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515. A GENERALIZATION OF E. LANDAU'S THEOREM*

Radosav Z. Dordevic and Gradimir V, Milovanovic

1. E. LANDAU([1]) has proved the following theorem,

Theorem A. Let XI-? f(x) be a real function which on an interval I, of length not
less than 2 satisfies the conditions If(x) I~ 1 and If" (x) I~ 1. Then

If' (x) I~ 2
for all x E I, where 2 is the best possible constant.

There are several generalizations of this result in many senses. We shall
state some of these generalizations related to this paper.

1° J. D. KECKIC (see [2, pp. 381-382]) has given the following result.

Theorem B. Let XI-? f(x) be a real function which on an interval T, of length not
less than a (a> 0) satisfies the conditions If(x) I~ 1 and If" (x) I~ 1. Then

If' (x) I~~+~ (\f xEI).
a 2

Theorem B represents a generalization of Theorem A and reduces to in
for a=2.

2° V. G. AVAKUMOVICand S. ALJANCIChave proved the theorem in [3].

Theorem C. The condition Icp" (x) I~ 1 (0 ~x~ 1) implies

[cp'(x)-cp(l)+cp(O)I~~-X+x2 (O~x~I).
2

The polynomial x I-? ~ - x + X2 is the best possible.
2

3° 1. B. LACKOVICand M. S. STANKOVIChave proved the following
thecrem in [4].

Theorem D. Let the function f: Rn -i>-R be defined on the set

Kn=(xl' ..., xn)[O~xi~a, a>O, i=l, ..., n)

and let If(xl' ..., xn) I~ 1 for all (Xl' . ., xn)EKn. Furthermore, let us suppose
that all the first derivatives of f are continuous in Kn' If all the derivatives of

the second order of the function f are continuous, and zf
I

~
I

~ 1 (i, j = 1, ..., n)
I OxJ)Xj

for all (Xl' ..., xn)EKn, where

Kn=(xp ..., xn) IO<xi<a, ,i= 1, ..., n),
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then

for all (xl' ..., xn)EKn.

The same paper [4] gives D. D. ADAMOYIC'Sremark without proofs which
represent a generalization of Theorem D. Stated as a theorem the remark is
as follows.

Theorem E. Let the function f: Rn --+R be defined on the set

and let If(xl' .,., xn) I~ I for all (Xl' ..., xn)ELn. If all the first order
derivatives of f are continuous on Ln and differentiable on the set

in=(xl' ..., xn)]ai<xi<bi, l~i~n)

and if I-~
I

~l(i,j=l, ..., n)for all (xl' ..., xn)ELn, then
I dXidXj

for all (xl' .", xn)ELn.
For (a1' .,', an)= (0, .", 0), (bI> .,., bn) = (a, ..., a)

reduced to Theorem D.
40 In [5] A. OSTROWSKIhas proved the following result.

Theorem F. Let XH- f(x) be a differentiable function on (a, b) and let,
If' (x) I~ N. Then, for every xE(a, b),

!

f(x) -~ J~(X) dx
l

~
[
~+

(x-~r
]

(b- a) N.
b-a 4 (b-a)2

a

Theorem E i~

on (a, b),

t

REMARK. For 'P(/)=(b-a)-IN-1jf(a+(b-a)s)ds Theorem C reduces to Theorem F.

o

2. This paper also gives a generalization of E. LANDAU'Stheorem and it
relates to the operators in BANACHspace,

Let X and Y be BANACH spaces. If a, bE X (a oj::.b), let us define the
functional g: X --+ R + as follows

g(x) = II x-a 1/2+ Iib-x 1]2

Let DC(xlg(x)~llb-aI12, xEX) be a convex set such that a, bED,

where D is the closure of D.
If F: X --+ Y is an operator which is twice FRECHET-differentiableon D, the

following Theorem holds.

(xEX).
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Theorem 1. If

(1)

and
!I

F(x)
II

;£ M

IIF;~)(h, h)II;£NllhiI2

(\:Ix E D)

(\:IhEX 1\ \:I\J.ED),

then

(V xED).

Proof. Let xED and x+thED(O<t<l). TAYLOR'Sformula, namely

where

F(x+h)=F(x)+F~x)(h)+W(x, h) (W(X, h)=
~

F;~+th)(h,h)),

IIW(x, h) il = ~
IIF;~+th)(h, h) li;£

: IIh 112,(2)

for h=a-x and h=b-x, becomes in turn

F(a) = F(x) + F;x) (a - x) + W (x, a - x),

F(b)=F(x)+F;x)(b-x)+W(x, b-x).

From these equations it foI1ows that

F(b)-F(a)=F;x)(b-x)-F;x)(a- x)+ W(x, b- x) - W(x, a-x),

or, with regard to the linearity of operator F;x),

F;x)(b-a)=F(b)-F(a)+W(x, a-x)-W(x, b-x).

From (3) it immediately follows that

II
F;x)(b-a) [I ~ II

F(b) [I + II
F(a)

Ii + II
W(x, a-x)

II + [I W(x, b - x) II,

hence, using (1) and (2), we obtain
,N N

II F(x) (b-a) [I ~2 M +2\11 x- a 1[2+IIb-xI12) = 2 M +2g(x).

Since xED, i.e., g(x);;:;,lib-aI12, we have

IIF;x)(b-a)I[~2M+
N g(x);£2M+ Nllb-aI12,
2 2

which proves the theorem.

REMARK. Theorem 1 holds if condition (1) is substituted by the weaker condition

II
F(b)-F(a) 11~2M.

Corollary 1. If X=Y=R, Ilx-yll=lx-yl(x,YER), F=f, D=(xlxE(\J., ~),

0< a ~ [1- \J.), M = 1, N = 1, then Theorem B follows from Theorem 1.

Corollary 2. Let a<b, h>O and let xf-'?f(x) be a differentiable function on
[a,b+h] such that If(x)[~l(VxE[a,b+h]) and l~hf'(x)l~l(VxE(a,b)),

where ~hg(x)=g(x+h)-g(x). Then
h

2 b-a
I ~hf(x)]~-+- b-a 2

(3)

(VxE[a, b]).

7*
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x+h

To prove this, take X=Y=R, Ilx-yll=lx-yl, F(x) = ~J f(t)dt

(a;;;;;,x;;;;;,b),in Theorem 1. Note that D={xla<x<b}.
x

Corollary 3. Let

and let

DC{(Xp ..., xn)
I C~

Ixi-ai If +
C~ Ibi-Xilr <C~ Ibi-ai Ir}

be a convex set such that a, bED.
If f: Rn~R is twice differentiable function on D and satisfy the conditions

and

(4) (V(xp ..., xn)ED; i,j=l, ..., n),

then

I i~
(bi-ai)

:~il
;;;;;,2M+ ~ {C~ Ixi-ai lr +

C~
[bi-xj

Ir}

;;;;;,2M+
N (~ bi- ~ aj )

2

2 i~1 i~1

for every (xl' ..., xn)ED.

To prove this, in Theorem 1, take X=Rn, Y=R, F(x)=f(xp ..., xn) and

n

fix-xii = L: lXi-X;I (x, xEX),
i~1

Ily-yll=ly-y[ (y,yEY).

Note that in this event from (4) follows

" '"
021

II
F(x)(h, h)

II = IL, -hJljli,j OXiOXj

021
;;;;;,L:I-I'lhjl'lhjJ

i,j OXjOXj

;;;;;'N(L:I hi 1)2=NII h 112
i

for every xED and every hEX.

REMARK.For M=l, N=l, D=Ln={xlai<Xi<bj (i=l, ..., n)} Corollary 3 reduces to The-
orem E.
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Theorem 2. If
(5)
then

(V hEX (I, V CIJ::~-D),

II F;x)(b - a) - F(b) + F(a) II ~
N

{II x -a 112+IIb - x112)
2

for every xED.

Proof. Let xED and x + th E D (0 < t < 1). As in the proof of Theorem 1,
the inequality (3) holds, i.e.,

F;x)(b-a)-F(b)+F(a)= W(x, a-x)- W(x, b-x),

from which follows
(7)

II
F;x)(b - a) -F(b) + F(a)

II ~ II
W(x, a- x)

II + II
W(x, b - x) II.

From (7), (2) and using the made assumption (5), immediately foIlows (6).

Corollary 4. Let

x=(xp ..., xn), a=(ap..., an), b=(bp..., bn) (aj<bj; i= 1, ..., n),

and let

DC{(Xp ..., xn)
I C~

Ixj-aj If+
C~

Ibj-xj Ir<c~ Ibj-aj
If}

(6)

be a convex set such that a, bED.
If f: Rn -J>-R is twice differentiable function on D and

I

~
I

~N
OXjOXj -

then for all (Xl' ..., xn)ED

I

i (bj - aj)
of

-f(bp ..., bn) + f(ap ..., an)
I

j=1 OXj

~ ~ {C~ Ixj-aj
If +C~ Ibj-Xj If}.

Putting in Theorem 2 that X = Rn, Y = R, F(x) = f(xl, ..., xn) and

(V(xp ..., xn)ED; i,j= 1, ..., n),

(8)

n

Ilx-xll= L IXj-x~1 (x, xEX), Ily-yll=ly-yl (y, YEY)
j=1

it is obtained Corollary 4.

n n n

where A= L aj, B= L hj, X~ L Xj'
i~1 i=1 i=1

This result represents a generalization of Theorem C.
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Corollary 5. If

X=Y=R, Ilx-yll=lx-yl(x,YER), D={xla<x<b; a,bER},
x

and F(x) = Jf(t) dt, where f is a differentiable function defined on [a, b] and
a

If' (x) I~ N, for every xED, then Theorem F follows from Theorem 2.

On reading this paper in manuscript Prof. P. R. BEESACKpointed out
the possibility of the generalization of Theorem 1 as follows:

Theorem 3. Let D be a convex set such that a, bED and let F: X --!>-Y be twice
Frechet-differentiable on D and satisfy the condition

(V hEX 1\ V rxED),

where H is a function from R+ to R+. Then for all xED

Proof. Since

1" 1
II

W(x, h) II =211 F(x+th) (h, h) !I~2H(11 h II),

from (3) it immediately follows that

IIF~x)(b-a) II~ IIF(b) -F(a) II+ IIW(x, a-x) II+ IIW(x, b - x) II

1
~ IIF(b) -F(a) II+2(H(11 x- a II) +H(II b-x 11>1,

which proves the Theorem.

Corollary 6. If the convex set D and the function H: R +
--!>- R + satisfy

H(II x-a 11>+H(II b-x II)~H(II b-a II) (V xED),

then , 1
IIF(x) (b -a) II ~ IIF(b) - F(a)

II + 2H(11 b - a II)

3. In [6] (p. 606) the following result is given.

Theorem G. Let the function (s, t, u) H>-K (s, t; u) be continuous and twice con-
tinuously-differentiable with respect to u, and

(9) IK~u(s,t;u)I~Mlulp-2+N (s,tE[O, 1],[u]<+oo; M,N>O,pER).

If P ~ 2, operator F, defined by

1
F(f) = JK(s, t; f(t» dt

o
(IE U),
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maps the space LP into the space L
q

(1 ~ q < + 00) and is twice differentiable. when

I
F~/)(h)= JK:(s. t;f(t))h(t)dt,

o
I

FZ/)(h, k)= JK~u(s. t;f(t))h(t)k(t)dt
o

for every fE LP.
Using this Theorem, we shall point out some corollaries of Theorems 1

and 2.
Let X=LP(p;S2), Y=Lq (l ~q< + 00). Let us in space LP notice the

functions t~a(t)=O and t~b(t»O (tE[O, 1]).

Let DC(flllfl/2LP+llb-fI12LP<llbI12LP' fELP) be a convex set such

that a (t), b (t)ED.
First, we shall prove the following lemma.

Lemma. If the conditions of Theorem G are fulfilled, holds the inequality

(10)

where functional f/J: LP _R + and is defined by

p>2,
p=2.

Proof. We shall distinguish two cases.

Case 1 :p>2. Based on Theorem G, applying HOLDER'S inequality, we have

I

IF;~) (h, h) I= II K~u (s, t; f(t) h (t)2 dt I
o

I

~ JIK~u(s, t; f(t) 1.1 h(t) 12dt
o

I P p-2 I 2

~ (J IK~uCs, t; f(t) IP-2 dt)P (J I h (t) IPdt)P

o 0

= P(s, f) II h 112LP'
I.e.,

I I I I

(J IF~~) (h, h) Iqds)q ~ (J
P(s,f) qds)q'lI h 112LP'

o 0
or

(11)
I I

IIF~~) (h, h) ilLq ~ (JP(s,f)q ds)q ./1 hUZLP'

o
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1 P p-2

where P(s,f) = (JIK:uCs, t; f(t») IP-2 dt fp.
o

According to (9) and the inequality (see, for example [2, pp. 338-339,
inequality 3.9.7])

IZl +zzlr;;;; cr(1 zllr + Izzlr) (zp zzEC; r;::O;O),

where cr= 1(0;;;; r;;;;1) and cr = 2,-1 (r> 1), we see that P (s, f) satisfies

1 ~ p-2 1 ~ p-2

P(s, f) = (J IK:uCs,t; f(t») IP-2 dt) P ;;;;
(J (M If(t) Ip-2+ NY-2 dt)P

o 0

1 2 P P p-2 2 PIP p-2

;;;;( J2P-2 (MP-2If(t) [p+ NP-2) dt)p
= 2P (MP-2 J If(t) IPdt+ NP-2) P

o 0

2 1 p-2 2

;;;;2P (M (J If(t) IPdt)P + N)= 2-P-(Mllfll~-;2 + N) = d>(f)
o

(p>2).

On the basis of this, from (11) it follows that

(12) (p>2).

Case 2:p = 2. Then
1

IFZf)(h, h)!;;;;JIK:u(s, t;f(t»)i'lh(t)12dt,
o

from which, using (9) we obtain
1

IF;~)(h, h) I ;;;;(M +N) J Ih(t) f2dt,

o
I.e.

(13) (p = 2).

From (12) and (13) follows (10), which proves the lemma.

Notice that d>(f);;;;d>(b) (VfED).

Corollary 7. If the conditions of Theorem G are fulfilled, then using Theorem 2
and the proved Lemma, the inequality

I 1 1

II JK: (s, t; f(t») b (t) dt- JK(s, t; b (t») dt + JK(s, t; 0) dt liLq
000

holds for every fED.
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Corollary 8. If
I I

sUE IIF(f)/ILq= sUIJ. (JIJ K(s, t;f(t))dtlqdsYlq~M
fED fED 0 0

and if the conditions of Theorem G are fulfilled, using Theorem 1 and the Lemma,
the inequality

I

II!K:(s, t;f(t))b(t)dtliLq~2M+
~

C/J(b)ilbI12LP
o

holds for every x ED.
Let now:

1° X=C2[1X, [1], Y=R;

2° Ilf-gll= max If(x)-g(x) I+ max II'(x)-g'(x) I (f,gEX);
xE[ex,i>J xE[ex,I>J

3° Ily'-y"il=]y'-y"l (Y',Y"EY);

4° Function (x, u, v) H>-G (x, u, v) is twice continuously-differentiable fOf
XE[IX, [1] and u, vER;

i>
5° Functional F: C2 [IX,[1]-*R is defined by F(f) = JG (x,f(x),f' (x)) dx;

ex
6° a(x)=O, b(x»O (a, bEC2[1X, [1]);

7° DC(flllfI12+llb-fI12<llbI12, fEC2[1X, [1]) is a convex set such

that a, bED.
i>

Let us introduce a notation (u, v) = I G:v(x, f(x), I' (x)) dx.
ex

If
(14) max { sup (f,f), sup (f, 1'), sup (f' ,f')} ~ N,

fED fED fED
then from

i>
F;~) (h, k) = J { G~h (x) k (x) + d;!' (h (x) k (x))' + G;,f' h' (x) k' (x)

} dx
ex

follows the inequality

IF;f}(h,h)I~N( max Ih(x)l+ max Ih'(x)I)2=NllhI12
xE[ex,i>J xE[ex,I>J

(V hEX).

Corollary 9. If the inequality (14) holds, from Theorem 2 it follows that

I> i>
IJ(G~ (x, f, 1') b (x) + G~,(x, f, 1') b' (x)) dx - J G (x, b, b') dx
ex ex

i>

+JG(x, 0,0)dxl~~(llfI12+llb-fI12)
ex

for every xED.
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CorolIary 10. If
~

su~ IJG (x, f(x), f' (x)) dx [~ M,
fED

'"
then using Theorem 1 and the inequality (14) it follows that

~

IJ(G~ (x, f, f') b (x) + G~,(x, f, f') b' (x)) dx I~2M +
~ II

b 112

'"
for every fED.

*
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mulations of the stated material.
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