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ROLLING GEODESICS ON SYMMETRIC
SEMI-RIEMANNIAN SPACES

Velimir Jurdjevic

ABsTrACT. This paper is an outgrowth of the results in the domain of rolling
obtained in our recent paper written with F. Silva Leite and I. Markina, and
the earlier papers on the rollings of spheres produced with J. Zimmerman. We
show that the rolling equations associated with a symmetric semi-Riemannian
manifold rolling on its tangent space at a fixed point on the manifold essentially
have the same structure as the rolling equations for the n-dimensional sphere
rolling on the horizontal hyperplane; that is, we show that the rolling equations
are described by a left-invariant distribution D on a Lie group G with the Lie
bracket growth

D+ [D,D]+ [D,[D,D]] = TG,
reminiscent of the growth (2,3, 5) for the two spheres rolling on the horizontal
plane. We then define rolling geodesics on semi-Riemannian spaces as exten-
sions of sub-Riemannian geodesics in the Riemannian symmetric spaces, and
show that the rolling geodesics are the projections of the extremal curves,
which, remarkably, are the solution curves of a completely integrable Hamil-
tonian system in the cotangent bundle of the configuration space. Finally, we
illustrate the theory with a few noteworthy examples.

1. Introduction

This paper is a continuation of my long-standing interest in the role of Lie
groups and Lie algebras in the theory of integrable systems and the equations of
mathematical physics. The interest in this topic originated from two seemingly un-
related phenomena, the presence of elastica in the theory of rolling spheres [1,2]),
and the presence of the heavy top in the equations describing the equilibrium con-
figurations of an elastic rod [3-5]. My interest in these phenomena was further
renewed by the results of our recent paper [6] that showed that the rollings of the
semi-Riemannian symmetric manifolds on their tangent planes admitted a concep-
tually simple description analogous to the equations for the rolling spheres [7].
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Briefly, this paper outlines the relevant theory of symmetric semi-Riemannian
spaces for the results in [6] and defines a new class of curves called rolling geodesics.
Then, the paper demonstrates that the rolling geodesics are the projections of the
extremal curves generated by a completely integrable Hamiltonian system on the
cotangent bundle of the configuration space. The passage to Hamiltonian systems
reveals a geometric significance of rolling for the problems of geometric mechanics.

Of course, mathematical considerations of objects rolling on one another have
a long and diverse history. The interest in the rolling phenomena very likely be-
gan with the wheel rolling without slipping on a flat surface and the discovery
of the cycloid, which, in time, got to be known as the crown jewel of all curves
because of two remarkable properties: the tautochrone property, whereby a parti-
cle, sliding without friction under uniform gravity, reaches the lowest point of the
curve in time independent of the initial position (C. Huygens, (1659)), and also the
brachistochrone property, as the curve along which a particle slides under gravity
in shortest time (discovered by the Bernoulli brothers around 1696).

More generally, rollings of curves along other curves became a standard topic in
classical mechanics in which the cardioid and the astroid stood out as particularly
beautiful examples. In these early studies, rolling was regarded as a part of the
mechanical world in which rolling objects were seen as rigid bodies moved by the
forces that preserved their geometric properties and kept them in contact with
each other. The passage to geometric rolling, principally surfaces rolling on their
affine tangent planes, was initiated by the geometers in the early part of the 20"
century. In particular, T. Levi-Civita, in his famous treatise on intrinsic calculus
[8], motivates the notion of parallelism on a surface in R® by appealing to the
rollings of a surface on its tangent plane. In the case of a developable surface,
which Levi-Civita describes as flexible and inextensible and which can be made
to coincide with a region of the plane, like the cylinder and the cone, tangential
directions u; and us situated at the points p; and ps on the surface are parallel
whenever these directions are parallel in the ordinary sense when the surface is
unfolded on the plane. In the case of a more general surface, he states that a
surface S is rolled along a curve «(t) on the tangent plane P at a point p; on S if
during the rolling the point of contact with the stationary plane P traces a curve
a(t) in P, called the development of «(t), if the tangential directions u; and wus
at the points p; and py are parallel along a(t) if they are parallel, in the ordinary
sense, along the developed curve &(t) [8, p. 102].

Since then, rolling and parallel transport took somewhat divergent paths: par-
allel transport found its natural definition within the realm of the affine connection
and the covariant derivative, while rolling continued to be of interest to mechanics as
a prototype of phenomena encountered in systems with non-holonomic constraints
[1,9]. In this interim period, the paper of E. Cartan [10] on the rollings of spheres
on each other and their relation to the 14-dimensional Lie group G5 stands out as
the most fascinating contribution to the subject of rolling.

It was only recently that rolling got its first axiomatic treatment by R. Sharpe
for Riemannian manifolds M and M that are embedded isometrically in a Euclidean
space E™ [11]. For this class of manifolds, Sharpe showed that each curve a(t) in M
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can be rolled on a curve &(t) in M, called the development of a(t), by an isometry
g(t) that satisfies the no slipping and no twisting condition. Moreover, he showed
that the isometry curve that does this rolling is unique. The axiomatic notion of
rolling made this subject matter more accessible and led a way to several studies
[12,13] with a particular interest on the rollings of symmetric Riemannian spaces
on their affine tangent spaces [14]. Sharpe’s definition of rolling, however, made no
explicit connection to the parallel transport.

Independently of the studies based on Sharpe’s definition of rolling, R. Bryant
and L. Hsu [15] introduced another definition of rolling according to which a curve
a(t) in a Riemannian manifold M rolls on a curve &(t) in another Riemannian
manifold M if there is an isometry A(t) such that
(1) AW Ty M = Tao M, (1) = )% 1),
and 0(t) = A(t)v(t) is a parallel transport along G(t) for each parallel transport
v(t) along «(t). New studies emerged based on this notion of rolling [16-20] with
a philosophical outlook sufficiently different from the papers based on Sharpe’s
formulation, suggesting conceptual differences between the two definitions. As a
result, these two notions of rollings became known as the extrinsic rolling (Sharpe)
and intrinsic rolling (Bryant and Hsu). However, it was shown recently [6] that
a curve «(t) rolls on a curve &(t) independently of the definition used, but the
isometry curve A(t) that does the rolling may be different. Sharpe’s definition
imposes an additional condition, dependent on the embedding, under which A(t)
becomes a unique isometry that rolls a(t) on &(t).

This paper provides a comprehensive overview of semi-Riemannian symmetric
spaces rolling on their tangent spaces and then focuses on the extremal equations as-
sociated with the rolling curves. The material is presented in five distinctive parts.
The first part establishes the essential properties of symmetric semi-Riemannian
spaces, largely a synthesis of the theory presented in the seminal work of B. O’Neill
[21]. The second part derives rolling equations and sets the stage for the asso-
ciated variational problems (a complement to the results presented in [6]). The
third part discusses some noteworthy examples that give the reader a glimpse
into the large variety of systems covered in the first section. This section also
includes an original treatment of the rolling spheres and the rolling hyperboloids
that play an important role in the latter sections. The fourth section outlines the
passage to the Hamiltonian systems and the associated extremal equations. This
section also shows the connections between the Poisson systems associated with
the affine-quadratic systems, which figure prominently in the equations of geomet-
ric mechanics, and the rolling systems. Finally, section five returns to the space
forms, hyperboloids and spheres, with an original rendition of the results obtained
in [7] linking rolling to the elastic curves.

2. Semi-Riemannian spaces

Because of the relative novelty of rollings in the semi-Riemannian environment,
it may be advantageous to present a self-contained account of the relevant theory, in
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order to make the paper more accessible to a wider audience. For that reason some
of the exposition presented below is a re-hash of the material presented in [21].

A semi-Riemannian manifold M is a smooth manifold endowed with a non-
degenerate symmetric tensor g(.,.). We write n = dim M, and denote by p the
number of positive eigenvalues of the tensor g, so that n — p is the number of
negative eigenvalues of g. Any vector space V equipped with a symmetric and
non-degenerate form (, ) is semi-Riemannian. Any such form can be diagonalized,
that is, there exists a basis e1,...,e, in V such that (e;,e;) = £;;. Then, there
exist integers p < n and n — p such that (e;,e;) =1, for ¢ < p and (e;, e;) = —1 for
i > p. It then follows that

p n
(z,y) = fokyk - Z Tryk, @,y € RPTP.
k=1 k=p+1

where x1,...,x, and yi,...,y, are the coordinates of z and y in the above basis.
Following the terminology in [21], we will refer to the above form as a scalar
product.
On any semi-Riemannian manifold M, there is a unique affine connection DxY

that satisfies

o [V,W]=DyW — DyV

o X(V,W) = (DxV, W)+ (V,DxW) for all smooth vector fields X,V, W

on M.

Such a connection is called the Levi-Civita connection. The Levi-Civita connection
is characterized by the Koszul formula

2Dy W, X) = VW, X) + W(X,V) - X(V, W)
— (V. [W, X]) + (W, [X, V]) + (X, [V, W]).

The Levi-Civita connection induces the covariant derivative Z¥ of a vector field

dt
V(t) along a differentiable curve c(t) in M according to the usual formula Z¥ =

D%f/ where V is a vector field on M such that V(t) = V(¢(t)). A vector filed V (¢)
along a curve c(t) is called parallel if % = 0. Parallel vector fields exist along
any curve c(t) in M. In fact, if w is a vector in T,,)M, then there exist a parallel
vector field V'(¢) along ¢(t) such that V(tg) = w.

A curve 7(t) in a semi-Riemannian manifold M is called a geodesic if the
tangent vector field ‘;—Z is parallel along (). It then follows that for any v € T, M
there exists an open interval I around the origin and a unique geodesic v, (¢) such
that thv (0) = v (of course,y,(0) = p). Any semi-Riemannian manifold in which the
geodesics are defined for all ¢ € R is said to be complete. In general, there exists a
maximal open interval I on which a geodesic v, (t) is defined. In such a case 7,(¢)
is unique. If the domain of ~, includes the interval [0,1] then the end point map
v = ¥, (1) is one to one and it is easy to show that v, (1) = 7, (¢).

As in the Riemannian case, the exponential map exp,(tv) = v,(t) is a diffeo-
morphism from a star shaped open neighbourhood U = {tv : ¢t € [0,1],v € U}
of the origin in T,M onto an open neighbourhood U of the point o in M. This
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neighbourhood is called normal. This implies that any two points p and ¢ in
a connected manifold M can be connected by a broken geodesic, a continuous
curve c(t) defined on a finite union of closed intervals I; = [t;,t;41], j = 1,...,n,
such that on each interval I; c(t) is a geodesic 7,,(t) that satisfies v, (t;) = c(t;)
and %(tj) =vj.

A diffeomorphism ¢ on M that leaves its semi-Riemannian metric invariant
is called an isometry. The set of all isometries on M is a Lie group I(M) that
naturally acts on M by the left action g,p — gp. A semi-Riemannian manifold is
said to be homogeneous if I(M) acts transitively on M. One can easily show using
the Koszul’s formula that Dgyxd¢Y = d¢(DxY) is the Levi-Civita connection on
M for any isometry ¢. But then d¢(DxY) = DxY by the uniqueness of the Levi-
Civita connection. Therefore, isometries preserve the geometric quantities of M.
In particular, they preserve geodesics. We also have

PROPOSITION 2.1. Suppose that g and h are elements in I(M) such that go =
ho and d,g = d,h for some point o in M. Then g = h whenever M is connected.

PROOF. Suppose that go = ho then h~'go = 0. So, it suffices to show that
go = o and d,g = Id implies g = Id. Let U = {p € M : gp = p,d,g = Id}. By
continuity U is a closed set in M. It remains to show that U is open. Let p be an
arbitrary point in U and let «(t) be any geodesic in M such that «(0) = p. Since
dp9(&(0) = &(0), ga(t) = a(t). Therefore, U contains a normal neighbourhood
at p, and hence is open. But then U = M, since M is connected. Thus gp = p
forallpe M O

2.1. Semi-Riemannian symmetric spaces. A smooth manifold M togeth-
er with a transitive group action of a Lie group G on M is called homogeneous.
If the action of G is represented by the diffeomorphisms {¢, : ¢ € G}, then M
can be written as the quotient M = G/K where K = {g € G : ¢4(0) = o} for
some fixed point o € M. In this representation, the natural projection 7: g — gK
is identified with ¢4(0), in which case we have w(L,) = ¢,m, where L, is the left
action Ly(h) = gh of G on itself.

Any homogeneous manifold admits a finite dimensional family of complete vec-
tor fields F that span each tangent space T, M. They are the infinitesimal genera-
tors of the flows {¢expix : t € R, X € g}, where ¢, denotes the action of G on M.
When G is the isometry group of M, these vector fields are known as the Killing
vector fields (a vector field X on a semi-Riemannian manifold M is called Killing if
its one-parameter group of diffeomorphisms {exptX : ¢t € R} acts on M as a group
of isometries [21,23]). The correspondence

Lo d
X S g — X7X(p) = %gbexth(p)'t:O

is an anti-isomorphism since [X,Y] — —[X,Y].

A homogeneous space G/K is called reductive if the Lie algebra g admits a
vector space p such that g = p @ ¢ and Adk(p) C p. This invariance implies that
[p,€) C p. On reductive homogeneous spaces T, M can be identified with p via
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the correspondence X € p — X (p) € T,M. If, in addition, a reductive space
G/K is equipped with a G-invariant metric (, ),, then (dO%X'(o),doqﬁg?(o))p =
(X (0),Y(0)), for any g € G and any X (0) and Y (0) in T, M by the invariance of
the metric. In particular, (dy¢sX (0),do¢nY (0))p = (X(0),Y (0))o when h € K.

Since ¢p(0) = 0, ot X (0) € T,M, and therefore dy¢p X (0) = X (0) for some X in
p. We now have

_, d d d
dod)hX(O) = %qshcxp tX(O)|t:0 = %gbh exthh—1(0)|t:0 = %Qﬁexp tAdh(X)(0)|t:0

Therefore, dy¢nX (0) = X (0) where X = Ady(X). If we now define an isometric
scalar product {(, }) on p via the formula

(2.1) (X,Y)) = (X(0), Y (0))o

then ((Adp X, AdLY)) = ((X,Y)), that is, {(, )) is an Ad invariant scalar product
on p. Let now ((, )) denote any scalar product on g which agrees with ((, )) on
p. Then G together with the left-invariant metric induced by ((, )) becomes a
semi-Riemannian manifold.

Conversely, suppose that G/K is a reductive manifold with G equipped with
a left-invariant metric defined by a scalar product ((, )) that is Adyx invariant on
p. Then, formula (2.1) can be used to define a scalar product (, ), on T,M which
can be extended to a G-invariant metric on M via

(dodg X (0), dodgY (0)) = (X(0), Y (0))o-

DEFINITION 2.1. A connected semi-Riemannian manifold (M , g) is called sym-
metric if for each 0 € M there exists an isometry (,: M — M called the global
symmetry of M at o, such that (,0 =0 and d,{, = —I on T, M.

PROPOSITION 2.2. Any symmetric semi-Riemannian connected manifold is
complete and homogeneous.

PROOF. Since (, is an isometry, it acts on the geodesics. So if v(t) is a geodesic
that satisfies v(0) = o, then ¢(t) = (oy(t) = v(—t) because ¢(0) = —¥(0). More
generally,

for any geodesic curve y(¢). So, if v(¢) is defined on an interval [—s, s] then c(t) is
a geodesic defined on [0, 2s] that satisfies ¢(0) = y(s) and ¢(0) = 4(s). Hence, the
domain of (¢) can be extended to the interval [0, 2s]. The same argument with —s
shows that the domain of  can be extended to the interval [—2s,2s]. Hence, each
geodesic is defined on (—o0, 00).

To prove homogeneity, we will use the fact that any two points p and ¢ in M
can be connected by a broken geodesic curve. So, let «(t) be a continuous curve
in M on an interval [0, T], partitioned by n points 0 < t] < tg < -+ < tpy1 =T,
such that on each interval [t;,t;41],7 < n, a(t) = v;(t) for some geodesic 7;(t).
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If a(0) = p and a(T) = ¢ then ¢ (4 a(0) = a(t1) = 12(t1) by (2.2). Then

C’m(tg;tl )a(tl) = a(t2) = y3(t2). Continuing we get

0= altnr1) =0 (tnmpmtn) "G tnmtamny Gy tagty " Gy ()P

Hence, I(M) acts transitively on M. O

Let G = I4(M) be the connected component of (M) that contains the group
identity. Since I(M) acts transitively on M so does G. Hence, M is diffeomorphic
to the quotient manifold G/K where K is the isotropy group of a point o in M
[22]. In this representation mo L, = ¢4 o, and therefore the left actions Ly, g € G,
become isometries.

The existence of global symmetry on M induces an involutive automorphism
o: G — G defined by ¢5(5) = (oP4Co. One easily shows using Proposition 2.1 that
(2 =1d, hence ;! = (,. Therefore, o satisfies

o(9192) = o(g1)0(g2),0? = I.

PROPOSITION 2.3. Let H = {g € G : o(g) = g}. Then H, C K C H, where
Hy is the connected component of H through the group identity.

PROOF. Let g € G satisfy ¢,0 = o, i.e., g € K. Then ¢, 40 = (,¢4((0) = o,

and
d0¢o(g) = doCodo¢gdo<o = (7Id)do¢g(*1d) = do¢g

It then follows from Proposition 2.1 that o(g) = g, that is, g € H. This shows
that K C H. To show that Hy C K, let exptX denote the one-parameter group
generated by an element X in the Lie algebra of H. Then exptX belongs to H for
all t | hence satisfies o(exptX) = exptX. It follows that (, exptX (o) = exptX (o).
Since o the only fixed point by ¢, in a neighbourhood of 0 in M, exptX (o) = o for
small ¢. But then exptX(0) = o for all ¢ by analyticity of exp¢X. This shows that
{exptX :t € R} C K for each X in the Lie algebra of H. But, Hy is generated by
the exponentials in the Lie algebra of H, hence Hy C K. O

COROLLARY 2.1. The Lie algebra of K is the same as the Lie algebra of H.

The automorphism ¢ induces a Cartan decomposition g = p@¢ with g is the Lie
algebra of G, and p = {X € g: do(X) = =X}, and t = {X € g : do.(X) = X},
where e denotes the group identity in G. Evidently £ is the Lie algebra of K, and
therefore [¢, €] C €. In addition,

e Cp,lppl CE
COROLLARY 2.2. Adk(p) C p.

PROOF. Since o is an autotomorphism, docAd, = Adyp)do.. When X € p,
and h € K,

dO’eAdhX = Adg(h)dO'eX = 7Ada(h)X = 7Adh(X) O

Remarkably, the existence of an involutive automorphisms on G implies the
existence of global symmetries according to the following proposition.
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PROPOSITION 2.4. Let K be a closed subgroup of a connected Lie group G. Let
o be an involutive automorphism of G such that Hy C K C H, where H = {g €
G : 0(g9) = g}. Then, any G-invariant metric tensor on M = G/K makes M a
semi-Riemannian symmetric space with C, the global symmetry of M at o, defined
by(om=moo.

REMARK 2.1. The existence of global symmetry at a single point o implies the
existence of global symmetry at every point p € M. For if (, is the symmetry at o,
then ¢, = g(,g~" is the symmetry at p = g(0).

It follows that a symmetric semi-Riemannian space M is a reductive space
and satisfies an extra property [p,p] C €. In this setting, every curve m(¢) in
M can be lifted to a curve g(t) € G via the formula ¢4y (0) = m(t). Then,
m(t) = d0¢g(t))?(t)(o) where X (t) is a curve in g defined by % = g(t)X(¢).
It follows that X (t) = U(t) + V(t) for U(t) € p and V(t) € ¢ and, therefore,
1(t) = dodyy(Ut)(0) + V(t)(0)) = dodyyU(t)(0) because V(o) = 0. An ab-
solutely continuous curve g(t) € G is called horizontal if g(t) is a solution of
% = g(t)U(t) for some bounded measurable curve U(t) in p. It follows from
above that every curve m(t) in M can be lifted to a horizontal curve g(t). Any two
horizontal lifts g1 (t) and ga(t) satisfy go2(t) = g1(¢)h for some fixed element h € K.

Then %2 = g5(t)Us(t) = go(t)Adj,—1U1 (t) where Uy (t) = g~ (¢) %L, Hence

d = .
d—T = dog,(1)U2(t)(0) = dody, 1)U1(¢)(0).

To summarize, every curve m(t) in M is the projection of a horizontal curve g(t) a
solution of (2—? = g(t)U(t) for some absolutely continuous curve U(t) € p, in which

case
dm

(2.3) =

= dotyg(yU(1)(0).

2.2. The Levi-Civita connection and the parallel transport. Suppose
now that M = G/K is a symmetric semi-Riemannian manifold, and suppose that
its isometry group G = Iy(M) is equipped with a left-invariant semi-Riemannian
metric induced by an (arbitrary) orthogonal extension to g of an Ady invariant
scalar product {(, }) on p. Then,

LEMMA 2.1.
(v, [w.U])) = ([V. W], U))

for any elements U,V inp and W in €.
PRrOOF. ((AdpU, AdpV)) = ((U,V)) for any h € K. If h(t) = exptW, then

_4ad
Tt

Let v/ V denote the corresponding Levi-Civita connection on T'G correspond-
ing to the above metric.

0 ({(AdnU, AdpV))i=0 = (W, UL, V) + (U, W, V])). U
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PROPOSITION 2.5. Suppose that U(g) = gU, and V(g) = gV are left-invariant
vector fields defined by U and V in p. Then ,

— 1
voVig) = 59U, V],
Proor. We will use Koszul’s formula
2((vgV, X)) =U{{V, X)) + V{(X,0)) - X((UV))
= (U, [V, X])) + (V. [X, U])) + (X, [U, V])).
Let now 75V = g(DyV) for some element DV in g and let X = gX for X € g.
By the invariance of the metric ((gX,gY)); = ((X,Y))e, and hence is constant.
Therefore, Z({X,Y)) = 0 for any left-nvariant vector field Z. Koszul’s formula
then simplifies to
2((DuV, X))e = =((U, [V, X]))e + ({(V, [X, U))e + (X, [U, V]))e

If X € ¢ the first two terms cancel due to Lemma 2.1, and if X € p, then both
[V, X] and [U, X] are in ¢, and, then, by the orthogonality, the fist two terms are
both equal to zero. Hence 2Dy V = [U, V]. O

PROPOSITION 2.6. Suppose that W (t) = g(t)V (t), V(t) € p is a curve of tangent
vector fields along a horizontal curve g(t), a solution of % =gU(t),U(t) € p. Then,
the covariant derivative <7 ;yu W (t) of W(t) along g(t) is given by

v 1
VoW ®) = g (- + 5 U0,V @).

PROOF. Let Aj,..., A, denote an orthonormal basis in p. Then U(t) =
S ui(t)A; and V(1) = Y i vi(t)Afor some functions uy(t),...,u,(t) and
vi(t),.,va(t). T Xi(g) = gAi, them % = 3 u(t)Xi(g(t)) and
Vt) = Z?:l v;(t)Xi(g(t)). Tt follows that

g(t dvi v (i PawXi

- Z ’Ul(t) dt
dvZ
Z +%Vzn u; ()X Xi(9)
dvZ -
= Z Xi(g(t)) + Z ViU x, X
ot
Clvz dv 1
= Z X Z v X, X;] = g(t )<E + 5[U(t)voc)]). 0

3,7=1

PROPOSITION 2.7. Let U and V be any Killing vector fields defined by U and
Voinp. Let 75V denote the Levi Civita connection on M. Then 75V = 0. The

covariant derivative %U(i) of a vector field v(t) = do¢g(t)17(t) along a curve
m(t) = Gg(e)(0) in M is given by Z5L0(t) = dodgr) Lo (o).
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PROOF. It is easy to show using Koszul’s formula that vﬁv is equal to the
orthogonal projection of 577V on the horizontal distribution H(g) = {gX : X € p}.
As in the Proposition 2.5, U and V are the left invariant vector fields defined by
U and V. The same proposition gives vV = 3[U,V]. Since [U,V] € ¢, the
projection of 77V on H is zero.

Suppose now that v(t) is a vector field along m(t) = ¢4 (0) for g(t) a solution
of % = g(t)U(t),U(t) € p. Tt follows from above that there is a curve V(t) € p

— Dm t T —
such that v(t) = dog(e)V (£)(0). Then 2200 (k) = dopy (% + vﬁ(t)V(t))(o) -
doBg(t) G5 (0).
3. Rollings of symmetric semi-Riemannian manifolds

Let us now return to the intrinsic equations of rolling (1.1), whereby a curve
a(t) in a Riemannian manifold M rolls on a curve &(¢) in another Riemannian
manifold M of the same dimension if there is an isometry A(t) such that

A(L): ToyM = a1, 2 (1) = A1) 2 ),
and 0(t) = A(t)v(t) is a parallel transport along G(t) for each parallel transport
v(t) along «a(t). Note that the following properties follow from the above definition.
e Reflexive property: if A(t) rolls a(t) in M onto a curve &(t) in M then
A~Y(t) rolls &(t) onto a(t).
e Transitive property: if A(t) rolls «(t) on &(t), and if B(t) is an isometry
that rolls &(¢) on S(t), then B(t) A(t) is the isometry that rolls () on 5(t).
e 10 need for the initial contact between M and M.

On symmetric semi-Riemannian spaces rolling on their tangent spaces the equa-
tions of rolling equations follow almost immediately from the definition according
to the following proposition.

PROPOSITION 3.1. Suppose that M s the tangent space T,M at o in a sym-
metric semi-Riemannian space M. A curve a(t) in M rolls on a curve &(t) in

M, a solution of &(t) = U(t)(0), by the isometry A(t) = (dgdg(r)) " defined by a
horizontal lift g(t) of a(t) and a solution of ‘;—? =g®)U(t),U(t) € p.
PROOF. Let a(t) = ¢g+)(0) with g(t) a solution of ’;—g = g(t)U(t) for some

curve U(t) € p. It follows (equation (2.3)) that

do -

o = do¢g(t)U(t)(0)'
If we now let &(t) denote a solution of 92 = U(t)(0), then the preceding equation
can be written as

da da da
e O
ar ~ Y% g O
where A7 (t) = do¢g(4). So we have
da(t) da(t)
1 = A(t
(3.1) it ()=
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We need to show that A(t) maps parallel transport v(t) along «(t) onto a parallel
transport 9(t) along &(t). Every vector field v(t) along «(t) can be represented as
v(t) = dogbg(tﬂ?(t)(o) for some V(t) € p. According to Proposition 2.7, D;t(“v(t) =
doqbg(t)%. Then v(t) is parallel whenever Dgé‘)v(t) =0 = do(bg(t)%, that is,
whenever 92 — (. Therefore (t) = A(t)v(t) = doy—1v(t) = V (1), and V(t) is

dt
constant, hence parallel to &(t). O

The above shows that each horizontal curve g(t) in G, a solution of % =
gt)U(t),U(t) € p, defines a family of curves &(¢) in T,M, each a solution of
da U(t)(0), that roll on a(t) = bg(t)(0). Conversely, every solution (g(t), &(t)) of
the differential system

dg da(t)
(32) % — gy,
singles out a curve a(t) = ¢4(1)(0) in M that is rolled on &(t) in T, M by dg—1¢4-1(4)-
The triple (G&(t), dgdgr), a(t)) is known as a rolling curve in the existing literature
on rolling [17,18].

We shall refer to (3.2) as the rolling distribution and we will denote it by
H(g,p). Solutions of (3.2) generated by bounded and measurable curves U(t),t €
[0, T] will be referred to as the rolling motions. Rolling motions take place in the
configuration space

= U(1)(0),U(t) € p

G=GxM,M=T,M
which we regard as a Lie group, with the group operation gh = (g,p)(h,q) =
(gh,p+q), g = (9,p) and h = (h,q). Then the Lie algebra G of G is naturally

identified with g x M and its canonical Lie bracket [(X,p), (Y, q)] = ([X,Y],0). It
then follows that H(g,p) is a left-invariant distribution given by

H(g) = H(g.p) = {(9U.U(0)) : U € p}, g = (9,p) € G-

Let I' = {(U,U(0)) : U € p}, so that H(g,p) = gI'. Since I' is a vector subspace
in G that satisfies

(3.3) r+ I +[, I =46,

the Lie algebra generated by the left-invariant vector fields tangent to H is equal
to G and, therefore, any two points in G can be connected by a rolling motion (by
the Chow-Rashevsky theorem [27]).

In the Riemannian case rolling motions inherit natural length /0 T\/ (U(@),U(t)))dt
from G. Since vector fields in H are complete, any pair of points in G can be
connected by an integral curve of H of minimal length [16]. An integral curve ~y(¢)
of H is called a rolling geodesic if for any ty and t;, sufficiently close to each other,
the length of (t) in the interval [to, 1] is minimal among all other integral curves
of H that connect v(tg) to v(t1).

To put the matter in a control theoretic context, let Ay, ..., A,, be an orthonor-
mal basis in p so that (4;, 4;(0)) is an orthonormal basis in I'. Then, an absolutely
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continuous curve g(t) = (g(t),p(t)) is a rolling motion if and only if

dg i dp & -
(3.4) Y o uA), L =3 wi()Ao)
i=1 i=1
for some bounded and measurable control functions wui(t),...,um,(t). Then, the

length of g(t) is given by fOT Vu3(t) + -+ u2,(t)dt. In the semi-Riemannian case
((U(t),U(t))) is of indefinite sign and does not lend itself to any length interpreta-
tions. This potential obstacle is bypassed when the length functional is replaced by
the energy functional £ = f0T<(U(t), U(t)))dt, in which case the rolling geodesics
are redefined as the rolling motions along which the energy of transfer is critical
(rather than optimal) relative to the given boundary conditions g(0) = go and
g(T) = g1. Our ultimate aim is to find the differential equations that the rolling
geodesics must satisfy. But first let us look at some particular cases.

4. Some noteworthy cases

4.1. Rolling spheres and rolling hyperboloids. According to the Killing-
Hopf theorem, the universal cover of a complete Riemannian manifold of constant
curvature is isometric to the hyperboloid H™, the sphere S™, or the Euclidean space
E™ depending whether the curvature is negative, positive or zero [24]. These three
prototypes are known as the space forms. Let us now consider rollings of non-
Euclidean space forms on their tangent spaces under the action of the isometry
groups. For that purpose let

n
(4.1) (z,9). :xoyoJreriyi,e: +1,

i=1
for  and y in R**!. For € = 1 this scalar product is Euclidean, and for e = —1 it
is Lorentzian. Let now ||z||? = (z, 7). and then define

S™(p) = {x € R"™ . ||z||? = p?, 20 > 0 when e = —1}.

We will refer to S”(p) as the sphere of radius p (Euclidean when € = 1 and hy-
perbolic when € = —1). Indeed for ¢ = —1, the hyperbolic sphere is the connected
component of the hyperboloid 3 = p? + Y. | 7 through o = p. Below we will
show that each sphere S (p) is a Riemannian symmetric manifold with its metric
defined by (&, 9) = €(&, §)e for each pair of tangent vectors & and g in TS (p).

Let now G, be SO(n + 1) when € = 1, and be the connected component of
SO(1,n) that contains the group identity when ¢ = —1. Each group G, acts on
the points of R"*! by the matrix multiplication and preserves the bilinear form
(4.1). We will regard G. as a semi-Riemannian manifold with its semi-Riemannian
left-invariant metric given by

(BX, RY)). = (X,V)e = - L 1r(xY),

for any X and Y in the Lie algebra g. of G, where RX and RY are the abreviates
for d.Lr(X) and d.LgY. This metric is G invariant because the trace form is
Adg, invariant.
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Each group G. acts transitively on the sphere S”(p) via the action ¢r(z) = Rz
and identifies the sphere S”(p) as the quotient S”(p) = SO (n + 1)/K., where K,
is the isotropy group of a given point o € S?(p). That is, {Ro: R € SO.(n+ 1)} is
identified with {RK, : R € G.}. If 7 denotes the natural projection from G, onto
the quotient space G./K, then m(R) = ¢r(0) = Ro. We then have

m(9R) = ¢gro = (gR)o = g(Ro) = ¢4(n(R)), g, R, € G-.

The realization of S”(p) as the orbit {Ro : R € G.} induces a decomposition
ge = pe @ t. with £, the Lie algebra of the isotropy group K. and p. its orthogonal
complement in g.. Since G, preserves the scalar product (, )., the elements of g,
are skew-symmetric, that is, satisfy (Xu,v). = —(u, Xv), for each X € g..

Elements in g. can be represented in terms of linear operators (u A, v) =
URe v — VR u, u € R v e R where (u ®, v)x = (v,7)u,x € R* 1. One
can easily verify that

((U Ne U)SE, y)e + (JL‘, (u Ne ’U)ZJ)E =0,
hence, (uAcv) € ge. Then one can show that g, is the linear span of {uAcv : u,v €
R™*1} by an easy dimensionality argument. The preceding operators satisfy
(4.2) [ Ae v, Ae 2] = (U, w)e(V Ae 2) + (v, 2) (U Ae w)

— (v, w)e(uAe 2) = (U, 2)e(V Ae w).
In addition, they conform to the following inner product in g.:
ep?
(4.3) ({uAev,w Ae 2))e = —7Tr((u Ae 0)(w Ac 2))
= €p2((’U, Z)G(U" U))e - (’LU, U)E(u7 Z)E)

The following formula will be needed later in the paper.

PROPOSITION 4.1. Let U = uAc0,V = vAc0,W = wAc0, where ((V,W)), = 0.
Then

1
P

(4.4) lesvazaibss e W)ZIVIE + (O V)ZIWE.

PROOF. It follows from above that [V, W] = p?(v Ac w), and
U, [V, W] = p*[u Ac 0,0 Ac ]
= p*((u,w)V — (u,v) W).
Hence,
U, [V, W2 = p* (u, w) 2 VIIZ + (u, 0)Z[WIZ.
But then,
(U, V) = ep*(u,v)e, (U, W))e = ep® (u, w)e

gives the desired formula. (]
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In this notation,
te = {uAcv, (u,0) = (v,0)c = 0},pe = {uAco,u € R (u,0). = 0}.
The reader can readily verify using (4.2) that these factors satisfy Cartan’s Lie
algebraic relations
[p67p6] = B67 [pﬁvEE] = p67 [86786] g EE7
Then each U = u A. o gives rise to a Killing vector field U through ff(o) =
% exp (tU(0)|t=o = Uo = p?u. Then for each U,V in p. we have

(4.5) (U, Ve = ep*(u,v)e = (Uo, Vo).

hence the mapping U — U is an isometry. According to the lemma below, ({, ))
is positive on p, so each sphere S”*(p) is a Riemannian symmetric space.

LEMMA 4.1. The bilinear form {{, )). is positive on p., and negative on €. when
e=—1.

PROOF. It follows from (4.3) that ((u/Ac0,vAc0))e = ep*(u,v)e. When o = peg
then [|o]|? = p? and (u,v)e = €Y., u;v;. Therefore,

((u Ae peg,v A peg))e = p* Zuzvz
i=1

Evidently, this form is positive independently of e, but on £, it is negative for
e=—1.

Suppose now that o is any point on the sphere S”(p). Since SO, acts transi-
tively on each sphere S”(p) there exists an element R of SO, such Rey = o. Then
R(u Ac eg)R™Y = Ru A. 0 and Ru is orthogonal to o. Since the quadratic form
({, ))c is invariant under the conjugations by elements in G, we have

(U Ae €0, Ac eg) = (R(u Ac eg)R™, R(v Ac e0)R™1)) = (Ru Ac 0, Ru A 0).
Likewise, one shows that (, }_; is negative on ¢, when ¢ = —1. O

Let us now return to the rolling on tangent spaces. The following proposition
is a direct corollary of Proposition 3.1.

PROPOSITION 4.2. A curve a(t) = R(t)o in S (p) is rolled on &(t) in ToST (p)
by an isometry R~1(t) whenever the following equations hold

da
dt

Rolling equations (4.6) can be modified to include the rollings of spheres centred
at any point ¢ in R"*1. If S”(p, c) is such a sphere then G acts on it by the action
dryp = ¢+ R(t)(p — ¢). If o is a point on S(p,c), and if a(t) based at o then
a(t) = ¢r(0) = ¢+ R(t)(o — c). Relative to this action the Killing vector fields
are given by lj(p) = U(p — ¢) for each U € p.. Tt follows that «(t) is rolled on
&(t) in the tangent space T,S"(p, c) by a curve R(t) in G. whenever the following
modified equations hold

(4.7) % = R(t)(u(t) Ac (0 —c), %

(4.6) a(t) = R(t)o, % = R(t)(u(t) Ac o), U(o) = p?u(t).

(t) = U(t)(0) = U(t)(o - o),
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For instance, when S™(p, ¢) rolls on the hyperplane P = {q € R"*! : ¢,,,; = 0}
its centre is confined to {g € R"*! : ¢, .1 = p}. Hence o0 = 0 is on the sphere when
¢ = pep41 in which case 0 — ¢ = —pep41. Then a(t) = ¢ + R(t)(—peny1) is rolled
on &(t) = U(t)(0) = —pU(t)(ens1) by the isometry R~1(£), a solution of af —
R(H)U(t), with U(t) = —pu(t) Ac (€n41)- Tt follows that U(t) = p(__ %, “), and

—eu?'(t) 0

a(t) = —pu(t) Ac engr(—penta) = p° (uét))

On the other hand, when the sphere S”(p) is rolled on the hyperplane P = {q €
E’LLT
IR”Jrl.: ¢1 = 0} then 0o — ¢ = —pey. Hence U(t) = —u(t) Ac (pe1) = p(if(t) O(t))
and a(t) = p? (“(t)) which agrees with the results obtained in [7].

4.1.1. Spher(:as rolling on spheres. Equations (4.6) and (4.7) can be used to
obtain the rolling equations for the sphere of radius p rolling on the sphere of
radius o by employing a brilliant observation of F. Silva Leite and F. Louro [25]
that the rollings of the spheres can be done through the intermediate rolling on the
common tangent plane. In particular, we will consider the case where the sphere
S™(p, (p + o)eg) is rolled on the stationary sphere S”(c,0). Then xy = oeq is the
"north pole" for the stationary sphere centred at ¢ = 0 as well as the "south pole"
for the rolling sphere centred at ¢ = (p + o)eo.

Let Mj(p,€) denote the sphere of radius p centred at ¢ = (p + o)ep and let
My (o, €) denote the stationary sphere of radius o centred at the origin of R"*!.
Then o = oeq is the common point for the two spheres in both the hyperbolic and
the Euclidean case. If a(t),«(0) = o is a curve on Mj(p, €) then «(t) is rolled onto
B1(t) in the tangent plane T, M (p, €) by a horizontal curve g;(¢) that is a solution

of 1 — g, ()UL(1), U1 (t) = ua () Ac (0 — ¢) with

Bi(t) = Th(1)(0) = Ur(t)(0 — ¢) = U1 (t)(—peo).

Likewise, a curve az(t) in Msy(o,¢€), az(0) = oep, is rolled on a curve Ba(t) in
TyeoM2(0,€) by a curve go(t) that projects onto az(t), that is, aa(t) = g2(t)(ceo),
and is a solution of

dgz

dt
with B2 (t) = Us(t)(oeo) = Us(t)(ceq).

If we now impose the condition that 81(t) = B2(t) then by the transitivity

property of rollings, v (t) is rolled on ao(t) by g(t) = ga(t)gy ' (t) since gy 'an(t) =
ﬂg = 51 = gl_lozl(t) Then

= g2()Ua(t), Ua(t) = uz(t) Ac oeg

. . g
Ur(=peo) = fr(t) = falt) = Ua(oeo) = w1 = ~u

2

therefore, U; = nguz Ae (—peg) = _%U2'

d _ _ _ +0o _
Q()g(t) = - 92(t)g; (1) = gaUsgy — gl = 2 9202 Y(t)g().
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Thus
(1) = L= Lo Ua(t)g5 " ()
Hence
aa(t) = (5¢0) = 002()Ua(t)e0 = (92205 Yr(t) = —L—(1)an().
dt pto
If we now write Us(t) = 542U (t) where Uc(t) = u(t) Aceo, and rename the variables

g2 =5, g1 =S and g(t) = R(t), then we get:

0.(1) = SOV (1) = SEult) Ac St)eo, ST = O OR(D),

a1 (t) = 8(0) =c+S(0—c)=—pSt)eg + (p+ 0)en, aa(t) = 0S(t)eg,
as  p as o 4
E - p+0 Ue(t)v dt - p+JSU€(t)

These equations agree with the rolling equations obtained in [7].

4.2. Semi-simple Lie groups. Every semi-simple Lie algebra of a connected
Lie group G admits an Adg invariant and non-degenerate scalar product (X,Y)
equal to a constant multiple of the Killing form KI(X,Y) = Trace(adX o adY’).
The scalar product induced a left-invariant metric ((¢X, gY)), = (X,Y) where gX
and gY stand respectively for de¢y(X) and de¢gY. This left-invariant metric is
also bi-invariant because (, ) is Adg invariant. It follows that the group of left
translations {¢4 : g € G} is the connected component I(G) of the isometry group
I(G). Therefore, G together with the metric ({, )) is a semi-Riemannian manifold.

However, G is also a symmetric semi-Riemannian manifold because (.(g) = g~*
is a global symmetry at the group identity e, with (; = ¢4(c¢,-1 a global symmetry
at any other point g in G.

Alternatively, this fact could be verified through the action of G x G on G
given by

Dg1.9h = g1hgs ', (g1, 92) € G x G.

For then, G = G x G/K, where K = {(g,9) : g € G} is the isotropy group of this
action through the group identity e. The group K is also the group of fixed points of
the involutive automorphism o((g1,92)) = (g2, 91). Hence p = {(X,-X) : X € b}
and £ = {X, X) : X € b} are the Cartan factors induced by o.

When G x G is endowed with a left-invariant metric induced by the scalar
product (((X71,X2),(Y1,Y2))) = 2({X1,Y1) + (X2,Y3)) then any horizontal curve
(g91(t), 92(t)), a solution of @ =g ()U(t), ‘%2 = —go(t)U(t) satisfies

e - << (1), (o (0),92(1))))
:< >jt< ()95 (1)
= 4o >92 U ()g5") = 4U(), U(D)
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Thus G, with it metric induced by the Killing form, becomes a symmetric semi-
Riemannian space (it is a symmetric Riemannian space only when G is compact
[29]). Then Proposition 2.4 can be used to obtain the global symmetry. We have
(. o™ = 7o o which yields
_ _ 11
Cem(g1,92) = G192 ) = 9207 = (9197 )
which agrees with the global symmetry quoted above.

In the category of matrix groups, SL(n,R), the group of non-singular matrices
with determinant one, is a particularly important semi-simple case. On SL(n,R),
KI(X,Y) =2nTr(XY) [29]. For computational purposes it is more convenient to
endow G with the left-invariant metric defined by ((X,Y)) = 2Tr(XY). Then,
(X, X)) =+, #7;, depending whether X is symmetric or skew-symmetric.

4.3. Self adjoint subgroups of SL(n,R). A closed subgroup H of SL(n,R)
is said to be self-adjoint if g7, the transpose of g, is in H for each g € H [26].
Then SL(n,R) as well as any self-adjoint subgroup H, admits an involutive au-
tomorphism o(g) = (gT)_l. It follows that K = {o(g9) = ¢g,9 € H} = HnN
SO(n,R). In each case, H/K is a symmetric Riemannian space. In particular,
SL(n,R)/SO(n,R) is equal to the space of positive definite matrices with deter-
minant one, and SOy(1,n)/SO(n,R) is the hyperboloid H". For other cases, see
[26,27].

Let us consider M = SL(n,R)/SO(n,R) in some detail. Then K = SO(n,R)
is the Lie group of points fixed by the automorphism o and ¢ = so(n,R) is its Lie
algebra. It follows that deo(X) = % exp(—tX) ;=0 = —X7. Hence doo(X) = —X
if and only if X symmetric. Thus p is equal to the space of symmetric matrices in g.
It is easy to verify that (, ) is positive on p and negative on & = so(n). Therefore,
G with its left-invariant metric induced by (, ) is a semi-Riemannian manifold.

Then, the quotient space M = G/K will be identified with the space of positive-
definite matrices of determinant one, denoted by P,,, through the action

T‘](P) = ngTa g € SL(’I?,,R), P € pn

Since any positive definite matrix P with Det(P) = 1 can be written as P = SS7 for
some S € SL(n,R) the action is transitive, and P,, can be identified with the orbit
through the identity /. Horizontal curves are the solutions of % = g(®)U(t), with
U(t) € sl(n,R) symmetric. Any curve a(t) in P, is the projection of a horizontal

curve ¢(t) and the length of «(t) is given by fOT VAU(),U(t)) dt. Killing vector

fields are given by U(P) = UP + PUT, U € sl(n,R) and P € M. The rolling

distribution is given by

d d -

T=gU®), UM esnR), UG)=U"@®), = =0)0)=20().
The case n = 2 is somewhat special, for then P is isometrically diffeomorphic

to the Poincaré upper half plane P = {z = = + iy : y > 0} with its metric

%\/i‘Q + ¢2. To elaborate, note that every g € SL(2) can be written as ¢ = PR
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where P is an upper triangular matrix and R a rotation matrix in SO(2). In fact,
if g=(2%) is an element of SL(2) then

a b\ 1 1 ac+bd 1 d —c
c d)  Jexzae \0 A+d) Jerae\c d)°

Let now
1 1 ac+bd\ (5 75
T Vexzaz \0 A+d*) o ﬁ ’
where x = ggig;l, Y= ﬁ, and then define a mapping F' from the Poincaré upper

half plane to the space of positive definite matrices with determinant one by

1 (2?2 +4% =
N T T _ * Yy
F(z+iy) =99 = PP _y( - E

We will now show that F' is an isometry from P with its hyperbolic metric onto Ps
with its H-invariant metric. If &(t) = F(a(t) then

a(t) = PPT + PPT = p(P~'P+ PT(P~1HT)PT,
and therefore, ||a(t)|| = |[P~'P + PT(P~H)T|. If Y = 5 and X =
easy calculation shows that

-1 T(pT\—1 _ vz | _ Y
N O P L e ) G
Y?2 2Y Yy

T
NGL then an

and hence ||a(t)| = é\/i?Q + 2. It follows that || (t)|| = ||&(t)|| and, therefore, F
is an isometry.

It then follows that the rolling distribution has its isometric analogue on P
rolling on the tangent space at ¢. In this scenario SL(2,R) acts on P via the

Moebius transformations 7,(z) = gzzjrrdb ,g = (‘g (bi), and P is represented by the orbit

{7,(i) : g € SL(2,R)}. Horizontal curves are the solutions of % = g(t)( Z;Eg _“51(2))

and their projections on P are given by z(t) = g(t)(4).
Suppose that a(t) is a curve such that «(0) = i. Then a(t) = g¢(¢)i for a
horizontal curve g(t) such that g(0) = I. Then

da(t) d d 1 , o
I lt=0 = %g(t)(z)h:o = %m(bd—&— ac+1)|i=o = 2i(u1 — fug).

Therefore rolling motions are the solutions of

B o (Ll 20)) % =2t - (o),

5. Hamiltonian and Poisson systems: Extremal curves

We now come to the central part of the paper, the Hamiltonian systems asso-
ciated with rolling problems. We will apply the Maximum Principle to obtain the
extremal equations.
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REMARK 5.1. Even though the Maximum Principle is invented for problems
of optimal control for which it provides the necessary conditions that an optimal
control must satisfy, it can be also used to provide the necessary conditions that
a critical control (a control along which the variational equation is equal to zero)
must satisfy.

5.1. Rolling Hamiltonians. Let us recall the rolling equations (4.6) for sym-
metric spaces M rolling on M =T,M

o _ g@(zui(tm,), L _ 3w iifo)

and the variational problem associated with the energy function

1 T,
0 =1

Our immediate aim is to use the Maximum Principle to obtain the equations for the
extremal curves in the cotangent bundle T#G of the configuration space G = Gx M.
To emphasize the structure of the problem we will rewrite (3.4) as

dg i
i ; u; () Xi(g),

where each X; a left-invariant vector field X;(g) = (94;, 4;(0)), g = (g,p) and we
assume that g(t) is a critical trajectory generated by a control u(t) that satisfies
the given boundary conditions g(0) = go and g(7) = g1. Then according to the
Maximum Principle, g(t) is either the projection of a normal extremal curve &(t)
in T*G along which the extended Hamiltonian

1 m m
HE®), (D), -y um(t) = =3 dou(t) + ) wit)Hilé(1)),
i=1 i=1
satisfies g—;j = 0,7 = 1,...,m at u(t) = u(t), or g(t) is the projection of an
abnormal extremal curve &(t),£(t) # 0, that satisfies the constraints
H;(&(t) =0, i=1,...,m.

In this notation, each H;(£(¢) is the Hamiltonian H;(£(t)) = £(¢)(Xi(g(t))).

In what follows we will confine our attention to the normal extremal curves. It
then follows that the normal extremal curves are generated by the controls u;(t) =
H;(&(t)),i =1,...,m, that is, the normal extremal curves are the solution curves
of a single Hamiltonian vector field H corresponding to the rolling Hamiltonian

1 m
H(E) =5 > HZ(©).
i=1
REMARK 5.2. On Riemannian symmetric spaces of constant curvature every

optimal trajectory is the projection of a normal extremal curve, so the abnormal
extremal curves can be ignored [7]. T suspect that the same is true for arbitrary
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symmetric Riemannian spaces. It is not clear if the same could be said about
general symmetric semi-Riemannian spaces.

In the left-invariant trivialization T*G = G x G* the above Hamiltonian is

G invariant, hence it can be viewed as a function on G*. Thus, H is both a
Hamiltonian relative to the symplectic structure of T*G as well as a Hamiltonian
relative to the Poisson structure of G*. Recall that the dual g* of a Lie algebra g is a
Poisson space relative to the Poisson bracket {f, h}(¢) = ¢([dh, df]), ¢ € g*, for any
smooth functions f and h on g*. Then fdeﬁned by f(h) ={f,h}, h e C™(g*) is
the Poisson vector field generated by f. As a consequence, the Hamiltonian system
generated by H is given in the quadrature form:

de d .

= el O, GE =3 H0)Xi(s0) L€ G

where ad*dH (¢)({)X = —¢[dH, X], X € G. It follows that

(5.1) % = —ad*dH(£(t))(£(1))

is the Poisson equation on G* associated with H. Most of this theory is taken from
my earlier publications [3,27]. We will now examine the solutions of the above
equations in more detail.

Let us also recall several fundamental facts about the dual g* of a Lie algebra
g. First, g* is foliated by the coadjoint orbits of G. Second, each coadjoint orbit
is a symplectic submanifold in g*, and, third, each coadjoint orbit is an invariant
set for each Poisson vector field f [27]. We will now concentrate on the solutions
of the associated Poisson equation.

Let us first comment on the structure of the coadjoint orbits in this situation.
Since M is a vector space, its tangent space at 0 can be identified with M. Then,
the Lie algebra G can be identified with g @ M, and its dual can be identified with
G"'=g"® M*, where

g ={leG :Up)=0,pe M}, M ={leG" :l(g)=0}
It ther} follows thgt every { € G* can be written as £ = {1 + {5 with /1 € g* and
Eg € M*. Since M, as a vector space, is an abelian algebra, the projection ¢5 on
M* is constant on each coadjoint orbit of G. The argument is straightforward: if
g = (9, p), and if (X, p) € G then
Adg(0)(X +p) = L(Adg—1 (X +p)) = L(Ady-1(X) +p) = £1(Ady-1 (X)) + L2(p),
It follows that the coadjoint orbits in G* are of the form
{Ady(€1) : g € G} + Ly, forany (=101 + /(s
This fact can be also verified directly from equation (5.1): we have

%V:—E[dH,VL forany any V=X+4p in G,
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where dH = S | Hy(0)(A; + A;(0)) and H;(€) = £1(A;) + L2(A;(0)). Therefore,

dty dly

= X)+ =) = —(b + L) ([dH, X +p]) = ZH (61)[As, X].

=1

from which follows that
a4
dt

dlsy

(X) = —ZHifl[Ai,X]y Xeg N —(P) =

i=1
Since p is arbitrary % déz =0.

To uncover other constants of motion, identify G* with G via the natural qua-
dratic forms on each of the factors, and then recast the preceding equations on
G. More precisely, identify each 5 in M* with a tangent vector [ = S li/_l'i(o)
via the formula ly(p) = (I,p)p € M. Similarly, identify ¢; € g* with L € g via
the formula ¢, (X) = ((L, X)), X € g. Note that in this identification of the Lie
algebras with their duals, coadjoint orbits {Ad;(¢1) + £2 : g € G} are identified
with the affine sets {Ad,(L) +1: g € G}. Also, L € g is identified with the sum
L=1L,+L¢, L, € p and L € £. Relative to the orthonormal basis Ay, ..., A, in
p, Lp = Z:il PIAI where fjZ = El (Az) = <<L, Al>> It follows that

H;(€) = U(A;) + Ai(0) = 01(A;) + £2(A;(0)) = P+ 1,

ddi;(X) - <<%X>> - <<L {i(li +Pl-)Al-,X] >>
(). ==

Since X and p are arbitrary,

and

dL i i dl
(5.2) o Lz:;(li +Pi)AiaL:| =[A+ Ly, L], A= ;liAi; FTie 0.

Equations (5.2) constitute the Poisson equations on G generated by the rolling

Hamiltonian
- 1
H? = (i + P)* = Z||A + L, ||>.
}j ; s+ B = 54+ Ll
They may be also ertten as

dL, dLg dl
. A+ L, L AL, A=Y LA, = =o.
(5:3) g AT e Ll = Z i~

We will refer to the above equations as the rolling extremals. Its solutions project
onto the rolling geodesics via the differential equations
dg
dt

m

=004+ L), G =D+ P)Afo)
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Each extremal curve (L,(t), L¢(t),1) projects onto a geodesic g(t) = (g(t), p(t)),
and each geodesic further projects onto the pair of curves a(t) = ¢g)(0) in M and

a(t) = p(t) in M that are rolled upon each other by g(t).

5.2. Rolling and affine-quadratic Hamiltonians. The isometry groups
of symmetric Riemannian spaces harbour another class of Hamiltonian systems
that show remarkable connections with the equations of mechanical tops. These
Hamiltonians are induced by a class of optimal control problems associated with
an affine control system ?1% =g(t)(A+U(t)) where A is an element in p and where
U(t) is an arbitrary bounded and measurable control curve in ¢. In the case that
M = G/K is a Riemannian symmetric space, K is compact and the Killing form
is negative definite on £. Hence (, ), a negative scalar multiple of the Killing form,
can be used to define an energy function £ = 5 fo (t))dt. More generally,
any positive linear operator P on £ could be used to deﬁne a modified energy
function E = %IOT(P(U(t)),U(t))dt. This energy functional is bounded below,
and assuming that the preceding control system is controllable, admits trajectories
that satisfy the given boundary conditions along which the energy is minimal.
Then every such optimal trajectory is the projection of an integral curve of the
Hamiltonian system induced by H = 1(P~'(L¢), L) + (A, L,) (assuming that
there are no abnormal optimal extremals).The case P = Id is called canonical. In
this case the associated Hamiltonian system is given by
dLe dLy
dt dt
where L € gand L = Ly + L¢, L, € p, Le € £ [27].

This Hamiltonian system remains valid for semi-Riemannian spaces, in the
sense that the solution curves project onto the rolling motions along which the
energy is critical (rather than optimal, as in the Riemannian case).

The proposition below shows that the Poisson system generated by the affine-
quadratic Hamiltonian 7 is an invariant subsystem of the Poisson system generated
by the rolling Hamiltonian H (see also [28]).

— Lo L)+ A L] 9= gyat L),

(5.4) -

= [A, L],

PROPOSITION 5.1. Let g(t) = (g9(t),p(t)), Ly (t), Le(t) be any integral curve of
the rolling Hamiltonian H = ||A + Ly||?, that is,

d dp _ - i
d% =gOA+L,(1), =D (li+P)Ai(o),
i=1
dLy dLy _ _NCuA
o~ AL @ - AT L, A=) Ui

Then
g(t) = g(h(t), Lp(t) = Adp-1)(Lp(t)),  Le = Adp-1()(Le(t))
is an integral curve of the affine-quadratic Hamiltonian H = (LE,LQ + (A, Ly),

where A = Adp-1(4)(A + Ly(t)), and h(t) is the solution of % = Le(t)h(t) with
h(0) =1.
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PRrROOF. If A is any element in p then %Adh(t)(A) = [Adp)(A),Le]. Since
4 (A +Ly(t) = [A+Ly(t),Le(t)], Adpy(A) and A + Ly (t) are the solutions of
the same differential equation, hence, they will be equal to each other whenever
Adp0)(A) = A +Ly(0), that is, when A = A 4 L, (0).
Assume that Ady,)(A) = A 4 Ly(t). Then,
dg
% — g)(A + Ly ()h(1) + g()Le(HR(1)
= g(t)(Adp-1() (A + Lp(t)) + Adp-1()Le(t)) = g() (A + Le(t)).
Additionally,

Do — & Ay (Ly(1) = Adyos (L, Ty)) + Adys 1y (1A + Ly (8), Le0)
= Ady,- L(t) [A Le(t)] [Adlrl(t)A,Adhfl(t)L‘é(t)]
= [A = Adp—1(1yLy(t), Adp 1 Le(t)] = [A — Ly (t), Le(t)],
and
AL, d
= = %Adhfl(t) (Le(t)) = Adp-1()[A, Ly, (1)] = [Adp-1() A, Adp—1 1) (L]

= [A = Adp—1(4)(Lp(t)), Adp—14)(Lp ()] = [A, Ly (1)]. O
The converse also holds as this proposition demonstrates.

PROPOSITION 5.2. Suppose that (§(t), Lp(t), Le(t)) is an extremal curve of the
affine Hamiltonian H = 1(Le, Le) + (A, Ly). Then

g) = (GOR ' 0.p0). L =Ko +L00), G = L)
Lo(t) = Adyi(Lp(0),  Lelt) = Adyy(Lelt), A = Adyp (A~ Ly()

is an extremal curve of the rolling Hamiltonian H = %(A +L,, A+L,).

PROOF. The proof is essentially the same as in the previous proposition. [

6. Integrability

An n xn matrix equation % = [M (t), L(t)] is called a Lax equatlon and (M, L)
is called Lax pair (recall our convention that L, M] = ML — LM). If (M,L) is a
Lax pair then the spectrum of L(t) is constant. The proof is simple: g(¢)L(¢ ) L(t)
is a constant matrix A , for any solution of % = g(t)M(t) in the general linear
group GL,(R). Hence the spectrum of A is equal to the spectrum of L(t).

The Poisson equation of any left invariant Hamiltonian H on a semi-simple Lie
algebra g can be represented as %= = [dH, L] and therefore the eigenvalues of L(t)
are constants of motion, hence may be regarded as the conservation laws on g. A
function h on a Poisson space is said to be invariant if {h, f} = 0 for any function
f- On semi-simple Lie algebras any spectral function is invariant. In particular
{¢r(L) = Tr(L*),k = 1,2,...} form a family of invariant functions. Again the
proof is simple: 4Tr(L¥) = Tr([M, L]L*~') = Tr(ML* — L*M) = 0.
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In some situations a Lax equation % = [M(t), L(t)] extends to the Lax equa-
tion &2 = [M,(t), LA (t)] with a parameter A. Then a discrete spectrum of L(t)

is replaced by a continuous spectrum of Ly (¢) which results in additional con-
stants of motion. In the case of spheres rolling on their tangent planes, J. Zim-
merman in his PhD thesis (2002 University of Toronto) discovered an extension
of the Lax equation which he called isospectral [7,30]. Remarkably, Zimmer-
man’s extension is valid for any symmetric semi-Riemannian space rolling on its
tangent plane, for the same reasons as in the case of rolling spheres. In fact, if
Xo(t) = A+ Ly(t), X1(t) = Le(t), Xo(t) = —A, X3 = 0, then the Poisson equations
may be written as

dX;

dt
This equation is invariant under a dilational change X; — A*~1X;. It then follows
that

= [Xo(t), Xi41(t)],i =0,1,2.

3
Ly=Y NX;=Ly(t)+ Ma(t) + (1 - N*)A
=0
satisfies the equation
dL 1
2 = [MA(1), La(®)],  Ma(t) = T (A + Ly(t).

dt A

Therefore, the spectrum of Ly (t) = Ly(t) + ALe(t) + (1 — A?) A is constant. We will
refer to Ly as the spectral curve for H. Of course, the above implies that the Poisson
system associated with the affine-quadratic Hamiltonian also admits an isospectral
representation. To be more specific, revert to the notations of Proposition 5.1 with
the bold-face variables corresponding to the rolling extremals. Then,

Ly =Ly(t) + ALe(t) + (1 — A)A
= Adp) Ly + MAdpy Le + (1 — A?) Adyp ) (A — L)
= Ad1)(N*Ly + ALe + (1 — A*)A) = Ady, ) L,
where Ly = A?Ly, + ALg + (1 — A?)A. It follows that

dLy d dL)
T %(Adh(t)(LA) = Adp)[Lx, Le] + Adh(t)ﬁ
1 1
= X(A + Lp), L,\:| = Adh(t) |:XA, L,\:| .
Therefore,
dL) 1 1
DX L L [fA,L}:{fA L,L]
i [Le, Ly] + \ A h + Lg, Ly
To be consistent with my earlier publications replace A by 7% to get
dLy
6.1 —= =[M,,L
(61) = My, L,

where My = Ly — AA, and Ly = L, — ALg + (A\> — 1) A. Equation (6.1) agrees with
the isospectral representation in [27] (obtained by other means).
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Each spectral curve L) defines a family of functions
F={e(L) =Tr(L5), k=1,2,...}.
It follows that
Tr(L3) = Tr(Ly + A)? + N>Tr(—ALy, + L3) + \*Tr(A?),

after replacing A by —A. Therefore both Tr(Ly, + A)? and Tr(L — AL,) belong
to F. Since these functions are scalar multiple of the Hamiltonians H and H, we
get that both Hamiltonians H and H are in the family F. Each function in F is an
integral of motion for both Hamiltonian systems. But, equally remarkably, any two
functions in F Poisson commute (first proved by [31]). Thus, F is an involutive
family of functions in g. This family of functions also figures prominently in the
writings of Semenov Tian-Shansky [33] but in a completely different context. In
addition to the family F, F4 = {{({(L, X)) : X € ¢, [X, A] = 0} is another family of
functions whose elements Poisson commute with each member of the family F (see
[32], and [27, p.164]).
The following proposition sums up the essential integrability implications.

PRrROPOSITION 6.1. FEach function in T = F U F4 is an integral of motion for
both H = 3(Le, L) + (A, Ly) and H = 1|[|A + Ly||> . In the case that A is regular,
then T is also complete, in the sense that it contains a subfamily Iy that is Liouville
integrable on each coadjoint orbit in g [27, p. 164-165].

To say that a family of functions F on a symplectic manifold M is Liouville
integrable means that F is involutive, i.e., {f,h} = 0 for any f and h in F, and
maximal, in the sense, that the Hamiltonian vector fields { f : f € F} span the
tangent space of M at each point p € M. An element A in p is said to be regular
if the set of elements in p that commute with A is an abelian subalgebra in p, i.e.,
A is an element of a maximal abelian subalgebra in p.

COROLLARY 6.1. Both H = %(L¢,Le) + (A, Le)and H = L||A + Ly|? are
completely integrable on each coadjoint orbit in g when A is reqular.

So, in principle, both Hamiltonian systems H and H are solvable in terms of
the action-angle variables. But, the path to these variables is known only in a few
exceptional cases, so finding explicit solutions remains an open problem in general.
In some special cases, the known solutions suggest deep connections between rolling
and the geometry of symmetric spaces and the problems of mechanics. We will
now return to the spheres and the hyperboloids to be more specific about these
connections.

6.1. The elastic problem on spheres and hyperboloids. On spaces of
constant curvature the problem of minimizing % fOT k2(s) ds subject to the given
boundary conditions, stated below, is intertwined with the rolling problem. This
problem, called the curvature problem, or the elastic problem consists of finding
a continuously differentiable curve p(t) in M in an interval [0, 7], with its tangent
vector p(t) of unit length and its covariant derivative bounded and measurable in
[0, T that satisfies fixed tangential directions p(0) = vo,vo € Tp0)M and p(T') =
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v1,v1 € TyryM along which the integral fOT #2(s) ds minimal (critical) among all

other curves that satisfy the same boundary conditions. Here x(t) = || %(ﬁ(t))”,

where % denotes the covariant derivative along p(t). The integral 3 fOT k2(s)ds
is known as the elastic energy of the curve p(t) [5]. Curves p(t) defined on some
interval [0, T are called elastic if for each ¢t € (0,T) there exits an interval [to,t1] C
[0,T] over which the elastic energy of p(¢) is minimal (critical) relative to the
boundary conditions p(to) and p(t1) [27].

On symmetric semi-Riemannian manifolds M = G/K, the curvature problem
can be lifted to the unit tangent bundle of the isometry group G, and it is this lifted
version of the problem that will be of interest for this paper. We recall that each
curve p(t) in M is the projection of a horizontal curve g(t) in G, i.e., p(t) = ¢y (0).
Then % = g(t)U(t) for some curve U(t) € p. It follows that the tangent vector
p(t) is the projection of the manifold V' = {(g(¢t)h, Ady(U(t))),h € K} in the left-
trivialization G x g of the tangent bundle of G. In this representation the unit
tangent bundle is represented by G x S, where S, = {A € p : ((A,A)) = 1}
The lifted curvature problem consists of finding a curve (g(t), A(t)) in G x Sp, a

solution of J A
g
5 ~IDOAQ), - =U@), (U®),Al) =0,
that originates in the manifold Vy = {(goh, Adp-1A¢),h € K, A € Sp} at t =0 and
terminates at the manifold Vi = {(g1h, Adp,-1A1) : h € K, Ay € Sp} at t =T for

which the energy of transfer 1 fOT |U(s)||? ds is minimal (critical). If (g(t), A(t)) is
any solution of the above system then the projected curve p(t) = ¢4)(0) satisfies

P(t) = dgy by A(t)(0), Dg;t) (B(t)) = dg(rybgr)U(t)(0),

and the tangential boundary conditions

P(0) = dy(0)P(g0) Ao, P(T) = dyg(m)P(g(T) M1
It is easy to show that a curve p(¢) is elastic if and only if it is the projection of a
solution of the lifted curvature problem on a fixed interval [0, 7.

The solutions of the lifted curvature problem are the projections of the Hamil-
tonian system associated to the Hamilonian H in the cotangent bundle of G x S,
obtained through the Maximum principle properly modified to account for the con-
straints as outlined in [27, Chapter 11]. After the cotangent bundle of G x S,
is identified with the tangent bundle via the natural inner product in g, the con-
figuration space for the Hamiltonian system can be represented by the quadruple
(9,L,A, X) with L and X the tangent vectors at (g, A) subject to the constraints
[A|? =1 =0,((A,X)) = 0. Then L = P+ Q with P € p and Q € £ In these
variables the curvature Hamiltonian is given by

H= LIXI2 4 (A P) + MG = S~ (P.AD)

and the associated Hamiltonian equations are given by

dg P dQ

at gA(t), dat = [AaQ]’ at = [AvP]
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dA

i t), —

dt ®) dt
subject to the transversality condition Q(t)+[A(t), X (¢)] = 0 [27, p. 354-355]. The
transversality condition can be incorporated into the above equations to yield an
equivalent system

WX P (IX)2 - (P AYA,

o Yo oa), L= P (X~ (P MDA,
' dA dP aQ
E:X(t)’ ﬁ:_[Av [A’X”’ E:[A7P]

We will now confine our attention to the spaces of constant curvature, with a
particular interest on the connections between the rolling problems and the elastic
curves reported in [7]. Let us first recall the basic facts. If P is the plane spanned
by the unit vectors U (o) and V(o) in T,M such that ((U(0),V(0))) = 0, then the
sectional curvature k(P) is given by

k(P) = (U, V], U], V)),

[21, Proposition 26, 11]. Then M is the space of constant curvature if the sectional
curvature k(P) is independent of the choice of the plane P. It is known that the
spheres S”(p) are the only simply connected spaces of non-zero constant curvature
[24]. In fact,

€

02

for U =uAc 0,V = v A o that satisty |U||c = [|V]|c =1 and ((U,V)). = 0. Hence,
k= 3 on S7(p).

k(P) = (([U,V],U],V))e =

On spaces of constant curvature —[A, [A, X]] = kX, hence extremal equations
(6.2) simplify
dg dA dX
2 = gA — =X — =P — (| X|* - (P,A)A
Yo, Bexe, © (X7 = (P, A))A,
dpP aQ
dt ’ dt (A, P
It follows that k‘fi—/t\ — Ufi—f = 0, and therefore, kA — P = kA for some constant
element A in p. The transversality condition @ + [A, X] = 0 can be recast as

0=1[AQ]+[A[A X]] =[A, Q] — kX. These observations can be incorporated in
the preceding equations to get

dg

4 — OA®) = g(0) (kA + P),

W kx =rQl = T kA+PQ)

aQ 1 1

L = [\ Pl = kA + P.P] = L[k, P).

We will now make use of the following isospectral integrals of motion associated
with the preceding rolling problem extracted from the functions f> x = Tr(L3) and



28 JURDJEVIC

fan=Tr(L3)
Io=2H = | A+ Ly|*, Iy = || Ly ||* + €| Le|1?,
Iy = [kl LelPILoll® = Ly, LellI* + [RICILel* = 1ZE]),
Iy = [KIl|Zell* | A + Ly|[* = I[A + Ly, Le]|*
These integrals of motion are the rescaled variants of the integrals of motion in [7]

after the metric (A, B) = —$Tr(AB) in [7] is rescaled to —%TT‘(AB) (the metric
in this paper is a scalar multiple of the metric used in [7]).

PROPOSITION 6.2. Rolling geodesics that are the projections of the extremal

curves on H = % and Iy = 0 project on the elastic curves in S*(p). Conversely,

each elastic curve in SI'(p) is the projection of such an extremal curve.

Proor. Each elastic curve on S”(p) is the projection of an extremal curve, a
solution of

dg 1
— =g(t)A(t) =g(t)-(KA+ P
0= G(OAW) = g(0) (kA +P),
dP 1
— =kX =[A =—-[kA+ P
o [A, Q] = £[kA+P,Q),
dQ 1 1
— =[A,P]=-|kA+ P,P| = —-|kA, P
dt [ ) ] k [ + ? ] k [ ) ]7
as shown above. If we now identify %P with Ly, and %Q with Lg, then
1 1 1
In these variables the above equations are given by
dLy dL,
— —[A L —+ =[A+ Ly, L.
dt [ ? PL dt [ + P E}
Hence, they agree with the extremal equations for the rolling geodesics. Since
|A+ Ly|| = 1 the first constraint is satisfied. To verify the second constraint note

that Ly = —3[A + Ly, X], and therefore

1 1
1Zell* = 5 1A+ Lo, X]II* = 5 ([ A+ Ly, X], A+ Ly), X) = —[1X,

1
Sl
and [[[A + Ly, Le]||*> = kl—zH[/H—Lp, [A+ Ly, X]]|> = || X||*>. Therefore,

Iy = | LelPIkIA+ Lyl = A+ Ly, Lel 2 = |IXI? = | X2 = 0.

To prove the converse assume that g(¢), p(t), A, Le(t), Ly (t) is a rolling extremal
curve on Iy = 0. As a geodesic it satisfies H = %, or || A4 Ly|| = 1. We need to show
that Le(t) = [A+ Ly(t), X (t)] for some X (t) € p such that (X(t), A+ Ly(t)) =0.

Let

A(t) = A+ Ly(t),  prg = {X(1) € p: (X(1),At)) =0},

tay = {Q(1) € 1 [Q(1), A()] = 0}, Eyy = {Q € &: (Q,ta) = 0}.
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Then A(t) = A(t) A ( (t),a)e = 0 for some vector A(t) € R"*1. It then follows
that py, = {u(t ) Acat (ut).a)e = (A, u®), = 0}, and Exey = {A®) Acu(t) :

(u(t), A(t))e = (a, ult )) 0}.
Hence, dlm(pA(t)) dim(¥1). The mapping F(t)X = adA(t)(X), for X € pf\‘(t),

satisfies F(pf\-(t)) - Ef\-(t), because ([A, X],€x) = 0. On spaces of non-zero constant
curvature, the kernel of this mapping is zero because adA(¢t)X = 0 implies that
0 = ad’A(t)(X(t)) = —ep? X (t). Since pi-(t) and {’k(t) have the same dimension, F'
maps pf\-(t) onto Ef\-(t). So every curve L(t) € {’A(t) is of the form L(t) = [A(¢), X (t)]
for some X (t) € p perpendicular to A(t).

It remains to show that L¢(t) belongs to EA(t) when the rolling geodesic is

on I; = 0, that is, when || L¢||*> = WH[ (t), Le(t)|>. Now assume that Lg(t) =
Ui(t) + Ua(t), Ur(t) € trr) and Us(t) € Ek(t). It follows from above that Us(t) =
[A(t), X (t)], and therefore

10211 = N[A®), X (0], [A®), XB)]I* = [{ad® A(t)(X), X ()] = K[|l X]*.
Hence,
T;”[A(t%Ul(t) +Ua(0)]|* = T A, U012 = kX2 = el
But ||Le(8)||? = || U112 +||U2(1)||? = ||U1 () ||+ k||| X ||?, and therefore Uy (t) = 0. O

The following proposition characterizes elastic curves ([27], see also [34]).

PROPOSITION 6.3. Let k(t) and 7(t) denote the geodesic curvature and the tor-
sion of the projection curve p(t) associated with an extremal curve of the curvature
problem. Then &(t) = k%(t) is the solution of the following equation

déN 2
(%) = ¢+ 4l — 9& + a( — H?)e — 4B,

and (k2(t)7(t))? = kl. All other curvatures in the Serret-Frenet frame along p(t)
are zero.

PROOF. We leave it to the reader to verify that ||Lel|* — ||LZ[|> = 0 when
Ly = —3[A+ Ly, X]. In fact, the same is true for any Q € ¢ of the form Q = [U, V]
for some mutually orthogonal matrices U,V in p.

Reverting to the notation used above, let P(t) = kL, (t), and Q(t) = kLe(t).
Recall that

1
122 = A+ Ly, X2 = 5[4+ Ly, X], A+ L], X) = TIXP,

1
1l
hence ||Q||? = k| X||?. Also, recall that x* = ||X||* and that 2H = 1| X|? +
({(A, P)). Then,
Lk? = K (| Le |l Lyl1* = N[ Ly, Le]I*)
= [PIPIXIPI = N[Lp, QU = IPIPIIX P — [[Lp, [A+ Ly, XTI
= IPIPIIX[* = (A + Ly, Lp)* | X|* = (P, X)?,
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thanking to the formula in (4.4). In addition,

Lk = K (| Lo + €l Lell*) = [ PII* + ellQU* = IP|* + ekl X]*.
Since r2(t) = || X|12, % = 2(X, X) = 2(X, P). Therefore,

dg

2
(E) = 4P, X)? = 4(||P|*| X||* — (A + Ly, P)*|| X||*) — 4K°,

2 2 2 1 2 2 2 2
4((12k? = ek X2 X2 = (2 = 511X]2) 1X17) = 4k21,

1 2
— 4(1K? — ekE)E — 4(H - 55) € — 421,
= & L A(H — k)€ + (I1k* — H?)E — 4K2 L.

As to the second part, let T = A + L,(t). Since ||[A+ Ly(t)|| = 1, T'(¢) is a unit
vector that projects onto the tangent vector p(t). Then

dr 1
T = A+ L), Le(t)] = [A+ Ly(t), — [A+ L), 1 X(0)]| = X(2).
Therefore 4C = k(t)N(t) where N(t) = MX@) is a unit vector in p that
projects onto the unit normal n(t) along p(¢). Continuing,
dN 1 1 .
— = ——|[(-P = (| X|* = (A, P)(A+ L)) — ——= (X, X)X
1 1
= —[IXI[(A+ Lyp) + m(—P+ (A+ Ly, P)(A+ Ly)) + W<P7X>X)

= —r(O)T(t) + Y (1),

where

Y () = ﬁ(,p(t) (T (), PO)T(6)) + ﬁw(t),X(t»x

Since Y'(t) is is orthogonal to A+ L, and X, it is in the direction of the binormal
vector B(t). So, if we define 7(t) = ||Y(¢)|| and B(t) = %Y then ‘% =r(t)T(t)+

v
7B(t) and B(t) projects onto the binormal vector b(t) along p(t). Hence,
1
IX[272 = [|P|[* = (A+ Ly, P)* — W<P’X>2’

or
|(577)% = [IX[[*r* = | PIPIX|* = (A + Ly, P)* = (P, X)* = k°I,

Evidently ‘fi—f is in the linear span of T'(t), N (¢), B(t), hence the Serret-Frenet frame

along p(t) terminates. O

COROLLARY 6.2. Flastic curves in M. = ST(p) are rolled on the elastic curves
in the tangent space M =T, M.

PROOF. Since the geodesic curvature is preserved under rolling, the elastic
curves in S”(p) are rolled on the elastic curves in M relative to the Euclidean
metric inherited from the metric on p. So, the statement follows from the rolling
definition. (]
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This remarkable relation between elastic curves and rolling geodesics breaks

down on spaces of non-constant Riemannian curvature, as it becomes evident when
one compares equations (6.2) for the curvature problem to the equations (5.2) for
the rolling problem. While the curvature equation seems particularly challenging
beyond the spaces of constant curvature, the rolling extremal equations (5.3) remain
integrable on all semi-Riemannian symmetric spaces according to Proposition 6.1,
and should be “solvable” on some Abelian variety according to the general theory
of integrable systems. However, as stated earlier, no such solution is known except

in

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

a few exceptional cases. We leave this challenge to an interested reader.
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KOTPJBAJYRE 'EOJE3NJCKE JIMHNUJE HA
CUMETPUYHUM IICEYJO0O-PUMAHOBUM IITPOCTOPUMA

PE3uUME. OBaj paj je HacTao u3 pesyjarara JOOMjeHUX y O0JIACTUA KOTPJbarba Y
HameM HejgaBHOM pajy Hamucanum ca @. CuiBom Jlemreom m V. Mapkunom, u
paHUjuX pajioBa O KOTpjhamy cdepa Hammcanux ca J. [lumepmanom. Ilokasyje-
MO J1a jeIHaYMHE KOTPJ/halha MMOBE3aHE Ca CHMETPUIHOM IICeyI0-PuMaHOBOM MHO-
rocrpykoinhy Koja ce KOTPJba II0 CBOM TAHI€HTHOM IIPOCTODPY y HM3/IBOjEHOj Tad-
KJ MHOT'OCTPYKOCTH Y CYIITHHH HMAjy UCTY CTPYKTYPY Kao jeqHaYnHE KOTPJbarba
N-TUMEH3nOoHAJHE cdepe M0 XOPU30HTATHOj XUIIEPPABHE; TO jECT, TIOKA3yjeMo 1a Cy
jeJTHaUMHE KOTPJbalba OIMCAaHe JIeBOMHBAapHUjaHTHOM JucTpubynujom D Ha JIujesoj
rpynu G ca pacrom
D +[D,D] + [D,[D, D] = TG.

To nogceha Ha pact (2, 3,5) 3a aBe cdepe Koje ce KOTpIbajy 110 XOPU30HTAJHO] PaB-
HU. 3aruM, jnedUHUIIEMO KOTpshajyhe reose3mnjcke JuHHje Ha Iceypo-PumanoBum
MHOTOCTPYKOCTHMa Kao IpoInupera cyo-PruManoBux reojne3mjckux juHuja y Pu-
MaHOBHUM CHMETPHYHUM mIpocTtopuMa. HakoH Tora mokasyjemo ja cy KOTpsbajyhe
reojIe3njCKe JIMHUje TTPOjeKInje eKCTPEMHUX KPUBHUX, KOje CY, JJOHEKJIe HEOYEeKNBa-
HO, pelllerba MOTIYHO UHTerpabuyiHor XaMHUJITOHOBOI CUCTEMa y KOTaHI'€THOM pa-
cojery KoHMUryparmnonor npocropa. Konatno, niycrpyjemMo Teopujy ca HEKOJIUKO
3HAYAJHUX IIPUMeEPA.
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