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548. ON SOME GENERALIZATIONS OF ZMOROVIC’S INEQUALITY*
Radosav Z. Dordevié and Gradimir V. Milovanovié

In [1] V. A. ZMoroVIC has proved the following theorem:

Theorem A. If the function f: [a—h, a+h]——> R is twice continuously-differen-

tiable, then
a+h

” 3
[ U@y, U@ h-2f(@)+f(@=hT,
a—h
with equality if and only if f is given by
f(x):[cl {(h~a+x)3+6h2(a—x)}—l—C2x—l—C3 (xE[a~h, a])
Ci(hta—xy+C,x+C, (xcla, a+h),
where C,, C,, C, are arbitrary real constants.

The mentioned ZMOROVIC’s result is an improvement of the inequality
ath

[ G epdvz 1S (@t =2 7@) +f (a =B

which was, through geometric considerations, obtained by M. A. LAVRENTEV
(see [1]), under stronger conditions. Namely, LAVRENT’EV has proved the last
inequality under the condition that f is a four times continuously-differentiable
function on [a— A, a+h].

A similar result may be found in [2] (Theorem 264):

Theorem B. If
f(-H=-1, f(H=1 f'(-H=f(1)=0
and k is a positive integer, then

f(f”(X))dex>2(4k 1)2k 1,

2k—1

with inequality unless

Fx )_4k——1 g_lc;lx<4k—1>/<zk—1)_
2k

This paper will give some generalizations of Theorem A.

* Presented June 29, 1976 by D. S. MITRINOVIC,
25
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Let us first introduce the notation

A=—2;[f(a+h)—2f(a) +f(a—h)]

and let us note that
h

(1) [=0(f" (@D +f" (@+)dt=hA.
0

Theorem 1. Let the function f:la—h, a+h]-> R be twice continuously-differen-
tiable and g:[a—h, a+h — R continuous.

Then \
at
@ fg(x)lf"(x)l dxz STIAF (>,
where
” _r e L
(3) 8(r)=f(h—t)’—1(g(a—-t)“’ +g(a+t)1—’)dt
0

Equality in (2) holds if and only if the function f is given by

T h—a+t|r
A f x—t l
L (x=1) <0

1

_ldt+A2x+A3 (xE[a—h, a])

4 f®=

1

'_ldt+A2x+A3 (x&[a, a+H),

’ h+a—t
A f x—t '
1| (x=1) e

where A, A,, A, are arbitrary real constants.

1 1 \1-—r
Proof. Let us put v (¢)= (g (a—t)-"+g (a+ t)T‘—') 7. Then (3) becomes

() 3()- f (o ’)’ d

Since
a+h

fg(x)lf”(x)ldx f(g(a—t)|f”(a Hr+gl@a+nlf” (a+nl)ds,

putting
=g(a—f), I72=g(a+t)’ Z3 :f”(a_t)’ Zzzf” (a+t)’
and using inequality (see [3], [4])

n ;r—l
© A Y ANCAEN SRRV EN

i=1

(z2C, p>0(3i=1,..., n), r>1),
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we have
ath

h
f g(x)|f” (x)}rdng If (art)'*’f (a+i)]:—1 dl
0 (g(a N\ +g@rn)'” )

h
=GO/ (@=n+f"(@+0) ds,
0

or, with regard to (5),
ath

M [ g@If ] dx

( f (OIS @ +f" @+ ]y dr)(f (h(;) fal” g

3(’)’ 1

Applying HOLDER’s inequality to the right side in (7), we obtain
a+-h

fg(x)!f”(x)l dxz

Sor ,(f(h—t>|f"(a 041" @+ )] &

8(), ,'f(h—t)(f”(a D+ (a+1)dt|,

from where, with regard to (1), follows (2).
Since in (6) equality holds if and only if
Pz t=--=p,lz,/;t and £, Z;20 (k, j=1,..., n),
and in HOLDER’s inequality

fl@(x)srf(xndxé(ﬁcb(x)l”dx)”"(fl!P(x) o (Lalot, o)

-3

if and only if |@(x)|?=C|¥ (x)|% where C is a real constant (see [5], p. 54),
we conclude that equality in (2) holds if and only if

1 1
gla—ty=1f"(@a—0=g(a+ty=-1f" (a+1),
(8)

r

(koG @-n+r7 @) =207 cen.

From (8), if we put C=A,", follows
1 1

r—1 ” . h—t \r—1

h—t
g(@—1
from where, by integration, we obtain (4).

a0 -4
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This completes the proof.

Corollary 1. If the function f:la—h, a-+hj— R is twice continuously-differen-
tiable, then

a+th
(9) f 17 (%) [rdx;(z’“l)"lhmy (r>1).
r—2
a—h
Equality in (9) holds if and only if the function f is given by
2r-1 _r
r—1 4r—2 r—1
F9)= Cl{(h~a+x) o h (a—x)}—ksz+C3 (xE[a—h, a])
2r—1
C,(h+a—x)"T4C,x+C, (x&[a, a+h)),

where C,(i=1, 2, 3) are arbitrary real constants.
Putting g(x)=1, the statement of the Corollary 1 follows from Theorem 1.

ReMARK. For r=2, the Corollary 1 reduces to Theorem A.
Observing the left side of inequality (2) in the form

a+th
[e@a(r )

a—nh

where 1@ (t)=|t]" (r>1), we conclude that @ is a convex function. That
gave us the idea to generalize Theorem 1, for a more general function ®.

First, we give the following definition.

Definition. Continuous function @R — R* belongs to the class M if there is a
convex function F:R— R* and real numbers \ and m so that for each xER
the inequalities

F(x)s@(x)m=hF(x) (Azl; m>1)
are valid.

In this paper we have taken convex functions to mean continuous and
JENSEN convex functions, as defined in [5].

One of the possible generalizations of Theorem 1 is:
Theorem 2. Let the functions @:R— R*, fil[a—h,a+h]— R, g:[a—h, a+h]-> R*
satisfy the conditions:

1° dc M,

2°  f twice continuously-differentiable;

3° g continuous.

Then
a+h

f gx) @ (f" (x)dxz
a—h

B2m
any (mym—1

D (A),

where § is given by (3).
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Proof. Since DM, ie. for each xR the inequalities
(10) F(x)=® (x)/m <A F(x) Az=1; m>1)

hold, where F is a convex function, we have

a+h h
f g(®) O (f" (x) dx= f {g(a—n0(f" (@-0)+g@+n®(f" (@+n)}dt
a—h 0

h
= f ga-DF(f"(a-0)"+ga+DF(f" (a+1n)" dr.
0

Applying (6) to the right side of the last inequality, we obtain

ath h

[e@e(r Nz [{O(FU @0+ F( @+ o))l ar
a—h

0

1 1 \l-m
where, now Y(t)=(g (a—t)t-m +g(a+,)”1?n7)71‘.

According to JENSEN’s inequality we have

ath h
(11) f g@ (1 ) axz2 [ (O Fl))ar
a—h 0

where, with regard to the assumption for function f, function #—>u(t)=
=%(f” (a—1)+f" (a+1)) is continuous on [0, A].
On the other hand, since x+> F(x) is a convex function, using JENSEN’s

integral inequality (see for example [6], Theorem 6, p. 228), we have
h

h n f(h—t)u(t) dr i
(12) f(h—t)F(u(t))dtgf(h—z)dt-F{°—h-——}=%F(A),
0 0 f(h-—t) dr
0

h
f(h—t)u(t) dt
(4]

because 271;2 (fa+h)—2f(@)+f (a— B))=A.

f (h—1) dt
0

Similarly to the proof of Theorem 1, using HOLDER’s inequality, from
(11) follows

a+h h
_j;. g@e(r” (x))dtgs(;:m_l(J(h—t)F(u(t))dt)’"’
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from where, with regard to (12), we have
at+h

f g(B(/" () drz2 o ("’F(A))'".

Since, accordmg to (10)
F(x);%@(x)l/'" (m>1),

we finally obtain
a-+h

f g®)®(f" (%) drz—"" @A),

N g (mym=1
a—h

which completes the proof.

REMARK. If @ (x)!/m=F(x) (m>1), where F is a convex function, the inequality
ath

h2m
a3) j s@ @ (1) drzpe oW,
a-h

holds.

The last inequality reduces to (2) for @ (x)=|x|" (r>1) and m=r.
Corollary 2. If functions @:R— R* and f:[a—h, a+h— R satisfy the condi-
tions:

1° @ (x)Um=F(x) (m>1; F convex function);

2° f twice continuously-differentiable.

Then
at+h

(14) f di(f”(x))dxg(zm_l)m_lhqi(A).
2m—2
a—h
The inequality (14) is stronger if m is greater.

If we put g(x)=1 (YxE[a—h, a+h]) in (13), we obtain (14). On the
2m——1)"'—1

other, since mr—>Cm=( (m>1) is an increasing function, inequality

2 m—
(14) is stronger if m is greater. The possible maximum value for C,, is Ce=

— lim C,=)e and it exists, for example for the function x+>® (x)=

m-—+4 oo

=e** (AER).
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