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650. THE STEFFENSEN INEQUALITY FOR
CONVEX FUNCTION OF ORDER n

Gradimir V. Milovanovié and Josip E. Pecarié

0. J. F. STerreNSeN has proved the following results (see [1], [2], [3]):

Theorem A. Assume that two integrable functions f and g are defined on the interval
(a, b), that f never increases and 0=g (t)=1 in (a, b). Then

a+A

' b b
©.1) fl fdts [ fOeg@dts [ fody,
b— a a

where
b
A= f g(t)de.

Theorem B. Let g, and g, be functions defined on [a, b] such that

x X b b
02) [e dt=[g,(t)dt (VxEla, b)) and [g,()dt=[g, (1) dr.

Let f be an nondecreasing function on [a, b], then

b b
(0.3) [r® e, @ dxs [ £(x)g,(x) dx.

If [ is a nonincreasing function on [a, bl, the reverse inequality holds.
In paper [4], M. MARJANOVIC gave the elegant proof of Theorem A: Let in
b

Theorem B be g,(x)=g(x), A= f g(x)dx and g, (x)=1(x[ae, a+1)) and
g, (x)=0 (x&(a+2, b]). Then, we ﬁave

a+i b

b
[ 7@ dx=[rmeg @ dx=[r() g dx,

which gives the second inequality in (0.1). First inequality in (0.1) is obtained si-
milarly.
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98 G. V. Milovanovié and J. E. Pedari¢

Let us notice that the quoted proof holds even with the weaker condition for
function g, i.e. if

x b
0.4) fg(x)dx§x~a(Vx€[a,a+7»]) and fg(x)dx;O (Y xE[a+2, b).

From (0.4) it follows

b b x
0.5) fg(x)dx=fg(x)dx—fg(x)dxgk—(x—a)go for x&[a, a+ 1],
and

x b b
(0.6) fg(x)dx——-j g(x)dx—fg(x)dxglgx—a for x&E[a+ A, b].

Combining (0.4), (0.5), (0.6), we obtain that implication (0.4) = (0.7) holds,
where :

x b
0.7 [gdxsx—a and [g(x)dx=0 (V¥ xE[a, b).

Since, evidently, (0.7) = (0.4), we conclude that (0.4) < (0.7) is valid.
On the basis of the above, we can formulate the following results:

Theorem Al. Assume that two integrable functions fand g on [a, b, that f is noninc-
reasing and that (0.7) holds. Then the second inequality in (0.1) is valid.

Theorem A2. Let function f fulfils conditions as in Theorem Al. If

b x

[e@dx<b—x and [g(x)dx=0 (¥ xE[a, b)),

-then the first inequality in (0.1) is valid.

1. In this partion of paper we will generalize Theorems Al and A2 in the case
when function f is convex of order n. There we will use result ([5]):

Theorem C. Let x+—f(x) be a convex function of order n (n=1) on [a, b). Then, for
G (x)

every ¢ {a, b], the function x+>
(x—c)

- IS nondecreasing on [a, b}, where

n-—-1
6@ =@~ 3 00 o,

with f® (c) being the right derivative for c=a(f,® (a)) and the left derivative
Jor c=b (f_®(b)).
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Theorem 1. Let the functions f and g satisfy the conditions:
1° f is convex of order n (nEN);
2° f@(@=0 (k=0,1,..., n—1);

x b
° _ " (x__a)ﬂ+l _ "
3 f(x a) g(x)dxg———wrl and f(x ay'g(x)dx=0 (V¥ x&|a, b)),

Then
a+2q b
(1.1) [ f@dxs [fPgEdx,

w/;ere
b S
(1.2) A =[r D) [ - ayrg o dx]

Proof. According to Theorem C for ¢=a, and with regard to the assumption

for function £, the function x> #c)—)n is nondecreasing.
xX—a

Let the functions g; and g, satisfy the conditions

(1.5) [(-ayrg @)dt=[(~arg,()dt (¥xEla, b))
and .
b b
(1.4) [@—ayg @)di=[(-ayg,@)dr
If we replace /(x), £, (), & (@) by L0, 0y @), (x—ar g ()

respectively in the Theorem B, we obtain

b b
(1.5) [r®g dx< [£(x) g, (x)dx.

Let be now g, (x)=1 (x&[a, a+27]), g, (x)=0 (x&(a+1,, b)), g, (x)=g (x),
where 1 is given by (1.2). It is easy to show that the conditions (1.3) and (1.4) are
satisfied.

According to (1.5), we get

a+iy b b

[ f@dx=[re xdxs [f(x)g®)dx,

which proves the theorem.
The following result can be similarly proved:

7*
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Theorem 2. Let the functions f and g satisfy the conditions:
1° f is convex of order n (n&N);
2° f®(B)=0 (k=0,1,..., n—1)

©®— X)

f(b Xyg(0)dx< = gna f(b—,x)ﬂg(x)dxaowxe[a, b))

If n is even number, the following inequality

f f@gx)dxs f f()dx

by

holds, where

1

b
A =[(+1) [ g @—xrdx,"

If n is odd number, the reverse inequality holds.

ReMARk 1. If 0<g (x)<1, the condition 3° in Theorem 1 (also in Theorem 2) is fulfilled.
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