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Z2-HOMOLOGY OF THE ORBIT SPACES 𝐺𝑛,2/𝑇
𝑛

Vladimir Ivanović and Svjetlana Terzić

Abstract. We present computation of the Z2-homology groups of the orbit space 𝑋𝑛 =
𝐺𝑛,2/𝑇

𝑛 for the canonical action of the compact torus 𝑇𝑛 on a complex Grassmann man-
ifold 𝐺𝑛,2. Our starting point is the model (𝑈𝑛, 𝑝𝑛) for 𝑋𝑛 constructed by Buchstaber–
Terzić in [1], where 𝑈𝑛 = ∆𝑛,2 × ℱ𝑛 for a hypersimplex ∆𝑛,2 and an universal space of
parameters ℱ𝑛, and 𝑝𝑛 : 𝑈𝑛 → 𝑋𝑛 is a continuous projection. The basic input in the
construction of this model is the result, proved by the same authors, which states that 𝑋𝑛

can be represented as the disjoint union of spaces {𝐶𝜔×𝐹𝜔} together with the continuous
projections 𝑝𝜔 : ℱ𝑛 → 𝐹𝜔. Here C𝜔 are the chambers in the hypersimplex ∆𝑛,2 which
correspond to its decomposition given by all possible intersections of matroids, that is
admissible polytopes. The spaces 𝐹𝜔 are the orbit spaces of �̂�−1(𝐶𝜔) by the canonical
action of the algebraic torus (C*)𝑛, where �̂� : 𝐺𝑛,2/𝑇

𝑛 → ∆𝑛,2 is the map induced by the
standard moment map 𝜇 : 𝐺𝑛,2 → ∆𝑛,2.

The notion of the universal space of parameters is defined by Buchstaber–Terzić in [2] for
general 𝑇 𝑘-action on a smooth manifold 𝑀2𝑛. The universal space of parameters ℱ𝑛 for
𝑇𝑛-action on 𝐺𝑛,2 is studied in detail in [1]. They proved that ℱ𝑛 is diffeomorphic to
the moduli space ℳ0,𝑛 of stable 𝑛-pointed genus zero curves. We exploit the results from
Keel in [6] and Ceyhan in [4] on generators of homology groups for ℳ0,𝑛 and express
them in terms of the objects of the stratifications of ℱ𝑛 which are incorporated in the
model (𝑈𝑛, 𝑝𝑛).

In the result we deduce that the homology groups for ℱ𝑛 are spanned by the divisors out-
growing in the compactification of 𝐹𝑛 to ℱ𝑛, where 𝐹𝑛 = 𝑊𝑛/(C*)𝑛 for the main stratum
𝑊𝑛 of 𝐺𝑛,2. Moreover, for any 𝐹𝜔 being compactification of 𝐹𝑛, we show that the homol-
ogy groups of 𝐹𝜔 are spanned as well by the divisors outgrowing in the compactification
of 𝐹𝑛 to 𝐹𝜔.

We recover the computation of homology groups with Z2 coefficients for 𝑋5 by the method
different from those of Buchstaber-Terzić in [3] and Suess in [7]. In addition, we com-
pute the homology groups with Z2-coefficients for 𝑋6 which are, up to our knowledge not
known. The space 𝑋6 is an example of complexity 3 torus action.

In general, the complexity of the study of the orbit spaces 𝑀2𝑛/𝑇 𝑘 and their homology
structure shows up to follow the complexity of torus action. The homology of quasitoric
manifolds 𝑀2𝑛/𝑇𝑛, which belong to the class of manifolds with complexity zero torus
action, is determined by the combinatorics of the moment polytope 𝑃 𝑘. We believe that
the results which we obtain describing inductively the structure of cycles in 𝑋𝑛 may lead
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to successful application of the presented method for explicit computation of homology
groups for 𝑋𝑛 with Z2-coefficients for higher 𝑛 as well.
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