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UNUSUAL PROPERTIES OF ADIABATIC
INVARIANCE IN A BILLIARD MODEL
RELATED TO THE ADIABATIC
PISTON PROBLEM

Joshua Skinner and Anatoly Neishtadt

ABsTrRACT. We consider the motion of two massive particles along a straight
line. A lighter particle bounces back and forth between a heavier particle
and a stationary wall, with all collisions being ideally elastic. This is one of
canonical models in the theory of adiabatic invariants. It is known that if
the lighter particle moves much faster than the heavier one, and the kinetic
energies of the particles are of the same order, then the product of the speed
of the lighter particle and the distance between the heavier particle and the
wall is an adiabatic invariant: its value remains approximately constant over a
long period. We show that the value of this adiabatic invariant, calculated at
the collisions of the lighter particle with the wall, is a constant of motion (i.e.,
an ezxact adiabatic invariant). On the other hand, the value of this adiabatic
invariant at the collisions between the particles slowly, linearly in time, decays
with each collision.

The model we consider is a highly simplified version of the classical adia-
batic piston problem, where the lighter particle represents a gas particle, and
the heavier particle represents the piston.

1. Statement of the problem

Consider the motion of two particles along a straight line. Denote m and M
masses of these particles. We assume m < M. We examine the case where the
lighter particle bounces back and forth between a stationary wall and the heavier
particle, undergoing elastic collisions with both. We refer to the lighter particle as
the “gas particle” and the heavier particle as the “piston”, due to the connection of
this model to the classical adiabatic piston problem [3] (Fig.1).

Take stationary wall as the origin of the coordinate line. Let the particles move
in the positive half-line. Denote x and X coordinates of the gas particle and the
piston, respectively. Thus, 0 < z < X, and X is the distance between the stationary
wall and the piston. Denote v and V velocities of the gas particle and the piston,
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respectively. We assume that |v| > |V|. Thus, the gas particle moves faster than the
piston. Denote I = |v|X. It is known that if m < M, |v| > |V], and the kinetic
energies of the particles are of the same order, then I is an adiabatic invariant,
meaning its value remains approximately constant over long time intervals. This
is one of canonical examples in the theory of adiabatic invariants (see, e.g., [4],
Problem 13.8(a)). Total number of collisions in this problem is calculated in [1,2].
We aim to study the behavior of I in more details.

FI1GURE 1. Diagram displaying the interaction between the piston
and gas particle

2. Values of adiabatic invariant at collisions with the stationary wall

Let the gas particle collide with the stationary wall at a certain moment of
time. Denote by vy the velocity of the gas particle immediately after this collision,
vg > 0. Denote by Vp, Xo the piston’s velocity and coordinate (i.e. the distance
between the stationary wall and the piston) at the time of this collision. The value
of the adiabatic invariant I at this collision is Iy = vy Xg.

The time interval between this collision and the subsequent collision of the gas
particle with the piston is

Xo
Vo — VO.
The distance between the stationary wall and the piston at the time of the collision
of the gas particle with the piston is

Aty =

Xo
7@0 — ‘/O’U().
The velocities of the gas particle and the piston before this collision are still vg, V.
Denote by vy, V7 the velocities of the gas particle and the piston immediately after
this collision. According to the standard formulas for ideally elastic collisions:

(m — M)vg + 2MVy (M —m)Vy + 2mug

X1 = Xo + VQAtl =

2.1 - V =

(2.1) Ul M+m ro M+m

The gas particle will then collide with the stationary wall after the time interval
X1
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The distance between the stationary wall and the piston at this collision is

X v — Vj
Xo =X+ ViAty = X, + —L = x, "L,
—V1 (%
The value of the adiabatic invariant I at this collision is 5 = —v; X5. We have
vy — Wi Xo v —W
IL=-vXs= -0 X = —Xi(vy - Vi) = — —V) = -1, _
2 v1 X2 v1 X3 " (v = W) - Vovo(m W) o — Vo
According to (2.1)
- M 2MV, M —m)Vy + 2
vl—Vlz(m Jvo + o_( m)Vp + mvo:_(UO_VO).

M+m M+m
Thus, I = Iy. One can repeat these calculations for any two consecutive collisions
with the stationary wall. Therefore, the adiabatic invariant I retains the same
value at any collision with the stationary wall. In the terminology of 5], the value
of I at collisions with the stationary wall is an exact adiabatic invariant.

3. Values of adiabatic invariant at collisions with the piston

Let the gas particle collide with the piston in some moment of time. Denote by
v1, V1 velocities of the gas particle and the piston immediately after this collision,
vy < 0. Denote by X; the piston’s coordinate (i.e., the distance between the
stationary wall and the piston) at the time of this collision. The value of the
adiabatic invariant I at this collision is I = —v1 X3.

The gas particle will collide with the piston again after a time Atz which can
be found from the equation

X1 + VlAtg = (—’Ul)Atg - Xl.

Thus,
2X
Aty = ———1
Vi+wun
The distance between the stationary wall and the piston at this collision is
2X,
X3=X1 +ViAt3 = X1 — W .
3 1+ ViAts 1 Y + o

The velocity of the gas particle just after this collision is
(m — M)(—v1) +2MWV;
M+m '
We assume that vs < 0. Thus, the particle moves to the stationary wall after

this collission. The value of the adiabatic invariant I just after this collision is
I3 = —v3X3. We have

V3 =

m— M)(—vy) + 2MV, 2X
I3=—U3X3:—( 3(4_‘_1731 1<X1— ! )

This can be simplified to
2X1 (MVE + mv?)

I =1 .
=N M + o)
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Thus, the change of the value of the adiabatic invariant I calculated at the times
of collisions of the gas particle and the piston is
2X1 (MV? + mo?)
Alz = .
(M + m)(V1 + 1}1)

Calculate the rate of this change

b= Al _ _(MVf—Fmv%)
But (MV? + muv?)/2 is the kinetic energy of the system. It does not change at
collisions. Thus, the value k is the same for all collisions. Therefore, the value
of the adiabatic invariant at the collisions between the gas particle and the piston
linearly in time decays with each collision. However, in an adiabatic situation,
where |v1| > |V1| and m < M, this decay occurs very slowly. Indeed, the case of
interest is when the kinetic energies of the gas particle and the piston are of the
same order and are of order 1: MVZ ~ mov? ~ 1. We can take v; ~ 1,m ~ 1,V; ~
e<1,M~1/e2, X ~1. Then I ~ 1 and k ~ 2.

4. Numerical Illustrations

This section is dedicated to numerical illustrations of the dynamics in the con-
sidered problem. We assume the masses of the particle and piston to be m = 1 and
M = 10000, respectively. The initial velocities of the particle and piston are vy = 1
and V) = —0.01. Thus, the piston initially moves towards the stationary wall. The
initial positions of the particle and piston are g = 0 and Xy = 1.

Fig. 2 illustrates the main finding of this paper: the values of the adiabatic
invariant I at the collisions between the particle and the stationary wall remain
constant (represented by the horizontal line in Fig. 2), while the values at the
collisions with the piston decrease linearly in time (represented by the inclined
line in Fig. 2). As seen in Figs. 3 and 4, the piston initially moves towards the
stationary wall. Due to the approximate conservation of the adiabatic invariant,
as the distance between the piston and the stationary wall decreases, the particle’s
velocity increases, resulting in a rise in pressure on the piston. Consequently, the
piston eventually comes to a stop and begins moving in the opposite direction,
with its velocity increasing after each subsequent collision.  Figure 5 describes the
evolution of the pistons velocity and position after each collision with the piston.
As can also be seen in Figures 3 and 4, the piston travels towards the stationary
wall until a turning point is reached, at which the piston halts and travels away
from the stationary wall, increasing in speed after further collisions. The piston
velocity begins to plateau as the piston moves further away due to the particle
having less kinetic energy to transfer to the piston as they collide.
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FIGURE 2. Graph depicting the change in the adiabatic invariant
I as the system evolves in time
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FI1GURE 3. Graph depicting the position of the piston as the sys-
tem evolves in time
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FI1GURE 4. Graph depicting the velocity of the piston as the sys-
tem evolves in time
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FIGURE 5. Trajectory of the piston in the phase plane
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5. Conclusions

The problem considered is a slow-fast Hamiltonian system with two degrees of
freedom and elastic collisions. In this system, the fast degree of freedom corresponds
to the gas particle, while the slow degree of freedom corresponds to the piston. In
such systems, the expected behavior of the adiabatic invariant is that its value
oscillates with a small amplitude around some constant value. However, in the
problem examined, the behavior of the adiabatic invariant is somewhat unusual.
Specifically, its value at the collision of the gas particle with the stationary wall
remains constant, while its value at the collision of the gas particle with the piston
linearly in time decays from collision to collision.
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discussions.

References

1. G. A. Galperin, Playing pool with  (the number 7 from a billiard point of view), Regul. Chaotic
Dyn. 8 (2003), 375-394.

2. 1. V. Gorelyshev, On the full number of collisions in certain one-dimensional billiard problems,
Regul. Chaotic Dyn. 11 (2006), 61-66.

3. C. Gruber, A. Lesne, Adiabatic Piston, In: J.-P. Frangoise, G. L. Naber, T. S. Tsun (eds.),
Encyclopedia of Mathematical Physics, Elsevier, 2006, 160-173.

4. G.L. Kotkin, V.G. Serbo, Collection of Problems in Classical Mechanics, Pergamon Press,
1971.

5. A.P. Veselov, A few things I learnt from Jirgen Moser, Regul. Chaotic Dyn. 13 (2008),
515-524.



8 SKINNER AND NEISHTADT

HEYOBUYAJEHE OCOBUVHE A/INJABATCKE MHBAPNJAHTE
Y BNWJINJAPHOM MOJEJIY ITOBE3SAHOM CA ITPOBJIEMOM
AINJABATCKOTI KJINITA

PE3BUME. Pasmarpamo Kperame JiBe MaTepujalHe Tauke (UeCTUIe) JIyK IpaBe Jin-
uuje. Jlakrma dectura ce ofbduja Hanpes-uasas u3mely Texke UecTHIle M HEIOKPET-
HOT 3Wja, IPU 9eMy Cy CBU cymapu uaeaysHo enacrudau. OBo je jeraH o1 KaHOH-
CKUX MOJIeIa y Teopuju amaujabarckux naBapujantu. [lo3Hato je ma ako ce Jakma
gecTuna Kpelie MHOrO Op2Ke OJf Texke, a KHHETUYKE eHepruje Cy UM HUCTOI Pejia,
OHJIa je TpOm3BOJ Op3WHE JaKIlle YeCTUlle U pacTojarba m3Mely Texke decTuiie u
3uja aaujabaTcKa MHBAPUjaHTA: H€HA BPEIHOCT OCTaje MPUOJIMMKHO KOHCTAHTHA
TOKOM Jry2Ker mepuofa. [lokasyjeMo ma je BpeIHOCT OBe ajnjabaTcKe MHBAPUjaH-
Te, u3padyHaTa UPU CyJapuMa JIAKIIe YECTHUIIE Ca 3UIO0M, KOHCTAHTa Kperamba (Tj.
ragyHa ajujabarcka uasapujanra). C apyre crpane, BPEJHOCT OBe ajujabarcke WH-
BapHujaHTe IPU CyJapuMa u3Mehy decTHIla I0JIAKO, JINHEAPHO ¥ BPEMEHY, OIIaJia Ca
CBAKHUM CYJIAPOM.

Mopen koju pa3maTpaMo je BeoMa I0jeITHOCTAB/beHA BEP3Uja KJIACUIHOT aTHja-
6arckor mpobsieMa KJINIA, TJie JIAKINA YeCTHUIIA IPEJICTaB/bha IECTUILYy Taca, a TeXKa
9eCTUIA [IPEJICTABIbA KJIAIL.
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