitude equations in Eq. (2.6a), such as ma

i for i = 1, 2, are homogeneous of
degree one in a1 and a2. This implies that the diffusion term ba in Eq. (B.2) are
homogeneous of degree two in a1 and a2.

Therefore, substituting a1 = r cosφ and a2 = r sinφ from Eq. (3.1) into
Eq. (3.4), one finds that the drift term mP (P,φ) and the diffusion term ΣP (P,φ)
are functions of P of degree one and of φ.

However, the drift term mφ(φ) in Eq. (3.5) and the diffusion term Σφ(φ) in
Eq. (3.6) are functions of φ only. This shows that P (t) in Eq. (3.2) and φ(t) in
Eq. (3.3) are coupled, although φ(t) is itself a diffusion process.

A linear stochastic transformation is then applied [36]

Q = T (φ)P, P = T−1(φ)Q, 0 ⩽ φ < π,

from which the following partial derivatives are obtained:
∂Q

∂P
= T (φ),

∂Q

∂φ
= T ′

φP,
∂2Q

∂P 2
= 0,

∂2Q

∂P∂φ
= T ′

φ,
∂2Q

∂2φ
= PT ′′

φφ,

where T ′
φ and T ′′

φφ denote the first-order and second-order derivative of T (φ) with
respect to φ, respectively.

The Itô stochastic differential equation for the transformed pth norm process
Q can also be derived using Itô’s Lemma

(3.7) dQ = mQ dt+
(
σP1

∂Q

∂P
dW1 + σP2

∂Q

∂P
dW2 + σφ1

∂Q

∂φ
dW1 + σφ2

∂Q

∂φ
dW2

)
,

where the drift coefficient is given by

mQ = mP
∂Q

∂P
+mφ

∂Q

∂φ
+

1

2

[
bQ11

∂2Q

∂P 2
+ (bQ12 + bQ21)

∂2Q

∂P∂φ
+ bQ22

∂2Q

∂φ2

]
=

1

2
P (σ2

φ1 + σ2
φ2)T

′′
φφ + (mφP + σP1σφ1 + σP2σφ2)T

′
φ +mPT,
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and the diffusion terms satisfy the relationship

(3.8) bQ =
[
σQ(σQ)

T ]
, σQ =

[
σP1 σP2

σφ1 σφ2

]
.

Substituting σP1, σP2, σφ1, and σφ2 into Eq. (3.8) leads to

(3.9) bQ11 = σ2
P1 + σ2

P2 = Σ2
P , bQ22 = σ2

φ1 + σ2
φ2 = Σ2

φ,

(3.10) bQ12 = bQ21 = σP1σφ1 + σP2σφ2

= ε[(σa
11)

2
+ (σa

12)
2
]
∂P

∂a1

∂φ

∂a1
+ ε(σa

11σ
a
21 + σa

12σ
a
22)

[ ∂P
∂a1

∂φ

∂a2
+
∂P

∂a2

∂φ

∂a1

]
+ ε[(σa

21)
2
+ (σa

22)
2
]
∂P

∂a2

∂φ

∂a2

= ε
{
ba11

∂P

∂a1

∂φ

∂a1
+ ba12

[ ∂P
∂a1

∂φ

∂a2
+
∂P

∂a2

∂φ

∂a1

]
+ ba22

∂P

∂a2

∂φ

∂a2

}
= εpP

[
− ba11
a21 + a22

cosφ sinφ+
ba12

a21 + a22
(cos2 φ− sin2 φ) +

ba22
a21 + a22

cosφ sinφ
]
.

For a bounded and non-singular transformation T (φ), both processes P and Q
are expected to exhibit the same stability behaviour. Therefore, the transforma-
tion T (φ) is chosen such that the drift term in the Itô differential equation (3.7)
becomes independent of the phase process φ, resulting in the simplified stochastic
differential equation:

(3.11) dQ = εΛQdt+ ε1/2(σQ1dW1 + σQ2dW2).

By comparing the drift terms in Eqs. (3.7) and (3.11), one finds that the trans-
formation T (φ) must satisfy the following equation, i.e., the eigenvalue problem,

(3.12) 1

2
P (σ2

φ1 + σ2
φ2)T

′′
φφ + (mφP + σP1σφ1 + σP2σφ2)T

′
φ +mPT = εΛT, 0 ⩽ φ < π,

where T (φ) is a periodic function in φ with period π. Eq. (3.12) thus defines
an eigenvalue problem for a second-order differential operator, with Λ being the
eigenvalue and T (φ) the associated eigenfunction.

Taking the expected value of both sides of Eq. (3.11), and noting that
E[σQ1dW1+σQ2dW2] = 0 [14], one obtains E[Q] = εΛE[Q]dt, from which it follows
that the eigenvalue Λ corresponds to the Lyapunov exponent of the pth moment of
system (2.1), i.e., Λ = Λq(t)(p).

Substituting Eqs. (3.9) and (3.10) into Eq. (3.12) yields

(3.13) L(p)[T ] = 1

P

{1

2
Σ2

φPT
′′
φφ + [mφP + bQ12]T

′
φ +mPT

}
= εΛT, 0 ⩽ φ < π,

where Σ2
φ, mφ, bQ12, and mP are given in (3.6), (3.5), (3.10), and (3.4), respectively.

Substituting these four equations into Eq. (3.13) yields

(3.14) L(p)[T ] = λ2T
′′
φφ + λ1T

′
φ + λ0T = ΛT, 0 ⩽ φ < π,
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where

λ2 =
1

2

[ ba11
a2
1 + a2

2

sin2 φ− (ba12 + ba21)

a2
1 + a2

2

sinφ cosφ+
ba22

a2
1 + a2

2

cos2 φ
]
,(3.15a)

λ1 =
{[ ma

2 cosφ

(a2
1 + a2

2)
1/2

− ma
1 sinφ

(a2
1 + a2

2)
1/2

+
ba11 sin 2φ

2(a2
1 + a2

2)
− (ba12 + ba21)(2 cos

2 φ− 1)

2(a2
1 + a2

2)
(3.15b)

− ba22 sin 2φ

2(a2
1 + a2

2)

]
+ p

[
− ba11

a2
1 + a2

2

cosφ sinφ

+
ba12

a2
1 + a2

2

(cos2 φ− sin2 φ) +
ba22

a2
1 + a2

2

cosφ sinφ
]}

,

λ0 = p
{ ma

1

(a2
1 + a2

2)
1/2

cosφ+
ma

2

(a2
1 + a2

2)
1/2

sinφ(3.15c)

+
1

2

[ ba11
a2
1 + a2

2

[(p− 2) cos2 φ+ 1] +
(ba12 + ba21)

2(a2
1 + a2

2)
(p− 2) sin 2φ

+
ba22

a2
1 + a2

2

[(p− 2) sin2 φ+ 1]
]}

.

Substituting a1 = r cosφ, a2 = r sinφ into Eq. (3.15), one may find that the
coefficients λ0, λ1, and λ2 are functions of φ and p only. Substituting Eqs. (B.2)
and a1 = r cosφ, a2 = r sinφ into Eq. (3.14) yields the eigenvalue problem, which
will be simplified into Eq. (3.18) as follows. The moment Lyapunov exponents can
then be calculated from this simplified eigenvalue problem.

To simplify the eigenvalue problem, the parameters ϖ11 and ϖ22 are deliber-
ately chosen such that

ϖ2
21 =

ϖ2
22

ϖ2
11

=

{
1, if D1D2 = 0,(
D1

D2

)1/2
, if D1D2 ̸= 0.

From Eqs. (B.3) and (B.4), it is seen that D1 and D2 can be rewritten as

D1 =
(
υ1 −

1

υ2

)2

S(ω1 + ω2) +
(
υ1 +

1

υ2

)2

S(ω1 − ω2),

D2 =
(
υ2 −

1

υ1

)2

S(ω1 + ω2) +
(
υ2 +

1

υ1

)2

S(ω1 − ω2),

which show that D1 and D2 are non-negative, and D1 is zero if and only if D2

equals zero.
Employing the notations

(3.16)

D = ϖ2
21D2 = ϖ2

12D1 =
√
D1D2 =

∣∣∣(δυ1υ2 + 1

υ1υ2

)
S+ − 8S−

∣∣∣,
ã =

V0
4
(V1 + V2 − 2V3 + 2D), b̃ =

V0
4
(V1 + V2 − 2V3 − 2D),

∆1 = E1 + 2V0(V1 + V3), ∆2 = E2 + 2V0(V2 + V3),

where Vi(i = 1, 2, 3, 4), Ei(i = 1, 2) and Di(i = 1, 2) are given in Eq. (B.3) of
Appendix B, the eigenvalue problem becomes

L(p) = (D − b̃ cos2 2φ)Tφφ +
{
p
[1
2
V0(V2 − V1) sin 2φ− b̃ sin 4φ

]
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+
1

sin 2φ

[1
2
(∆2 −∆1) sin

2(2φ) + 2 cos 2φ(ã− b̃ cos2 2φ)
]}
Tφ

+ p
{1

2
(∆1 +∆2) +

1

2
(∆1 −∆2) cos 2φ+ 2(D − b̃ cos2 2φ)

+ p(V1 cos
2 φ+ V2 sin

2 φ+ b̃ cos2 2φ)
}
T = ΛT, 0 ⩽ φ < π.

The parameters Ei(i = 1, 2) are called pseudo-damping coefficients.

3.2. Determination of moment Lyapunov exponents. It is found that
the coefficients in Eq. (3.14) are periodic with period π. Therefore, it is reasonable
to consider a Fourier cosine series (truncated at theK-th order) of the eigenfunction
T (φ) in the form

(3.17) T (K)(φ) =

K∑
i=0

Ci cos(2iφ).

Here, only cosine functions are adopted because sometimes the eigenvalue prob-
lems in Eq. (3.14) contains 1/ sin(2φ).

Substituting Eq. (3.17) and a1 = r cosφ, a2 = r sinφ into the eigenvalue prob-
lem (3.14), multiplying both sides by cos(2jφ), j = 0, 1, . . . , and performing in-
tegration with respect to φ from 0 to π/2, yield a set of K + 1 equations for the
unknown coefficients Ci, i = 0, 1, . . . ,K:

K∑
i=0

aijCi = Λ(K)Cj , j = 0, 1, 2, . . . ,

or in the matrix form
a00 − Λ(K) a01 · · · a0K

a10 a11 − Λ(K) · · · a1K
...

... · · ·
...

aK0 aK1 · · · aKK − Λ(K)



C0

C1

...
CK

 = 0.

where Λ(K) denotes the kth-order approximate moment Lyapunov exponent and

aij =
4

π

∫ π/2

0

L(p)[cos(2iφ)] cos(2jφ)dφ, j = 0, 1, 2, . . . .

To obtain non-trivial solutions, the determinant is set to zero, yielding a poly-
nomial equation of degree K + 1 for the moment Lyapunov exponents Λ(K)(p),

(3.18) e
(K)
K+1[Λ

(K)]
K+1

+ e
(K)
K [Λ(K)]

K
+ · · ·+ e

(K)
1 Λ(K) + e

(K)
0 = 0.

The set of approximate eigenvalues obtained through this procedure converges
to the corresponding true eigenvalues as K → ∞. However, as shown in Figure
1, the approximate eigenvalues converge so rapidly that the approximations nearly
coincide for K ⩾ 1, i.e., Λq(t)(p) ≈ Λ(K)(p).
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 ε=0.1

γ =1   

η =1   
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Λ
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Figure 1. Moment Lyapunov exponents for various Kth order
Fourier expansion

3.3. Determination of the largest Lyapunov exponents. The pth mo-
ment Lyapunov exponent Λq(t)(p) is a convex analytic function in p that passes
through the origin, and the slope at the origin is equal to the largest Lyapunov
exponent λq(t) [14],

(3.19) λq(t)(p) = lim
p→0

Λq(t)(p)

p
.

Eq. (2.6a) is similar to system Eq. (8.6.2) in the book [14], where the largest
Lyapunov exponent was analytically derived from the invariant probability density
by solving a Fokker–Plank equation [14]. The analytical results from [14], shown
as dashed lines, and the numerical results from Eq. (3.19), shown as solid lines,
are compared in Figure 2. The comparison indicates that the two sets of results
are nearly indistinguishable and overlap. It should be noted, however, that due to
round-off errors, the numerical results may become unstable as S(ω) → 0. Figure
2 also demonstrates that the analytical and numerical largest Lyapunov exponents
closely approximate the tangent lines of the Monte Carlo simulations [33], shown
as dotted lines. This serves as evidence that the stochastic averaging method is
valid only as a first-order approximation.

3.4. Procedure for Stability analysis. The procedure for stochastic sta-
bility analysis is summarized as follows.

(1) Set up the governing equations of motion of a structure under stochastic
loadings, e.g., Eq. (2.1). This is a Stratonovich stochastic differential
equation.

(2) Express the state coordinates in polar coordinates, e.g., Eq. (2.4).
(3) Convert the Stratonovich stochastic differential equation into first-order

differential equations in terms of amplitudes and phase angles, e.g., Eq.
(2.5), based on the polar coordinates in Eq. (2.4).
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(4) Apply stochastic averaging to approximate the first-order differential equa-
tions by averaged first-order differential equations in terms of averaged
amplitudes and averaged phase angles, e.g., Eqs. (2.6a) and (2.6b), which
are Itô stochastic differential equations.

(5) Apply Khasminskii’s transformation in Eq. (3.1) together with the Itô
lemma to obtain the Itô equations of the pth Euclidean norm, as in Eqs.
(3.2) and (3.3).

(6) Use the linear stochastic transformation to obtain the eigenvalue problem
in Eq. (3.12) or Eq. (3.13).

(7) Solve the eigenvalue problem using the Fourier cosine series in Eq. (3.17)
to calculate the moment Lyapunov exponents in Eq. (3.18).

(8) Use the relationship between the largest Lyapunov exponent and the mo-
ment Lyapunov exponents in Eq. (3.19) to determine the largest Lyapunov
exponent.

4. Stability Boundary

Although moment Lyapunov exponents can be determined numerically from
Eq. (3.18), analytical expressions are sometimes needed. These can be obtained by
setting K = 0, 1, 2 in Eq. (3.17) as follows.

4.1. For K = 0. When K = 0, the eigenfunction in Eq. (3.17) becomes
T (φ) = C0. Then, from a00−Λ(0) = 0, the moment Lyapunov exponent is given by

Λq(t)(p) ≈ Λ(0)(p) =
V0
8
(3V1 + 3V2 + 2V3 + 2D)p2(4.1)

+
1

2

[V0
2
(5V1 + 5V2 + 6V3 + 6D)− E1 − E2

]
p,
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−0.05

0.20

10 0.5 1.5
S(ω)
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Simulation ResultsDotted lines: 
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1

ω1 = 3.54 ω2 = 0.39

R1=−0.75 k2=−2.56ς=4
2

ω1 = 5.085 ω2 = 0.7647
R1=−2 R2=−7.56ς=6
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Figure 2. Comparisons of the largest Lyapunov exponents for
analytical, numerical and simulation results
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where Vi(i = 1, 2, 3, 4) and Ei(i = 1, 2) are given in Eq. (B.3) of Appendix B, but
D is provided in Eq. (3.16). The system is moment stable if Λq(t)(p) < 0, which
gives the pth moment stability region for a given value of p.

The Lyapunov exponent is

(4.2) λ(0) = lim
p→0

Λ(0)(p)

p
=
V0
4
(5V1 + 5V2 + 6V3 + 6D)− 1

2
(E1 + E2).

The almost-sure stability region is given by λ(0) < 0.
From Eqs. (4.1) and (4.2), both the moment stability boundary and the almost-

sure and are straight lines in the coordinates defined by E1 and E2.

4.2. For K = 1. When K = 1, the eigenfunction is T (φ) = C0 + C1 cos 2φ.
The pth moment stability region is given by Λ(1) < 0, in which Λ(1) are the roots
of the quadratic equation

(Λ(1))
2
+ e

(1)
1 Λ(1) + e

(1)
0 = 0,

(4.3)
(
Λ(1)

)2
+
[
e
(1)
12 p

2 + e
(1)
11 p+ e

(1)
10

]
Λ(1) +

[
e
(1)
04 p

4 + e
(1)
03 p

3 + e
(1)
02 p

2 + e
(1)
01 p

]
= 0,

where

e
(1)
12 = −1

8
(13V1 + 13V2 + 6V3 + 6D)V0,

e
(1)
11 = −

[1
4
(21V1 + 21V2 + 22V3 + 22D)V0 + 2(E1 + E2)

]
,

e
(1)
10 = (V1 + V2 − 2V3 + 14D)V0,

e
(1)
04 =

[ 5

64
(V 2

1 + V 2
2 ) +

37

32
V1V2 +

5

16
(V3 +D)(V1 + V2) +

1

16
(V3 +D)

2
]
V 2
0 ,

e
(1)
03 =

{[5
8
(V 2

1 + V 2
2 ) +

29

4
V1V2 +

13

4
(V3 +D)(V1 + V2) + (V3 +D)

2
]
V0

− 3

8
(E1 + E2)(D + V3)−

( 5

16
E1 +

21

16
E2

)
V1 −

( 5

16
E2 +

21

16
E1

)
V2

}
V0,

e
(1)
02 =

{[ 1

16
(V 2

1 + V 2
2 ) +

97

8
V1V2 +

(31
4
V3 +

7

4
D
)
(V1 + V2)

+
1

4
(17V3 +D)(V3 +D)

]
V 2
0 −

[11
4
(E1 + E2)(D + V3)

+
(5
8
E1 +

37

8
E2

)
V1 +

(5
8
E2 +

37

8
E1

)
V2

]
V0 +

1

4
E2

1 +
1

4
E2

2 +
3

2
E1E2

}
,

e
(1)
01 =

{[
− 13

4
(V 2

1 + V 2
2 ) + V1V3 + (

3

2
V2 − 19D)V1 + (V3 − 19D)V2 − 18DV3

− 21D2 + V 2
3

]
V 2
0 +

[
7(E1 + E2)D +

(5
2
E1 −

3

2
E2

)
V1

+
(5
2
E2 −

3

2
E1

)
V2 − (E1 + E2)V3

]
V0

}
,
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where Vi(i = 1, 2, 3, 4) and Ei(i = 1, 2) are given in Eq. (B.3) of Appendix B, but
D is provided in Eq. (3.16). The Lyapunov exponent is given by

(4.4) λ(1) = − lim
p→0

e
(1)
04 p

4 + e
(1)
03 p

3 + e
(1)
02 p

2 + e
(1)
01 p

p[e
(1)
12 p

2 + e
(1)
11 p+ e

(1)
10 ]

= −e
(1)
01

e
(1)
10

.

Analytical expressions for moment Lyapunov exponent Λ(1) can be obtained
by solving quadratic equation Eq. (4.3). For clarity of presentation, the following
special cases are considered.

Case 1: Gyroscopic systems under white noise excitation with S(ω) = S0.
In this case, one has S+ = S0, S− = 0, and

V1 =
(
ζυ1 −

1

υ1

)2

S0, V2 =
(
ζυ2 −

1

υ2

)2

S0, V3 = 2ζS0,

D1 =
(
ζ2υ21 +

1

υ22

)
S0, D2 =

(
ζ2υ22 +

1

υ21

)
S0.

Case 2: Gyroscopic systems under band-limited noise excitation close to
S(2ωi), i = 1, 2.
Take S(2ω1) = S0 as an example. In this case, one has V2 = V3 = 0 and
D1 = D2 = D = 0. The moment Lyapunov exponent is given by

Λ(1)(p) =
13

32
V0V1p

2 +
[21
16
V0V1 −

1

2
(E1 + E2)

]
p− 1

4
V0V1(4.5)

+
1

32

{
129V 2

0 V
2
1 p

4 + [772V 2
0 V

2
1 − 256(E1 − E2)V0V1]p

3

+ [1524V 2
0 V

2
1 − 1024(E1 − E2)V0V1 + 128(E1 − E2)

2
]p2

+ [992V 2
0 V

2
1 − 1024(E1 − E2)V0V1 + 256(E1 − E2)

2
]p
}1/2

.

The corresponding largest Lyapunov exponent is

(4.6) λ(1)(p) =
13

4
V0V1 −

5

2
E1 +

3

2
E2 +

1

2

(E1 − E2)
2

V0V1
.

The moment stability region and almost-sure stability region can be obtained
from the equations Λ(1)(p) < 0 and λ(1)(p) < 0, respectively. Stability boundary is
the dividing line between the stability region and the instability region. Therefore,
from this boundary, one can establish the relation between E1 and E2, as well as
the critical excitation S0 for moment stability or almost-sure stability.

Case 3: Gyroscopic systems under band-limited noise excitation close to S(ω+).
In this case, from Eq. (B.3), one has V1 = V2 = 0, S+ = S− = S(ω+), and

V3 =
(
2ζ − ζ2υ1υ2 −

1

υ1υ2

)
S(ω+), D1 =

(
ζ2υ21 +

1

υ22
− 2

ζυ1
υ2

)
S(ω+),

D2 =
(
ζ2υ22 +

1

υ21
− 2

ζυ2
υ1

)
S(ω+), D =

√
D1D2.

The moment Lyapunov exponent is given by
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(4.7) Λ(1)(p) =
3

16
V0(V3 +D)p2 +

[11
8
V0(V3 +D)− 1

2
(E1 + E2)

]
p−

(1
2
V3 −

7

2
D
)
V0

+
1

16

{
V 2
0 (V3 +D)2p4 + 4V 2

0 (V3 +D)2p3 + [(116D2 + 104V 2
3 D − 12V 2

3 )V
2
0

+ 32(E1 − E2)
2]p2 + [(224D2 + 192V3D − 32V 2

3 )V
2
0 + 64(E1 − E2)

2]p

+ (3136D2 − 896V3D + 64V 2
3 )V

2
0

}1/2
.

The corresponding largest Lyapunov exponent is

λ(1)(p) =
(42D2 + 36V3D − 6V 2

3 )V
2
0 + (E1 + E2)(2V3 − 14D)V0 + (E1 − E2)

2

4(7D − V3)V0
.

Case 4: Gyroscopic systems under band-limited noise excitation close to S(ω−).
In this case, from Eq. (B.3), one has V1 = V2 = 0, S+ = −S− = S(ω+), and

V3 =
(
2ζ + ζ2υ1υ2 +

1

υ1υ2

)
S(ω−), D1 =

(
ζ2υ21 +

1

υ22
+ 2

ζυ1
υ2

)
S(ω−),

D2 =
(
ζ2υ22 +

1

υ21
+ 2

ζυ2
υ1

)
S(ω−), D =

√
D1D2.

The moment Lyapunov exponent and the corresponding largest Lyapunov expo-
nents have the same form as Eq. (4.5) and (4.6), respectively.

The analytical expressions for the moment Lyapunov exponent and the Lya-
punov exponent, given in Eq. (4.5) to (4.7), serve as invaluable tools for stability
characterization with respect to variations in the spectral density. For example, by
substituting Eq. (B.3) into Eq. (4.5) and setting Λ(1)(p) = 0, one can determine
the stability index and the stability boundary. Furthermore, if Λ(1)(p) < 0, the
corresponding stability region can be identified.

4.3. For K = 2. When K = 2, the eigenfunction takes the form T (φ) =
C0 + C1 cos 2φ + C2 cos 4φ, and the pth moment Lyapunov exponent Λ(2) is the
root of a cubic equation. Although an explicit analytical result can be obtained, it
too lengthy to be presented here. For K ⩾ 3, no explicit expressions for moment
Lyapunov moments are available.

5. Application: Axially moving band

5.1. Equation of motion. The axially moving band of analysis is illustrated
in Figure 3, where the flexural motion of a freely running band between two pulleys
of equal radii R over a span, L. The band is modelled as an axially moving uniform
beam with constant transport speed, ν, and is characterized by a mass per unit
length, m, a flexural rigidity, EI = EIy, and a material damping parameter, β.

Assumptions defining this problem are as follows.
(1) The bands are uniform, elastic Euler-Bernoulli beams.
(2) The coordinate axis, z, runs along the length of the band.
(3) Let u, w denote the lateral deflection of the band in the x, y directions,

respectively. For a thin band (strip) the flexural rigidity EIy ≪ EIx and
hence the in-plane deflection w may be neglected when compared to the
lateral deflection u.
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(4) The band tension consists of a static component and a dynamic component
which includes the effects due to the centrifugal action, band-structure
interaction, and a periodic fluctuation. The periodic fluctuation in tension
is caused by pulley eccentricities or joints and flaws in the band.

(5) Slipping between the band and wheels does not occur.
(6) Out-of-plane motion of the spans does not occur.
(7) The longitudinal displacement of the spans are small compared to their

transverse displacement.
(8) Dependent variable variations are significant only in the axial, x-direction.
(9) The dissipative forces in the transverse direction are considered to be due

to aerodynamic forces and are taken to be proportional to the material
velocities.

(10) The compliance of the band-structure is denoted by h. The compliance h
may take values between 0 and 1 depending on the degree of band-support
structure interaction. This factor is obtainable directly from static mea-
surements or indirectly from the experimental frequency speed variation.

In the equilibrium configuration, the band is subjected to a static tension Γ0 and
it features a small initial curvature due to the bending of the band between the two
rotating pulleys. The dynamic band tension Γ(t) at constant axial transport speed
is considered to consist of three components: a static component Γ0, a velocity-
dependent dynamic component, and a mean-zero random component ϱf(t), i.e.,

Γ(t) = Γ0 − hmν2 + ϱf(t),

where 0 ⩽ h ⩽ 1 is a compliance factor and ϱ is an amplitude scaling factor per-
taining to the tension variation. f(t) is the random tension fluctuation component
and is assumed to be a stationary stochastic process with zero mean value. Ex-
perimental measurements of band tension confirms the presence of such a random
component [34]. These factors are obtainable directly from static measurements or
indirectly from the experimental frequency speed variation.

Under the above conditions, the equation of motion for the flexural vibration
of the band for viscoelastic materials can be derived as [7,34]

(5.1) EI(1−H)
∂4u

∂z4
+ [mhν2 − Γ0 − ϱf(t)]

∂2u

∂z2
+ νβ

∂u

∂z
+ 2νm

∂2u

∂z∂t
+m

∂2u

∂t2
+ β

∂u

∂t
= 0,

h

Ŵ(t)

z
ν

L

∂u

∂t
+ν ∂u

∂z

Compliance

Frictionless Guide

RR

x

Ŵ(t)

Figure 3. A schematic of the axially moving band-wheel systems
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where H is a linear viscoelastic operator defined Eq. (2.2). The geometric boundary
conditions are given by

u(0, t) = u(L, t) = 0,
∂2u

∂z2

∣∣∣
(0,t)

=
∂2u

∂z2

∣∣∣
(L,t)

= 0.

It is noted that Eq. (5.1) is a partial differential equation, which is difficult
to solve and so the Galerkin method is used in the following to convert it into
ordinary differential equations by applying the method of separation of variables
and assuming

(5.2) u(z, t) =

n∑
i=1

qi(t) sin
iπz

L
,

where qi(t) is the generalized coordinates and the function sin iπz
L is mode shapes

of a simply-supported beam of length L.
For simplicity, consider only the first two modes, i.e. n = 2. Substituting

Eq. (5.2) into (5.1), multiplying both sides by sin iπz
L , i = 1, 2, and integrating with

respect to z from 0 to L yields

(5.3)

{
q′′1 + β

mq
′
1 − 16ν

3L q
′
2 +

EIπ4

mL4 [(1−H)− ξ∗(t)]q1 − 8νβ
3mLq2 = 0,

q′′2 + β
mq

′
2 +

16ν
3L q

′
1 +

EI(2π)4

mL4 [(1−H)− ξ∗(t)
4 ]q2 +

8νβ
3mLq1 = 0,

where

ξ∗(t) =
L2

π2EI
[mhν2 − Γ0 − ϱf(t)].

When the non-dimensional time τ is introduced as

τ =
π2

L2

√
EI

m
t,

and the dot is used to denote differentiation with respect to the new time τ , Eq. (5.3)
becomes

(5.4)

{
q̈1 + ε2βq̇1 − ςq̇2 − εH[q1] +R1q1 − εβςq2 + ε1/2ξ(τ)q1 = 0,

q̈2 + ε2βq̇2 + ςq̇1 − εH[q2] +R2q2 + εβςq1 + ε1/24ξ(τ)q2 = 0,

or in matrix form

(5.5) q̈+ ε2βq̇+ ς

[
0 −1
1 0

]
q̇

[
R1 − εH −εβς
εβς R2 − εH

]
q+ ε1/2

[
1 0
0 4

]
ξ(τ)q = 0,

where q = {q1, q2}T and

R1 = 1− c0χ
2
0, R2 = 16− 4c0χ

2
0, c0 =

9π2

64

(
h− Γ0

mν2

)
,

χ0 =
8νL

3π2

√
m

EI
, ς = 2χ0, β =

βL2

2π2
√
mEI

, ξ(τ) =
ϱL2

π2EI
f(t).

The third term is a gyroscopic term. This represents a gyroscopic system under
parametric excitations, where the damping and excitation are assumed to be small.
Hence, a small parameter 0 < ε ≪ 1 is introduced. This equation has the same
form as Eq. (2.1). It can also be shown that the equation of motion for torsional
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vibration of the band has the same form as Eq. (5.5), with EI, replaced by the
torsional rigidity GJ , but with warping rigidity neglected.

5.2. Moment stability and almost-sure stability. Moment Lyapunov ex-
ponents and the largest Lyapunov exponents can be obtained using the procedures
outlined in Sections 3 and 4. Some stability boundaries are discussed here, while
additional results are provided in Section 7, along with Monte Carlo simulations.

For gyroscopic systems under white noise excitations, the almost-sure stability
boundaries are as illustrated in Figure 4. It is observed that the boundary line
resulting from the first order expansion (K = 0) is tangent to the boundary curve
derived from the second order expansion (K = 1). This indicates that the stability
region obtained from the second-order expansion is significantly more restrictive
than that from the first-order expansion.

For the case K = 0, the moment stability boundaries are generally narrower
than the almost-sure stability boundaries. Moreover, as the parameter p increases,
these moment stability boundaries become increasingly restrictive. However, this
trend does not necessarily hold for K = 1, where it becomes difficult to clearly
distinguish which boundary is more restrictive.

The critical power spectrum amplitude of the white noise excitation can be
determined for the case K = 0 using Eqs. (4.1) and (4.2), and for the case K = 1
by solving the quadratic equation in Eq. (4.3) together with Eq. (4.4). So the
critical excitation, defined as the power spectrum amplitude of the white/real noise
excitation, serves as the threshold separating stability from instability. The results
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Figure 4. Almost-sure and pth moment stability boundaries un-
der white noise
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are illustrated in Figure 5, and selected numerical values corresponding to discrete
points in the figure are listed in Tables 1 and 2 for reference.

It is observed that the critical excitation increases with the pseudo-damping
coefficient E1, confirming that damping and viscoelasticity absorb part of the vi-
bration energy, thereby enhancing stability. For the case K = 0, the stability region
associated with higher-order moments is more restrictive than those corresponding
to lower-order moment stability and almost-sure stability. However, this trend does
not appear to persist for the case K = 1.

A similarity is observed between the almost-sure and p-th moment stability
boundaries under white noise excitations, as shown in Figure 4, and those under real
noise excitations, depicted in Figure 6, aside from differences in their quantitative
values. However, the behavior of critical excitation amplitudes differs significantly
between systems subjected to white noise (Figure 5) and those subjected to real
noise (Figure 7). Unlike the white noise case, where the critical excitation amplitude
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Figure 5. Critical excitation and pseudo-damping under white noise

Table 1. Critical excitations S0 for case K = 0 under white noise

E1 p = 0 p = 1 p = 2 p = 4

0 0.4910 0.3953 0.3308 0.2494
2 1.4731 1.1859 0.9924 0.7483
4 2.4551 1.9765 1.6541 1.2472
6 3.4372 2.7672 2.3157 1.7461
8 4.4193 3.5578 2.9774 2.2449
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Table 2. Critical excitations S0 for case K = 1 under white noises

E1 p = 0 p = 1 p = 2 p = 4

0 0 0 0 0.0226
2 1.4626 1.1397 0.9130 0.6451
4 2.4031 1.9618 1.6537 1.2325
6 3.1908 2.5951 2.2152 1.7273
8 3.8680 3.0784 2.6217 2.0805
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Figure 6. Almost-sure and pth moment stability boundaries un-
der real noise

generally increases with the pseudo-damping coefficient, the system under real noise
does not follow this trend consistently. In particular, for almost-sure stability, the
critical power spectrum amplitude due to real noise may form an elliptical boundary.

5.3. Stability index. The stability index is defined as the non-trivial zero of
the moment Lyapunov exponent and serves as a key parameter in characterizing
the stability range of moment stability. The larger the value of the stability index,
the more stable of the system in the sense of moment stability. It can be determined
by solving a root-finding problem of the form Λq(t)(δq(t)) = 0 [14]. In the case of
white noise excitation, when the Fourier expansion order is K = 0, the stability
index can be explicitly obtained from Eq. (4.1) and is given by

δq(t) =
V0

4 (3V1 + 3V2 + 2V3 + 2β)
V0

2 (5V1 + 5V2 + 6V3 + 6β)− E1 − E2

.

WhenK = 1, the stability index corresponds to the non-trivial root of Eq. (4.7),
which is generally not expressible in closed form. Representative results for the
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stability index are illustrated in Figure 8. It is observed that the stability index
decreases from positive to negative values as the amplitude of the power spectrum
increases, indicating that stronger noise destabilizes the system. Additionally, a
larger damping coefficient β leads to a higher stability index, implying enhanced
stability. Similar trends are found for systems under real noise excitation, as shown
in Figure 9.
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6. Simulation

In this section, Monte Carlo simulations are employed to evaluate the pth
moment Lyapunov exponents and to verify the accuracy of the approximate results
obtained via stochastic averaging. The analysis is based on the 2DOF system with
a viscoelastic model described in Eq. (5.4). Two different models of wide-band noise
excitation are considered separately: Gaussian white noise and Ornstein–Uhlenbeck
(real) noise.

6.1. Gaussian white noise. In this case, the wide-band noise is modeled as
Gaussian white noise. The excitation is approximated by a Gaussian white noise
process with a flat spectral density, S(ω) = ϑ2, constant for all ω. Thus, the
stochastic process can be represented as ξ(t)dt = ϑdW (t), where W (t) denotes the
standard Wiener process. Define the state variables as follows:

x1(t) = q1(t), x2(t) = q̇1(t), x3(t) = q2(t), x4(t) = q̇2(t),

x5(t) =

∫ t

0

γe−κ(t−s)q1(s)ds, x6(t) =

∫ t

0

γe−κ(t−s)q2(s)ds,

where x5(t) and x6(t) are related to viscoelasticity.
With this formulation, Eq. (5.4) is transformed into a six-dimensional system

of Itô differential equations

(6.1) dx = Ax dt+Bxϑ dW,
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where x = {x1, x2, x3, x4, x5, x6}T , and the system matrices A and B are defined as:

A =


0 1 0 0 0 0

−R1 −ε2β εβς ς ε 0
0 0 0 1 0 0

−εβς −ς −R2 −ε2β 0 ε
γ 0 0 0 −κ 0
0 0 γ 0 0 −κ

, B =


0 0 0 0 0 0

−ε1/2 0 0 0 0 0
0 0 0 0 0 0
0 0 −4ε1/2 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

.

Eq. (6.1) represents a linear homogeneous stochastic differential system. To
compute the moment Lyapunov exponents, the algorithm introduced by Xie [14] is

employed. The norm used in the evaluation is defined by
∥∥x(t)∥∥ =

√∑6
i=1 x

2
i . The

system is numerically integrated using the explicit Euler scheme, with the iterative
update equations given by:

xk+1
1 = xk1 + xk2 ·∆t,

xk+1
2 = xk2 + [−R1x

k
1 − ε2βxk2 + εβςxk3 + ςxk4 + εxk5 ]∆t− ε1/2xk1ϑ ·∆W k,

xk+1
3 = xk3 + xk4 ·∆t,

xk+1
4 = xk4 + [−εβςxk1 − ςxk2 −R2x

k
3 − ε2βxk4 + εxk6 ]∆t− 4ε1/2xk3ϑ ·∆W k,

xk+1
5 = xk5 +

(
γxk1 − κxk5

)
∆t,

xk+1
6 = xk6 +

(
γxk3 − κxk6

)
∆t,

where ∆t is the time step size and k denotes the kth iteration.

6.2. Ornstein–Uhlenbeck (real) noise. Denote

x1(t) = q1(t), x2(t) = q̇1(t), x3(t) = q2(t), x4(t) = q̇2(t),

x5(t) =

∫ t

0

γe−κ(t−s)q1(s)ds, x6(t) =

∫ t

0

γe−κ(t−s)q2(s)ds, x7(t) = ξ(t),

where x5(t) and x6(t) are related to viscoelasticity. x7(t) is the real noise.
Eq. (5.4) can be converted into the Itô differential equation:

dx = Axdt+Bd!W,

where x = {x1, x2, x3, x4, x5, x6, x7}T , and

A =



0 1 0 0 0 0 0
−R1 −ε2β εβς ς ε 0 −ε1/2x1
0 0 0 1 0 0 0

−εβς −ς −R2 −ε2β 0 ε −4ε1/2x3
γ 0 0 0 −κ 0 0
0 0 γ 0 0 −κ 0
0 0 0 0 0 0 −α


, B =



0
0
0
0
0
0
ϑ


.
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The norm used for evaluating the moment Lyapunov exponents is defined as

∥x(t)∥ =
√∑6

i=1 x
2
i . The discretized equations using the explicit Euler scheme are

xk+1
1 = xk1 + xk2 ·∆t,

xk+1
2 = xk2 + [−R1x

k
1 − ε2βxk2 + εβςxk3 + ςxk4 + εxk5 − ε1/2xk1x

k
7 ]∆t,

xk+1
3 = xk3 + xk4 ·∆t,

xk+1
4 = xk4 + [−εβςxk1 − ςxk2 −R2x

k
3 − ε2βxk4 + εxk6 − 4ε1/2xk3x

k
7 ]∆t,

xk+1
5 = xk5 +

(
γxk1 − κxk5

)
∆t,

xk+1
6 = xk6 +

(
γxk3 − κxk6

)
∆t,

xk+1
7 = xk7 +

(
− αxk7

)
·∆t+ σ ·∆W k,

where ∆t is the time step size and k denotes the kth iteration.
In the Monte Carlo Simulation, the number of iterations is 108, the time step

is ∆t = 0.0005, and the sample size is N = 5000.

7. Results and discussions

Figure 10 shows that as the damping coefficient β increases, the slope of the
moment curves at the origin changes from negative to positive, indicating a tran-
sition from instability to stability. This suggests that damping plays a stabilizing
role in the flexural-torsional behavior of the beam under both white noise and real
noise excitation.
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Figure 10. Effect of damping on Moment Lyapunov exponents
under white noise
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Figures 11 and 12 illustrate the variation of moment Lyapunov exponents with
respect to the parameters of real noise. A larger noise parameter σ narrows the
stability region for p > 0, making the system more unstable. In contrast, the pa-
rameter α has a stabilizing effect: as α increases, the stability region for the pth
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moment (for p > 0) expands, resulting in a more stable system. This can be ex-
plained using Eq. (2.3), which indicates that a smaller σ or larger α reduces the
power of the cosine spectral density. Consequently, the noise power is distributed
over a wider frequency band, thereby reducing the power near resonance and en-
hancing system stability.
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As shown in the figures, the simulation results agree well with the analytical
approximations, demonstrating that the stochastic averaging method is effective
for stability analysis of gyroscopic systems.

The ordinary Maxwell viscoelastic material in Eq. (B.8) also plays significant
role in the stability of the gyroscopic system. As shown in Figure 13, the viscoelastic
intensity γ has a stabilizing effect, but the relaxation rate η exerts a destabilizing
influence under white-noise excitation, as illustrated in Figure 14. Increasing γ
widens the stability region for p > 0, indicating its beneficial contribution to sys-
tem stabilization; its stabilizing influence is generally more pronounced than the
destabilizing effect of η. The destabilizing impact of η is notable only when η is
small. A decrease in η corresponds to a longer relaxation time, which also widens
the stability region for p > 0, showing that a larger relaxation time promotes system
stability. These observations can be extended to systems subjected to real noise.

8. Conclusions

The stochastic stability of gyroscopic viscoelastic systems described by Straton-
ovich stochastic integro-differential equations was investigated. The system was
parametrically excited by wide-band noise of small intensity, and small damping
was assumed. The Stratonovich equations of motion were first decoupled into two-
dimensional Itô stochastic differential equations using the method of stochastic
averaging for the non-viscoelastic terms and the Larionov method for the viscoelas-
tic terms. An elegant scheme for determining the moment Lyapunov exponents
is presented, relying on stochastic transformations applied to the decoupled Itô
equations. The resulting moment Lyapunov exponents and the largest Lyapunov
exponents show good agreement with Monte Carlo simulation results and other
analytical expressions from literature.

As an application, the stability of an axially moving band under stochastically
fluctuating tension is examined. The stability region obtained from the second-
order expansion is significantly more restrictive than that from the first-order ex-
pansion. It is found that, under wide-band noise excitation, the damping parameter
β, the viscoelastic intensity γ, and the real noise band-width parameter α have sta-
bilizing effects on both moment and almost-sure stability. However, the real noise
intensity σ and the relaxation rate η have destabilizing effects. These findings pro-
vide new insights for engineering applications of gyroscopic viscoelastic systems.
This paper focuses on the theoretical development and numerical validation. Ex-
perimental investigation is an important direction for the future research.

Acknowledgement. The research for this paper was supported, in part, by
the Natural Sciences and Engineering Research Council of Canada.

Appendix A. Equations of motion in polar coordinates

This Appendix describes the process of transforming the equations of motion
for a two degrees-of-freedom gyroscopic system in Eq. (2.1) from generalized coor-
dinates qi(t) and their velocities q̇i(t) into equations with polar coordinates in terms
of amplitude and phase angles in Eq. (A.16) or Eq. (2.5). Although Eq. (2.1) is a
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second-order differential equation and (A.16) is a first-order differential equation, all
are Stratonovich differential equations. The transformation to polar coordinates is
a necessary step for applying the stochastic averaging method, as referenced in [14].
The Stratonovich differential equations with polar coordinates will be averaged to
Itô differential equations with polar coordinates in Appendix B.

Consider the unperturbed system of Eq. (2.1), i.e., ε = 0 and ξ(t) = 0, which
takes the form:

(A.1) q̈1 + k1q1 − ςq̇2 = 0, q̈2 + k2q2 + ςq̇1 = 0.

This is a system of two linear second-order ordinary differential equations,
which can be solved using the method of operators [35]. By introducing the D-
operator, defined as D(·) = d(·)/dt, the system becomes:

(D2 + k1)q1 − ςDq2 = 0, ςDq1 + (D2 + k2)q2 = 0.

The determinant of the coefficient matrix is

(A.2) ϕ(D) =

∣∣∣∣D2 + k1 −ςD
ςD D2 + k2

∣∣∣∣ .
The corresponding characteristic equation of Eq. (A.2) is ϕ(λ) = λ4 + (k1 +

k2+ ς
2)λ2+k1k2 = 0. This is a quadratic equation in λ2,the solutions of which are

(A.3) λ21,2 =
−(k1 + k2 + ς2)∓

√
(k1 + k2 + ς2)

2 − 4k1k2

2
.

with λ21 < λ22. Denoting λ21,2 = −ω2
1,2, Eq. (A.3) becomes

(A.4) ω2
1,2 =

(k1 + k2 + ς2)±
√
(k1 + k2 + ς2)

2 − 4k1k2

2
.

To ensure that the undamped and unperturbed system is stable, the eigenfrequen-
cies ω1,2 must be real. The conditions for this are:

(k1 + k2 + ς2)
2 − 4k1k2 > 0, k1k2 > 0.

It can be easily shown that

(A.5)
ω2
i − k1
ςωi

=
ςωi

ω2
i − k2

= υi, i = 1, 2.

The complementary solutions for q1 and q2 in Eq. (A.1) have the same form
and are given by

(A.6)

{
q1 = A11 cosω1t+A12 sinω1t+A13 cosω2t+A14 sinω2t,

q2 = A21 cosω1t+A22 sinω1t+A23 cosω2t+A24 sinω2t,

which contain eight arbitrary constants. However, since ϕ(D) is a polynomial of
degree 4 in D, the complementary solutions should contain only four arbitrary
constants [35]. The four extra constants can be eliminated by substituting Eq. (A.6)
into the first equation (A.1). Hence, the complementary solutions can be written as

q1 = ϖ11a1 sinΦ1 +ϖ22a2 sinΦ2, q2 = ϖ11a1υ1 cosΦ1 +ϖ22a2υ2 cosΦ2,
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where Φ1 = ω1t + ϕ1 and Φ2 = ω2t + ϕ2. The four constants are a1, a2, ϕ1, and
ϕ2, while the other two coefficients, ϖ11 and ϖ22, are suitable coordinate scaling
parameters to make the evaluation of the moment Lyapunov exponent somewhat
simpler.

Now, the method of variation of parameters is used to determine the solutions
of the original perturbed system. First, differentiate q1 and q2 with respect to t to
obtain equations for q̇1 and q̇2, and then vary the parameters a1, a2, ϕ1, and ϕ2 in
equations for q1, q2, q̇1, and q̇2 to make them functions of t. This leads to solutions
of the form

(A.7)

{
q1 = ϖ11a1(t) sinΦ1 +ϖ22a2(t) sinΦ2,

q2 = ϖ11a1(t)υ1 cosΦ1 +ϖ22a2(t)υ2 cosΦ2.

(A.8)

{
q̇1 = ϖ11a1(t)ω1 cosΦ1 +ϖ22a2(t)ω2 cosΦ2,

q̇2 = −ϖ11a1(t)ω1υ1 sinΦ1 −ϖ22a2(t)ω2υ2 sinΦ2.

Differentiating q1 and q2 in Eq. (A.7) and comparing the resulting equations
with q̇1 and q̇2 in Eq. (A.8) gives

(A.9)

{
ϖ11ȧ1 sinΦ1 +ϖ11a1ϕ̇1 cosΦ1 +ϖ22ȧ2 sinΦ2 +ϖ22a2ϕ̇2 cosΦ2 = 0,

υ1ϖ11ȧ1 cosΦ1 − υ1ϖ11a1ϕ̇1 sinΦ1 + υ2ϖ22ȧ2 cosΦ2 − υ2ϖ22a2ϕ̇2 sinΦ2 = 0.

Taking derivatives of q̇1 and q̇2 in Eq. (A.8) gives equations for q̈1 and q̈2.
Substituting these q̈1 and q̈2, q1 and q2 in Eq. (A.7), and q̇1 and q̇2 in Eq. (A.8)
into Eq. (2.1) yields

(A.10) ϖ11ȧ1ω1 cosΦ1 −ϖ11a1ω1(ω1 + ϕ̇1) sinΦ1 +ϖ22ȧ2ω2 cosΦ2

−ϖ22a2ω2(ω2 + ϕ̇2) sinΦ2 + k1[ϖ11a1 sinΦ1 +ϖ22a2 sinΦ2]

+ ς[ϖ11υ1ω1a1 sinΦ1 +ϖ22υ2ω2a2 sinΦ2]− F = 0,

(A.11) −ϖ11υ1ȧ1ω1 sinΦ1 −ϖ11υ1a1ω1(ω1 + ϕ̇1) cosΦ1 −ϖ22υ2ȧ2ω2 sinΦ2

−ϖ22υ2a2ω2(ω2 + ϕ̇2) cosΦ2 + k2[ϖ11υ1a1 cosΦ1 +ϖ22υ2a2 cosΦ2]

+ ς[ϖ11ω1a1 cosΦ1 +ϖ22ω2a2 cosΦ2]−G = 0,

where

(A.12)
F = −ε[−H[q1] + 2βaq̇1 − βbςq2]− ε1/2ξ(t)q1,

G = −ε[−δH[q2] + 2βaq̇2 + βbςq1]− ε1/2ζξ(t)q2.

Applying υi = (ω2
i −k1)/(ςωi) to Eq. (A.10), and υi = (ςωi)/(ω

2
i −k2), i = 1, 2,

to (A.11) leads to

ϖ11ȧ1ω1 cosΦ1 −ϖ11a1ω1ϕ̇1 sinΦ1 +ϖ22ȧ2ω2 cosΦ2 −ϖ22a2ω2ϕ̇2 sinΦ2 − F = 0,(A.13)

−ϖ11υ1ω1(ȧ1 sinΦ1 + a1ϕ̇1 cosΦ1)−ϖ22υ2ω2(ȧ2 sinΦ2 + a2ϕ̇2 cosΦ2)−G = 0.
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Solving Eqs. (A.9) and (A.13) leads to a system of four first-order equations in
terms of ȧi and aiϕ̇i, i = 1, 2,

(A.14)
{
ȧ1 = A

ϖ11
(+B1F cosΦ1 −G sinΦ1), a1ϕ̇1 = A

ϖ11
(−B1F sinΦ1 −G cosΦ1),

ȧ2 = A
ϖ22

(−B2F cosΦ2 +G sinΦ2), a2ϕ̇2 = A
ϖ22

(+B2F sinΦ2 +G cosΦ2),

where

A =
1

υ1ω1 − υ2ω2
=

ς

ω2
1 − ω2

2

,(A.15)

B1 = −υ2(υ1ω1 − υ2ω2)

υ1ω2 − υ2ω1
= −υ2ω1ω2

k1
= −ω1

k1

ω2
2 − k1
ς

= −ω1

k1

k1k2

ω2
1

− k1

ς
=

1

υ1
,

B2 = −υ1(υ1ω1 − υ2ω2)

υ1ω2 − υ2ω1
= −υ1ω1ω2

k1
= −ω1

k1

ω2
1 − k1
ς

= −ω1

k1

k1k2

ω2
2

− k1

ς
=

1

υ2
.

When deriving (A.15), Eq. (A.4) and the identities ω2
1ω

2
2 = k1k2 and ω2

1+ω
2
2 =

k1 + k2 + ς2 are used.
Substituting Eqs. (A.15) and (A.12) into (A.14) yields the following expressions

for the amplitudes and phase angles:

(A.16) ȧi = ε1/2F
(0)
a,i + εF

(1)
a,i , ϕ̇i = ε1/2F

(0)
ϕ,i + εF

(1)
ϕ,i , i = 1, 2,

where

(A.17) F
(0)
a,i =

(−1)
i
ςξ(t)

υiϖii(ω2
2 − ω2

1)

{
− cosΦi

2∑
j=1

ϖjjaj sinΦj + ζυi sinΦi

2∑
j=1

ϖjjυjaj cosΦj

}
,

F
(1)
a,i =

(−1)
i
ς

υiϖii(ω2
2 − ω2

1)

{
−cosΦi

[
2βa

2∑
j=1

ϖjjajωj cosΦj−βbς
2∑

j=1

ϖjjυjaj cosΦj

−
2∑

j=1

ϖjjajH[sinΦj ]

]
− υi sinΦi

[
2βa

2∑
j=1

ϖjjυjajωj sinΦj

− βbς

2∑
j=1

ϖjjaj sinΦj + δ

2∑
j=1

υjϖjjajH[cosΦj ]

]}
,

F
(0)
ϕ,i =

(−1)
i
ςξ(t)

aiυiϖii(ω2
2 − ω2

1)

{
sinΦi

2∑
j=1

ϖjjaj sinΦj + ζυi cosΦi

2∑
j=1

ϖjjυjaj cosΦj

}
,

F
(1)
ϕ,i =

(−1)iς

aiυiϖii(ω2
2 − ω2

1)

{
− sinΦi

[
− 2βa

2∑
j=1

ϖjjajωj cosΦj + βbς

2∑
j=1

ϖjjυjaj cosΦj

+

2∑
j=1

ϖjjajH[sinΦj ]

]
+ υi cosΦi

[
− 2βa

2∑
j=1

ϖjjυjajωj sinΦj

+ βb

2∑
j=1

ϖjjaj sinΦj − δ

2∑
j=1

υjϖjjajH[cosΦj ]

]}
.
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Appendix B. Stochastic averaging

This Appendix describes the process of stochastic averaging from the Straton-
ovich differential equations with polar coordinates in terms of the amplitudes and
phase angles in Eq. (A.16) or Eq. (2.5) to Itô differential equations with polar
coordinates Eqs. (2.6a) and (2.6b).

The averaging operator is defined as

M
t
(·) = lim

T→∞

1

T

∫ t+T

t

(·)dt.

When applying the averaging operator, the integration is performed over explicitly
appearing t only.

Applying the stochastic averaging method to Eq. (A.16) yields

dai = εma
i dt+ ε

1
2

2∑
j=1

σa
ijdW

a
j ,(B.1)

dϕi = εmϕ
i dt+ ε

1
2

2∑
j=1

σϕ
ijdW

ϕ
j , i = 1, 2,

where the elements of the drift vector and diffusion matrices are given by

ma
1 = M

t

{
F

(1)
a,1 +

∫ 0

−∞
E

[ 2∑
j=1

(∂F (0)
a,1

∂aj
F

(0)
a,jτ +

∂F
(0)
a,1

∂ϕj
F

(0)
ϕ,jτ

)]
dτ

}
(B.2)

= a1E1 + V0

[
(3V1 + 2V3)a1 +

ϖ2
21D2a

2
2

a1

]
,

ma
2 = M

t

{
F

(1)
a,2 +

∫ 0

−∞
E

[ 2∑
j=1

(∂F (0)
a,2

∂aj
F

(0)
a,jτ +

∂F
(0)
ϕ,2

∂ϕj
F

(0)
ϕ,jτ

)]
dτ

}

= a2E2 + V0

[
(3V2 + 2V3)a2 +

ϖ2
12D1a

2
1

a2

]
,

ba11 = M
t

{∫ ∞

−∞
E[F

(0)
a,1F

(0)
a,1τ ]dτ

}
= 2V0(V1a

2
1 +ϖ2

21D2a
2
2),

ba12 = M
t

{∫ ∞

−∞
E[F

(0)
a,1F

(0)
a,2τ ]dτ

}
= 2V0V3a1a2,

ba22 = M
t

{∫ ∞

−∞
E[F

(0)
a,2F

(0)
a,2τ ]dτ

}
= 2V0(V2a

2
2 +ϖ2

12D1a
2
1),

with the constants defined by

ϖ12 =
ϖ11

ϖ22
, ϖ21 =

ϖ22

ϖ11
, V0 =

ς2

16
(
ω2
1 − ω2

2

)2 , V1 =
(
ζυ1 −

1

υ1

)2

S(2ω1),(B.3)

V2 =
(
ζυ2 −

1

υ2

)2

S(2ω2), V3 = 2ζS+ −
(
ζ2υ1υ2 +

1

υ1υ2

)
S−,
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D1 =
(
ζ2υ21 +

1

υ22

)
S+ − 2

ζυ1
υ2

S−, D2 =
(
ζ2υ22 +

1

υ21

)
S+ − 2

ζυ2
υ1

S−,

E1 = −
(
βa +

ς2(βa − βb)

ω2
1 − ω2

2

)
+

ς

ϖ11(ω2
1 − ω2

2)

[M
t
{cosΦ1H[q1]}

υ1
− δM

t
{sinΦ1H[q2]}

]
,

E2 = −
(
βa +

ς2(βa − βb)

ω2
1 − ω2

2

)
− ς

ϖ22(ω2
1 − ω2

2)

[M
t
{cosΦ2H[q1]}

υ2
− δM

t
{sinΦ2H[q2]}

]
.

The functions S± are defined as follows

(B.4) S± = S(ω1 + ω2)± S(ω1 − ω2),

and the function S(ω) is the cosine power spectral densities of the stochastic pro-
cess ξ(t).

Assuming the kernel functions H(t) and t ·H(t) are integrable over [0,∞), then
applying the transformation s = t − τ and changing the order of integration lead
to [26,29]

M
t
[Ics

i ] = M
t
{cosΦiH[sinΦi]} = M

t

{
cosΦi

∫ t

0

H(t− s) sinΦi(s)ds

}
= lim

T→∞

1

T

∫ T

t=0

∫ t

s=0

H(t− s) cosΦi(t) sinΦi(s)ds dt

= lim
T→∞

1

T

∫ T

t=0

∫ t

τ=0

H(τ) cosΦi(t) sinΦi(t− τ)dτ dt

= lim
T→∞

1

2T

∫ T

τ=0

∫ T

t=τ

H(τ)
[
sin(2ωit− ωiτ + 2φ̄)− sinωiτ

]
dtdτ

= −1

2

∫ ∞

0

H(τ) sinωiτ dτ = −1

2
Hs(ωi), i = 1, 2.

Similarly, it is found that

M
t
{cosΦiH[sinΦj ]} = M

t

{
cosΦi(t)

∫ t

0

H(t− τ) sinΦj(τ)dτ

}
= −1

2
M
t

{∫ ∞

0

H(τ) sin[(ωi − ωj)τ + (ϕi − ϕj)]dτ

}
= 0, i ̸= j,

M
t

[
Icc
i

]
= M

t
{cosΦiH[cosΦi]} =

1

2
Hc(ωi), M

t
{cosΦiH[cosΦj ]} = 0,(B.5)

M
t

[
Isc
i

]
= M

t
{sinΦiH[cosΦi]} =

1

2
Hs(ω1), M

t
{sinΦiH[cosΦj ]} = 0,

M
t

[
Iss
i

]
= M

t
{sinΦiH[sinΦi]} =

1

2
Hc(ω1), M

t
{sinΦiH[sinΦj ]} = 0,

where

(B.6) Hs(ω) =

∫ ∞

0

H(τ) sinωτ dτ, Hc(ω) =

∫ ∞

0

H(τ) cosωτ dτ
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are the sine and cosine transformations of the viscoelastic kernel function H(t).
Combining Eqs. (A.7) and (B.5) results in

M
t
{cosΦiH[q1]} = −1

2
ϖiiaiH

s(ωi), M
t
{sinΦiH[q1]} =

1

2
ϖiiaiH

c(ωi),(B.7)

M
t
{sinΦiH[q2]} =

1

2
ϖiiυiaiH

s(ωi), M
t
{cosΦiH[q2]} =

1

2
ϖiiυiaiH

c(ωi).

Substituting Eq. (B.7) into (B.3) produces

E1 = −
(
βa +

ς2(βa − βb)

ω2
1 − ω2

2

)
− 1

2

ςHs(ω1)

ω2
1 − ω2

2

( 1

υ1
+ δυ1

)
,

E2 = −
(
βa +

ς2(βa − βb)

ω2
1 − ω2

2

)
+

1

2

ςHs(ω2)

ω2
1 − ω2

2

( 1

υ2
+ δυ2

)
,

which may be called pseudo-damping coefficients. In this study, the viscoelastic
kernel function is supposed to follow ordinary Maxwell model

(B.8) H(t) = γe−ηt,

where γ and η are the coefficient of the viscoelasticity and the relaxation, respec-
tively. γ represents the intensity of material relaxation, η characterizes the material
relaxation rate. The sine and cosine transformations in Eq. (B.6) are given by

Hs(ω) =
ωγ

η2 + ω2
, Hc(ω) =

γη

η2 + ω2
.
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СТОХАСТИЧКА СТАБИЛНОСТ ГИРОСКОПСКИХ
ВИСКЕОЛАСТИЧНИХ СИСТЕМА И ПРИМЕНЕ У

АКСИJАЛНО ПОКРЕТНИМ ТРАКАМА

Резиме. Оваj рад истражуjе стохастичку стабилност гироскопских вискоела-
стичних система подвргнутих параметарскоj побуди широкопоjасним шумом.
Анализа се фокусира и на стабилност момената, користећи Љапуновљеве ек-
споненте, и на скоро сигурну стабилност, путем наjвећег Љапуновљевог ек-
спонента. Разматрани широкопоjасни шумови укључуjу Гаусов бели шум и
Орнштаjн-Уленбеков шум. Прво се Стратоновићеве стохастичке диференци-
jалне jедначине, коjе описуjу систем са малим пригушењем и слабим побуђива-
њем, претвараjу у Итоове стохастичке диференциjалне jедначине помоћу тех-
ника стохастичког усредњавања. Затим се уводи елегантан математички оквир
за апроксимациjу Љапуновљевих експонената момената путем стохастичких
трансформациjа и проблема сопствених вредности. Наjвећи Љапуновљев ек-
спонент се потом изводи на основу његовог односа са Љапуновљевим експо-
нентима момената. Пример примене укључуjе извођење стохастичких jедначи-
на кретања за аксиjално покретни систем трака са флуктуираjућим напоном,
анализираjући његову стохастичку стабилност. Аналитичке апроксимациjе су
проверене путем Монте Карло симулациjа и упоређене са резултатима из лите-
ратуре. Студиjа такође разматра утицаj различитих параметара на стабилност
система, са потенциjалним применама у инжењерским областима.
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