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CLASSIFICATION OF THE GEODESIC
CURVES OF A SUB-RIEMANNIAN LR

SYSTEM ON THE HEISENBERG
GROUP IN DIMENSION 5

Milan Pavlović

Abstract. We study sub-Riemannian structures obtained by the restriction
of the standard left-invariant Riemannian metric to a right-invariant com-
pletely nonholonomic distribution on the second Heisenberg group. The cor-
responding Hamiltonian system is completely integrable and we study its so-
lutions in this paper. We obtain a complete classification of the geodesic
curves by studying the reduced Hamiltonian system. Moreover, we compute
r(t) as the first step of the quadrature in the reduced system in the hyper-
spherical coordinates and present numerical examples that illustrate the the-
oretical results.

1. Introduction

Sub-Riemannian geometry can be described as a geometry with restrictions.
Motion is only possible in certain directions (which vary from point to point). These
constraints are defined by the distribution in which the length is measured. If the
distribution has a certain ’nice’ property, every point in space is reachable. There
are several recent papers presenting new integrable sub-Riemannian geodesic flows
on Lie groups and homogeneous spaces, such as [4,7–9,13]. In this paper, we will
study one such integrable sub-Riemannian geodesic flow, found in [13]. In general,
sub-Riemannian geometry on Lie groups is studied by considering metric and the
distribution, both of which are left-invariant. Less studied are situations where
the metric is left-invariant and the distribution is right-invariant, the so-called LR
system. Such a situation leads to strongly non-linear dynamics. LR systems have
been already studied in nonholonomic mechanics. The basic example is a motion of
a rigid body around a fixed point in the presence of a nonholonomic constraint: the
projection of the angular velocity of the body onto a fixed axis in the space is equal
to zero [6,17]. LR systems are also studied in sub-Riemannian framework [1,11,16].
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In [16] a sub-Riemannian LR system on a three-dimensional Heisenberg group is
studied and it is found that such a system is both integrable and associated with
a certain magnetic field, while in [1] geodesics of a sub-Riemannian LR system on
the first Heisenberg group are classified. In [13] first results on sub-Riemannian LR
systems in dimensions larger than three are given. In particular, the integrability
of sub-Riemannian LR systems in the general Heisenberg group H2n+1 is proved
and the equivalence to motion in the presence of a higher-dimensional magnetic
field is found. If n > 2, one has integrability in the non-commutative sense, while
for n = 1 and n = 2, i.e. in dimensions three and five, systems are integrable in
the classical, commutative sense.

The integrability of sub-Riemannian LR systems on the Heisenberg group has
been the subject of previous investigations. Motivated by these results, we turn our
attention to the study of geodesic lines, whose analysis provides a natural continua-
tion of this research and contributes to a more comprehensive understanding of the
underlying sub-Riemannian geometry. We classify the sub-Riemannian geodesics
in dimension 5 and we study the reduced Hamiltonian system in hyperspherical
coordinates. These coordinates allow us us to classify geodesics according to the
properties of r(t).

The paper is organized as follows. Section 2 reviews the necessary background
on sub-Riemannian geometry, the five-dimensional Heisenberg group, and ellip-
tic integrals, while also introducing the notation used throughout the paper. In
Section 3, we revisit the integrability of a sub-Riemannian LR system on H2n+1,
previously established in [13] for Heisenberg groups of arbitrary dimension. We de-
rive the corresponding reduced Hamiltonian system and present its first integrals.
In Section 4, a classification of the trajectories of the reduced Hamiltonian system
in hyper-spherical coordinates is obtained. This classification extends naturally to
the classification of the geodesic curves in the second Heisenberg group, and is the
main result of the paper. We conclude this section by deriving explicit formulae for
the first step of the quadrature integration, r = r(t), and by presenting numerical
examples that illustrate the theoretical results.

2. Preliminaries

In this section, we introduce the notation as well as some well-known facts of
sub-Riemannian geometry, most of which can be found, for example, in [2,10,12,
15,16], Heisenberg group, and Elliptic integrals.

2.1. Sub-Riemannian geometry. Let Q be a manifold of dimension n, D a
distribution of constant rank m of the tangent bundle TQ and ⟨·, ·⟩sR(q) a smoothly
varying positive definite bilinear form acting as an inner product on this distribu-
tion. A sub-Riemannian structure on Q is a pair (D, ⟨·, ·⟩sR). If at each point q ∈ Q
vector fields of Dq together with all their Lie brackets span the entire TqQ, we say
that this distribution is completely nonholonomic (or bracket-generating).

A horizontal (or admissible) curve is a curve whose tangent vector lies in the
distribution. More precisely, the absolutely continuous curve γ : [0, 1] → Q is hori-
zontal if γ̇(t) ∈ Dγ(t) for almost every t ∈ [0, 1]. For horizontal γ we define its length
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as ℓ(γ) =
∫︁ 1

0
∥γ̇(t)∥dt, where ∥γ̇∥ =

√︁
⟨γ̇, γ̇⟩sR. In this case, the sub-Riemannian

or Carnot-Carathéodory distance distCC(x, y) = inf ℓ(γ) is defined, and the infi-
mum is taken over all admissible curves γ connecting x and y. If there is no such
curve, the Carnot-Carathéodory distance is infinite. For distributions with bracket-
generating property, the theorems of Chow [5] and Rashievskii [14] guarantee that
there is always an admissible curve connecting any two points.

For a given ⟨·, ·⟩sR(q), the linear mapping g(q) : T ∗
q M → Dq ⊂ TqM can be

defined as follows: g(q)λ is a unique vector such that

⟨g(q)λ, Y ⟩sR(q) = λ(Y (q)), ∀Y ∈ Dq,

with the usual pairing of vectors and covectors right-hand side. The symmetric
tensor gij is called Carnot-Carathdodory metric tensor. It is positive semidefinite
and degenerate.

For the pairing λ(X(q)), q ∈ Q between the fixed vector field X and the covector
λ we write PX(q, λ). The function PX : T ∗M → R is called the momentum function.
Let X1, . . . , Xm be a local basis of vector fields of the distribution, in coordinates
Xa =

∑︁
j X

j
a(q)

∂
∂xj

. The momentum functions are given by PXa
=

∑︁
j X

j
a(q)λj .

Let gab(q) be the matrix of the inner products of the vectors Xa and gab(q) their
inverse matrix. Then gab(q) is an m × m matrix-valued function (where m is
the rank of the distribution) defined in an open set of Q. The sub-Riemannian
Hamiltonian function can be written as

H(q, λ) =
1

2

∑︂
a,b

gab(q)PXa
(q, λ)PXb

(q, λ).

With {f, g} = Xg(f) we denote the Poisson bracket of f, g ∈ T ∗Q, where Xg is the
Hamiltonian vector field associated with g. In canonical coordinates, the Poisson
bracket is given by:

{f, g} =
∑︂
i

∂f

∂qi

∂g

∂λi
− ∂f

∂λi

∂g

∂qi
.

The corresponding Hamilton equations on the cotangent bundle are

(2.1) q̇i = {qi, H} =
∂H

∂λi
, λ̇i = {λi, H} = −∂H

∂qi
.

The projections of solutions of the Hamiltonian system (2.1) are locally length-
minimising curves, which are referred to as normal geodesics (see [15, 16]). In
contrast to Riemannian geometry, in sub-Riemannian geometry, we have locally
minimising curves that do not arise as solutions of the Hamiltonian system, abnor-
mal geodesics. The horizontal distribution in the Heisenberg group is the contact
distribution, and all geodesics are solutions of the Hamiltonian system [2, Propo-
sition 4.38].

2.2. Heisenberg group H5. The second Heisenberg group H5 is a five-
dimensional two-step nilpotent Lie group constructed on the base manifold R4 ⊕R
by multiplication

(u, ζ) · (v, χ) := (u+ v, ζ + χ+ ω(u, v)).
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ω(u, v) = uTJv, where J =

⎛⎜⎜⎝
0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

⎞⎟⎟⎠ .

This group can also be seen as the group of matrices of the form

H5 =

⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎜⎝
1 x1 x2 z
0 1 0 y1
0 0 1 y2
0 0 0 1

⎞⎟⎟⎠ : x1, x2, y1, y2, z ∈ R

⎫⎪⎪⎬⎪⎪⎭ ,

with respect to the matrix multiplication. The corresponding Lie algebra h5 is
spanned by ∂

∂x1
, ∂
∂x2

, ∂
∂y1

, ∂
∂y2

and ∂
∂z . The commutator relations that are not

zero are

(2.2)
[︂ ∂

∂x1
,

∂

∂y1

]︂
=

[︂ ∂

∂x2
,

∂

∂y2

]︂
=

∂

∂z
.

This representation is more convenient for our study and is used in this paper.

2.3. Elliptic integrals. In the following section, elliptic integrals will be used,
therefore, we introduce the notation here. For more about elliptic integrals and
elliptic functions we refer to extensive literature (e.g. [3,18]). With F and E we
denote elliptic integrals of the first and second kind respectively:

F (ϕ, k) =

∫︂ ϕ

0

dv√︁
1− k2 sin2 v

= u =

∫︂ y

0

dt√︁
(1− t2)(1− k2t2)

= sn−1(y, k),

where y = sinϕ, and

E(ϕ, k) =

∫︂ ϕ

0

√︁
1− k2 sin2 vdv =

∫︂ u

0

dn2 u1du1 =

∫︂ y

0

√︃
1− k2t2

1− t2
dt = E(amu, k),

where ϕ = amu is the amplitude. The parameter 0 ⩽ k ⩽ 1 is the modulus and
k′ =

√
1− k2 is the complementary modulus. Twelve elliptic Jacobian functions

are denoted by pq(u, k), where p, q ∈ {s, c, d, n}, e.g. elliptic sine is sn (u, k), elliptic
cosine is cn (u, k) and delta amplitude is dn (u, k).

The exponentiation of the Jacobian function with −1 should always be un-
derstood as inversion. The abbreviation convention E(u) should be understood as
E(u) = E(amu, k) if k is clear.

3. Integrability in H5

The group H5 acts on itself by left translations Lg: Lg(h) = gh and by
right translations Rg: Rg(h) = hg. Denote by D0 the linear space spanned by{︁

∂
∂x1

, ∂
∂x2

, ∂
∂y1

, ∂
∂y2

}︁
at the identity. The left-invariant distribution generated by

D0 consists of 4-planes DL = Lg∗D0, where:

Lg∗

(︂ ∂

∂xk

)︂
=

∂

∂xk
, Lg∗

(︂ ∂

∂yk

)︂
=

∂

∂yk
+xk

∂

∂z
, k ∈ {1, 2} and Lg∗

(︂ ∂

∂z

)︂
=

∂

∂z
,
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while the right-invariant distribution generated by D0 is DR = Rg∗D0, where:

Rg∗

(︂ ∂

∂xk

)︂
=

∂

∂xk
+yk

∂

∂z
, Rg∗

(︂ ∂

∂yk

)︂
=

∂

∂yk
, k ∈ {1, 2} and Rg∗

(︂ ∂

∂z

)︂
=

∂

∂z
.

We note that H5 is a contact manifold and DR is a contact distribution. From the
relation (2.2) it follows that this distribution is bracket-generating.

In [13] the geodesic flow of the sub-Riemannian metric, which corresponds to
the left-invariant metric in H5 and the right-invariant distribution DR, is considered
and its integrability is proved. The left-invariant standard Riemannian metric in
the coordinates (x1, x2, y1, y2, z) is:

gij =

⎛⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 x2

1 + 1 x1x2 −x1

0 0 x1x2 x2
2 + 1 −x2

0 0 −x1 −x2 1

⎞⎟⎟⎟⎟⎠ .

It induces the sub-Riemannian metric on the right-invariant distribution. The
geodesic flow, which corresponds to the left-invariant sub-Riemannian metric and
the horizontal distribution DR, forms the Hamiltonian system on T ∗H5 with the
Hamiltonian function:

H(q, λ) =
1

2(x2
1+x2

2+y21+y22+1)
((x2

1+x2
2+y22+1)λ2

1+(x2
1+x2

2+y21+1)λ2
2.

+(x2
2+y21+y22+1)λ2

3+(x2
1+y21+y22+1)λ2

4+(x2
1+x2

2+1)(y21+y22)λ
2
5

+2(y21+y22)(x1λ3+x2λ4)λ5+2y1(−y2λ2+x1λ3+x2λ4+(x2
1+x2

2+1)λ5)λ1

−2x1x2λ3λ4+2y2λ2(x1λ3+x2λ4+(x2
1+x2

2+1)λ5)).

The Hamiltonian system takes the form:

ẋ1 = {x1, H} =
(1+x2

1+x2
2+y2

2)λ1+y1(−y2λ2+x1λ3+x2λ4+(1+x2
1+x2

2)λ5)

1+x2
1+x2

2+y2
1+y2

2

,

ẋ2 = {x2, H} =
−y1y2λ1(1+x2

1+x2
2)λ2+y2

1λ2+y2(x1λ3+x2λ4+(1+x2
1+x2

2)λ5)

1+x2
1+x2

2+y2
1+y2

2

,

ẏ1 = {y1, H} =
(1+x2

1+x2
2+y2

2)λ3+x1(y1λ1 − x2λ4+y2
1λ5+y2(λ2+y2λ5))

1+x2
1+x2

2+y2
1+y2

2

,

ẏ2 = {y2, H} =
(1+x2

1+x2
2+y2

2)λ4+x2(y1λ1 − x1λ3+y2
1λ5+y2(λ2+y2λ5))

1+x2
1+x2

2+y2
1+y2

2

,

ż = {z,H} =
(1+x2

1+x2
2)y1λ1+(1+x2

1+x2
2)y2λ2+(y2

1+y2
2)(x1λ3+x2λ4)+(1+x2

1+x2
2)(y

2
1+y2

2)λ5

1+x2
1+x2

2+y2
1+y2

2

,

λ̇1 = {λ1, H} = − 1

(1+x2
1+x2

2+y2
1+y2

2)
2
(y1λ1 − x1λ3 − x2λ4+y2

1λ5+y2(λ2+y2λ5))·(3.1)

((1+x2
2+y2

1+y2
2)λ3+x1(y1λ1 − x2λ4+y2

1λ5+y2(λ2+y2λ5))),

λ̇2 = {λ2, H} = − 1

(1+x2
1+x2

2+y2
1+y2

2)
2
(y1λ1 − x1λ3 − x2λ4+y2

1λ5+y2(λ2+y2λ5))·

((1+x2
1+y2

1+y2
2)λ4+x2(y1λ1 − x1λ3+y2

1λ5+y2(λ2+y2λ5))),
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λ̇3 = {λ3, H} =
1

(1+x2
1+x2

2+y2
1+y2

2)
2
(y1λ1+x4λ2 − x1λ3 − x2λ4 − (1+x2

1+x2
2)λ5)·

((1+x2
1+x2

2+y2
2)λ1+x3(−y2λ2+x1λ3+x2λ4+(1+x2

1+x2
2)λ5)),

λ̇4 = {λ4, H} =
1

(1+x2
1+x2

2+y2
1+y2

2)
2
(y1λ1+x4λ2 − x1λ3 − x2λ4 − (1+x2

1+x2
2)λ5)·

(−y1y2λ1+(1+x2
1+x2

2)λ2+y2
1λ2+y2(x1λ3+x2λ4+(1+x2

1+x2
2)λ5)),

λ̇5 = {z,H} = 0.

Here, the z-coordinate is cyclic, and we can restrict this flow to the level set λ5 = C0

and project this restriction onto a 4-dimensional hyperplane (x1, x2, y1, y2). The
new system is defined on 8-dimensional symplectic manifold, denoted as MC0

,
diffeomorphic to the cotangent bundle of the 4-dimensional hyperplane with the
coordinates (x1, x2, y1, y2). On the manifold MC0

we introduce the new variables:

p1 = λ1 + C0y1, p2 = λ2 + C0y2, p3 = λ3, p4 = λ4,

to express the reduced Hamiltonian function in the form:

HC0
(q, p) =

1

2

(︂
p21 + p22 + p23 + p24 −

(p3x1 + p4x2 − p1y1 − p2y2)
2

1 + x2
1 + x2

2 + y21 + y22

)︂
.

The Poisson structure on the manifold MC0
is no longer canonical for C0 ̸= 0:

{xk, pj} = {yk, pj+2} = δkj , {pk, pj+2} = δkjC0,

{xk, yj} = {xk, pj+2} = {yk, pj} = {pj , pk} = {pj+2, pk+2} = 0,

for j, k = 1, 2. Set W = (p3x1+p4x2−p1y1−p2y2)
1+x2

1+x2
2+y2

1+y2
2

, the corresponding Hamiltonian
system is:

ẋ1 = {x1, HC0
} = p1 + y1W, ẋ2 = {x2, HC0

} = p2 + y2W,

ẏ1 = {y1, HC0
} = p3 − x1W, ẏ2 = {y2, HC0

} = p4 − x2W,

ṗ1 = {p1, HC0} = (C0 +W )(p3 − x1W ),

ṗ2 = {p2, HC0
} = (C0 +W )(p4 − x2W ),

ṗ3 = {p3, HC0
} = −(C0 +W )(p1 + y1W ),

ṗ4 = {p4, HC0
} = −(C0 +W )(p2 + y2W ).

(3.2)

Change of coordinates to hyper-spherical coordinates (r, θ1, θ2, θ3):

x1 = r cos θ1 cos θ2, y1 = r cos θ1 sin θ2, x2 = r sin θ1 cos θ3, y2 = r sin θ1 sin θ3,

with r ⩾ 0, θ1 ∈
(︁
0, π

2

)︁
, θ2, θ3 ∈ [0, 2π), and the transformation of the momenta

given by:

pr =
1√︁

x2
1 + x2

2 + y21 + y22
(p1x1 + p2x2 + p3y1 + p4y2)

pθ1 = (p2x2 + p4y2)

√︄
x2
1 + y21

x2
2 + y22

− (p1x1 + p3y1)

√︄
x2
2 + y22

x2
1 + y21

pθ2 = p3x1 − p1y1

pθ3 = p4x2 − p2y2,
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leads to a Hamiltonian function for the reduced system:

H̃C0
(r, θ1,θ2, θ3, pr, pθ1 , pθ2 , pθ3)(3.3)

=
1

2

[︂
p2r +

1

r2
p2θ1 +

1

r2

(︂ p2θ2
cos2 θ1

+
p2θ3

sin2 θ1

)︂
− 1

1 + r2
(pθ2 + pθ3)

2
]︂
.

The Poisson structure on the manifold MC0 in the hyper-spherical coordinates is:

{r, pr} = 1, {r, pθk} = {θj , pr} = 0, {θj , pθk} = δjk, j, k = 1, 2, 3,

{pr, pθ1} = 0, {pr, pθ2} = rC0 cos
2 θ1, {pr, pθ3} = rC0 sin

2 θ1,

{pθ1 , pθ2} = −{pθ1 , pθ3} = −r2C0 sin θ1 cos θ1, {pθ2 , pθ3} = 0.

The above structure is non canonical for C0 ̸= 0 and corresponds to the Hamil-
tonian system, which describes the motion of a charged particle in a constant
magnetic field.

The Hamilton equations are given by

ṙ = {r, H̃C0} = pr, θ̇1 = {θ1, H̃C0} =
pθ1
r2

,

θ̇2 = {θ2, H̃C0} =
pθ2

r2 cos2 θ1
− pθ2 + pθ3

1 + r2
,

θ̇3 = {θ3, H̃C0} =
pθ3

r2 sin2 θ1
− pθ2 + pθ3

1 + r2
,

ṗr = {pr, H̃C0} =
1

r3
p2θ1 +

pθ2 + pθ3
r(1 + r2)2

((1 + r2)C0 − r2(pθ2 + pθ3)) +
1

r3

(︂ pθ2
cos2 θ1

+
pθ3

sin2 θ1

)︂
,

ṗθ1 = {pθ1 , H̃C0} =
1

r2

(︂
pθ3

(︂
r2C0 +

pθ3
sin2 θ1

)︂
cot θ1 − pθ2

(︂
r2C0 +

pθ2
cos2 θ1

)︂
tan θ1

)︂
,

ṗθ2 = {pθ2 , H̃C0} = −C0 cos θ1(rpr cos θ1 − pθ1 sin θ1),

ṗθ3 = {pθ3 , H̃C0} = −C0 sin θ1(rpr sin θ1 + pθ1 cos θ1).

(3.4)

The flow has four first integrals:

Ĩ1 = p2θ1 + p2θ2cos
−2 θ1 + p2θ3sin

−2 θ1 − (pθ2 + pθ3)
2,

Ĩ2 = pθ2 + C0
r2

2
cos2 θ1, Ĩ3 = pθ3 + C0

r2

2
sin2 θ1, Ĩ4 = H̃C0 .

(3.5)

These integrals are involutive and functionally independent almost everywhere,
which implies the integrability of the reduced system in the classical sense. In the
coordinates (x, y, p) = (x1, x2, y1, y2, p1, p2, p3, p4) on the manifold MC0 , the first
integrals (3.5) take the form:

I1 =(y2p1 − x1p4 + x2p3 − y1p2)
2 + (x1p2 − x2p1 − y1p4 + y2p3)

2,

I2 =p3x1 − p1y1 +
C0

2
(x2

1 + y21), I3 = p4x2 − p2y2 +
C0

2
(x2

2 + y22),

I4 =HC0
.

(3.6)

The main objective of this paper is to analyse the solutions of the reduced
Hamiltonian system (3.4).

Remark 3.1. It should be noted that r = 0 is merely coordinate singularity of
the reduced Hamiltonian system in the hyper-spherical coordinates. Indeed, from
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the first integrals (3.6) in the coordinates (x, y, p) it follows that the solutions of
the reduced Hamiltonian system through (0, 0, 0, 0) are characterized by I1 = I2 =
I3 = 0.

Remark 3.2. Solutions of the reduced Hamiltonian system (3.4) naturally
lift to solutions of the Hamiltonian system (3.1), thus yielding sub-Riemannian
geodesics in H5. The coordinate z(t) is reconstructed by integrating the corre-
sponding equation in (3.1)

(3.7) ż = ẋ1y1 + ẋ2y2.

Geometrical meaning to the evolution of z(t) along sub-Riemannian geodesic line
γ : I → H5 starting from P0 = γ(0) = (x1(0), x2(0), y1(0), y2(0), z(0)) can be given
together with corresponding formula. First, for i ∈ {1, 2}, let πi : H5 → R2 be
projection to subspace (xi, yi) and let (xi(0), yi(0)) = πi(P0) be projected starting
point. Let Ai(t) be the signed sectorial area swept out by position vector from
πi(γ(0)) to πi(γ(t)), i.e.

(3.8) Ai(t) =
1

2

∫︂ t

0

(xi(s)ẏi(s)− ẋi(s)yi(s))ds.

From identity
d

dt
(xiyi) = ẋiyi + xiẏi

we have

(3.9) xi(t)yi(t)− xi(0)yi(0) =

∫︂ t

0

(ẋi(s)yi(s) + xi(s)ẏi(s))ds.

From (3.8) and (3.9) it follows that∫︂ t

0

ẋi(s)yi(s)s =
1

2

(︁
xi(t)yi(t)− xi(0)yi(0))−Ai(t).

This yields formulae for z(t) of the form:

z(t) = z(0) +
1

2
(x1(t)y1(t) + x2(t)y2(t)− x1(0)y1(0)− x2(0)y2(0)

)︁
−A1(t)−A2(t).

We illustrate the behaviour of the solutions through several numerical examples
presented at the end of the paper.

4. Classification of geodesics

We are going to describe solutions that belong to the 4-dimensional invariant
manifold. Since Ĩ1, Ĩ2, Ĩ3 and Ĩ4, defined in (3.5), are first integrals, there are
constants C1, C2, C3, C4 ∈ R such that

Ĩ1 = C1, Ĩ2 = C2, Ĩ3 = C3, Ĩ4 = C4.

The values of the first integrals determine the initial points from which the cor-
responding geodesics start; in particular, for the geodesic through the origin all
values C1, C2, C3 vanish. In the analysis that follows, we study the first-integral
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constants in their generic form, thereby encompassing all possible choices of their
values, including the special case in which they all vanish.

With (3.5) we derive

pθ2 + pθ3 = C2 + C3 − C0
r2

2
,

C1

r2
=

1

r2
(p2θ1 + p2θ2cos

−2 θ1 + p2θ3sin
−2 θ1 − (pθ2 + pθ3)

2),

(4.1)

By further using the conservation laws and the expressions (3.3), (3.5) and (4.1), we
can reduce the problem to a problem with one degree of freedom for the variable r:

(4.2) 2C4 = ṙ2 +
1

r2
C1 +

1

r2(1 + r2)
(C2 + C3 − C0

r2

2
)2.

For C4 ̸= 0, equation (4.2) in a more compact form is:

ṙ2 = 2C4
f(r)

r2(1 + r2)
,

where f(r) is a polynomial of degree 4, in the general case:

f(r) = Ar4 +Br2 + C,

A = 1− C2
0

8C4
, B = 1− C1

2C4
+

(C2 + C3)C0

2C4
, C = −C1 + (C2 + C3)

2

2C4
.

(4.3)

We can restrict the discussion to the case where the solutions are parametrised by
the arc length parameter, which is equivalent to C4 = 1

2 according to the Cauchy-
Schwarz integral inequality between length and energy function, equivalent to
C4 = 1

2 . This simplifies the problem to:

(4.4)
ṙ2 =

f(r)

r2(1 + r2)
, i.e. ṙ = ±

√︁
f(r)

r
√
1 + r2

,

A = 1− C2
0

4
, B = 1− C1 + (C2 + C3)C0, C = −C1 − (C2 + C3)

2.

With (3.5) and the Hamilton’s equations we obtain:

C1 = r4θ̇21 +
C2

2

cos θ1
2 +

C2
3

sin θ1
2 − (C2 + C3)

2,

(4.5) θ̇1 = ± 1

r2

√︄
C1 + (C2 + C3)2 −

C2
2

cos2 θ1
− C2

3

sin2 θ1
.

The conservation laws lead to the following equations for the remaining coordinates:

θ̇2 =
C2

r2 cos2 θ1
− C2 + C3

1 + r2
− C0

2(1 + r2)
,

θ̇3 =
C3

r2 sin2 θ1
− C2 + C3

1 + r2
− C0

2(1 + r2)
.

(4.6)

Proposition 4.1. The magnetic geodesic flow (3.4) is solvable by quadratures.
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Proof. The integration of the entire problem can be carried out in four steps.
First, integrate inverted (4.4) to implicitly obtain r = r(t):

(4.7) ṫ = ±r
√
r2 + 1√︁
f(r)

,

t+ t0 = ±
∫︂

r
√
r2 + 1√︁
f(r)

dr, t0 ∈ R.

After the initial choice of sign, the expression on the right-hand side of (4.7) has
a constant sign, which means that t(r) is strictly monotonic and, therefore, allows
inversion.

The chain rule dθ1
dt = dθ1

dr
dr
dt allows the integration (4.5) to implicitly define

θ1(r). It should be noted that we can obtain θ1(r) without knowing r(t), together
with the previous step θ1(t) = θ1(r(t)):∫︂

dθ1√︂
C1 + (C2 + C3)2 − C2

2

cos2 θ1
− C2

3

sin2 θ1

= ±
∫︂ √

1 + r2

r
√︁
f(r)

dr.

Using the chain rules dθ2
dt = dθ2

dr
dr
dt and dθ3

dt = dθ3
dr

dr
dt , the equations (4.6) and the

results of the previous steps, the remaining coordinate functions are recovered by :

θ2 + θ02 =

∫︂
r
√
r2 + 1√︁
f(r)

(︂ C2

r2 cos2 θ1(r)
−

C2 + C3 +
1
2C0

1 + r2

)︂
dr, θ02 ∈ R;

θ3 + θ03 =

∫︂
r
√
r2 + 1√︁
f(r)

(︂ C3

r2 sin2 θ1(r)
−

C2 + C3 +
1
2C0

1 + r2

)︂
dr, θ03 ∈ R.

Note that the second step is necessary for the last two and that we can obtain
θi = θi(r), i ∈ {2, 3} without integrating the first step, while to define θ1 = θ1(t)
the integration of (4.4) is necessary. □

The following statements will be used later.

Lemma 4.1. C1 = p2θ1 + p2θ2cos
−2 θ1 + p2θ3sin

−2 θ1 − (pθ2 + pθ3)
2 ⩾ 0.

Proof. Statement of lemma follows from the inequality

(4.8)
x2

cos2 θ
+

y2

sin2 θ
⩾ (x+ y)2

applied to x = pθ2 , y = pθ3 and θ = θ1. To prove inequality (4.8) we first notice
that for x and y with different signs, inequality is trivial. For sgn(x) = sgn(y),
we define f : (0, π

2 ) → R, f(θ) = x2

cos2 θ + y2

sin2 θ
and find the minima for f . Since

f ′(θ) = 2 sin θ cos θ( x2

cos4 θ −
y2

sin4 θ
), the minimum at θmin is such that tan4 θmin = y2

x2 .
Now (4.8) is equivalent to

f(θmin) ⩾ (x+ y)2 ⇔ x2 tan2 (θmin) + y2 ctan2 (θmin) ⩾ 2xy ⇔ x2 y

x
+ y2

x

y
⩾ 2xy. □

Corollary 4.1. The parameter C is non-positive, that is, C = −C1 − (C2 +
C3)

2 ⩽ 0. Furthermore, C = 0 implies B = 1.
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Remark 4.1. We note here that it is not possible for f(r) to be a zero poly-
nomial, which means that for C4 ̸= 0 r(t) is never a constant function. Moreover,
A ⩽ 1.

Let us notice that if C4 = 0 in (4.2), motion degenerates to a point. This
assertion follows from the following: Using Lemma 4.1 with 0 = C4 = H̃C implies
that all the moments pr, pθ1 , pθ2 and pθ3 are equal to zero. Now, the only solution
to (3.4) are constants. In the sequel we assume C4 ̸= 0.

We fix values of the first integrals by: Ĩ1 = C1, Ĩ2 = C2, Ĩ3 = C3, Ĩ4 = C4 and
formulate our main result as follows.

Theorem 4.1. The reduced Hamiltonian system (3.4) has trajectories of two
types:

(i) Trajectories of the first type satisfy r(t) ⩾ r0 for all t, where r0 is the
largest non-negative root of (4.3).

(ii) Trajectories of the second type satisfy r1 ⩽ r(t) ⩽ r2 for all t, where
r1 < r2 are the positive roots of (4.3).

Remark 4.2. From (4.4) it can be observed that motion is possible only in
regions where f(r) > 0 (see Figure 1 and Figure 3). This implies a strong depen-
dence between the constants of motion Ck, k ∈ {1, 2, 3, 4}, and the set of admissible
points. More precisely, given constants Ck, the motion is confined to certain regions
and, consequently, not all initial conditions are admissible; conversely, the choice
of initial conditions restricts the possible values of the constants of motion. For
example, for geodesics passing through the origin holds C1 = C2 = C3 = 0.

Theorem 4.1 provides a lower bound for the radial distance along a trajectory;
however, this bound depends on the constants of motion and, in general, may be
arbitrarily small.

From the Remark 3.2 it follows that the classification in Theorem 4.1 extends
naturally to the classification of the original Hamiltonian system (3.1) in H5.

Corollary 4.2. Every geodesic of the reduced system (3.2) lifts to a geodesic
of the system (3.1) via the reconstruction equation (3.7).

In the following section, we prove Theorem 4.1.

4.1. Case: A = 0. In this case, C0 = 2 and f(r) simplify to:

f(r) = Br2 + C.

Since f(r) ⩾ 0, only B > 0 is possible in this case (shown in Figure 1) and motion

is only possible in the region r > r0 =
√︂
−C

B . Now, we continue with (4.3) to
implicitly find r(t):

ṙ = ±
√
Br2 + C

r
√
1 + r2

t = ± 1√
B

∫︂
r
√
1 + r2dr√︁
r2 + C/B

.
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Figure 1. B > 0, C ⩽ 0.

With a = −C
B ⩾ 0, the substitutions 1+r2 = z2 and p = z√

a+1
we solve the integral

on the right-hand side as follows:

± 1√
B

∫︂ √
1 + r2rdr√︁
r2 + C/B

= ± 1√
B

∫︂
z2dz√︁

z2 − (a+ 1)

= ± 1√
B

(︃∫︂ √︁
z2 − (a+ 1)dz + (a+ 1)

∫︂
dz√︁

z2 − (a+ 1)

)︃
= ±a+ 1√

B

(︃∫︂ √︁
p2 − 1dp+

∫︂
dp√︁
p2 − 1

)︃
= ±a+ 1√

B

(︃
1

2
p
√︁

p2 − 1 +
1

2
ln

(︁
p+

√︁
p2 − 1

)︁)︃
= ±1 + a

2
√
B

(︃√︃
1 + r2

1 + a

√︃
r2 − a

1 + a
+ ln

√
1 + r2 +

√
r2 − a√

1 + a

)︃
.

Finally:

t = t0 ±
1

2
√
B

(︃√︁
(1 + r2)(r2 − a) + (1 + a) ln

(︃√
1 + r2 +

√
r2 − a√

1 + a

)︃)︃
.

Example 4.1. Let us consider an example where A = 0, B = −C and plot r(t)
and θ1(t) (see Figure 2).

4.2. Case: A ̸= 0. For the case A ̸= 0 we have two sub-cases in which many
situations are eliminated thanks to Lemma 4.1. The cases of interest, which will
be explained later, are shown in Figure 3.

4.2.1. Case: A > 0. If we look at the discriminant D = B2 − 4AC of the
quadratic equation Ax2 + Bx + C, we see that it is always non-negative, since
A > 0 and C ⩽ 0. This means that we can write f(r) = A(r2 − ᾱ)(r2 − β̄), with
C = ᾱβ̄

A ⩽ 0, and that we have exactly two real roots ᾱ ⩾ 0 and β̄ ⩽ 0. The
function f(r) = A(r+α)(r−α)(r2 +β2) is non-negative for r ⩾ α. We distinguish
between two cases: C = 0 and C < 0.

In the first case, the equation (4.4) reduces to:

(4.9) ṫ2 =
1 + r2

Ar2 + 1
.

Note that if C0 = 0, i.e. A = 1 we have simple form for t(r), namely t(r) = t0 ± r.
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Figure 2. Plots of (r(t), θ1(t)) (left), (t, r(t), θ1(t)) (centre) and
(t, r(t)) (right) for f(r) = 9

2r
2 − 9

2 .

Figure 3. Case A > 0 (on the left) and Case A < 0 (on the right).

In general case, C0 ̸= 0, we integrate (4.9) as

t = t0 ±
∫︂

1 + r2√︁
(1 + r2)(Ar2 + 1)

dr,

which solves to

t = t0 ± F (ϕ, k)± 1

A
(dnu scu− E(u)), ϕ = amu, scu = r, k =

√︁
1−A2.

In this case, θ1 is constant function, and θ2 and θ3 are linear functions as stated in
the Corollary 4.4.

In the second case, if C < 0, we solve the equation:

(4.10) ṫ2 =
r2(1 + r2)

A(r + α)(r − α)(r2 + β2)
.

First, we must separately consider the case where β = 1. The solution of (4.10) is:

t(r) = t0 ±
√︃

r2 − α2

A
.

If β ̸= 1 substitution 1 + r2 = z2 reduces the problem to an elliptic integral of
the second kind.

t = ± 1√
A

∫︂
r
√
1 + r2dr√︁

(r + α)(r − α)(r2 + β2)
= ± 1√

A

∫︂
z2dz√︁

(z2 − (α2 + 1))(β2 − 1 + z2)
.
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We distinguish between cases where β2 > 1 and β2 < 1.
In the case of β2 < 1 integral is further solved with substitution z√

α2+1
= nsu

(see [3, p. 192]) as:

t = ± 1√
A

∫︂
z2dz√︁

(z2 − (α2 + 1))(β2 − 1 + z2)

= ± 1√
A

∫︂ √
α2 + 1

(︁
z√

α2+1

)︁2
d
(︁

z√
α2+1

)︁√︂(︁(︁
z√

α2+1
)2 − 1

)︁(︁
β2−1
α2+1 +

(︁
z√

α2+1

)︁2)︁
= ±

√
α2 + 1√

A

∫︂
ns2 udu+ t0 = ±

√
α2 + 1√

A
(u− E(u)− dnu csu) + t0,

where nsu =
√︂

r2+1
α2+1 , t0 ∈ R.

In the case of β2 > 1, the integration is performed with the substitution
z√

α2+1
= ncu (see [3, p. 193]) as:

t = ± 1√
A

∫︂
z2dz√︁

(z2 − (α2 + 1))(β2 − 1 + z2)

= ± 1√︁
A(α2 + β2)

∫︂ (α2 + 1)
(︁

z√
α2+1

)︁2
d
(︁

z√
α2+1

)︁√︂(︁(︁
z√

α2+1

)︁2 − 1
)︁(︁

β2−1
α2+β2 + α2+1

α2+β2

(︁
z√

α2+1

)︁2)︁
= t0 ±

α2 + 1√︁
A(α2 + β2)

∫︂
nc2 udu = t0 ±

α2 + 1

k′2
√︁

A(α2 + β2)
(k′2u− E(u) + dnu scu),

where ncu =
√︂

r2+1
α2+1 , k

′2 = α2+1
α2+β2 , t0 ∈ R.

Finally, it is worth investigating the asymptotic behavior of the trajectories of
the first type when r → +∞. From (4.5) and (4.6) it can be seen that we have a
very simple form of the functions θi, i ∈ {1, 2, 3}.

Corollary 4.3. If A ⩾ 0, when r → +∞, θ1 tend to a constant function and
θ2 and θ3 tend to linear functions in t.

4.2.2. Case: A < 0. Here, too, we have two different cases.
In the first, similar to the previous consideration, we find that the function f(r)

has four real roots: α, −α, β and −β. Without loss of generality, we can assume
that α < β. The function f(r) has the form f(r) = A(r − α)(r + α)(r − β)(r + β)
and is non-negative in the interval [α, β]. We solve the equation:

ṫ2 =
r2(1 + r2)

A(r + α)(r − α)(r + β)(r − β)
, r ∈ (α, β).

Substituting 1 + r2 = z2 reduces the problem to an elliptic integral of the second
kind, and with subsequent substitution z =

√
α2 + 1ndu the solution is obtained
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by the elliptic function E:

t = ± 1√︁
|A|

∫︂
r
√
1 + r2dr√︁

(r + α)(r − α)(β + r)(β − r)

= ± 1√︁
|A|

∫︂
z2dz√︁

(z2 − (α2 + 1))(β2 + 1− z2)

= ± α2 + 1√︁
|A|(β2 + 1)

∫︂ (︁
z√

α2+1

)︁2
d
(︁

z√
α2+1

)︁√︂(︁(︁
z√

α2+1

)︁2 − 1
)︁(︁
1− α2+1

β2+1

(︁
z√

α2+1

)︁2)︁
= ± α2 + 1√︁

|A|(β2 + 1)

∫︂
nd2 udu = ± α2 + 1

k′2
√︁
|A|(β2 + 1)

(E(u)− k2 snu cdu) + c0,

where ndu =
√︂

r2+1
α2+1 , k

2 = α2+1
β2+1 , c0 ∈ R.

The second case is that there are no real roots for the function f(r). In this
case, however, the function is negative in its domain, so we have to discard it.

This concludes the consideration and proves the Theorem 4.1. It also proves
the following theorem.

Theorem 4.2. The first step for quadrature integration, i.e. the formulas for
r = r(t), are defined locally (implicitly or by inverting elliptic integrals) as follows:

a) If A = 0:

t = t0 ±
1 + a√

B

(︃
1

2

√︃
1 + r2

1 + a

√︃
r2 − a

1 + a
+

1

2
ln

(︃√︃
1 + r2

1 + a
+

√︃
r2 − a

1 + a

)︃)︃
, a = −C

B
.

b) If 0 < A ⩽ 1, C = 0:

t = t0 ± F (ϕ, k)± 1

A
(dnu scu− E(u)), ϕ = amu, scu = r, k =

√︁
1−A2.

c) If 0 < A ⩽ 1, C < 0 and ±i are roots of f(r):

t(r) = t0 ±
√︃

r2 − α2

A
.

d) If 0 < A ⩽ 1, C < 0 and β2 < 1, where β is complex, and ±α are real
roots of f(r):

t = t0 ±
√
α2 + 1√

A
(u− E(u)− dnu csu).

e) If 0 < A ⩽ 1, C < 0 and β2 > 1, where β is complex root, and ±α are
real roots of f(r):

t = t0±
α2 + 1

k′2
√︁
A(α2 + β2)

(k′2u−E(u)+dnu scu), ncu =

√︃
r2 + 1

α2 + 1
, k′2 =

α2 + 1

α2 + β2
.

f) If A < 0 and ±α,±β are real roots of f(r):

t = t0 ±
α2 + 1

k′2
√︁
|A|(β2 + 1)

(E(u)− k2 snu cdu), ndu =

√︃
r2 + 1

α2 + 1
, k2 =

α2 + 1

β2 + 1
.
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Let us consider the case where C = 0, which contains geodesics passing through
coordinate origin. We have a similar situation as in Corollary 4.3.

Corollary 4.4. If C = 0, θ1 is a constant function and θ2 and θ3 are linear
functions in t.

We conclude the paper with numerical examples of the sub-Riemannian geo-
desic curves of the original system on H5.

Example 4.2. In this example, numerically obtained sub-Riemannian geodesic
curves passing through coordinate origin are visualized for both types of trajecto-
ries from Theorem 4.1 (see Figure 4 and Figure 5). Corresponding function f(r)
from (4.3) is of the form f(r) = −r4 + r2 for geodesic in Figure 4 and of the form
f(r) = 1

2r
4 + r2 for geodesic in Figure 5. The left and right panels of figures show

the dependence of the z-coordinate and the radius r =
√︁
x2
1 + x2

2 + y21 + y22 on t.
The centre panels show the projection of the sub-Riemannian geodesic onto the
(x1, y1, z) subspace.

In the previous example with a geodesic line through origin it was not apparent
that projection of a geodesic line on the (x1, x2, y1, y2) subspace is bounded both
bellow and above. The following example demonstrates that property.

Example 4.3. Here, we visualize geodesic line through point (0,−
√
2,−

√
2, 0, 0)

on level set C0 = 2
√
2 and with values of the first integrals as: C1 = 1, C2 =√

2, C3 =
√
2 and C4 = 1

2 , resulting in f(r) = −r4+8r2−9. This example illustrates
trajectories of type (ii) from Theorem 4.1 and they satisfy 4−

√
7 ⩽ r2(t) ⩽ 4+

√
7

(see Figure 6). To visualize objects in five-dimensional real space, we interpret the
coordinate pairs (x1, y1) and (x2, y2) as complex numbers z1 and z2, respectively,

Figure 4. Plots of (t, z(t)) (left), (r(t), z(t)) (right) and projec-
tion onto the (x1, y1, z) subspace (centre) of a sub-Riemannian
geodesic of type (ii) passing through origin.
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and represent their moduli along the first two coordinates of the plot, while re-
taining the fifth coordinate as the third axis. The resulting three-dimensional plot,
therefore, has coordinates (∥z1∥, ∥z2∥, z).

Figure 5. Plots of (t, z(t)) (left), (r(t), z(t)) (right) and projec-
tion onto the (x1, y1, z) subspace (centre) of sub-Riemannian geo-
desic of type (i) passing through origin.

Figure 6. Plots of (t, z(t)) (left), (r(t), z(t)) (right) and
(∥z1(t)∥, ∥z2(t)∥, z(t)) (centre) of a sub-Riemannian geodesic pass-
ing through point (0,−

√
2,−

√
2, 0, 0).

Acknowledgments. This research is partially supported by the Ministry of
Science, Technological Development and Innovation, Republic of Serbia, through
the project 451-03-33/2026-03/200104. The author expresses his sincere gratitude
to the anonymous reviewer for the exceptionally careful reading of the manuscript
and for many valuable comments and suggestions that significantly improved the
quality and presentation of the paper.



18 PAVLOVIĆ

References

1. S. Agapov, M.R. Borchashvili, On a certain sub-Riemannian geodesic flow on the Heisenberg
group, Sib. Math. J. 58 (2017), 943–951.

2. A. Agrachev, D. Barilari, U. Boscain, A Comprehensive Introduction to Sub-Riemannian
Geometry, Camb. Stud. Adv. Math. 181, Cambridge University Press, Cambridge, 2019.

3. P. Byrd, M. Friedman, Handbook of Elliptic Integrals for Engineers and Scientists,
Grundlehren Math. Wiss., Springer Berlin, Heidelberg, 1971.

4. A. Bravo-Doddoli, P, Arathoon, A.M. Bloch, Integrable sub-Riemannian geodesic flows on
the special orthogonal group, Nonlinearity 38(11) (2025), 115007.

5. W-L. Chow, Uber Systeme van Linearen partiellen Differentialgleichungen erster Ordnung,
Math. Ann. 117 (1939), 98–105.

6. Y. Fedorov, B. Jovanović, Nonholonomic LR systems as generalized Chaplygin systems with
an invariant measure and geodesic flows on homogeneous spaces, J. Nonlinear Sci. 14 (2004),
341–381.

7. B. Jovanović, Contact magnetic geodesic and sub-Riemannian flows on Vn,2 and integrable
cases of a heavy rigid body with a gyrostat, Regul. Chaotic Dyn. 30 (2025), 799–818.

8. B. Jovanović, T. Šukilović, S. Vukmirović, Normal sub-Riemannian geodesics related to fil-
trations of Lie algebras, J. Geom. Anal. 36(6) (2026), 215.

9. V. Jurdjević, Rolling geodesics on symmetric semi-riemannian spaces, Theor. Appl. Mech.
52(2) (2025), 161–193.

10. V. Jurdjević, Optimal Control and Geometry: Integrable Systems, Camb. Stud. Adv. Math.,
Cambridge University Press, Cambridge 2016.

11. A. Mazhitova, The normal sub-Riemannian geodesic flow on E(2) generated by a left-
invariant metric and a right-invariant distribution, Sib. Math. J. 55 (2014), 948–953.

12. R. Montgomery, A Tour of Subriemannian Geometries, Their Geodesics and Applications,
Math. Surv. Monogr., Am. Math. Soc. Providence, RI 2002.

13. M. Pavlović; T. Šukilović, Sub-Riemannian LR geodesic flows on Heisenberg groups, accepted
in Regul. Chaotic Dyn. (2026); arXiv:2404.06586v3.

14. P.K. Rashevski, About connecting two points of complete non-holonomic space by admissible
curve, Uch. Zapiski Ped. Inst. Libknexta 2 (1938), 83-94. (in Russian)

15. R. Strichartz, Sub-Riemannian geometry, J. Differ. Geom. 24 (1986), 221–263.
16. I. Taimanov, Integrable geodesic flows of nonholonomic metric, J. Dynam. Control Syst. 3

(1997), 129–147.
17. A. Veselov, L. E. Veselova, Integrable nonholonomic systems on Lie groups, Mat. Zametki

44(5) (1988), 604-619. (in Russian); English translation: Mat. Notes 44(5) (1988)
18. E.T. Whittaker, G.N. Watson, A Course of Modern Analysis, 4th edition, Camb. Math.

Libr., Cambridge University Press 1996.

Faculty of Mathematics (Received 12.02.2026)
University of Belgrade (Revised 01.09.2026)
Belgrade (Available online 19.10.2026)
Serbia
milan.pavlovic@matf.bg.ac.rs
https://orcid.org/0009-0000-6079-9115

https://orcid.org/0009-0000-6079-9115

	1. Introduction
	2. Preliminaries
	3. Integrability in H5
	4. Classification of geodesics
	References

