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Let Sf be the sct of all real sequences a' : {ø^)o.rt which are convex

of order lt,, i.e.

rr : 
{" 

| Ä* øn : p, t- ," lh)ea 
¡t-n, = 

o}

In the set SË , a subset ,Sr

can be clefi'ecl. 
s* : {ø | ø e si A øt : 0}'

In this paper rve shail prove some resúlts for seqúences from the set

Sr. First we sliall give an auxiliary resült'
TTEIVIMA L For ó 

=, 
t h 1 n the'idenLity

r- 1ì,1Þ-1ì/ /t-\ _' ', t J (n)r,(r) Ðl]il@-,{ru)n-r'ì,ou,r, 

*,,r,, (Ð,z'i,îr''* rl . te.' -"'l
Þroof. Wã1'shali'd.educã the'-prooT by mathematical induction. For

r :0, l"we can directly check thãt (1) holds. suppose that (1) holds for
some fixed. r. Then.

/+1 t l.

t (-1)'l '' \t* - r + rn - 1)u-, : (- 1)'t( h. 
.\(n)o-, +Ho' ' \* ) \r *1)

+
(-'),(o;')

(n - r)u-,: (- t)'.'(i ; i)
(n)r

nlh-r-2 nlh-r-2
which completes the proof
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(,!, o,)'-'(,å, þ, (i - 1¡{É-t¡

(,þro,(; - rlr-r)'

7S
7B

(2)
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Define the sequence ó(') : 1óii)1".¡ (r is a fixed positive integer)

f0 (n:t),
ilt\ 

-)un:\ o, , (n:2,3, ...).ta:;r= \'o -

THEoREM l. For ølI, l¿ e {2, 3, . . .} imþIicatiott, kol'd's,

øeSr5þ(z)e$o-t.
Proof. According to (1) we have

h-l
r-r (- l)r

If we substit:ule q,: þ,(i - l)r-t, !¿1.: (i - l¡tn-tlt'-2\ , a'il *
1-k\ x¡ .... Ki, in inequality (see tl])

(å0,)'-'(å- &¡t "' on,) 
=þ.o, 

ou "'tn' o" I

2 t

by
uheve

Nr,¿ :

lor r :2, we obtain
t, _rL

(6)D þ, U - t)"-'D þ, *u
-:t 

t:l

>1.

f

Proof .
: (i - \)tt

(5)

(7)

D n*k-t-l
(n), an¡¡-, 2 0,

an*k-t 
2 0,

nlh-v-1

n

x¡, ZDþ, (i * 1¡'ra-r¡
i:1

Dþ,
Q - r¡a-

É X¡. Dþ, **

llt . .' fra¡

- 1)

1.e.

h-1
(3) D (-t)'

wherefrom, according to (2),

h-1

f;') tsy the new snbstitutions 4, : þ,(i - 1)o- , oti : --J!=r (i:7,

the inequality (5) becomes

,r)

k,-7
f t¡ r-l 1,

lÐr, (t' - tlx-r¡ \0, lt¡,,,r¿¡
þ

Ð (-t)' bl?rn-, > o,

1.e.

lo-'¿Íl) > o.

This completees the Proof .

on the basis o1 the preceeding conclusions the follorving result can be

dcrived.- - 
arEor.nrir 2. If the sequ,ence & e s, (/t > 2) is ttr'onototoicøly increasing,

tløen the sequelxce þltt\ 'i'3 also increasirøg.

Proof Sincc the sciçlt1c11ce r¿is convex of order k(Z-'4' it follows from
,Iheorem" 1 that the sËquencc ð(2) e S¿-r. Iterati'g.-this statement, we

conclucle ¡¡u¡ 6tu-ti= Srl Àpptying the rãsult from-[3] (also, see[1]), we

obtain the statement of Theorem 2

Theorem 2 lactlttatcs gcneralizaiion of the chebychev's incquality
for convex sequences of order h(> 2).

3. Let þ : (þt, . . ' , ?,) be ø-sequence of þositi'ue numbers'

I.f t s x,,:10, *ri,'-..., xn;),xr¡>0 (i-2, " ', n; i: l, " "r)
ale order h,(2 2), then

(4) (är,)-' (þ-0, %¡t . . . -,) 
= 

w,,utþ, x¡t . ' .i.0, *n,,

Combining inequalities (6) and' (7) we obtain (4)' .Let us note that
the previouslf statäã substiiútions þiovide the coàditions for which the

ineqäaüty (5) holds (see Theorems 1 and 2)'

I'et us show tirat the constant {,,r-, for fixed r' increases as the

oaramcter Þ increasás, i.". itt"qoality (4)' becomes sharper as å increases'

Ñamely, if in the incqualitv (see [2])

(¿- - 1);(È- 1)

r

n?rþ'olo
n

E þ,bi

(r Z t, r, s + O, lrl, lsl< *oo),

we put s: l, a,:('i-1):--': b,:'!i-ty,-z ('i.:1",",'n)' we obtain

that N"" > /y'"* ,. It should be noted that îhe givcn substitutions satisfy

conditions stafcd. for 'lheorem 2 in l2)'
Fron Theorenr' 3 the fr¡llowing results can be derived:

coRor.rrARr¿ l. For h :2 ønd' r :2 tke inequøl'ity (4) can be red'wced'

to

(å0, (i - r)) þ0, *^,o 
= i,),þ' 

(i - u'äp, *u f þ, *"'
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This inequality has been proved in [3].
CoRoITLARY 2. For k. :2 qnd þt: 1(ö : l, " ., n) ineqwal,ity (4)

becomes
frxfl

(8) Ð*^...%ilZM(r)D*u...D**,i:l 
, ':' 

i:l

ukere M(r\ : '' F. i'.\ / nr(n_\, llt
The inequality (B) is directly analog to the B. J. Andersson's inequality

[4] (also, see [5]). I,et us note that

M(2):1 . 'i - t, and M(s) : -] ^3 n(n-l) n(n-t)

Since lim n'-L M(r) : "l -, the incquality (B) can be reduced. to the
t¿++æ | + |

B. J. Anderssorr's inequality.
If we apply the method used in [6] on (4) we obtain the following result :

TrrEoREM 4. Let þositiae sequen2e of reøl nurnbers (xit; ...I x¡,),
(!ai ...i !¡,,-t), (þr., ..., þ,) Í0, i:7, .. ', 7t' be giuen' Then the
ineqaali,ty

(e)
fr

D
frtu
Ð þ, xnt ... Ð þt x¡
¿:t ¿:1

/,h ¡ tu

>þ t !¡t >þ v

holds when the sequences

tit .... x¡,i_t !¡,i -t
i; ;

(i :2, " ', r),ln .' . !¿,i-t

&/e conuex of the ord,er lt(> 2).
The equølity in (9) hold.s if x¿¡:C¿(i -l)n-t _fo, j:1, ..., r and.

lu:C,for j:1,...,/.
The inequality (9) is a generalization of the inequality proved in Theo-

rem 2 in [6] for convex sequences of the order Ë( >2). At the end, let
us note that from the inequality (9), using the method demonstrated in
[6], we can obtain generalizations for a number of well known inequalities,
for the case of convex sequences of the order h(> 2).
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