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ABsTRACT. The dual mesh control domain method, introduced by Reddy [23],
is a hybrid numerical technique that combines features of the finite element
and finite volume methods. It uses integral balance statements of govern-
ing principles, as in the finite volume method, together with systematic finite
element interpolation of the dependent unknown functions, as in the finite ele-
ment method. This combination provides a convenient and locally conservative
framework for the spatial discretization of boundary-value problems. In this
article, we present dual mesh control domain formulations for nonlinear prob-
lems arising in applied mechanics. The focus is on two representative classes of
problems: the finite deformation of hyperelastic solids and the flow of viscous
incompressible fluids in domains with moving boundaries. For the hyperelas-
ticity problem, the governing equations are written in the reference configu-
ration and solved using Newton linearization. For the moving-boundary flow
problem, an Arbitrary Lagrangian—Eulerian formulation is used to account for
the motion of the computational mesh. Numerical examples are presented
to illustrate the implementation of the method and to assess the proposed
formulations.

1. Introduction

The finite element method (FEM) and finite volume method (FVM) are among
the most widely used numerical techniques for solving boundary- and initial-value
problems in applied mechanics. Traditionally, the FEM has been more widely
used in solid and structural mechanics, whereas the FVM enjoyed popularity in
the computational fluid dynamics community. Each method has its own strengths.
The FEM provides a systematic framework for approximating field variables us-
ing interpolation functions over elements which allow arbitrary and non-structured
meshes, while the FVM is based on satisfying integral balance statements over
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control volumes which, in most cases, are rectangular. The dual mesh control do-
main method (DMCDM), introduced by Reddy [23], combines the positive features
of both approaches by satisfying integral balance laws over control domains while
approximating the dependent variables using finite element interpolations.

The essential idea of the DMCDM is straightforward. The computational do-
main is first discretized into a primal mesh of finite elements, as shown in Fig. 1,
over which the dependent variables are approximated using finite element approxi-
mation functions. A dual mesh is then constructed by associating each node of the
primal mesh with a surrounding non-overlapping region, referred to as a control
domain. The integral form of the governing equations is enforced over these control
domains, thereby giving the method its locally conservative character, as in the fi-
nite volume method. At the same time, the use of finite element interpolation and
the mapping of physical elements to the canonical master element provide a conve-
nient way to perform numerical quadrature and to treat arbitrary non-rectangular
geometries and curved boundaries. They also allow higher-order discretizations to
be generated in a modular manner by simply increasing the polynomial order of the
elements. This is in contrast to classical finite volume formulations, where increas-
ing the order of approximation often requires a tedious re-derivation of the stencil
equations and corresponding modifications to the solver implementation. Detailed
descriptions of the method and its implementation may be found in [14,24,25].

Since its introduction in 2019, the DMCDM has been applied to a range of
problems in applied mechanics. The seminal work by Reddy [23] demonstrated
the method for one- and two-dimensional diffusion problems. Subsequent devel-
opments extended the method to steady-state convection—diffusion problems [28],
nonlinear Poisson equations, and the Navier—Stokes equations for incompressible
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FIGURE 1. Primal and dual meshes used in the dual mesh control
domain method.
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fluid flow [27], including unsteady flows on arbitrary unstructured meshes [11]. In
the context of solid and structural mechanics, the method has been used for linear
plane elasticity on irregular domains [16], nonlinear scalar boundary-value prob-
lems [10], functionally graded beams [29,31], functionally graded rectangular and
circular plates [19, 30|, static, free vibration, and buckling analyses of function-
ally graded plates [17], and functionally graded auxetic doubly curved shells [18].
More recently, Areias et al. [1] applied the DMCDM to finite-strain solid mechanics
problems involving hyperelastic and J5 plastic material models.

An important recent direction in the development of the DMCDM is the use
of higher-order interpolation. The first systematic study of p-refinement in the
DMCDM was presented by Heblekar et al. [12] in the context of a one-dimensional
prototype problem. This study showed that the use of higher-order interpolation
within the DMCDM framework can be carried out in a systematic manner, much
like in the finite element method. The approach was subsequently extended to
higher-order formulations for the bending analysis of functionally graded beams
and orthotropic plates [14], and later to spectral/higher-order formulations for
buoyancy-driven flow and conjugate heat-transfer problems [13]. These develop-
ments are important because higher-order elements can provide improved rates of
convergence, increased accuracy, and better representation of curved geometries.

The present article builds on these developments and presents the DMCDM
as a general framework for selected nonlinear problems in applied mechanics. The
focus is on two classes of problems: the finite deformation of hyperelastic solids and
the flow of viscous incompressible fluids in domains with moving boundaries. These
problems are useful test cases because they involve different sources of nonlinearity
and arise in different areas of applied mechanics. In the hyperelasticity problem, the
nonlinearity arises from finite-deformation kinematics and nonlinear constitutive
behavior. In the moving-boundary fluid-flow problem, the governing equations are
written in an Arbitrary Lagrangian—Eulerian (ALE) framework to account for the
motion of the computational mesh.

A central feature of the formulations presented here is that higher-order inter-
polation can be incorporated in a modular manner. Since the dependent variables
are approximated using finite element shape functions, the transition from low-order
to higher-order elements follows naturally from the interpolation structure. This
is similar in spirit to higher-order finite element formulations, while the governing
equations continue to be enforced in integral form over the dual control domains.

The remainder of this article is organized as follows. Section 2 reviews the
notation and preliminary concepts from continuum mechanics used in the subse-
quent developments. Section 3 presents the general discretization procedure of the
dual mesh control domain method for a representative system of initial-boundary-
value problems. Section 4 develops the DMCDM formulation for finite-deformation
hyperelasticity and presents two benchmark examples involving Cook’s membrane
and a curved beam. Section 5 presents the ALE-based DMCDM formulation for
viscous incompressible flows in domains with moving boundaries, followed by a
numerical example involving an oscillating cylinder in channel flow.
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2. Preliminaries

In this section, a few definitions, notational conventions, and preliminary con-
cepts from applied mechanics are revisited for completeness.

2.1. Notational Conventions for Vectors and Tensors. All vectors are
denoted by italicized boldface symbols and are expressed in component form as
column arrays. For example, the position vector of a point in space is denoted by
x in invariant form and is written as {1, 22, 73}T in component form.

The derivative of a vector function f(x) with respect to @ is expressed compo-
nent-wise as

(5], = o,
dxlij ox;’
where 7 denotes the row index and j denotes the column index. Thus, the quantity
0fi/0x; occupies the ith row and jth column of the matrix representation of 0 f /0.
Second-order tensors are denoted by upright boldface letters; for instance, a
tensor is denoted by T, and its components are expressed using lightface italic sym-
bols as T;;, where i is the row index and j is the column index. Tensor contraction
between two tensors A and B is expressed as A - B, where the dot is included
explicitly to indicate tensor contraction. In component form,

3
[A-BJ;; = ZAikBkj = Ay Byj,
k=1

where, in going from the second expression to the third, we have used the Einstein
summation convention; that is, summation is implied over indices that appear twice
in a term.

2.2. Concepts from Continuum Mechanics. We briefly review certain key
concepts from continuum mechanics that are used in this article. This discussion is
intended to provide a self-contained recapitulation of the relevant concepts and for-
mulae. Interested readers are referred to Reddy [20] for a comprehensive treatment
of continuum mechanics.

2.2.1. Kinematics. Referring to Fig. 2, let BY denote the reference configuration
of a body, and let B denote its deformed configuration. Let X denote the position
vector of a material point in the reference configuration; the components of X are
referred to as the material coordinates. Similarly, let  denote the position vector
of the same material point in the deformed configuration. The motion of the body
is defined by the mapping

x = p(X,1).

Let dX denote an infinitesimal material line element in B°, which is mapped to the
corresponding infinitesimal spatial line element da in B. The deformation gradient
F is defined as

0z Oy

F=3x " ax
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FI1GURE 2. Reference and deformed configurations of a continuum,
showing the mapping of material points and oriented area elements.

Thus, F acts as a linear transformation that maps infinitesimal line elements in
the reference configuration to their corresponding line elements in the deformed
configuration:

de =F - -dX.
From the deformation gradient F, the right Cauchy-Green deformation tensor C is
defined as

C=F".F.

The tensor C is a fundamental measure of deformation because it removes the
rotational part of the motion and is therefore invariant under superposed rigid body
rotations. For a purely rigid body motion, C = I, where I is the identity tensor.

Next, we introduce the displacement vector

u=x— X,

where the reference and deformed position vectors are understood to be represented
in a common basis. The displacement gradient H is defined with respect to the
material coordinates X as

ou
H=——.
0X
Using = X + u, the deformation gradient can also be written as
F=I+H.

2.2.2. Stress Measures. We define three useful measures of stress that are used
in this work (see Reddy [20] for details). As a preliminary step, let us introduce
a few definitions. Let ng denote the unit normal vector to an oriented differential
area element in the reference configuration, so that

dAy = ngdAo.
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After deformation, this area element is mapped to
dA =ndA,

where 7 is the unit normal vector to the deformed area element. Let df denote
the force acting on the deformed area element dA. The Cauchy traction vector ¢
is then defined as

df

t= -1
dA’

that is, as the force per unit deformed area.

The Cauchy stress tensor o is defined through Cauchy’s stress theorem as the
linear transformation that maps the unit normal vector n to the corresponding
traction vector t. Thus,

t=o0-n.

Next, we consider the first Piola—Kirchhoff stress tensor P. It is defined as the
linear transformation that maps the reference unit normal vector ng to the nominal
traction vector ty, which represents force per unit reference area. That is,

to =P - ny.
The force df acting on the deformed area element can then be computed from ¢, as
df =tgdAy.

Lastly, we briefly mention the second Piola-Kirchhoff stress tensor S and state
its relation to the stress measures discussed above. The second Piola—Kirchhoff
stress is a more mathematically motivated stress measure and does not have as
direct or straightforward a physical interpretation as the Cauchy stress. In this
article, it arises only briefly in the discussion of one of the numerical examples for
finite-deformation hyperelasticity. The second Piola—Kirchhoff stress is related to
the Cauchy stress through

S=JF'!.¢.F 7T where J=detF,
and it is related to the first Piola—Kirchhoff stress as
P=F-S.

Before concluding this section, we state the integral form of the balance of linear
momentum. The material form of the balance of linear momentum reads

(2.1) j'{ P - 79 d4g :/ po(a—b)dvy,  vQl c B,
Q0 Qo

where pg is the reference density, a is the acceleration, and b is the body force per
unit mass. The breve (¥) over the acceleration and body force is used to indicate
that these quantities are expressed as functions of the material coordinates X, since
the domain of integration lies in the reference configuration; see Tadmor et al. [33]
for more details. The corresponding form of the momentum balance written over
the deformed configuration reads

(2.2) 7§ o-ndA= / pla—b)dV  vQCB.
o0 Q
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For the nonlinear solid mechanics application discussed in Section 4, we use
the material form of the balance of linear momentum given in Eq. (2.1), whereas
for the fluid mechanics application discussed in Section 5, we use the spatial form
given in Eq. (2.2), albeit with modifications to account for mesh motion, as detailed
therein.

In the interest of concision, we conclude this section on preliminaries. Ad-
ditional considerations, including material constitutive behavior and internal con-
straints related to incompressibility, will be addressed as needed while discussing
the specific applications in the ensuing sections.

3. General Procedure of the Dual Mesh
Control Domain Method

In this section, we detail the discretization procedure followed in the dual mesh
control domain method for solving an initial-boundary-value problem (IBVP). Con-
sider the problem of determining the unknown functions ¢*(x,t), « = 1,..., P, that
satisfy the following coupled system of partial differential equations:

P
o¢P o¢° 995
1 Ho‘ﬂ AO‘B B Baﬁ o -
3.1) ﬁz_:[ o 89&( S+ B G+ g =0
for a =1,...,P. Here, summation is implied over the repeated indices 7, j = 1, 2, 3.

The Coefﬁments HoB, AO‘B , and BUB , together with the source terms f* and gy,
are prescribed functlons of the position @, time ¢, and/or the dependent variables
¢“. In the latter case, the system becomes nonlinear. The domain 2 denotes the
region of interest over which the system of equations is to be solved.

To use the dual mesh control domain method for spatial discretization, the
strong form of the system of equations in Eq. (3.1) is first converted into an integral
form. Accordingly, integrating Eq. (3.1) over an arbitrary control domain QP c Q

and applying the Gauss theorem to the divergence term gives

P

(32) > Haﬂ% dV+Z 7{ A“B Tof + ¢ -(B*T| . AdA

=t QCD (QCD

+ f“dV—s—j{ g® -ndA=0, a=1,...,P.
QCD HOCD

The above representation serves as a convenient general template into which several
problems from heat transfer, solid and structural mechanics, and fluid dynamics
can be cast through a suitable choice of the coefficients and forcing functions.
Minor case-specific modifications may be required for certain problems, such as the
inclusion of additional convective transport terms, as discussed in Section 5 in the
context of applying the DMCDM to the flow of a viscous incompressible fluid past
moving rigid objects.

To use the dual mesh control domain method, we first partition the domain
Q into a set of finite elements, as shown in Fig. 1. Within an element Q(¢), the
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dependent unknowns are approximated using finite element interpolation as

N
(3.3) 6% (x,t) = Y Ui(@)g5 (), @ el
j=1
where IV is the number of nodes in the element, ¢;, j = 1,..., N, are the Lagrange
interpolation functions, and ¢7 (t), 7=1,..., N, are the nodal values of the depen-

dent variable ¢®. These nodal values are a priori unknown and must be determined
as part of the numerical solution.

To generate a system of equations for these nodal unknowns, a dual mesh is
constructed over the primal finite element mesh, as shown in Fig. 1. The dual mesh
consists of non-overlapping control domains associated with the nodes of the primal
mesh. Each node of the primal mesh is assigned one control domain; therefore, the
number of control domains in the dual mesh is equal to the number of nodes in the
primal mesh. This construction is analogous in spirit to the use of control volumes
in the finite volume method, except that the field variables are approximated using
finite element interpolation functions over the primal mesh.

At the element level, the integral equations in Eq. (3.2) are enforced over the
portions of the control domains associated with the nodes of the element. In other
words, for each node i of an element, the corresponding control domain Q?D is
used as the domain of integration. Substituting the finite element approximation
in Eq. (3.3) into the integral form in Eq. (3.2), and choosing Q°P = QP gives the
following semi-discrete system of control-domain equations for the ith node:

(3.4) Z Z (MC;ﬂ d9; + K“%B) a=1,...,P,

B=1j=1

where

M = HPy;dV,  FY=— feav — g% - ndA,
Qgpb QgP rep

1= [+ G2 @] s

The above equations are written for all nodes of the element, that is, for i =
1,..., N, thereby producing the element-level system of equations. These equations
are ordinary differential equations in time for the nodal unknowns ¢ (¢). Thus, the
spatial discretization reduces the original system of partial differential equations to
a system of ordinary differential equations in time.

The element-level equations (3.4) are then assembled into a global system by
collecting the contributions from all elements sharing a common node, in the same
manner as in the finite element method. Boundary conditions are imposed on the
assembled system according to their type. Essential boundary conditions prescribe
the values of the relevant nodal unknowns, whereas natural boundary conditions
enter through the boundary integrals over the corresponding portions of the control-
domain boundaries.
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For time-dependent problems, the assembled system of ordinary differential
equations is further discretized in time using a suitable time integration scheme,
resulting in a system of algebraic equations at each time level. The reader is referred
to [21] for a detailed discussion of different types of time integration schemes. For
steady problems, the time-derivative term is omitted, and the spatial discretization
directly yields a system of algebraic equations. If the coefficients or source terms
depend on the unknown fields, the resulting algebraic system is nonlinear and must
be solved using an iterative nonlinear solution procedure.

The reader is referred to [14] for a more comprehensive discussion of imple-
mentation details related to the numerical evaluation of control-domain integrals,
assembly of element equations, imposition of boundary conditions, and solution
of the resulting global nonlinear system of equations. These details are omitted
here to avoid repetition and to keep the present discussion focused on the general
discretization procedure.

It is important to note that the template in Eq. (3.2) applies not only to
equations written in terms of the primary unknowns ¢%, but also to incremental
equations obtained by linearizing nonlinear partial differential equations. In the
latter case, the unknowns in the template are interpreted as increments, or varia-
tions, d¢®. This viewpoint will be used in the next section, where the DMCDM
is applied to the incremental equations arising in the large-deformation analysis of
hyperelastic solids.

4. Finite-Deformation Hyperelasticity

4.1. Formulation. In this section, we develop dual mesh control domain for-
mulations to simulate the large deformation of hyperelastic solids. By definition,
hyperelastic solids are those for which there exists a strain energy density ¢ (F)
from which the stresses are derivable as

o o
=—, S=2_—.
OF’ oC
As an illustration, let us consider the following strain energy function for a com-
pressible Neo-Hookean solid [32]:

e —s o - (é )
w—Q(Ic 3)+4(J 1) 2—&-/1 In J,
for which the second Piola—Kirchhoff stress is given by

(4.1) S= 5(J? ~1C 4 pI-ch.

Considering only the static case, i.e., @ = 0, the objective is to determine the
displacement field u(X') that satisfies the material form of the equilibrium equations
in Eq. (2.1) together with the constitutive relation defined in Eq. (4.1). To this
end, we define the vector-valued residual functional associated with Eq. (2.1) as

(42) R(u) = ]%{;QO F-S-ngdAy —|—/

pobdVy  vQ° C B,
QO
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where we have used P = F - S and set the acceleration to zero, with the second
Piola—Kirchhoff stress S appearing in Eq. (4.2) understood to be computed from
Eq. (4.1). The solution of the boundary-value problem is therefore obtained by
finding a displacement field w such that

R(u) =0.

The system of equations defined by R(u) = 0 is nonlinear in the displacement
components {uy,us,us}. This nonlinearity arises because the displacement field
determines the deformation gradient, F = I + 0u/0X. Consequently, the defi-
nitions of C = FT . F and J = detF involve products of the derivatives of the
unknown displacement components. Since the stress tensor S depends on C and
J, the residual depends nonlinearly on u through both the kinematic relations and
the constitutive relation. An iterative solution strategy is therefore required to
determine wu.

In this work, we use Newton’s method to solve the nonlinear system of equations
in Eq. (4.2). Let u denote the current approximation to the displacement field, and
let du denote an increment to this approximation. A first-order Taylor expansion
of the residual about u gives

(4.3) R(u+du) =R(u) + R (u)[du| + -,

where 0R(u)[0u] is the directional derivative of the residual in the direction of
the increment du, which we refer to herein as the functional differential, or first
variation, of the residual. This functional differential is defined by

d
MR(u)[du] = —R(u + nou .
(w)lou) = LR+ now)|
This quantity is linear in the increment Ju'. Returning to the expansion in Eq. (4.3)
and requiring the residual to vanish to first order, we obtain the Newton correction
du from
IR (u)[du] = —R(u).

The above equation is linear in the unknown correction du.

We can now state the Newton iteration procedure. Starting from an initial
guess ug, usually taken to be zero, we compute the correction duy at iteration k
by solving

5’R(uk)[5uk] = —’R(uk),
and then update the displacement field according to
Upy1 < U + ouy.

This process is repeated until the residual is reduced below a prescribed tolerance.
We now derive an expression for the variation of the residual defined in Eq. (4.2).
Standard properties of variational operators are used in this derivation and are not

1Linearity implies that for any du; and dua,

R (u)[adur + Bouz] = adR(uw)[du1] + BIR(u)[dus] Vo, € R
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repeated here; interested readers are referred to Reddy [22] for a detailed treatment
of the relevant principles of variational calculus.

Assuming that the prescribed body force is independent of the displacement
field, the variation of the residual is given by

(4.4) SR=¢ G(F-S)-ngddo :f (6F - S+ F - 6S) - fag d Ay,
o0o ono

The variation ¢S of the second Piola—Kirchhoff stress may be computed from the
constitutive equation in Eq. (4.1) as
(4.5) 0S= 5[%(,12 —1)C 4 pu(I- C*l)] = %(JQ —1)6(CH + AJCT6T — pui(CTY)
= [3(1 —J) + ,L}C*l S6C-CTHHAJCo,
where we have used the identity
s(cH=-ct.sc.c.

The variations of C and J are given by
(4.6) SC=6F"-F)=(F)T - F+F'.6F, 6J=Jte(F ' 0F),
where the variation of the deformation gradient is simply

ddu

0F = —.

0X
For a detailed treatment of such useful linearization results for kinematic quantities,
the reader is referred to Bonet and Wood [4].

Substituting Eqgs. (4.5) and (4.6) into Eq. (4.4), we obtain the following incre-
mental equations in component form:

Rul = ¢ LT agdae+ ¢ LT agddy = R,

800 0X 500 00X

(4.7 9 o
2 = gou 2T U2\ T _ o2
OR [6“] = a0 X (T ) nodAg + ) o X (T ) fio dAo R2.

A couple of important remarks are in order regarding the above system of equations.
First, we have assumed plane strain conditions and therefore consider only two
nonzero displacement components, u; = v and ugs = v. The 2 X 2 matrices T8
are functions of the displacement field u, and the expressions for their components
may be derived using a symbolic algebra package. It is straightforward to see that
these coefficients are given by

off 9(6Pui)
Y 9(0up,;)
The form shown in Eq. (4.7) is more amenable to the DMCDM implementation

because it fits the template in Eq. (3.2) with ¢! = du and ¢? = v. Since only the
static case is considered here, H*? = 0. The remaining coefficients are identified as

B =T A =0, f*=poba, ¢*=|F-Sai.

(4.8) where 6P =J0F-S+F -04S.
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Next, to discretize the system of equations in Eq. (4.7), we follow the procedure
detailed in Section 3. Specifically, we replace the displacement increment functions
du(X) and 0v(X) by their finite element approximations:

N N
Su(X) = Y dujhi(X), Su(X) =D v (X), X el
j=1 j=1

We then set Q0 < QP where QP denotes the control domain associated with
the ith node, i = 1,..., N, and obtain the following discrete element equations:

K1 K!2] (Al R!
[Km Kzz] {Az} = {RZ} :
The components of the coefficient submatrices and residual subvectors are given by

KZ-’B = %~(TQB)T~ﬁ0 dAy, R? = % FamSmj (’fbo)j dA0+/ pPoba dVp.
rep 0X rgp QP

Here, A" and A? are the vectors of unknown nodal displacement increments in the

X- and Y-directions, respectively.

Once the element-level incremental equations are obtained, they are assembled
into the global Newton system in the usual manner. The resulting linear algebraic
system is solved for the nodal displacement increments, and the displacement field
is updated accordingly. The procedure is repeated until convergence is achieved,
as measured by the reduction of the residual below a prescribed tolerance. In
the ensuing subsections, two numerical examples are presented to illustrate the
application of the DMCDM to the large-deformation analysis of hyperelastic solids.

4.2. Example 1: Cook’s Membrane. The Cook’s membrane problem [32],
involving a tapered cantilever beam loaded by a distributed shear force at the free
end, combines bending and shear deformation and is a popular benchmark for val-
idating elasticity formulations and computational implementations. The geometry,
representative mesh, and boundary conditions are shown in Fig. 3. The analysis is
performed using A = 432.099 MPa, p = 185.185 MPa, and 79 = 20 MPa. The rep-
resentative baseline mesh shown in Fig. 3 consists of 5 x 5 Q4 bilinear quadrilateral
elements. However, the problem is solved using multiple meshes obtained by both
h- and p-refinement of this baseline mesh. In h-refinement, the mesh is refined by
subdivision such that the coarser mesh is contained in the finer mesh, whereas in
p-refinement, the polynomial order of the elements is increased.

For the Newton iteration procedure, a convergence tolerance of etor, = 1073
is used with the following termination criterion:

(UR)T - Uy,

where Ay is the vector of displacement increments at the kth iteration and Uy, is
the displacement vector up to the kth iteration. The problem is solved using load
continuation, where the total load is applied incrementally rather than all at once.
For the present problem, the total load is divided into 10 uniform load increments.

< €TOL,
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TABLE 1. Caption for the table-like figure.

Elem. Order |Discretization | Nodes | Elements |[us at Point A
5%5 36 25 8.8685
10x10 121 100 10.0201
=1 20%20 441 400 10.411
40x40 1681 1600 10.5342
80%80 6561 6400 10.5738
160x160 25921 25600 10.5871
3%x3 49 9 10.2274
5%5 121 25 10.4282
_ 10x10 441 100 10.5341
p-z 20%20 1681 400 10.5726
40x40 6561 1600 10.5863
80%80 25921 6400 10.5914
5%5 441 25 10.5559
=4 10x10 1681 100 10.5804
20%20 6561 400 10.5888
40x40 25921 1600 10.5921
A
J A
/// } i 16
/// 0 ‘
/ A
o
I
S} 44
I
g
\ — ‘
a 48 B

FIGURE 3. Geometry, boundary conditions, and representative
baseline mesh for the Cook’s membrane problem [32].

The results for the Cook’s membrane problem are summarized in Table 1. The
transverse displacement us at point A, indicated in Fig. 3, is reported for different
element orders and mesh sizes. The converged displacement value, (u2)4 = 10.5921,
obtained using the p = 4, 40 x 40 mesh, is in excellent agreement with the value
10.5952 reported in [32], where the analysis was performed using a graded mesh
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of 13 quadrilateral elements with polynomial order p = 14. The results in Table 1
also show the benefit of higher-order interpolation. For a comparable number of
nodes, and hence a comparable number of total degrees of freedom, the higher-
order elements provide more accurate solutions than the corresponding lower-order
elements. The deformed configuration of the membrane, plotted with a scale factor
of 1, is shown in Fig. 4. The displacement magnitude contours and the o, contours
are also shown on the deformed configuration.

displacement Magnitude Oxx
0.0e+00 5 10 1.5e+01 -6.0e+01 20 0 2.8e+01

- o —— —

FI1GURE 4. Deformed configuration of the Cook’s membrane prob-
lem showing the displacement magnitude and normal stress o,.

4.3. Example: Curved Beam. This second benchmark, taken from [9], in-
volves the finite deformation of a curved arch. The geometry, boundary conditions,
and mesh used for the analysis are shown in Fig. 5. The bottom end of the arch
is fixed, while the other, free end is subjected to combined shear and compressive
distributed loads. This problem is characterized by moderate strains but large
rotations, and therefore serves as a useful test of the ability of the DMCDM to
converge in problems where nonlinear effects are pronounced.

For this example, in order to match the benchmark in [9], the following material
model is used:

P=uF -F O tkr(J2-JF T,
with 2 = 80.194 N/mm? and x = 120.291 N/mm?. The distributed load magnitude
is f = 0.5 N/mm?. As shown in Fig. 5, the mesh used for this problem consists
of 10 elements along the circumferential direction and one element through the
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FIGURE 5. Geometry, boundary conditions, and mesh with p =4
elements for the curved beam problem [9].

2
Reference Config.

A

Deformed | Linear

[ 1.5e+01

—5
l 0.0e+00

FIGURE 6. Reference and deformed configurations of the curved
beam obtained from linear and nonlinear analyses.
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radial thickness, with polynomial order p = 4. Thus, the benefit of higher-order
interpolation is exploited in this example: a small number of higher-order elements
can represent the curved geometry more accurately while also providing improved
accuracy compared with lower-order discretizations. As in the preceding example,
a nonlinear convergence tolerance of eor, = 1073 is used, and the problem is solved
using load continuation with 20 uniform load increments.

The reference and deformed configurations of the beam are shown in Fig. 6 for
both the linear and nonlinear analyses. The nonlinear solution clearly shows that
the beam undergoes large rotations, which cannot be represented accurately within
a linearized kinematic description. For the same applied load, the linear analysis un-
derpredicts the displacement compared with the nonlinear analysis, indicating that
the linearized model gives an effectively stiffer response for this problem. Figure 7
shows the corresponding load—deflection response. The response is initially close to
the linear solution, but as the deformation increases, geometric and material non-
linearities become more pronounced and the nonlinear curve departs substantially
from the linear prediction.
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FIGURE 7. Load—deflection response for the curved hyperelastic
beam problem.

5. Fluid Flow in Domains with Moving Boundaries

In this section, we present formulations for simulating the flow of viscous in-
compressible fluids in domains with nonstationary boundaries using the dual mesh
control domain method. Moving-boundary problems are important in many prac-
tical applications and form the basis for modeling fluid-structure interaction (FSI).
In its fully coupled form, FSI involves the interaction between a deformable struc-
ture and a flowing fluid. The fluid forces deform the structure, while the structural
deformation, in turn, modifies the flow domain. This gives rise to a bidirectional, or
two-way, coupling between the fluid motion and the structural deformation, which
must be resolved iteratively to obtain a mutually consistent physical state.
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In the present work, however, we do not consider fully coupled FSI problems.
Instead, we consider the flow of a viscous incompressible fluid past a rigid body
whose motion is prescribed. The objective is to develop and demonstrate the DM-
CDM formulation for fluid-flow problems involving moving boundaries.

In this work, we employ the Arbitrary Lagrangian—FEulerian (ALE) formula-
tion. A brief discussion of the ALE description is therefore in order. In a purely
Lagrangian description, the quantities of interest are referred to the reference config-
uration and are expressed as functions of the material coordinates X;. Accordingly,
in a numerical discretization, the mesh is generated over the reference configura-
tion. Each mesh node remains associated with a particular material point. Such
a description is well suited for modeling solids, as seen in the previous section on
hyperelasticity.

On the other hand, in a purely Eulerian description, the quantities of interest
are referred to the spatial domain and are expressed as functions of the spatial co-
ordinates x;. In this case, the mesh is generated over the spatial domain, and each
mesh node is associated with a fixed point in space rather than with a particular
material particle. Thus, at different instants of time, different material particles
may occupy the spatial location associated with a given mesh node. The Eulerian
description is therefore well suited for modeling fluid flow in domains with station-
ary boundaries.

The Arbitrary Lagrangian—FEulerian description provides an intermediate
framework between these two descriptions. In the ALE formulation, the quantities
of interest are referred neither directly to material particles, as in the Lagrangian
description, nor to fixed points in space, as in the Eulerian description. Instead,
they are expressed as functions of the coordinates y; of a third domain, called the
referential domain. This referential domain is mapped to the spatial, or current,
domain through a bijective time-dependent mapping

T = SAO(XJS)'

The computational mesh is generated in the referential domain, and its image un-
der the mapping @(x, t) produces a deforming mesh in the spatial domain. Thus,
the ALE mesh is neither fixed in space nor constrained to move with the ma-
terial. Instead, it moves according to the chosen referential-to-spatial mapping.
This freedom in prescribing the mesh motion is the reason for the term Arbitrary
Lagrangian-Eulerian.

Next, we briefly review the derivation of the governing equations in the ALE
framework. Detailed treatments of the ALE formulation may be found in works
such as [7] and [15]. Nevertheless, we revisit the main steps of the derivation here
to make the present development self-contained and to present the underlying ideas
in a more direct and accessible manner.

5.1. Preliminaries on the ALE Formulation. Let F represent the value
of a particular field variable; it may be a scalar quantity, such as temperature or
pressure, or a component of a vector or tensor. Let f , f,and f denote the functional
dependence of this quantity on the material, spatial, and referential coordinates,
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respectively. Thus,
F = f(X,t) = f(z,t) = f(x,1).
Since, as mentioned before, the finite element mesh in the ALE formulation is

constructed in the referential domain, we approximate F using finite element in-
terpolation in the referential domain as

(5.1) F= ij )Fi(t) = F=f(x.t), xe€Q,

where Q©) is a typical element in the referential domain and f7(t) are the time-
dependent nodal values of F.

The time derivative that follows naturally from Eq. (5.1), and which can be
computed directly from the finite element approximation is given by

9fCc.1) ! Zm

We use the notation F’ to denote the rate of change of F at a fixed referential
point. This derivative is therefore called the referential derivative.
Next, let the motion of the referential domain be given by

(5.2) F = ’x

N
(5.3) T = Z%(X)ﬂﬁg(t) = x; = ¢i(x, 1),

where x/(t), 7 = 1,..., N, are the coordinates of the mesh nodes in the spatial
domain. This choice for the mapping from the referential domain to the spatial
domain is convenient because, in practice, the motion of the mesh nodes x(¢) in
the spatial domain is often known from the mesh-motion algorithm. The finite
element approximation then provides a convenient way to bijectively map points
from the referential domain to the spatial domain. For simplicity, the same shape
functions used to approximate the field variable F are also used to approximate
the geometry.

Differentiating Eq. (5.3) with respect to time at fixed x, the mesh velocity is
obtained as

8901

(54) ij Zw

Once again, note that the derlvatlves in Egs. (5.2) and (5.4) are computed at a

fixed point in the referential domain; the notation ( - )|, is used to indicate this

explicitly. Using the chain rule, it can be shown that
- _of of - OF(X.1)

5.5 = — P — W) =, h — _J NV

(5.5) F atx—i—(v w)axi where F o %

is the material derivative. This equation is often referred to in the literature as

the fundamental ALE equation. It relates the material time derivative F to the
referential time derivative F’.
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To understand why this relation is necessary, it is useful to ask two questions:
what derivative do we need, and what derivative can we compute? In conserva-
tion laws, the required time derivative is fundamentally the material derivative.
For example, when Newton’s law of motion is applied to a material particle, the
rate of change of momentum is computed by following that particle; hence, the
relevant derivative is the material derivative. However, in the ALE finite element
discretization, the quantity that is computed directly is the referential derivative
in Eq. (5.2), namely, the rate of change of a quantity at a fixed referential point.
The fundamental ALE equation (5.5) therefore provides the connection between the
derivative required by the conservation laws and the derivative naturally obtained
from the finite element discretization in the referential domain.

One final point remains to be addressed. The ALE relation written above is in
local form, whereas the DMCDM requires an integral form of the relation between
the material and referential derivatives. To this end, consider

1) = /Q ST = /Q @0

where Q(t) is attached to the mesh and is the spatial image of the referential volume
Q. It can be shown that the integral form of the ALE relation is given by

. 9
(56) = /Q(t) 7 - “’i)a;:

+ (div v)f} av.

5.2. Governing Equations in ALE Form. Based on the preceding discus-
sion, the governing equations for the flow of viscous incompressible fluids must
be suitably modified to account for the arbitrarily moving mesh. This is done by
replacing the material time derivative appearing in the conservation laws by the
corresponding ALE expression given in Eq. (5.6). The resulting integral forms of
the conservation of mass, linear momentum, and energy equations are stated below.
The conservation of mass under the assumption of incompressibility:

(5.7) / divodV =0 = / 0 gy — o,
Q(t) Q(t) Ox;

The conservation of linear momentum:
ov;
(5.8) / p[v; + (v — wj)—”}dv = ?{ o4y dl +/ pb; dV.
Q(t) Oz T'(t) Q(t)

The conservation of energy:

00
(59) / pc |:0/ + (Uj - w])—} dV + ?{ q;n; dl' =0,
Q(t) 0 I'(t)

Ty
where 6 is the temperature, ¢ is the specific heat capacity, and ¢; are the components
of the heat flux vector.

For simplicity, the fluid is assumed to be linear Newtonian. Accordingly, the
Cauchy stress components are expressed as

ov; n o0v; )

(510) Oij = —P(sij + M(ax O,
i [
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where g is the viscosity, and P is the pressure determined as part of the solution
of the boundary-value problem.

We also assume that Fourier’s law of heat conduction is applicable, so that the
heat flux components are given by

00
sz- ’

(5.11) ¢ =—k
where £ is the thermal conductivity.

5.3. Dual Mesh Control Domain Discretization. A comprehensive dis-
cussion on the application of the DMCDM to the flow of viscous incompressible
fluids can be found in [11,13,27]. Two approaches have been used in the DM-
CDM literature for imposing the incompressibility constraint. The first and ear-
lier approach is to impose incompressibility through a penalty formulation (see
Reddy [21]). Application of the penalty function method amounts to replacing the
pressure by

(5.12) P = —vdivw,

where v is a large number, called the penalty parameter.

This approach has two main drawbacks. First, the terms involving the penalty
parameter must be under-integrated for the approach to yield meaningful results;
see [21] for more details. In particular, the penalty contribution to the coefficient
matrix must be rendered singular through reduced integration. Otherwise, the
penalty terms dominate the global system and can lead to a trivial zero-velocity
solution, which satisfies the incompressibility constraint but is not the desired phys-
ical solution. Second, the pressure is not obtained directly as an unknown. Instead,
it must be post-computed from the velocity solution. The pressure field obtained in
this manner is generally less accurate, since it is computed from derivatives of the
velocity field, and is also not directly available at the nodes. This can be a disad-
vantage in FSI-type problems, where nodal pressure values are useful for computing
the forces exerted by the fluid on an immersed structure.

The second approach, introduced for the DMCDM in [13], is the v—P formu-
lation, also referred to as the velocity—pressure formulation, in which the incom-
pressibility equation is retained as an additional governing equation along with the
momentum equations. In two dimensions, this leads to three unknowns, (vy,va, P),
and three equations, namely the two momentum equations and the incompress-
ibility constraint. However, as is well known, using equal-order interpolation for
velocity and pressure in such mixed formulations may violate the Ladyzhenskaya—
Babuska—Brezzi (LBB) stability condition; see [2,26]. A common way to avoid
this difficulty is to use interpolation functions for pressure that are one order lower
than those used for velocity, as in Taylor-Hood elements [5,34]. In this article,
we adopt this approach: the velocity components, and also the temperature, are
interpolated using shape functions of order p, whereas the pressure is interpolated
using shape functions of order p — 1.

We do not discuss the implementation of this approach in detail here, since
it has already been presented in great depth in [13]. It suffices to state that
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the discrete dual mesh control domain equations are obtained by substituting the
finite element approximations for the velocity components into the mass conserva-
tion equation in Eq. (5.7), and for the velocity components, their referential time
derivatives, and the pressure into the momentum equations in Eq. (5.8). These
approximations are given by

N, ) Ny dUJ(t)
v 1) < > vl [0, vilx.t) <Y g i), i=12
i=1 i=1

(5.13)
Np
P(x,t) < Y PI(t)$;(x)-
j=1

Similarly, the temperature and its referential time derivative in the energy equation
in Eq. (5.9) are approximated as

LN , o dTY (1)
(5.14) T(x,t) < Y T ()(x), T'(x:t) + = Vi(0)-

j=1 j=1
In writing the above approximations, v;, j = 1,..., N, denote the shape functions
used for the velocity components and temperature, while ¢;, j =1,..., Np, denote

the pressure shape functions. Once again, we emphasize that the Lagrange inter-
polation functions {¢;} are of polynomial order one less than that of {¢;}. For a
quadrilateral element with velocity interpolation of order p, the number of velocity
nodes is N,, = (p+1)?, while the pressure is interpolated using an element of order
p — 1, with Np = p? pressure nodes.

In this sense, two interpolation elements are used: one for the velocity com-
ponents and temperature, and another for the pressure. These two elements are
coincident in the spatial domain, but their nodal distributions need not be identi-
cal. Except for the corner nodes, the remaining pressure and velocity nodes are not
necessarily coincident. The (2@ element, corresponding to biquadratic velocity
interpolation and bilinear pressure interpolation, is used in the present work.

5.4. Mesh Motion Algorithm. An important aspect of the ALE framework
is the prescription of the mesh motion. The main purpose of using an ALE descrip-
tion is to allow the mesh to have a motion of its own, independent of the material
motion. In fluid-flow problems involving moving boundaries, the mesh motion must
be prescribed in such a way that the motion of the boundary nodes is propagated
smoothly into the interior of the domain. Otherwise, elements in the immediate
vicinity of the moving boundary may become excessively distorted.

The mesh-motion problem can be stated as follows: given the prescribed motion
of the boundary nodes, determine the motion of the interior nodes of the mesh in
the spatial domain. It is not necessary that the entire boundary be moving; the
portion of the boundary on which motion is prescribed may be only a subset of
the total boundary. On the stationary portion of the boundary, zero mesh velocity
must be prescribed so that the mesh-update procedure does not move those nodes.
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In this work, we use a simple, effective, and computationally efficient Laplacian
mesh-update procedure. At a given instant of time, let wr(¢) denote the prescribed
velocity of the moving boundary I'(¢) of the domain Q(t). To determine the mesh
velocity w in the interior of the domain, we solve the following Dirichlet boundary-
value problem:

(5.15) Viw =0 in Q(t), w=wr onTI(t).

This corresponds to a system of two uncoupled Laplace equations for the respective
components of the mesh velocity, which may be solved using any suitable numer-
ical method, such as the DMCDM or the FEM. The resulting solution smoothly
propagates the prescribed boundary velocity into the interior of the domain.

For convenience, the mesh-update problem defined in Eq. (5.15) is solved using
the same mesh that is used to interpolate the velocity components. Once the nodal
mesh velocities are determined, they are used in the ALE form of the governing
equations in Egs. (5.8) and (5.9), where the mesh velocities appear in the convective
transport terms. The resulting system is then solved to determine the unknown
flow variables, namely, the velocity, pressure, and temperature.

5.5. Example: Oscillating Cylinder in Channel Flow. We consider the
problem of flow past an oscillating circular cylinder placed inside a rectangular
channel carrying a viscous incompressible fluid, as shown in Fig. 8. This problem is
a popular benchmark and has been studied extensively; notable examples include
[3,6,8].

The cylinder has diameter D, and its center is initially located on the horizontal
midline of the channel. Starting at time ¢ = 0, the cylinder is prescribed a vertical
simple harmonic motion given by

Ty = agsin(wt) = Wey1 = aow cos(wt)és.

For the present analysis, we take ag = 0.4D, where aq is the amplitude of cylinder
oscillation, and w = 2.1803 rad/s, based on the data given in [6].
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FIGURE 8. Geometry and boundary conditions for the oscillating
cylinder in a rectangular channel [6].
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At the entrance of the channel, which is located 4D upstream of the center of
the cylinder, a splitter plate extends 2D downstream. The vertical spacing between
the channel walls is 3D. At the inlet, parabolic velocity profiles corresponding to
fully developed flow are prescribed separately over the two portions on either side
of the splitter. Thus, the inlet boundary conditions on the velocity components are

3vavg [1 — (y +0.756D)%/0.75D*] —1.5D <y <0,
—4D,y) =

vi(x =
3vavg [1 — (y — 0.75D)%/0.75D*] 0 <y < 1.5D,

vo(x = —4D,y) =0, —1.5D <y < 1.5D.

The average velocity is taken to be vayg = 1. On the top and bottom walls, the no-
slip condition is imposed by setting v; = vo = 0. The no-slip condition is enforced
on the cylinder surface by setting v = w¢y1. On the outflow boundary segment BC,
the outflow boundary condition is imposed.

The analysis is performed at a Reynolds number of Re = 100 by taking the
density as p = 1 and the viscosity as p = 0.01.

At the inlet, x = —4D), the temperature is specified as § = 1.0 for 0 < y < 1.5D
and # = 0.0 for —1.5D < y < 0. This represents the mixing of two streams

6496 0,0, Elements; 26,432 Nodes

F1GURE 9. Computational mesh used for the oscillating-cylinder
problem, consisting of 6496 Q2@ elements and 26,432 nodes. The
bottom panel shows a magnified view of the mesh near the cylinder.
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at different temperatures, with mixing promoted by the oscillating cylinder. The
Peclet number is taken to be Pe = 200, which is achieved by choosing ¢ = 1.0 and
k = 0.005 in the energy transport equation (5.9).

The mesh used for this analysis is shown in Fig. 9; it comprises 6496 Q2@ ele-
ments with 26,432 nodes. For time integration, the backward difference integrator
is used with a time step of At = 0.05. For the nonlinear iterations, a convergence
tolerance of epor, = 1072 is used.

The results of the analysis are presented in Figs. 10 and 11. Figure 10 shows
the velocity-magnitude contours and streamline patterns at three representative
instants during the cylinder oscillation. The top and bottom panels correspond
to the upper and lower extreme positions of the cylinder, respectively, where the
cylinder is momentarily stationary. The middle panel corresponds to the instant at
which the cylinder passes through the center of its oscillation while moving down-
ward, where its prescribed velocity is maximum. The streamline patterns show the
distortion of the flow caused by the cylinder motion and the resulting unsteady
wake development downstream of the cylinder. Figure 11 shows the corresponding

Velocity Magnitude
00e+00 05 1 1.5 2 2.3e+00

FIGURE 10. Velocity magnitude contours and streamlines for flow
past the oscillating cylinder at three representative instants. The
top panel shows the cylinder at its upper extreme position, the
middle panel shows the cylinder at the center of its oscillation
while moving downward, and the bottom panel shows the cylinder
at its lower extreme position.
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Temperature
0.0e+00 0.2 04 0.6 0.8 1.0e+00

‘ C T——

FIGURE 11. Temperature contours for flow past the oscillating
cylinder at three representative instants during the oscillation cy-
cle. The top and bottom panels correspond to the extreme posi-
tions of the cylinder, while the middle panel corresponds to the
cylinder passing through the center of its oscillation while moving
downward.

temperature contours at the same three instants. The imposed temperature differ-
ence between the two inlet streams is transported downstream, and the oscillatory
motion of the cylinder enhances the mixing between the two streams. The char-
acteristic mushroom-like thermal features formed downstream of the cylinder are
clearly captured. These results demonstrate the ability of the ALE-based DMCDM
formulation to effectively model moving-boundary flow problems with coupled ther-
mal transport.

6. Conclusions

In this article, dual mesh control domain formulations were presented for se-
lected nonlinear problems in applied mechanics. A general DMCDM discretization
procedure was first reviewed, followed by its application to finite-deformation hy-
perelasticity and viscous incompressible flow in domains with moving boundaries.
For the hyperelasticity problems, the governing equations were written in the refer-
ence configuration and solved using a Newton linearization procedure. Numerical
examples involving Cook’s membrane and a curved beam demonstrated the ability
of the method to handle large-deformations and nonlinear material behavior. For
the moving-boundary fluid-flow problem, an ALE formulation was used to account
for the motion of the computational mesh, and the oscillating-cylinder example
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illustrated the application of the method to flow and thermal transport in a de-
forming domain.

The results indicate that the DMCDM provides a consistent framework for
treating nonlinear solid and fluid mechanics problems while retaining the locally
conservative property of integral control-domain formulations and the flexibility and
modularity of systematic finite element interpolation. Future work will focus on
extending the present moving-boundary formulation to fully coupled bidirectional
fluid—structure interaction problems, in which the structural deformation and fluid
motion are solved in a coupled manner.
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AHAJIN3A KOHTPOJIE JOMEHA CA JIBOCTPYKOM
MPE>2KOM HEJIMHEAPHUX ITPOBJIEMA ¥ MEXAHUWUIIN

PE3UME. Meron KoHTpoOJIe JOMeHa ca JBOCTPYKOM MPEXKOM, KOjU je IIPEeJICTaBUO
Penu [23], je xubpujna HyMepHUIKa TEXHUKA KOja KOMOMHYje KADAKTEPUCTUKE Me-
TOJIe KOHAYHUX eJIeMeHaTa 1 MeTo/le KOHATHUX 3anpeMuna. Kopuctu TBphema nnre-
rpaJiHOT DaJIaHCa, KA0 Yy METOIU KOHAYHUX 3alIPEMUHA, 33j€THO CA MHTEPIIOJIAIII]OM
3aBUCHUX HEMTO3HATUX (PYHKIINja KOHATHAM €JIEMEHTAMA, KA0 Y METOIN KOHATHUX
enemenata. OBa KOMOMHAIMja [TPY?Ka TTOTOJIAH U JIOKAJIHO KOH3€PBATHBAH OKBUD 34
IIPOCTOPHY JAUCKPETH3AaIjy I'PAHNYHUX IIPOOIeMa. Y OBOM UJIAHKY IIPEJ/ICTaBIHAMO
dopmytamyje JoMeHa yIpaBbaiba ca JIBOCTPYKOM MPEKOM 3a HeJIMHeapHe IpobJie-
Me KOjU ce jaB/bajy y mpuMemeHoj mexanuru. Qokyc je Ha JBe pernpe3eHTaTHBHE
KJtace mpobJieMa: KOHadHA jedOopMaIija XUMEePeJaCTHIHINX YBPCTUX TEJa U TOK
BHCKO3HUX HECTUILBUBHUX (DIIyHa y JOMEHUMA Ca IIOKPETHUM IPAHUTaMa. 3a Ipo-
OJ1eM XUTIEPEeJaCTUIHOCTH, je/ITHAYNHE CY HAlMCaHe y pedepeHTHO] KOHMUTYpaIju
u perieHe KopunihemeMm FbyTHOoBe sinHeapusamnuje. 3a mpobiieM TOKa ca MOKPETHUM
IPaHUIIAMA, KOPUCTH ce 11pou3BobHa Jlarpamk-Ojineposa (ALE) dopmynanuja ga
6u ce 00jacHWJIO KpeTame padyHCKe Mmpexke. IIpeicraB/beHn Cy HyMEPUYKU IPU-
MepHu Jla O ce WIyCTPOBAJIA MMIIJIEMEHTAIIN]a METO/I€ W IIPOIEHIIIA, IIPEJIOKEHA

dopwmytarmja.

J. Mike Walker '66 Department of Mechanical Engineering (Received 01.06.2026)
Texas A&M University (Available online 28.07.2026)
College Station

USA

tanmayeyashodan.h@tamu.edu
0009-0009-6400-889X

J. Mike Walker 66 Department of Mechanical Engineering
Texas A&M University

College Station

USA

jnreddy@tamu.edu

0000-0002-9739-1639

J. Mike Walker 66 Department of Mechanical Engineering
Texas A&M University

College Station

USA

arun-r-srinivasa@tamu.edu

0000-0002-9825-7482


0009-0009-6400-889X
0000-0002-9739-1639
0000-0002-9825-7482

	1. Introduction
	2. Preliminaries
	3. General Procedure of the Dual Mesh Control Domain Method
	4. Finite-Deformation Hyperelasticity
	5. Fluid Flow in Domains with Moving Boundaries
	6. Conclusions
	References

