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STOCHASTIC STABILITY OF GYROSCOPIC
VISCOELASTIC SYSTEMS AND APPLICATIONS
IN AXTALLY MOVING BANDS

Jian Deng and Wei-Chau Xie

AssTrACT. This paper investigates the stochastic stability of gyroscopic vis-
coelastic systems subjected to parametric wide-band noise excitation. The
analysis focuses on both moment stability, using moment Lyapunov exponents,
and almost-sure stability, via the largest Lyapunov exponent. The wide-band
noises considered include Gaussian white noise and Ornstein—Uhlenbeck noise.
The Stratonovich stochastic differential equations governing the system with
small damping and weak excitation are first converted to It6 stochastic differ-
ential equations through stochastic averaging techniques. An elegant mathe-
matical framework is then introduced to approximate the moment Lyapunov
exponents through stochastic transformations and an eigenvalue problem. The
largest Lyapunov exponent is subsequently derived based on its relationship
with the moment Lyapunov exponents. An application example involves de-
riving the stochastic equations of motion for an axially moving band system
with fluctuating tension, analyzing its stochastic stability. The analytical ap-
proximations are validated via Monte Carlo simulations and compared with
results from the literature. The study also discusses the influence of various
parameters on the system’s stability, with potential applications in engineer-
ing fields.

1. Introduction

For many mechanical and civil engineering structures, gyroscopic systems are
usually an important component [1], and they can be modeled as:

(1.1) Mg+ D+ G)q+ (K+C)g=0,

where q is the vector of state coordinates, M is the inertial matrix, D is the
viscous damping matrix, G is the gyroscopic matrix, K is the stiffness matrix
with K7 = K, C is the circulatory matrix, CT = —C, which is attributed to a
non-conservative positional (circulatory) force. Eq. (1.1) is classified as gyroscopic
because it contains the term G¢, where G is skew-symmetric, GT = —G. The
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gyroscopic term often arises in rotating systems, where the equation of motion
are expressed relative to the rotating body. These terms usually involve coupling
between two or more coordinates.

The axially moving band under stochastically fluctuating tension is a typical
gyroscopic system. The dynamic stability of axially moving systems has received
considerable attention, partly because the characterization of vibrations and sta-
bility is essential for the analysis and optimal design of a broad class of mechanical
systems that incorporate belt drives, chain drives, or moving bands. Due to irreg-
ular fluctuations, excessive wear and fatigue may occur in such systems, and the
quality of products produced by these machines may become unpredictable.

One of the earliest studies on band saw vibrations was conducted by Mote [2],
who obtained upper and lower bounds for the natural frequencies of transverse
flexural vibration. Experimentally, Mote and Naguleswaran established a strong
relationship between tension and axial velocity [3]. Around the same time, Nag-
uleswaran and Williams [4] investigated the lateral vibration of moving bands
caused by periodic tension fluctuations and derived conditions for parametric insta-
bility of the subharmonic type in flexural motion. Later, Ulsoy and Mote examined
the vibration of wide-band saw blades using an axially moving plate model [5]. In
a systematic study, Asokanthan analyzed the instability of torsional-flexural vibra-
tions of band saws under deterministic periodic excitation and also investigated
moment stability for both torsional and flexural vibrations under random tension
fluctuations [6]. Yin [7] completed his master’s thesis on Lyapunov exponents
and the stochastic stability of linear gyroscopic systems—one of which was an ax-
ially moving band under stochastically fluctuating tension—using the method of
stochastic averaging and Khasminskii’s formulation [8]. More recently, Abdelrah-
man [9] obtained significant results for viscoelastic materials, including Lyapunov
exponents and the stochastic stability of linear viscoelastic gyroscopic systems.

Loadings on structures can be of a deterministic [10-12] or stochastic na-
ture [13-15]. The stability of stochastic systems can be analyzed using either
sample-based or moment-based approaches [16]. Sample-based stochastic stability
refers to almost-sure stability (i.e., stability with probability one), while moment-
based stability concerns the behavior of the system’s moments over time. Lyapunov
exponents play a central role in characterizing almost-sure stability: the largest
Lyapunov exponent not only determines whether a linear stochastic system is sta-
ble but also quantifies the exponential rate at which its solutions grow or decay
over time. However, almost-sure (sample-path) stability does not necessarily imply
moment stability. This distinction can be understood through the lens of large
deviations theory [17]. For certain parameter values, the solution of a stochastic
system may be almost surely stable, yet its second moment may still grow expo-
nentially. Conversely, the second moment may remain stable, while higher-order
moments, such as the fourth moment, grow exponentially. To fully understand the
dynamic stability of a stochastic system, it is crucial to investigate both sample-
path stability and moment stability for all real values of p. This requires evaluating
both the largest Lyapunov exponent and the pth moment Lyapunov exponent, pro-
viding a comprehensive picture of the system’s long-term behavior [14]. Moment
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Lyapunov exponents provide information not only about moment stability but also
about almost-sure stability.

Although moment Lyapunov exponents play a crucial role in the dynamic sta-
bility analysis of stochastic systems, their actual determination is very difficult—
if not practically impossible to evaluate exactly. Therefore, several perturbation
approximations [18] and asymptotic expansion series [19] have been developed
for two-dimensional linear stochastic systems. Sri Namachchivaya and Van Roes-
sel [20] investigated the moment Lyapunov exponents of two-degree-of-freedom
(2DOF) coupled elastic oscillators under real noise excitations. Vedula completed
his PhD thesis on the stability of parametrically excited linear and nonlinear gyro-
scopic systems [21], although viscoelasticity was not considered in his work. The
moment Lyapunov exponents and the largest Lyapunov exponent for 2DOF coupled
non-gyroscopic systems [22] and multiple-degree-of-freedom (MDOF) systems [23]
have been derived using the stochastic averaging and the perturbation methods,
respectively. More recently, a comprehensive book summarizing the author’s group
research on modeling complex dynamic systems, including stochastic stability, was
published [15].

In many engineering structures, viscoelasticity is present in various materi-
als [24], such as metals and alloys at elevated temperatures. Understanding the
effect of viscoelasticity on structural stochastic stability is urgently needed due to
the growing applications of viscoelastic materials. Although several studies have
examined Lyapunov exponents in viscoelastic systems [9,25,26], relatively few have
addressed moment Lyapunov exponents. Xie [27] derived a small-noise expansion
for the moment Lyapunov exponent of a one-degree-of-freedom (1DOF) viscoelas-
tic column under bounded noise excitation. Later, Huang and Xie [28] further
investigated the moment Lyapunov exponents of such a viscoelastic system under
wide-band noise excitation, using both first-and second-order stochastic averaging
methods. It has been shown that special techniques are often required to address
dynamic stability problems in viscoelastic structures [29].

To gain a comprehensive understanding of dynamic stability, it is essential to
investigate both moment stability and almost-sure stability in gyroscopic viscoelas-
tic systems subjected to wide-band noise excitations. This paper is motivated by
the dynamic stability challenges encountered in axially moving viscoelastic bands
exposed to stochastically fluctuating external loads. The main contributions and
novelties of this study include: (1) the formulation of stochastic averaging for gyro-
scopic viscoelastic two-degree-of-freedom (2DOF') systems in Section 2. However,
the detailed derivations are given in Appendix A and B; (2) a scheme for approx-
imately determining the moment Lyapunov exponents and the largest Lyapunov
exponent of gyroscopic systems using mathematical transformations only, presented
in Section 3; (3) the calculation of analytical stability boundaries in Section 4; (4)
an application to the stochastic stability analysis of axially moving viscoelastic
bands in Section 5; (5) the formulation of a Monte Carlo simulation approach in
Section 6; and (6) results and discussion provided in Section 7.
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2. Formulation

Consider the following gyroscopic system of two-degree-of-freedom

(2.1) 4+2:.q+¢ ﬁ 01} a+ [klsﬂbiH ko fibgﬂ] q-¢e'/? [(1) 2} £(t)q =0,
where q = {¢1, qQ}T are state coordinates, 3, and (3, are damping coeflicients, other
parameters or coefficients are constants. There is a relationship 8, = £, + 8y, where
By and [, denote the internal and external damping coeflicients, respectively. € < 1
is a small parameter introduced to make the analysis more convenient. # is a linear
viscoelastic operator defined by

(2.2) H[W(t)] = /0 H(t — 7)(r)dr, 0< /0 T )0 < 1,

where H(0) is the relaxation kernel. It is noted that Larionov [29] justified an
averaging method in a rigorous manner for general integro-differential equations.

Random excitations £(t) can be described as two types of wide-band stochastic
processes [14]. The first is Gaussian white noise, formally defined as the time deriv-
ative of a Wiener process: £(t) = oW () where o is the intensity of the white noise.
This process has a constant cosine power spectral density S(w) = o2 and a zero sine
power spectral density ¥(w) = 0 across all frequencies. The second type, known as
real noise, is often represented by an Ornstein—Uhlenbeck process, given by

dE(t) = —ag(t)dt + o dW (1),

where W (t) is a standard Wiener process. The corresponding power spectral den-
sities are
o wo

(2.3) W)= o YO = sy

where o and « are the parameters for intensity and band-width of the real noise,
respectively. When « is large, the power of the real noise is spread across a wide
frequency band. Therefore, the Ornstein—Uhlenbeck process can serve as a mathe-
matical model for wide-band noise.

The equations of motion of many physical systems under the excitations of
wide-band random processes can be approximated by Stratonovich stochastic dif-
ferential equations. Eq. (2.1) is known as the Stratonovich stochastic differential
equation if £(t) is described as a wide-band stochastic process. A key advantage
of this form is that it can be treated similarly to non-stochastic differential equa-
tions. However, physical stochastic processes are often approximated by Markov
processes, in which case it is more convenient to use It6 stochastic differential
equations [13,30]. This approximation can be carried out using the method of
stochastic averaging.

The process of applying the stochastic averaging method involves transforming
the equations of motion in Eq. (2.1) from generalized coordinates to polar coor-
dinates, as detailed in Appendix A. The transformation expresses the generalized
coordinates (q1(t) and ¢o(¢)) in terms of amplitudes (a;(t) and as(t)), and phase
angles (¢1(t) and ¢2(t)), using sinusoidal functions with frequencies (w; and ws).

2 2
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The specific transformation functions are given in Eq. (A.7), repeated here:

(2 4) q1 (t) = wual(t) sin[wlt —+ (151 (t)] + w22 A2 (t) Sil’l[w’gt + d)g (t)],
’ q2(t) = wi1a1(t) v1 cos[wit + @1 (t)] + wazas(t)vs cos|wat + P2 (t)],

where wi1 and wss are scaling parameters, wy and wo are the system’s characteristic
frequencies, v; and v are constants defined in Eq. (A.5).

The equations of motion in Eq. (2.1) are transformed into differential equations
for the amplitudes (a;) and phase angles (¢;) in Eq. (A.16), repeated here:

(2.5) ;=P F0) +eFY, ¢ =?FY) Rl

b i=1,2,

where F, éf)i) and F 4(3?2') are functions containing the stochastic loads, F, (511) and Féll)
are functions without the stochastic loads. These four functions are derived in
Eq. (A.17). In spite of the transformation from a second-order equation in Eq. (2.1)
to a first-order equation in Eq. (2.5), all are still Stratonovich differential equations.

If the correlation function of the noise £(¢) decays sufficiently quickly to zero
as the time ¢ increases, then the Stratonovich stochastic differential equations a;(¥)
and ¢;(t) in Eq. (2.5) converge weakly on a time interval of order 1/¢ to an Ito
stochastic differential equation for the averaged amplitudes a; and phase angles ¢;,
whose solutions provide a uniformly valid first-order approximation to the exact
values [13,14,30,31]. As ¢ — 0, the method of stochastic averaging could be
applied to Eq. (2.5) to yield diffusive processes for the averaged amplitudes a;(t)
and phase angles ¢;(t), i = 1,2, in Eq. (B.1), repeated here:

2
a 1/2 a a
(2.6a) da; = em¢dt + Y/ Z oy dWi,
j=1
2
(2.6b) dg; = em{dt + /> "ol dWy,
j=1

where the overbar is removed for clarity of notations. W® = {Wa Wg}" and

W? = {Wld’ , Wf }T are two-dimensional vectors of independent standard Wiener
processes. Stochastic averaging, the drift coeflicients em?, 6mf, and the elements
of 2 x 2 diffusion matrices eb® = c0(6®)”, eb? = 50’¢(cr¢)T
o = [0‘%], b® = [by;], b? = [b‘fj], are presented in Appendix B.

, where o = [0],

3. Moment stability and almost-sure stability

The sample, or almost-sure, stability of the stochastic system in Eq. (2.1) is
governed by the largest Lyapunov exponents defined as

1
Aq = lim ~ log|lq]],

where ||q|| = (q”q)'/? is the Euclidean norm of the state coordinates. If the
largest Lyapunov exponent is negative, the trivial solution of the system is stable
with probability 1; otherwise, it is unstable almost surely.
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On the other hand, the stability of the pth moment E[||q||”] of the solution
of the system in Eq. (2.1) is governed by the pth moment Lyapunov exponent
defined by

1
Aq(p) = lim ~logEflla]l”],

where E[-] denotes the expected value. If Aq(p) is negative, then the pth moment
is stable; otherwise, it is unstable.

It is important to note that the original equation of motion in Eq. (2.1) has
been deliberately approximated by Eq. (2.6a) and (2.6b) through the method of
stochastic averaging. Both the averaged amplitude equation a; in Eq. (2.6a) and
the phase angle equation ¢; in Eq. (2.6b) do not involve the phase angles, so
the amplitude equations are advantageously decoupled from the phase angle equa-
tions. Hence, the averaged amplitude vector (a1, az) is a two-dimensional diffusion
process, on which the moment Lyapunov exponents will be formulated through
stochastic transformations and an eigenvalue problem in the next section.

3.1. Stochastic transformations. For a two-dimensional amplitude system
such as Eq. (2.6a), an approach has been developed to obtain moment Lyapunov
exponents [32]. For completeness, that approach is outlined here.

First, one may transform the It6 stochastic differential equations for the am-
plitudes using Khasminskii’s transformation as follows [8, 36]:

—1 G2 .
(3.1) r=4/a?+d2, gz):tanla—, a; =rcosyp, ag=rsing, P=rP,
1

and then the moment Lyapunov exponent is given by
.1
A= tlggo . log E[P].

The It6 stochastic differential equations for P and ¢ can be obtained using the
It6 Lemma,

(3.2) dP = mp( )dt+ op1dWi + opa dWsy = ( ,(p)dt+ ZP(P, (p)dVV,
(3.3) dp = my(p)dt + 0,1 dW7 + 0 dWe = my,(p)dt + 2, (¢)dW,

where
w OP LOP 11, 0°P “ o, O0°P . O0°P
(3.4) me(P,) = E{mlaTn Mg, T 3 [t 19z T O+ ba)5 50 + b aag]}
mi 11 2
=epPd————cosp+ —————sinp + — —2)cos“p+1
P {m ¢ \/7 ¢ [ 7y g2 l(p = 2)cos” o+ 1]

(b2 + b51)

(p—2)sin2p + b [(p — 2)sin® p + 1]] }

2(a? + a3) a? + a2
g'a ai +0'a ai
Y2 =0p fopp=¢ Jaai+aaai Ua8i+0“8i " a 1 das
P =0p1 P2 = U 5 2150, 1250 25, L op Y op
125 —

8 60,2
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[((011) + (o12) )(a(i) + 2(c11051 +U12022)2P gf + ((051)% + (0%2) )(852> ]

= e[t (O8) ot 00 2P 08, (22,
(3.5) my(y) = { ai g—“"+ [b g?-&-(‘fz—i—bgl)%_,_b gw]}

(b 12 + bz ) 2 b3a .
(2cos”p—1) — sin 2@] },

1 bllll .
b 20 —
2 [a% + a2 S ee

(3.6) ¥ =05+, = s[b’fl (87%0)2 + (bly + b51) 7 — O¢ Op + 5(212(87@)2}

® 80,1 8a1 8a2 8@2
b . o (b%5 + 0%,) b5, 2 }
[a%+a%sm © ﬁsm(pcosap—l— %+ 5 COs™ .

It is noted that the coefficients of the terms on the right-hand side of the
amplitude equations in Eq. (2.6a), such as m¢ for ¢ = 1,2, are homogeneous of
degree one in a; and ay. This implies that the diffusion term b? in Eq. (B.2) are
homogeneous of degree two in a; and as.

Therefore, substituting a; = rcose and as = rsing from Eq. (3.1) into
Eq. (3.4), one finds that the drift term mp(P, @) and the diffusion term Xp (P, ¢)
are functions of P of degree one and of ¢.

However, the drift term my(p) in Eq. (3.5) and the diffusion term X,(¢p) in
Eq. (3.6) are functions of ¢ only. This shows that P(t) in Eq. (3.2) and ¢(¢) in
Eq. (3.3) are coupled, although ¢(¢) is itself a diffusion process.

A linear stochastic transformation is then applied [36]

Q=T(p)P, P=TYp)Q  0<p<m,
from which the following partial derivatives are obtained:

0Q 0Q 9%Q 9*Q 0%Q
7 —~=TP <=0 =T = PT,,
op ~ 1@ G, =P 5 =0 Gpap ~Te G~ PTee
where T, and T, denote the first-order and second-order derivative of T'() with
respect to ¢, respectively.

The It6 stochastic differential equation for the transformed pth norm process

Q can also be derived using It6’s Lemma,
oQ 0Q

oQ
anW1 + GPQa?dWQ + O’Wl%dwl + T2

where the drift coefficient is given by

Q 3@ 0 0*Q Q
mQ:mPﬁ—l— ¢8 [bHaP? (b

oQ

(3.7) dQ =mgdt+ (am %dwg),

0%Q 0 0°Q
21)8P8 +b228<p :|

1
= §P(09201 + aiz)T;,’#7 + (muP 4 0p10,1 + 0p20p2) T, +mpT,
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and the diffusion terms satisfy the relationship
3.8 b? = [09 (@ ’ . o= gPL TP2|
(33 [0%09)"] e

Substituting op1, op2, 0,1, and o2 into Eq. (3.8) leads to

(3.9) b% =0} + 0Py =57, b%20<,201+0—<,202:2i7

(3.10) b% = b2Q1 = 0p10yp1 + 0p20y2
(09?4 (5021 0P 9% | a o a o y[OP Op | OP Op
=e[(a$y)" + (0%y) }6a1 D0, +e(of105, +012022)[6a1 Bty + Dty 3@1}

T el(o8)? + (0%) 2L 02

8a2 aag
_s{aaP Op 5o OP 0p  OP 8(,0] b oP 84,0}
o 1 8@1 8@1 12 6a1 Bag 8(12 8a1 2 8(12 8a2
by be pa
_ P{ __bn : 12 2 .2 % . } .
Ep P cos psin ¢ + pop (cos® ¢ — sin” ) + Tt a3 cos @ sin ¢

For a bounded and non-singular transformation T'(¢), both processes P and @
are expected to exhibit the same stability behaviour. Therefore, the transforma-
tion T'(p) is chosen such that the drift term in the It6 differential equation (3.7)
becomes independent of the phase process ¢, resulting in the simplified stochastic
differential equation:

(3.11) dQ = eAQdt + £/ (041 AW, + 5gadWy).

By comparing the drift terms in Egs. (3.7) and (3.11), one finds that the trans-
formation T'(¢) must satisfy the following equation, i.e., the eigenvalue problem,

1
(3.12) §P(ail + (73,2) T, + (meP 4 0p10g1 + 0paoge) T, + mpT =eAT, 0< ¢ <,

where T(¢) is a periodic function in ¢ with period 7. Eq. (3.12) thus defines
an eigenvalue problem for a second-order differential operator, with A being the
eigenvalue and T'(¢) the associated eigenfunction.

Taking the expected value of both sides of Eq. (3.11), and noting that
Elog1dW1 4 0g2dWs] = 0 [14], one obtains E[Q] = eAE[Q]d¢, from which it follows
that the eigenvalue A corresponds to the Lyapunov exponent of the pth moment of
system (2.1), i.e., A = Aq(y)(p).

Substituting Egs. (3.9) and (3.10) into Eq. (3.12) yields
(3.13) L(p)[T] = %{%2§PT5¢ +meP + B3I, +mpT} = AT, 0<p<n,
where Z?p, My, b%, and mp are given in (3.6), (3.5), (3.10), and (3.4), respectively.
Substituting these four equations into Eq. (3.13) yields

(3.14) LP)[T] = XoTy, +MT, + T = AT, 0<¢<m,
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where
Lr b S (b2 +b31) b3, 5
3.15a) A = [ 11 n?p— —5———>5~sinpcosp + S COS ]7
( ) = 2 lai +a 7 af + a3 peey ai + a3 g
(3.15b) N\ { [ m3 COSSO __mfising biisin2¢p  (biy +051)(2 cos? p — 1)
. (a2 +a2)/2  (a®+a2)/2 " 2(a? 4 a2) 2(a2 + a2)
_ M} [, M osin
2(a? + a3) a2 + a3 PEY
bis (0052 w— sin? ®)+ 652 5 COS @ sin go] }
ai + a3 aj+a
i m3 .
(3 15C) A0 - p{ﬁ COs @ + W s @
1 [ bt (bf2 + b51)
5 p — 2) cos® + 1+ 5—=5(p—2)sin2
5[0 Deost o+ 1)+ (I - )sinzy
b22 .2
-2 1 } }
+a%+a§[(p )sin® ¢ + 1]

Substituting a; = rcosp, as = rsingp into Eq. (3.15), one may find that the
coefficients Ag, A1, and Ao are functions of ¢ and p only. Substituting Egs. (B.2)
and a1 =rcosp, as =rsiny into Eq. (3.14) yields the eigenvalue problem, which
will be simplified into Eq. (3.18) as follows. The moment Lyapunov exponents can
then be calculated from this simplified eigenvalue problem.

To simplify the eigenvalue problem, the parameters wy; and wsy are deliber-
ately chosen such that

. wd if DDy =0,
Wa1 = 5 = /2 .
T (B8R i DiDs £,
From Egs. (B.3) and (B.4), it is seen that D; and Ds can be rewritten as

2 2

D, = (U1 — 0—12) S(wi + we) + (U1 + U%) S(wr — wa),
2 2

D, = <U2 — Uil) S(w1 + wa) + (Uz + vil) S(wy — wa),

which show that D; and Dy are non-negative, and D is zero if and only if Do
equals zero.
Employing the notations

D = w2, Dy = @Dy = \/D1Ds = ’(

1% -V
(3.16) a= 0(V1+V2—2V3+2D) b:Z(Vl—i—Vg—2V3—2D),

Ay =E +2Vi(Vi +Vs),  Ag = Ey +2Vp(Va + V3),

where V;(i = 1,2,3,4), E;(i = 1,2) and D;(i = 1,2) are given in Eq. (B.3) of
Appendix B, the eigenvalue problem becomes

)

- 1 5
L(p) = (D — b cos? 2@)T¢<p + {p |:§V0(V2 —Vi)sin2p — bsindp
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1{1

5 (82— Ay)sin?(2) + 203 2(a — beos? 2¢)| | T,

+ sin 2¢
1 1 ~

+p{§(A1 + Ag) + §(A1 — Ay)cos2p + 2(D — bcos® 2¢)

+ p(Vi cos® o + Vs sin? ¢ + b cos? 2(,0)}T =AT, 0<p<m.

The parameters F;(i = 1,2) are called pseudo-damping coefficients.

3.2. Determination of moment Lyapunov exponents. It is found that
the coeflicients in Eq. (3.14) are periodic with period . Therefore, it is reasonable
to consider a Fourier cosine series (truncated at the K-th order) of the eigenfunction
T(p) in the form

K
(3.17) TE) (p) = Z C; cos(2ip).
i=0

Here, only cosine functions are adopted because sometimes the eigenvalue prob-
lems in Eq. (3.14) contains 1/sin(2¢).

Substituting Eq. (3.17) and a; = rcos ¢, as = rsin ¢ into the eigenvalue prob-
lem (3.14), multiplying both sides by cos(2j¢), j = 0,1,..., and performing in-
tegration with respect to ¢ from 0 to 7/2, yield a set of K 4 1 equations for the
unknown coefficients C;, i = 0,1,..., K:

K
ZaijC’i:A(K)C’j j20,1,2,...,
=0

or in the matrix form

ago — AU ao1 R aoK Co

aio ail — A(K) ce 1K Ch
=0.

axo a1 o aggx —AB | | Ck

where AUS) denotes the kth-order approximate moment Lyapunov exponent and

4 [T/ . . .
a;; = p / L(p)[cos(2ip)] cos(2jp)de, j=0,1,2,....
0

To obtain non-trivial solutions, the determinant is set to zero, yielding a poly-
nomial equation of degree K + 1 for the moment Lyapunov exponents A (p),

K+1 K
(3.18) eSE) AU IO UOTE L NG ) g,

The set of approximate eigenvalues obtained through this procedure converges
to the corresponding true eigenvalues as K — oo. However, as shown in Figure
1, the approximate eigenvalues converge so rapidly that the approximations nearly
coincide for K > 1, i.e., Agp)(p) ~ AT (p).
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K=4 £=0.1 Si=2
0.9 - =1 y=1 S=0
084  Ri=0.1875 Sw)=1
074 Re=119 n=1 SQwy)=1
w, =1.5098 B=2
067 4 =03129
S 0.5-\
<
044\
\\
0.3
0.2
0.1
0 o
-2 0 2 4 6
P

FIGURE 1. Moment Lyapunov exponents for various Kth order
Fourier expansion

3.3. Determination of the largest Lyapunov exponents. The pth mo-
ment Lyapunov exponent Aq;)(p) is a convex analytic function in p that passes
through the origin, and the slope at the origin is equal to the largest Lyapunov
exponent gy [14],

A

(319) o ) = i 2902

Eq. (2.6a) is similar to system Eq. (8.6.2) in the book [14], where the largest
Lyapunov exponent was analytically derived from the invariant probability density
by solving a Fokker-Plank equation [14]. The analytical results from [14], shown
as dashed lines, and the numerical results from Eq. (3.19), shown as solid lines,
are compared in Figure 2. The comparison indicates that the two sets of results
are nearly indistinguishable and overlap. It should be noted, however, that due to
round-off errors, the numerical results may become unstable as S(w) — 0. Figure
2 also demonstrates that the analytical and numerical largest Lyapunov exponents
closely approximate the tangent lines of the Monte Carlo simulations [33], shown
as dotted lines. This serves as evidence that the stochastic averaging method is
valid only as a first-order approximation.

3.4. Procedure for Stability analysis. The procedure for stochastic sta-
bility analysis is summarized as follows.

(1) Set up the governing equations of motion of a structure under stochastic
loadings, e.g., Eq. (2.1). This is a Stratonovich stochastic differential
equation.

(2) Express the state coordinates in polar coordinates, e.g., Eq. (2.4).

(3) Convert the Stratonovich stochastic differential equation into first-order
differential equations in terms of amplitudes and phase angles, e.g., Eq.
(2.5), based on the polar coordinates in Eq. (2.4).
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Apply stochastic averaging to approximate the first-order differential equa-
tions by averaged first-order differential equations in terms of averaged
amplitudes and averaged phase angles, e.g., Egs. (2.6a) and (2.6b), which
are Ito stochastic differential equations.

Apply Khasminskii’s transformation in Eq. (3.1) together with the It6
lemma to obtain the It6 equations of the pth Euclidean norm, as in Egs.
(3.2) and (3.3).

Use the linear stochastic transformation to obtain the eigenvalue problem
in Eq. (3.12) or Eq. (3.13).

Solve the eigenvalue problem using the Fourier cosine series in Eq. (3.17)
to calculate the moment Lyapunov exponents in Eq. (3.18).

Use the relationship between the largest Lyapunov exponent and the mo-
ment Lyapunov exponents in Eq. (3.19) to determine the largest Lyapunov
exponent.

4. Stability Boundary

Although moment Lyapunov exponents can be determined numerically from
Eq. (3.18), analytical expressions are sometimes needed. These can be obtained by
setting K = 0,1,2 in Eq. (3.17) as follows.

4.1.

For K =0. When K = 0, the eigenfunction in Eq. (3.17) becomes

T(p) = Cp. Then, from agy — A(®) = 0, the moment Lyapunov exponent is given by

Vo

(41)  Agqn(p) = AV (p) = 5 (BVi+3V2+2V5 + 2D)p?
1rVo
+§ ?(5‘/1 +5‘/2+6‘/3+6D) —E1 —E2 D,
Solid lines: Numerical Results Solid lines: Numerical Results

0.204

0.154

0.104

0.05 4

Dashed lines: Analytical Results (overlapped)
Dotted lines: Simulation Results
K=4 =01 B=05 y=1 n=1

@ w, =1.216 w,=0.489

Dashed lines: Analytical Results (overlapped)
0.15+ Dotted lines: Simulation Results
K=4 £=01 B=05 y=1 n=1
@ ¢=2.6 R1=—0.1725 R2=-0.25
0.104 w; =2.5161 w, =0.08254

=02 R1=0.2475 R2=1.43 .
=4 R1=—0.75 k2=—2.56
/. ®F°

T = 0 =354 ®,=0.39
é 0.05

R

@gzﬁ Ri1=-2 R2=-7.56
w; =5.085 w,=0.7647
T

¢=1.4 R1=0.1275 R2=0.95
@ w; =173 ®,=0.201

0.5 1 15 0 1 2 3
S(e) S(w)

(a) (b)

F1GURE 2. Comparisons of the largest Lyapunov exponents for
analytical, numerical and simulation results
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where V;(i =1,2,3,4) and E;(i = 1,2) are given in Eq. (B.3) of Appendix B, but
D is provided in Eq. (3.16). The system is moment stable if Agq)(p) < 0, which
gives the pth moment stability region for a given value of p.

The Lyapunov exponent is

(42) A0 = 200 _To

(5V1 +5Va 4+ 6V3+6D) — *(E1 + E5).
p—0 P 2

The almost-sure stability region is given by A\(9) < 0.
From Egs. (4.1) and (4.2), both the moment stability boundary and the almost-
sure and are straight lines in the coordinates defined by E; and Es.

4.2. For K = 1. When K = 1, the eigenfunction is T'(¢) = Cy + C cos 2.
The pth moment stability region is given by A < 0, in which A are the roots
of the quadratic equation

(A(l))2 + 6gl)A(l) + 6(()1) _ 0’

2
(4.3) (A(l)) e (12)]92 + egl)p + e(l)]A(l) + [eg (1 )p + e(()?p3 + eélz)p2 + eél)p] 0,

1
) = —5(13V1 +13Va + 6V5 + 6D) Vo,

1
el = _ [1(21% +21V; + 22V5 + 22D)Vp + 2(Ey + E2>]a
efo) = (Vi + Vo — 2V5 + 14D) Vs,

5 37
6&) [64(‘/1 +‘@)+33%V2 16

1
(Vo + D)(Vi +Va) + 15 (Vs + DY V2,
29
) = {207 + V) + ViV + (Vi + D)V + V) + (Vi + D]V

B S(El +E)(D+Vs) - (156E1 éEQ)Vl - (156E2 + 6E1>V2}VO’

1 97 7
py = {[16(‘/1 PV + Vs (S0 4+ D) (Vi 4 V)

+ (Vs + D)V + D)| Vg — [L(B1 + Ba)(D 4 13)

5 37 5 37 1., 1., 3
+ (gEl + §E2>V1 + <§E2 + §E1)V2]Vo + ZEI + ZEQ + §E1E2},
1 _ 13 2 2 3
eff) = { [~ F(VE+VE) + ViVs + (5V — 19D)Vi + (Vi — 19D)V; — 18DV,
5. 3
= 21D + V| V3 + [7(Br + B)D + (3B1 — S B2)Va

+ (gEg - gEl)V2 - (B + EQ)V?)]VO}’
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where V;(i = 1,2,3,4) and F;(i = 1,2) are given in Eq. (B.3) of Appendix B, but
D is provided in Eq. (3.16). The Lyapunov exponent is given by

1 1) - 1 1 1
(4.4) A — iy 0P "+ pp® + ety o)
: - 1 1 1 - 1)°
p=0 P[eg;pz + 651)P+€(10)] ego)

Analytical expressions for moment Lyapunov exponent A() can be obtained
by solving quadratic equation Eq. (4.3). For clarity of presentation, the following
special cases are considered.

CASE 1: Gyroscopic systems under white noise excitation with S(w) = Sp.
In this case, one has ST =5y, S~ =0, and

= (o) o va= (G- o) s V= s,
D, = (C%f + Ulg)So, Dy = (szg + %)So.

CASE 2: Gyroscopic systems under band-limited noise excitation close to

S(2w;), 1 =1, 2.
Take S(2w;) = Sp as an example. In this case, one has V5 = V3 = 0 and
Dy = Dy = D = 0. The moment Lyapunov exponent is given by
13 21 1 1
W (p) = =2 2 {7 _ ] _
(4.5) A (p) 32V0V1p + 16V0V1 2(E1 + Es)|p 4V0V1

1
+ 5{1291/51/1%4 + [TT2V2VE — 256(E) — Ey)VoVilp®

+ [1524V2VE — 1024(Ey — Ey)VoVi + 128(Ey — Ey)°|p?
+[992V2V2 — 1024(Ey — E)VoVi + 256(E) — Ea)*Jp} />,
The corresponding largest Lyapunov exponent is

L 13 5 3 1 (B — Ey)°

(46) /\( )(p) = ZV()Vl - §E1 + §E2 + §T
The moment stability region and almost-sure stability region can be obtained
from the equations A (p) < 0 and AV (p) < 0, respectively. Stability boundary is
the dividing line between the stability region and the instability region. Therefore,
from this boundary, one can establish the relation between F; and Fs, as well as

the critical excitation Sy for moment stability or almost-sure stability.
CASE 3: Gyroscopic systems under band-limited noise excitation close to S(w™).
In this case, from Eq. (B.3), one has V; = V5, =0, ST =S5~ = S(w™), and

1 v
)8, D= (i + = - 2%)S(w+),
2

Vi = (QC — Purvg —
V1V

1

Dy = (g + = - 2@)5(&), D = /Dy Ds.
(%1 (%1

The moment Lyapunov exponent is given by
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Wy — 3 1 (L T
47) AV = ¢ 2(E1+E2)]p (2v3 2D)v0

1
+ E{VOQ(VS + D)’p* +4V5 (Vs + D)*p® + [(116D* + 104V5 D — 12V5)Vy

11
Vo(Vs + D)p? + [gvo(VﬁD)

+ 32(Ey — Eo2)?|p* + [(224D° 4 192Va D — 32V5) Vi + 64(Ey — E2)’]p
+(3136D? — 896V3 D + 64V VL2,
The corresponding largest Lyapunov exponent is
(42D + 36V3D — 6V2)VE + (Ey + Ea)(2Vs — 14D)V, + (Ey — Ey)?
4(7D — V3)Vy '
CASE 4: Gyroscopic systems under band-limited noise excitation close to S(w™).
In this case, from Eq. (B.3), one has V; =V, =0, ST = -5~ = S(w™), and

AP (p) =

_ 2 - (22 L 98U -
V3 = (2C+C v1Ug + U1U2>S(W ), Di= (C vy + 2 +2 o )S(w )s
1
Dy = (g%; 4 2@)5(00*), D = +/DiDs.
vy (%1

The moment Lyapunov exponent and the corresponding largest Lyapunov expo-
nents have the same form as Eq. (4.5) and (4.6), respectively.

The analytical expressions for the moment Lyapunov exponent and the Lya-
punov exponent, given in Eq. (4.5) to (4.7), serve as invaluable tools for stability
characterization with respect to variations in the spectral density. For example, by
substituting Eq. (B.3) into Eq. (4.5) and setting A (p) = 0, one can determine
the stability index and the stability boundary. Furthermore, if A (p) < 0, the
corresponding stability region can be identified.

4.3. For K = 2. When K = 2, the eigenfunction takes the form T'(p) =
Co + C1 cos2¢ + Co cosdy, and the pth moment Lyapunov exponent A is the
root of a cubic equation. Although an explicit analytical result can be obtained, it
too lengthy to be presented here. For K > 3, no explicit expressions for moment
Lyapunov moments are available.

5. Application: Axially moving band

5.1. Equation of motion. The axially moving band of analysis is illustrated
in Figure 3, where the flexural motion of a freely running band between two pulleys
of equal radii R over a span, L. The band is modelled as an axially moving uniform
beam with constant transport speed, v, and is characterized by a mass per unit
length, m, a flexural rigidity, £I = EI,, and a material damping parameter, /3.

Assumptions defining this problem are as follows.

(1) The bands are uniform, elastic Euler-Bernoulli beams.

(2) The coordinate axis, z, runs along the length of the band.

(3) Let w, w denote the lateral deflection of the band in the x, y directions,
respectively. For a thin band (strip) the flexural rigidity EFI, < EI, and
hence the in-plane deflection w may be neglected when compared to the
lateral deflection wu.
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(4) The band tension consists of a static component and a dynamic component
which includes the effects due to the centrifugal action, band-structure
interaction, and a periodic fluctuation. The periodic fluctuation in tension
is caused by pulley eccentricities or joints and flaws in the band.

(5) Slipping between the band and wheels does not occur.

(6) Out-of-plane motion of the spans does not occur.

(7) The longitudinal displacement of the spans are small compared to their
transverse displacement.

(8) Dependent variable variations are significant only in the axial, z-direction.

(9) The dissipative forces in the transverse direction are considered to be due
to aerodynamic forces and are taken to be proportional to the material
velocities.

(10) The compliance of the band-structure is denoted by h. The compliance h
may take values between 0 and 1 depending on the degree of band-support
structure interaction. This factor is obtainable directly from static mea-
surements or indirectly from the experimental frequency speed variation.

In the equilibrium configuration, the band is subjected to a static tension I'y and
it features a small initial curvature due to the bending of the band between the two
rotating pulleys. The dynamic band tension I'(t) at constant axial transport speed
is considered to consist of three components: a static component I'g, a velocity-
dependent dynamic component, and a mean-zero random component of(t), i.e.,

D(t) = Do — hmv? + of(t),

where 0 < h < 1 is a compliance factor and g is an amplitude scaling factor per-
taining to the tension variation. f(¢) is the random tension fluctuation component
and is assumed to be a stationary stochastic process with zero mean value. Ex-
perimental measurements of band tension confirms the presence of such a random
component [34]. These factors are obtainable directly from static measurements or
indirectly from the experimental frequency speed variation.

Under the above conditions, the equation of motion for the flexural vibration
of the band for viscoelastic materials can be derived as [7,34]

0*u 0%u ou 0%u 0%u ou
1) EI(l-—H)— 2_To— — — 4+ 2um——r 4B =
(5.1) ( H)8z4 + [mhv o — of (¥)] 9.2 +vp 5 + VMmoo + Mmoo + ﬁ(?t 0,
Frictionless Guide | L -

Compliance

FIGURE 3. A schematic of the axially moving band-wheel systems
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where H is a linear viscoelastic operator defined Eq. (2.2). The geometric boundary
conditions are given by
0%u 0%u
0,t) =u(L,t) =0, —5 =— =
w(0,8) = u(L,1) 02210, 0221wy

It is noted that Eq. (5.1) is a partial differential equation, which is difficult
to solve and so the Galerkin method is used in the following to convert it into
ordinary differential equations by applying the method of separation of variables
and assuming

(5.2) Z qi(t sm

where ¢;(t) is the generalized coordinates and the function sin 2% is mode shapes
of a simply-supported beam of length L.

For simplicity, consider only the first two modes, i.e. n = 2. Substituting
Eq. (5.2) into (5.1), multiplying both sides by sin 7* ”Z , 1 =1,2, and integrating with
respect to z from 0 to L yields

4
53 @ + Lq} — g, + Blm (1 =H) =& (O] — BB 4y =0,
. EI(2 *(t 8
g4 + Lgh+ 102q) + ELER (1 — ) — £0]g, + $24, =,
where

L2
£(t) = oz [mho? = To — of()

When the non-dimensional time 7 is introduced as

NS
TV Y

and the dot is used to denote differentiation with respect to the new time 7, Eq. (5.3)
becomes

(5.4) {41 +€2B¢1 — sgo — eM[q1] + Rign — eBsqa + £¥/2€(T)q1 = 0,

Go + €242 + <41 — eM[ge] + Rago + eBsqr + €1/%4€(1) g2 = 0,
or in matrix form

(55) q+525q+<ﬁ _Ol]q[&g;f% w ;H}qﬂ”? [é ﬂ é(r)a =0,

where q = {g1,¢2}" and

97T2 PO
Ri=1-cox3, Ry=16—4cox2, co= 67<h_ W)
oL?

S8vL |m BL? B
; 5(7)*@f(t)-

o_ 9 T S = 2 ) = o

3n2 \ EI A 2m2V/mE]T
The third term is a gyroscopic term. This represents a gyroscopic system under
parametric excitations, where the damping and excitation are assumed to be small.
Hence, a small parameter 0 < ¢ < 1 is introduced. This equation has the same
form as Eq. (2.1). It can also be shown that the equation of motion for torsional

Xo =
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vibration of the band has the same form as Eq. (5.5), with EFI, replaced by the
torsional rigidity GJ, but with warping rigidity neglected.

5.2. Moment stability and almost-sure stability. Moment Lyapunov ex-
ponents and the largest Lyapunov exponents can be obtained using the procedures
outlined in Sections 3 and 4. Some stability boundaries are discussed here, while
additional results are provided in Section 7, along with Monte Carlo simulations.

For gyroscopic systems under white noise excitations, the almost-sure stability
boundaries are as illustrated in Figure 4. It is observed that the boundary line
resulting from the first order expansion (K = 0) is tangent to the boundary curve
derived from the second order expansion (K = 1). This indicates that the stability
region obtained from the second-order expansion is significantly more restrictive
than that from the first-order expansion.

For the case K = 0, the moment stability boundaries are generally narrower
than the almost-sure stability boundaries. Moreover, as the parameter p increases,
these moment stability boundaries become increasingly restrictive. However, this
trend does not necessarily hold for K = 1, where it becomes difficult to clearly
distinguish which boundary is more restrictive.

The critical power spectrum amplitude of the white noise excitation can be
determined for the case K = 0 using Egs. (4.1) and (4.2), and for the case K =1
by solving the quadratic equation in Eq. (4.3) together with Eq. (4.4). So the
critical excitation, defined as the power spectrum amplitude of the white/real noise
excitation, serves as the threshold separating stability from instability. The results

8 1
ll | , Solidlines: Firstorder expansion K=0
74 I i / Dashed lines: Second order expansion K= 1
| I /{ So=1 £=0.1 w, =1.2422 w, =0.9614
6—_ I . -| 6=0.2 B=0.5 R1=0.9975 R2=1.43
5 I i @ Almost Sure
E> , @ r=1
11®@ ® p=2
' v @ p=4 D
340 ' o
240 .~
] ~
15 )
o Unstable = -_?_.—_.—__: :%
b 2 4 6 8 10

FIGURE 4. Almost-sure and pth moment stability boundaries un-
der white noise
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are illustrated in Figure 5, and selected numerical values corresponding to discrete
points in the figure are listed in Tables 1 and 2 for reference.

It is observed that the critical excitation increases with the pseudo-damping
coefficient Eq, confirming that damping and viscoelasticity absorb part of the vi-
bration energy, thereby enhancing stability. For the case K = 0, the stability region
associated with higher-order moments is more restrictive than those corresponding
to lower-order moment stability and almost-sure stability. However, this trend does
not appear to persist for the case K = 1.

A similarity is observed between the almost-sure and p-th moment stability
boundaries under white noise excitations, as shown in Figure 4, and those under real
noise excitations, depicted in Figure 6, aside from differences in their quantitative
values. However, the behavior of critical excitation amplitudes differs significantly
between systems subjected to white noise (Figure 5) and those subjected to real
noise (Figure 7). Unlike the white noise case, where the critical excitation amplitude

5,
Solid lines: First order expansion K=0
1 Dashed lines: Second order expansion K=1
w, =1.2422 w, =0.9614
4 1 —_ —
R1=0.9975 R.=1.43 Almost Sure
16=02 g=0.5
E=1 £=0.1
3 -
So
2
Unstable
14
0 : : : : :
0 2 4 6 8 10

FIGURE 5. Critical excitation and pseudo-damping under white noise

TABLE 1. Critical excitations Sy for case K = 0 under white noise

Ey, p=0 p=1 p=2 p=4

0.4910 0.3953 0.3308 0.2494
1.4731 1.1859 0.9924 0.7483
2.4551 1.9765 1.6541 1.2472
3.4372 2.7672 2.3157 1.7461
4.4193 3.5578 2.9774 2.2449

0 O N O
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TABLE 2. Critical excitations Sy for case K = 1 under white noises

Ey p=0 p=1 p=2 p=4

0 0 0 0 0.0226
2 14626 1.1397 0.9130 0.6451
4 24031 19618 1.6537 1.2325
6
8

3.1908 2.5951 2.2152 1.7273
3.8680 3.0784 2.6217 2.0805

- I ’
4 | / Solid lines: First order expansion K=0
| / Dashed lines: Second order expansion K=1
I / S(wi@,)=1 £=0.1 ¢=02 B=0.5
34 |'| // S(w1—,)=0 SQ2w;)=0 SQ2w,)=0
/ R1=0.9975 R2=1.43 w, =1.2422 w,=0.9614
1 | // (D Almost Sure
E22 "l @ p=1
1 '\ o2 ®.
|
\ @ p=4 Pl
~
7~
_-
1+ -
P -
0 @
T T T T T
0 1 2 4 5

FIGURE 6. Almost-sure and pth moment stability boundaries un-
der real noise

generally increases with the pseudo-damping coefficient, the system under real noise
does not follow this trend consistently. In particular, for almost-sure stability, the
critical power spectrum amplitude due to real noise may form an elliptical boundary.

5.3. Stability index. The stability index is defined as the non-trivial zero of
the moment Lyapunov exponent and serves as a key parameter in characterizing
the stability range of moment stability. The larger the value of the stability index,
the more stable of the system in the sense of moment stability. It can be determined
by solving a root-finding problem of the form Aqq)(dq)) = 0 [14]. In the case of
white noise excitation, when the Fourier expansion order is K = 0, the stability
index can be explicitly obtained from Eq. (4.1) and is given by

5o Yo (3V; + 3V + 2V3 + 28)
"7 5V, + 5V, + 6V + 68) — By — By

When K = 1, the stability index corresponds to the non-trivial root of Eq. (4.7),
which is generally not expressible in closed form. Representative results for the
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FIGURE 7. Critical excitation and pseudo-damping under real noise

R1=0.9975 R2=1.43 K=1
w; =1.2422 w, =0.9614
£=0.1 ¢=0.2

So
FIGURE 8. Stability index for a system under white noise

stability index are illustrated in Figure 8. It is observed that the stability index
decreases from positive to negative values as the amplitude of the power spectrum
increases, indicating that stronger noise destabilizes the system. Additionally, a
larger damping coefficient 8 leads to a higher stability index, implying enhanced
stability. Similar trends are found for systems under real noise excitation, as shown
in Figure 9.
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! ‘. \ S(w+wy)=S, €=0.1 ¢=0.2
611 S(@-w)=0 SQw)=0 S(2ws)=0
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1

FIGURE 9. Stability index for a system under real noise

6. Simulation

In this section, Monte Carlo simulations are employed to evaluate the pth
moment Lyapunov exponents and to verify the accuracy of the approximate results
obtained via stochastic averaging. The analysis is based on the 2DOF system with
a viscoelastic model described in Eq. (5.4). Two different models of wide-band noise
excitation are considered separately: Gaussian white noise and Ornstein—Uhlenbeck
(real) noise.

6.1. Gaussian white noise. In this case, the wide-band noise is modeled as
Gaussian white noise. The excitation is approximated by a Gaussian white noise
process with a flat spectral density, S(w) = 92, constant for all w. Thus, the
stochastic process can be represented as £(t)dt = 9 dW (t), where W (t) denotes the
standard Wiener process. Define the state variables as follows:

() = qu(t), @2(t) = q1(t), x3(t) = q2(t), wa(t) = ga(t),

t t
x5(t) :/ ye_"“(t_s)ql(s)ds7 x6(t) :/ 'ye_”(t_s)qg(s)ds,
0 0

where z5(t) and z(t) are related to viscoelasticity.

With this formulation, Eq. (5.4) is transformed into a six-dimensional system
of Ito differential equations

(6.1) dx = Axdt + Bxvy dW,
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T .
where x = {21, o, T3, 4, 75,26} , and the system matrices A and B are defined as:

0 1 0 0 0 0 0 0 0 00 0
—R1  —e28 e S e 0 —el/2 0 0 00 0
A_| O 0 0 1 0 0 B_| 0 0 0 000
T |—eBfs —¢ —Ry —e28 0 e |’ Tl 0 0 —4e¥2 0 0 ol
v 0 0 0 -k 0 0 0 0 000
0 0 v 0 0 -k 0 0 0 000

Eq. (6.1) represents a linear homogeneous stochastic differential system. To
compute the moment Lyapunov exponents, the algorithm introduced by Xie [14] is

employed. The norm used in the evaluation is defined by ||x(t)|| = 1/25;1 z2. The
system is numerically integrated using the explicit Euler scheme, with the iterative
update equations given by:

b =gk ok At

Ml — ok 4 [—Riak — e2825 + efcak + cak + eab]At — 1 /22R9 . AWF,

8
N}
I

ko ok
x5 T =5 +xy - At,

ot = ok 4 [—eBexk — cak — Ryak — 282k + eak] At — 422k - AWE,

ot =gk 4 (vx]f - /ix’;)Au
ot =gk 4 (vah — kaf)At,

where At is the time step size and k denotes the kth iteration.

6.2. Ornstein—Uhlenbeck (real) noise. Denote

r1(t) = qi(t), x2(t) =qu(t), x3(t) =qa(t), xa(t) = g2(t),

o5(t) = / e~ =) gy (s)ds,  o(t) = / e gy (s)ds,  q(t) = (1),

0

where x5(t) and x6(t) are related to viscoelasticity. x7(t) is the real noise.
Eq. (5.4) can be converted into the Itd differential equation:

dx = Axdt + Bd!W,

T
where x = {21, 2, T3, 24, T5, T6, 27} , and

0 1 0 0 0 0 0 0
—Ry —e28 0 S e 0 —e'2g 0
0 0 0 1 0 0 0 0
A= |- — —Ry, —e28 0 e —4e'2z4|, B= |0].
~ 0 0 0 —x 0 0 0
0 0 v 0 0 -x 0 0
0o 0 0 0 0 0 -a | 9]
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The norm used for evaluating the moment Lyapunov exponents is defined as

Ix(t)|| = \/2?:1 x2. The discretized equations using the explicit Euler scheme are
bt =ob ok At

okt = 2k p [~ Ryzb — 282k + efBexk + cak 4 exk — ¥ 2ab kA,

R R AN A

gkt = x4 [—eBezk — cak — Roak — e28ak + cal — 4t/ 22k 2k AL,
’5”1 = (’yxl - /<;w5)At

aptt = (Wc - K.Z‘G)At

ah Tt = +(—azh) - At+o- AWF,

where At is the time step size and k denotes the kth iteration.
In the Monte Carlo Simulation, the number of iterations is 108, the time step
is At = 0.0005, and the sample size is N = 5000.

7. Results and discussions

Figure 10 shows that as the damping coefficient 8 increases, the slope of the
moment curves at the origin changes from negative to positive, indicating a tran-
sition from instability to stability. This suggests that damping plays a stabilizing
role in the flexural-torsional behavior of the beam under both white noise and real
noise excitation.

2 7T K=4 &=0.1 —— Numerical Results
c=1 y =1 o o oo oo Simulation
| Ri=0.1875 S.=2
154 R2=1.19 n=1 S.=0
w; =1.5098 SQw)=1 |
1 @=0.3129 S(2w,)=1 °
S 1
<
0.5
0 = N
2 0 2 4 6
p

F1GURE 10. Effect of damping on Moment Lyapunov exponents
under white noise
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Figures 11 and 12 illustrate the variation of moment Lyapunov exponents with
respect to the parameters of real noise. A larger noise parameter o narrows the
stability region for p > 0, making the system more unstable. In contrast, the pa-
rameter « has a stabilizing effect: as « increases, the stability region for the pth
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F1GURE 14. Effect of viscosity p on Moment Lyapunov exponents
under white noise

moment (for p > 0) expands, resulting in a more stable system. This can be ex-
plained using Eq. (2.3), which indicates that a smaller o or larger o reduces the
power of the cosine spectral density. Consequently, the noise power is distributed
over a wider frequency band, thereby reducing the power near resonance and en-
hancing system stability.
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As shown in the figures, the simulation results agree well with the analytical
approximations, demonstrating that the stochastic averaging method is effective
for stability analysis of gyroscopic systems.

The ordinary Maxwell viscoelastic material in Eq. (B.8) also plays significant
role in the stability of the gyroscopic system. As shown in Figure 13, the viscoelastic
intensity v has a stabilizing effect, but the relaxation rate 7 exerts a destabilizing
influence under white-noise excitation, as illustrated in Figure 14. Increasing =y
widens the stability region for p > 0, indicating its beneficial contribution to sys-
tem stabilization; its stabilizing influence is generally more pronounced than the
destabilizing effect of 7. The destabilizing impact of 5 is notable only when 7 is
small. A decrease in 71 corresponds to a longer relaxation time, which also widens
the stability region for p > 0, showing that a larger relaxation time promotes system
stability. These observations can be extended to systems subjected to real noise.

8. Conclusions

The stochastic stability of gyroscopic viscoelastic systems described by Straton-
ovich stochastic integro-differential equations was investigated. The system was
parametrically excited by wide-band noise of small intensity, and small damping
was assumed. The Stratonovich equations of motion were first decoupled into two-
dimensional Itd stochastic differential equations using the method of stochastic
averaging for the non-viscoelastic terms and the Larionov method for the viscoelas-
tic terms. An elegant scheme for determining the moment Lyapunov exponents
is presented, relying on stochastic transformations applied to the decoupled It6
equations. The resulting moment Lyapunov exponents and the largest Lyapunov
exponents show good agreement with Monte Carlo simulation results and other
analytical expressions from literature.

As an application, the stability of an axially moving band under stochastically
fluctuating tension is examined. The stability region obtained from the second-
order expansion is significantly more restrictive than that from the first-order ex-
pansion. It is found that, under wide-band noise excitation, the damping parameter
0, the viscoelastic intensity -y, and the real noise band-width parameter « have sta-
bilizing effects on both moment and almost-sure stability. However, the real noise
intensity o and the relaxation rate 1 have destabilizing effects. These findings pro-
vide new insights for engineering applications of gyroscopic viscoelastic systems.
This paper focuses on the theoretical development and numerical validation. Ex-
perimental investigation is an important direction for the future research.

Acknowledgement. The research for this paper was supported, in part, by
the Natural Sciences and Engineering Research Council of Canada.

Appendix A. Equations of motion in polar coordinates

This Appendix describes the process of transforming the equations of motion
for a two degrees-of-freedom gyroscopic system in Eq. (2.1) from generalized coor-
dinates ¢;(t) and their velocities ¢;(t) into equations with polar coordinates in terms
of amplitude and phase angles in Eq. (A.16) or Eq. (2.5). Although Eq. (2.1) is a
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second-order differential equation and (A.16) is a first-order differential equation, all
are Stratonovich differential equations. The transformation to polar coordinates is
a necessary step for applying the stochastic averaging method, as referenced in [14].
The Stratonovich differential equations with polar coordinates will be averaged to
It6 differential equations with polar coordinates in Appendix B.

Consider the unperturbed system of Eq. (2.1), i.e.,, ¢ = 0 and &(t) = 0, which
takes the form:

(A1) G1+kiqn —<g2 =0, go+ kaga + g1 = 0.

This is a system of two linear second-order ordinary differential equations,
which can be solved using the method of operators [35]. By introducing the D-
operator, defined as D(-) = d(-)/d¢, the system becomes:

(D* + k1)g1 —sDga =0, <Dgy + (D? + ka)g2 = 0.

The determinant of the coefficient matrix is

o D2 + ]ﬁ —CD

The corresponding characteristic equation of Eq. (A.2) is ¢(A\) = M + (k1 +
ko + §2))\2 +k1ko = 0. This is a quadratic equation in A2 ,the solutions of which are

7(]'{}1 —+ kg —+ §2) F \/(kl + kg —+ §2)2 — 4k’1k2
5 .
with A < A3. Denoting A, = —wi,, Eq. (A.3) becomes

(A3) /\%,2 =

. (ki ka <) /(e + ko + <)% — Ay
(A4) Wig = 5 .

To ensure that the undamped and unperturbed system is stable, the eigenfrequen-
cies wy 2 must be real. The conditions for this are:
(ky + ko +62)° — dk1ks > 0, kks > 0.
It can be easily shown that
2
w; — k1 Sw; .
A5 L = =v;, 1=1,2.
(A-5) Sw; w2 — ko !

The complementary solutions for ¢; and ¢z in Eq. (A.1) have the same form
and are given by

;=

(A 6) q1 = A11 COS wlt + A12 sin wlt + A13 (o)) (.L)Qt + A14 sin WQt,

' qo = Asj coswit + Aggsinwit + Agz coswat + Asy sinwat,
which contain eight arbitrary constants. However, since ¢(D) is a polynomial of
degree 4 in D, the complementary solutions should contain only four arbitrary

constants [35]. The four extra constants can be eliminated by substituting Eq. (A.6)
into the first equation (A.1). Hence, the complementary solutions can be written as

q1 = w1101 Sin @1 4 wosas sin ®o,  go = wi1a1v1 cos Py + wazasv4 cos Do,
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where ®; = w1t + ¢1 and ®o = wot + ¢o. The four constants are a1, as, ¢1, and
@2, while the other two coefficients, wi; and wass, are suitable coordinate scaling
parameters to make the evaluation of the moment Lyapunov exponent somewhat
simpler.

Now, the method of variation of parameters is used to determine the solutions
of the original perturbed system. First, differentiate ¢; and g, with respect to t to
obtain equations for ¢; and ¢, and then vary the parameters aq, as, ¢1, and ¢o in
equations for ¢i, g2, ¢1, and ¢ to make them functions of ¢t. This leads to solutions
of the form

(A 7) q1 = wllal(t) sin ®4 —‘rZUggag(t) sin @o,

. G2 = Wi1101 (t)Ul COS (I)l + wooa2 (t)’(}g COS (I)g.
(A 8) ql = wWi110a1 (t)w1 [¢0)] @1 + o2 (t)(.A)Q COSs (1)2,

' (jg = —wi1a1 (t)wlvl sin (I)l — TW2202 (t)w2v2 sin @2.

Differentiating ¢; and ¢ in Eq. (A.7) and comparing the resulting equations
with ¢; and ¢2 in Eq. (A.8) gives

(A 9) wndl sin (I)l + wnalgbl COS (I)l + W22d2 sin (1)2 + ZUQQa2¢2 COS (1)2 = 0,
vlwndl COS <I)1 — v1w11a1¢1 sin ':Dl + U2w22d2 COS @2 - ’U2w22a2¢2 sin @2 =0.

Taking derivatives of ¢; and ¢o in Eq. (A.8) gives equations for ¢; and gs.
Substituting these ¢; and ¢a, ¢1 and g2 in Eq. (A.7), and ¢; and ¢2 in Eq. (A.8)
into Eq. (2.1) yields
(AlO) ’Wlldlwl COS (I)l — W11a1W1 (wl + ¢1) sin (I)l + w22a2w2 COS @2

— w22a2w2(w2 + ¢)2) sin ®9 + Ky [w11a1 sin @ + wogas sin @2]

+ q[wnvlwlal sin (I)l + TWoaUWaa2 sin (I)Q] —F= O7

(A.11) — wv1aqws sin @y — wyviaqw (wy + ¢1) cos @ — wagUyGows sin Py
— WaaUaGows (we + (bg) cos Dy + ka[wi1v1a1 cos Py + wagvzag cos P
+ g[wriwia; cos Py + wasweag cos Po] — G = 0,
where
F = —[~H[q] + 2Badn — Bosaz] — €/*E()an,
G = —e[—0H[ga] + 2Bada + Bosq1] — /2CE(t) g

Applying v; = (wf—kl)/(gwi) to Eq. (A.10), and v; = (gwi)/(wg—kg), i=1,2,
to (A.11) leads to

(A.12)

(Alg) wndlwl COs (Dl - W11G1W1¢1 sin @1 + w22a2w2 COs (Dg — WQ2GQWQ¢2 sin @2 —F= 0,

— 11 V1W1 (dl sin &1 + (11@25.1 coS @'1) — TU29U2Wo (dg sin @5 + CLQ(Z).Q CcoS @2) -G =0.
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Solving Egs. (A.9) and (A.13) leads to a system of four first-order equations in
terms of a; and a;¢;, i = 1,2,

(A 14) a1 = will(—l—Bchos &, — Gsin ®q), a1gz§1 = will(—BlFsinfbl — G cos D),
' 2 = 2 (—ByFcos® + Gsin®s), asg = A (+B2F sin®s + G cos ®),
where
1
(A15) A= . —
V1wl — V2Ww2 Wi — Wy
2 kike _ f
’L}Q(’Ulwl — 'UQOJQ) VaWw1Ww2 w1 wy — k1 w1 w? 1 1
By = — - _ - = -2
ViWwg — VoW1 k1 k1 9 k1 S (%1
2 kike _k
v1(Viw1 — vaws) VIW1W2 w1 wi — k1 w1 w? 1 1
By = — - _ -~ o - H
V1w — Vw1 k‘l k’1 9 k/'l S V2

When deriving (A.15), Eq. (A.4) and the identities w?w3 = k1ko and w? +w3 =
k1 + ko + ¢2 are used.

Substituting Eqgs. (A.15) and (A.12) into (A.14) yields the following expressions
for the amplitudes and phase angles:

(A.16) a;=PE) +eF, di =R +eFy), i=1,2,
where
—1)'s€(1) 3 : oS
(A.17) F(E?i) = m{ — cos @, ;wj'jaj sin ®; + Cv; sin @i;wjjvjaj cos <I>]},
" (1)’ 2 2
F,i= i (R —?) { —cos ®; [2ﬁa ; w,jjajw;cos D;— Bys ; w,;;vja; cos D;

2 2
_ Z wjjaj’H,[sin (I>j]:| —v; sin ®; |:26a Z WjjV;A;W; sin (Dj

j=1 j=1

2 2
— 5ngwjjaj sin (I)j + (SZ 'ijjjaj?-[[cos (I)j}:| }7

Jj=1 Jj=1

i 2 _ 2
P g (W3R — w?

(—1)'s(t) s &
F(O) — j { sin ®; ijjaj sin ®; + Cv; cos ®; Z W;jVja; COS @j}7

j=1 j=1

1 ig ) 2 2
Fqglz) = %{ —sin ®; { — 284 ijjajwj cos ®; + Bis ijjvjaj cos ®;

A;V; Wi (W5 — W
1 Uq u( 2 1 i=1 J=1

2 2
+ Z wjja; H[sin CI:‘]-]] + v; cos P, |: — 2084 Z wjjvja;w;sin @
Jj=1 j=1
2 2
+ 51) Zw]'jaj sin CI)j — 52 ij“aj'ﬂ[cos <I)j]:| }

Jj=1 Jj=1
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Appendix B. Stochastic averaging

This Appendix describes the process of stochastic averaging from the Straton-
ovich differential equations with polar coordinates in terms of the amplitudes and
phase angles in Eq. (A.16) or Eq. (2.5) to Ito differential equations with polar

coordinates Eqgs. (2.6a) and (2.6b).
The averaging operator is defined as

M() = lim 1/t+T(-)dt.

t T—o0

When applying the averaging operator, the integration is performed over explicitly

appearing t only.
Applying the stochastic averaging method to Eq. (A.16) yields

2
(B.1) da; = emfdt +e2 > ol dWy,
j=1
2
1
dg; = emf{dt +2 Y ol dW¢, i=12,
j=1

where the elements of the drift vector and diffusion matrices are given by

0 2 6F(0) 8F(0)
0 ) 0.l p(0) 0l (0)
(B.2) me = /\ﬂ{Fm1 + /m E[Z (T%Fa,ﬁ + %FMT)]dT}

j=1

w2, Dya?
a1E1 + Vo [(31/1 +2Vs)ar + 21@7“}
1

0 2 aF(O) 8F(O)
o (1) a2 1-(0) 6.2 1(0)
ma = /\t/l{sz n /_OO E[Z (Taj FO e F(W)]df}
=

2 D+a?
= a2 + Vo (3V2 + 2Vh)a + AL,
2

b= { [ EFRQE 1ar| = 2Waviat + D),

— 00

to=at] [ RO ar} = iiasan,

= { [ EFEYlar | = 2Wavaad + S Duad),

with the constants defined by

2 2
w11 w22 <

1
(B.3) =1 Wy o w11’ Yo 16(w%—w3)27 g (Cvl Ul) $(2n),
2

Vo = (Cvz - Uiz) S(2ws), Vi =2(ST — (C2U1U2 + 1111112)5_’
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1 CUl _ 1 CU2
(2.2 LYo+  o5U1 (2,2 Lt Yo+ _9SY2
Dy = (¢ U1+U§)s 22757, D (¢ UQ—i-U%)S 22

_ <2(5a — Bv) < /\t/l{cos O H 1]} '
Ey=—(Ba+ o ) T ] { . - 544{51@1%[(12]}},

(ﬁa c u()ﬂa gb)) - S 5 {/\t/l{cos DoH[q1]} B 6./\t/l{Sin @2%[42]}} .

2
1w waa (Wi — w3 v2

The functions ST are defined as follows
(B4) S+ :S<UJ1 —l—wz)iS(wl —WQ),
and the function S(w) is the cosine power spectral densities of the stochastic pro-
cess &(t).

Assuming the kernel functions H(t) and t- H(t) are integrable over [0, c0), then

applying the transformation s = t — 7 and changing the order of integration lead
to [26,29]

/\t/l[IiCS] = ./\/l{cos O, H[sin®;|} = ./\/l{ cos D; /t H(t — s)sin @i(s)ds}

— lim 7/ H(t — s) cos ; (t) sin ;(s)ds dt

tOsO

= lim —/ H(7)cos ®,(t) sin ®;(¢t — 7)dr dt
t=0J 1= 0

:T]EI;Oﬁ/T e TH( 7)[sin(2wit — w;T + 2¢) — sinw;7|dtdr

= —f/ H(7)sinw;7dr = —fHS(wi)7 i=1,2.
2/, 2
Similarly, it is found that
t
./\t/l{cos O, H[sin®,]|} = ./\/l{ cos D, (¢) / H(t— 7)sin®; (T)dT}

:—%M{/ H(7) sin[(wi — wj)T + (¢ — ¢J)]d7} 0, i#J,

(B.5) /\t/l[IfC} = /\t/l{cos O, H[cos D;]} = %Hc(wiL /Yl{cos O, H[cos®;]} =0,
/\t/l[Ifc} = /ﬁ/l{sin O, H[cos @;]} = %Hs(wl), ./\t/l{sin @, Hlcos®;]} =0,

/Yl [I®°] = /\t/l{sin O, H[sin®;|} = %Hc(wl), /\t/l{sin O, H[sin ®;]} = 0,

(B.6) H*( / H(r)sinwrdr, H¢w / H(7)coswrdr



STOCHASTIC STABILITY OF GYROSCOPIC VISCOELASTIC SYSTEMS... 33

are the sine and cosine transformations of the viscoelastic kernel function H(t).
Combining Egs. (A.7) and (B.5) results in

1 1
(B?) ./\t/l{COS @[H[qﬂ} = fiwiiaiHS(wi), ./\t/l{sin <I>[H[q1]} = iwiiaiHC(wi),
1 1
./\t/l{Sin ‘I’[H[qﬂ} = §wiiviaiHs(wi), ./\t/l{COS @[H[QQ]} = §wiiviaiHc(wi).
Substituting Eq. (B.7) into (B.3) produces

By =—(Ba+ B = fl’)) _ 1efiw) (Ui1 +6u1)),

1~ W3 2wi —wj

2(Ba — 1c¢H?®(w 1
EQZ_(ﬁa+g(€ gb)>+*g2 ( 22)(7"'61}2))

wi — wj 2 wi — w5 \vg

which may be called pseudo-damping coefficients. In this study, the viscoelastic
kernel function is supposed to follow ordinary Maxwell model

(B.3) H(t) = 7e,
where v and 7 are the coeflicient of the viscoelasticity and the relaxation, respec-

tively. v represents the intensity of material relaxation, n characterizes the material
relaxation rate. The sine and cosine transformations in Eq. (B.6) are given by

w7y m
H? = ¢ = .
@)= o Hw) = 5o
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CTOXACTNYKA CTABMJIHOCT I'MPOCKOIICKUIX
BUCKEOJIACTNYHUX CUCTEMA U ITPUMEHE ¥
AKCHNJAJIHO ITIOKPETHUM TPAKAMA

PE3UME. OBaj paj ucrpaxyje CTOXacTUIKY CTAOUIHOCT TMPOCKOIICKIX BUCKOEJA-
CTUYHHUX CHCTEMa [MOIBPIHYTHUX IAPAMETAPCKO] MOOY/IM IUPOKOIIOJACHUM IIIyMOM.
Anaymza ce dpokycupa u Ha cTabUIHOCT MOMeHaTa, Kopucrehu JbamyHnosbese ek-
CIIOHEHTE, W Ha CKOPO CUT'YPHY CTabWJIHOCT, myTeMm HajBeher JbamyHoBspeBOT €k-
crioHeHTa. Pa3zMarpanu IMHIPOKOIIOjacHU IIYMOBH YKJBY4Iyjy LaycoB Oemum mym u
Opumrraju-Yinen6ekos miym. [IpBo ce Crparonosuhese croxacruuke judepeH -
jaJiHe jeHAYWHE, KOje OMUCYjy CHCTEM Ca MAJIMM IPUTYIIemkeM U cjaabum modbyhusa-
meM, nperBapajy y Utoose croxactuuke nudepeHnujajine jeJHadInHe TOMONY Tex-
HUKA CTOXaCTHIKOI YCPeIhaBamba. 3ATUM CE YBOIU €JIeTaHTaH MATEMATHIKN OKBUD
3a ampokcuMalnjy JbalyHOB/bEBUX €KCIIOHEHATAa MOMEHATA IIyTEM CTOXACTHIKUX
TpancdopMmalja u mpobdsema cornctBeHux BpeaHocTu. Hajsehu JbamyHoB/beB ek-
CHOHEHT Ce MOTOM M3BOJIM HA OCHOBY H-EIOBOI' OFHOCA ca JballyHOBIbEBUM €KCIIO-
HEeHTHMa MOMeHaTa. [Ipumep npuMeHe yKjbydyje n3Boheme CTOXaCTUIKUX jeTHATN-
Ha KpeTama 3a aKCHjaJHO ITOKPETHU CHCTEM Tpaka ca (UIyKTyupajynuM HAIIOHOM,
aHaJm3upajyiu mHEeroBy CTOXaCTHYKY CTAOWIHOCT. AHAJIUTHYIKE APOKCUMAIIA]E CY
nposepene nyrem Monte Kapiio cumynanuja n yriopehene ca pe3yitaTumMa U3 JATe-
parype. Cryauja Takohe pasMaTpa yTUIA] PA3IUIUTUX [1apaMeTapa Ha CTabUIHOCT
CUCTeMa, Ca HOTEHIHjAJIHUM IIPUMEHAMa y NHKEIbePCKUM 00JIaCTIMA.
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