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Abstract. This survey paper is devoted to inequalities for zeros of algebraic polynomials.
We consider the various bounds for the moduli of the zeros, some related inequalities, as
well as the location of the zeros of a polynomial, with a special emphasis on the zeros in
a strip in the complex plane.

1. Introduction

In this paper we give an account on some important inequalities for zeros of alge-
braic polynomials. Let

(1.1) P(z)=ag+a1z+ -+ a,z" (an #0)

be an arbitrary algebraic polynomial of degree n with complex coefficients ay
(k =0,1,...,n). According to the well-known fundamental theorem of algebra,
the polynomial (1.1) has exactly n zeros in the complex plane, counting their
multiplicities.

Suppose that P(z) has m different zeros z1, ..., zy,, with the corresponding mul-
tiplicities k1, ..., kn. Then we have

m m
(1.2) P(z) = ay H(z—z,,)k", n= Zk,,.

v=1 v=1

Rouché’s theorem (cf. [45, p. 176]) can be applied to prove the proposition that the
zeros of a polynomial are continuous functions of the coefficients of the polynomial.
This property can be stated in the following form.
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Theorem 1.1. Let P(z) be given by (1.1) and let zy, ..., zn, be its zeros with the
multiplicities k1, ..., kn, respectively, such that (1.2) holds. Further, let

Q(2) = (ao + €0) + (a1 + €1)z + -+ + (@n-1 + €n-1)2""" + anz",
and let
0 <7y, <min |z, — 2], j=1...,v=1Lv+1,...,m.
There exists a positive number € such that, if |e;| <€ fori=0,1,--- ,n—1, then
Q(z) has precisely k, zeros in the circle C, with center at z, and radius r,.
There are several proofs of this result. Also, this theorem may be considered as a

special case of a theorem of Hurwitz [27] (see [45, p. 178] for details and references).

Thus, the zeros z1, ..., zm, can be considered as functions of the coeflicients ag,
ai, ..., Qy, l.€.,

ZV:SDV(G‘O)G/I""Jan) (V-_—l,...,m).

Our basic task in this paper is to give some bounds for the zeros as functions of all
the coefficients. For example, we try to find the smallest circle which encloses all
the zeros (or k of them). Instead of the interiors of circles we are also interested
in other regions in the complex plane (half-planes, sectors, rings, etc.).

The paper is organized as follows. Section 2 is devoted to the bounds for the
moduli of the zeros and some related inequalities. The location of the zeros of a
polynomial in terms of the coefficients of an orthogonal expansion is treated in
Section 3. In particular, we give some important estimates for zeros in a strip in
the complex plane.

2. Bounds for the Moduli of the Zeros

In this section we mainly consider bounds for the moduli of the polynomial zeros.
We begin with classical results of Cauchy [11]:

Theorem 2.1. Let P(z) be a complex polynomial given by

(2.1) P(z)=ap+aiz+ - +az"  (an #0),

and let T = r[P] be the unique positive root of the algebraic equation
2.2) 7(2) = lanlz™ = (Jan-1]2" 4+ a1z + Jagl) = 0.
Then all the zeros of the polynomial P(z) lie in the circle |z| <.
Proof. If |z| > r, from (2.2) it follows that f(|z|) > 0. Since

(2.3) [P(2)] > lanllz]” = (lan-1ll2]"™" + -~ + |as]lz] + |aol) = £(|2]),

we conclude that [P(z)| > 0, i.e., P(z) # 0, for |z| > r. Thus, all the zeros of P(z)
must be in the circle |z| <r. O

The polynomial f(z), which appears on the left hand side in (2.2), is called asso-
ciated polynomial of P(z). As usual, we call 7[P] the Cauchy bound of P(z).
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Theorem 2.2. Let P(z) be a complex polynomial given by (2.1) and let

M= max |ay| and M’ = max |a,|-
0<v<n-1 1<v<n

Then all the zeros of P(z) lie in the ring

|ao|

M
m<'2’|<1+——

|an|
Proof. Suppose that |z| > 1. Then from (2.3) it follows

|P(2)] 2 lanll2]® = M (2" 7" + - + 2] + 1)

M <N,

=|an||z|"(1~_z|z| )
Ianl v=1

n M +OO -V

> lanlle” (1= 25 Y1417
n v=1

lan| 2] = (lan| + M)
|2 -1

= |an]|2]"

Hence, if |z| > 1 4+ M/|an| we see that |P(z)| > 0, i.e.,, P(z) # 0. Therefore, the
zeros of P(z) can be only in the disk |z| < 1+ M/|a,|- Applying this result to the
polynomial z"P(1/z) we obtain the corresponding lower bound. O

The circle |z| < 1+ M/|a,| cannot be replaced by a circle |z| < 1+ 6M/|a,|,
with a universal constant 6 such that 0 < § < 1 as the simple example Py(z) =
z" — M2""! demonstrates if only M is sufficiently large.

Cohn [13] proved that at least one of zeros of P(z) satisfies the following inequality
|Z| 2 T( {l/—i - 1) )

where r is the Cauchy bound of P(z). His proof based on the Grace-Apolarity
theorem. Using the elementary symmetric functions and AG inequality, Berwald
[4] proved:

Theorem 2.3. Let z,...,2, be the zeros of the polynomial P(z) given by (2.1)
and let r be the unique positive root of the equation (2.2). Then

7‘2 |21|++|an zr(c/i_l)’
n

with equality in the second inequality if and only if z1 = -+ = z,,.

Similarly as in the proof of Theorem 2.2 we can use the well-known Hoélder in-
equality (cf. Mitrinovié¢ [48, pp. 50-51])

n 1/p , n 1/q n
(o) (Xu) = e
k=1 k=1

k=1
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where zx > 0,y > 0(k=1,...,n) and 1/p+ 1/¢ = 1 with p > 1, to estimate
the right hand side in (2.3). So we obtain

n—1 1/p ,n—1 1/q
P(2)] > lanl2|" — (Z laul”) (2 |z|"q)
v=0 v=0

M
- |an||z|"(1 - —’”A(z)lfq),

|an|
n—1 l/p
where M, = (Z la,,lp) and
v=0

1
2|7 =1

n—1
Az) =) || < (2] > 1).
v=0

Thus, for |z] > 1 we have

M
P> lanllal” (1 - ———r ).
anl (217 - 17

Therefore, if (|27 — 1)'/9 > M, /|a,|, ie.,
M.o\4 1/q
we conclude that |P(z)| > 0, i.e., P(z) # 0.

Thus, we can state the following result (Kuniyeda [31]-[32], Montel [49]-[50], Téya
[73], Dieudonné [16], Marden [39]):

Theorem 2.4. Let P(z) be a complezx polynomial given by (2.1) and let

1/p 1/q
M,\9
P R — Mp
lav| ) and b (1+ (|an|) ) ’

where p,q > 1, 1/p+ 1/q = 1. Then all the zeros of P(z) lie in the disk

n—1

M, = <Z

v=0

2| < Rypq.

Taking p — +00 (¢ — 1) we obtain Theorem 2.2.

The special case p = ¢ = 2 gives the bound investigated by Carmichael and Mason
[10], Fujiwara [18], and Kelleher [29]:

_ V0aoP +a1]* + - +]an]?

|an|

R22
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We mention here also a similar result of Williams [81], who changed Rss by

, V0ol + a1 —aol2 + - + |an — an—1|? + |an|?
R22 = |a | .
n

From some Cauchy’s inequalities (see Mitrinovi¢ [48, p. 204 and p. 222]) we can
obtain the following inequalities

n

Yo ay A,

al/ v—= al/
24 i, 5 SR S g
v<n V<N
D WP PR
uzz:l
which hold for the real numbers a,,, 8, > 0, A\, >0 (v =1,... ,n), with equality if
and only if the sequences @ = (o, ... ,ayn) and B = (B, ... ,Bs) are proportional.

Using these inequalities, Markovié¢ [40] considered

n 400
P(z) = Zauz” and f(z) = Zbuz”,
v=0 v=0

with b, > 0 (v =0,1,...) and proved the following result:

Theorem 2.5. Let ry be a positive root of the equation M f(r) = |ag|, where

Then all the zeros of P(z) lie in |z| > ry.
In particular, when b, =t~ (v =1,2,...) and

9(t) = max (Ja,]t"),

where ¢ is any positive number, one has that all the zeros of P(z) lie in the domain
t
2] > _laoft
|ao| +9(t)
The same result was also obtained by Landau [33] in another way.

Assuming that Ay > --- > A, > 0, Simeunovié¢ [63] improved (2.4) in following
way

v n v
Z (077 E auAu Z (077
. Qy . k=1 v=1 k=1 ay
(B0 s mn SR S x| T S | pax 5
- == Bk Yo B TN Be ==
k=1 v=1 k=1
and then proved that all the zeros of P(z) lie in the domain
|a0|t
zZl > ——m8M——
2

where
_ 1< k k
h(t) = 11511:2(” (; ]; lak|t ) < 1?1?§Xn(|ak|t ).
In Bourbaki [8, p. 97] the following result is mentioned as a problem:
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Theorem 2.6. Let
(2.5) P(z)=z2"+apn_12" '+ + a1z + ag

be a polynomial with non-zero complex coefficients, and let z, (v = 1,...,n) be
the zeros of this polynomial. Then

an—-2 a1 ao
max |z,| < max(2|an_1|,2 ’ ;, ,2 ‘— Jd—1)-
1<v<n An—1 as ai

Introducing a new variable w = z + a,,—;/n, the polynomial (2.5) can be trans-
formed to a polynomial of the form

P(w — ap—1/n) =w" + CrowW™ 24+ w+ .
If we define a polynomial S(w) by
(2.6) S(w) = w" = |ep_aw™ 2 — - — |e1|w — |eo
then we can prove the following result (cf. Milovanovi¢ [43, pp. 398-399]):

Theorem 2.7. If at least one of the coefficients ¢, (v = 0, 1, ..., n —2) is
non-zero, then all the zeros of P(z) lie in the circle

Gp—1

1z+ ‘Sr,

where r is the unique positive zero of the polynomial (2.6).

Setting pr = |an—x/an| (k =1,...,n) the equation (2.2) reduces to
2.7) =) peah,
k=1

where py > 0 (k= 1,...,n) and ) ar > 0. Westerfield [80] found an estimate
k=1
for the positive root of this equation.

Theorem 2.8. Let r be the unique positive root of the equation (2.7) and let
positive quantities \/pr (k = 1,...,n), after being arranged in order of decreasing
magnitudes, form a sequence q1 > gz > -+ > qn. Then r satisfies the inequality

n
r < Y qrSk, where
k=1

$1 = Y1, Sk =Yk —Yk—1 (k=2,...,n),

and where yj, is the unique positive root of the equation

k
yk:Zyk_” (k=1,...,n).
v=1

A simple proof of this theorem was given by Bojanov [5] as an application of the
following his theorem:
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Theorem 2.9. If z, are positive roots of the equations
" = a1+ a4 Al

(av1, Gy -, Gy 2 0; v=1,...,m),

then the positive root Z of the equation

" = i (i a,,k> ka:""‘

k=1 “v=1

satisfies the inequality Z < x1 + 2o+ -+ Ty
The method of Bojanov [5] gives also a lower bound for the positive root of (2.7).
Zervos [82] proved the following result:
Theorem 2.10. Let Iy,... I, be index sets and 6;; (> 0) real numbers satisfying
the condition

ZHiy——-u-—t (v=1,...,n),

ill eIV

where t (0 < t < 1) is a fired number. Then, the positive root r of the equation
(2.7) satisfies the inequality

rgmax{M, (ipl,/ H Mfu'”)l/t},
v=1

w€l,

where M = max{MiV} and M;, are any positive numbers.

Presi¢ [54] proved a lemma which with certain specifications proves the previous
theorem of Zervos. An extension of this lemma, which gives a lower bound of r,
was proved by Taskovié [70].

Let Ag,..., A, be arbitrary positive numbers and let r be the unique positive root
of the equation (2.7). Then (see Zervos [82, p. 343] and Mitrinovi¢ [48, p. 223])

(2.8) TSmaX<)\2,...,/\n,(p1+§—2+...+/\‘2’il)>_

In order to prove this we put A = max(Az,...,A,). If @ > 7, then (2.8) holds. Let
A< r. Then Ag,..., A, <r, and therefore

D2 Dn D2 Dn
+22 4y >pid o+

Tn—l

1

Tn—l

(pir™ '+ ) =7

and inequality (2.8) is true.
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Introducing a mini-max principle to a totally ordered sets, Taskovié [71] stated a
result which in a special case gives that

: D2 Dn
r= min max /\,...,)\n,( + =4+ )
A2y An €RYF ( ? PN AT
- D2 Pn
= max min )\,...,)\,( + 2y ) )
A2 AnERY < 2 m\PET AT

Walsh [77] proved the following result:

Theorem 2.11. If all the zeros of a polynomial P(z) = Y a,z” lie in a circle
v=0
|z| <7, then all the zeros of the polynomial P(z) — a lie in the circle

2| <7+ |a/an|t™.

Precisely, this is an useful consequence of a general result of Walsh [77], which
is known as Coincidence Theorem (see Theorem 2.20) Walsh [78] also proved the
following result:

Theorem 2.12. Let P(z) be a polynomial of degree n given by (2.1). Then all
its zeros lie in the circle |z| < R, where

n—1
R=Y

k=0

1/(n—k)

ag
an

Proof. Suppose that all the zeros of the polynomial
Pk(z) = anz’c + an_lzk—1 + -+ an—g412
lie in the circle |z| < 7,1 (k=1,...,n). Since P,(z) = anz, we have ro = 0.
Applying Theorem 2.11 to P(z), with a = —a,—x, we conclude that all the zeros
of the polynomial
Pk(z) +an—k = anzlc + an——lzk_1 + 0+ Onk+12 T Qn—k
lie in the circle |z| < 7x_1 + |an—r/an|'/*. Since

Pk(z) :ZPk—l(z)+an—k+l (kZZ, an)a

taking 7 = rx_1 + |an_g/an|"/*, we obtain

an

Qp—2
an

Ap-1
Qpn

R=r,=

Some improvements of this result were given by Rudnicki [61]. Tonkov [72] gave
an elementary proof of this theorem and also determined the lower bound for the
Z€eros.

The following result was also proved by Walsh [78]:
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Theorem 2.13. All the zeros of the polynomial P(z) given by (2.1), where a, =1,
lie in the disk

1 1
(2.9) ‘z+2an1‘ §|an 1| + M,
where M = 5 |an—,|/".
v=2

Another proof of this theorem was given by Bell [3].
Rahman [55] replaced the disk (2.9) by

1
‘z+2an1 |an 1| + aM,

where (i) a = 0 if P(z) is of the form an_lzn‘1 + 2™, and (ii)

o = max (M—ll(ln_,,|l/y)(u_l)/y
2<v<n

if P(z) is not of the form a,_12z""* + 2™

The classical Cauchy’s bounds were improved in various ways by many authors.
As an improvement Joyal, Labelle, and Rahman [28] proved the following theorem:

Theorem 2.14. Let P(z) = E a,z’ (an = 1) be a polynomial of degree n, and

let f= [ Jnax_ la,|. Then all the zeros of P(z) lie in the disk
v<n—

(2.10) 2 < {1+ lanoal + [(1 = fons])? +48)77 ),

The expression (2.10) takes a very simple form if a,—; = 0. If |ap—1] = 1, it
reduces to 1 + /B, which is smaller than the bound obtained in Theorem 2.2. If
lan—1| = B, Theorem 2.14 fails to give an improvement of Theorem 2.2. A ring-
shaped region containing all the zeros of P(z) was obtained by Datt and Govil

[14]:
n
Theorem 2.15. If P(z) = ) a,2" (ap = 1) is a polynomial of degree n and

A= [ Juax_ la,|, then P(z) has all its zeros in the ring-shaped region
<v<n—

lao]
30+ A1 (An+1)

(2.11) <ol <1+ XA,
where \g is the unique root of the equation x = 1 — 1/(1 + Az)" in the interval
(0,1). The upper bound 1 + AgA in (2.11) is best possible and is attained for the
polynomial 2" — A(z"" 1+ + z+1).

If one does not wish to look for the roots of the equation z = 1 — 1/(1 + Az)™,
one can still obtain a result which is an improvement of Theorem 2.2, even in the
case |an—1| = 3
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Theorem 2.16. Under the conditions of Theorem 2.15, P(z) has all its zeros in
the ring-shaped region
|(10| 1 )A
20+ A)1(An+1) (1+A)n

Some refinements of Theorems 2.14 and 2.15 were obtained by Dewan [15].

<Jel <1+ (1-

We mention here also a result of Abian [1]:

Theorem 2.17. Let P(z) = ap + a1z + -+ + anz™ with ag # 0 be a polynomial
and let A(z) and B(w) be given by
1 1
A(2) = and  B(w) = :
ap + -+ ap2 aw™ + -+ an
respectively. Then the precise annulus which contains all the zeros of P(z) is
given by

1 — 1
(2.12) <lal < Tm /| B9
W11 (0 k—+0c0 k!
A0
From the well-known Stirling’s formula it follows that lim k=1(kD)*=1 = e~ 1.

k—+o0
Then (2.12) reduces to

lim
k—+0o0

1 — VIB®(0)]
—

| <l|z| <e lim

— +/|A®
e Tm VAP0
k—+o00 k

In 1881, Pellet [53] published the following result:
Theorem 2.18. If the equation Fy(2) =0, where

Fi(2) =|ao| + |a1]z + |ag|2® + -+ + |ag_1|2"7! = |ag|2*

k—+o0

Hlags |28+ an]2” (0 <k <mn, apan, #0),
has two positive roots . and o (0 < r, < o), then the polynomial
2z P(2)=ag+a1z+ a2® + -+ apz"
has no zeros in the annulus ry < |z| < g and precisely k zeros in the disk |z| < 7.

Pellet’s proof uses Rouché’s theorem [60] (see also [45, p. 176]). Walsh [79] pub-
lished in 1924 another more direct proof and established a sort of converse of
Pellet’s theorem. Walsh allows in his proof the zeros of P(z), which are in abso-
lute value less than a, to vary continuously and monotonically (in absolute value)
and to approach 0. Walsh [79] remarked that his proof of Pellet’s theorem remains
valid also in the case of a power-series and of its zeros inside the circle of con-
vergence. Ostrowski [51] remarked that his proof of Walsh’s theorem also applies
mutatis mutandis to a power series when one considers its zeros within the circle
of convergence.

Precisely, Walsh’s converse of Pellet’s theorem can be stated in the following form
(cf. Marden [39, p. 129]):
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Theorem 2.19. Let Fj be defined as in Theorem 2.18, where ag, a1, ..., an
are fized coefficients, and let €g, €1, ..., €, be arbitrary complex numbers with
leol = ler] = -+ = len| = 1.

If r is a positive number such that

(1) r is not a zero of any polynomial
P(z) = goag + €1a12 + - - - + €nan2z™,

(2) every polynomial P(z) has k (0 < k < n) zeros in the circle |z| =r.
Then Fi(z) has two positive zeros ry and g (0 < 1, < gx) and ry <71 < 0.

Steckhin [68] considered a generalized case
G(z) = eopo(2) + e101(2) + -+ + €nipn(2),

where g (z) are arbitrary complex functions and |eg| =1 (k = 0,1,...,n). Let
Me be the set of all the zeros of G(z) when €, €1, ... ,€, vary independently, but
such that |ex| =1 (k= 0,1,...,n). Steckhin [68] gave an elementary proof of the
following result:

Theorem 2.20. In order that z € Mg, the necessary and sufficient conditions
are given by

(2.13) Gr(z) = leo(2)] + - +ee-1(2)] = lor(2)| + - + lon(2)] 20,

where k =0,1,... ,n.

Proof. Suppose that G, (z) < 0 for some v (0 < v <n). Then

G(2)] > @ (2)] = Y ler(2)] = =Gu(2) >0,
k#v

ie., z & M.
Conversely, let Ay = |pr(z)| and A, = [ax Aj. Inequalities (2.13) show that

Ay < Y Ay. Since every term of the right sum does not exceed A,, this sum can
k#q
be split on By =), Ay and By =), Ay so that |B; — By| < A,. Then, we have

B]SBQ‘i‘Aq, BQSBl-i-Aq, AqSBl+B2,

i.e., it is possible to build a triangle by the line segments having the lengths Bj,

B,, and A,. This ensures existence of the numbers n;, (k =0,1,...,n), |m| =1,
n

so that Y mrAx = 0. But, Ay = |pk(2)| = dkpr(2), where |0x| = 1. Thus,
k=0
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> erwr(z) =0, where ex = nidi, lex| =1 (k=0,1,...,n). In this way, z € Mg
k=0
and the proof is completed. 0O

The conditions of this theorem can be stated in a compact form

> :
2 liee(2)] 2 2wz e )

Let P(z) be a polynomial, defined by
(2.14) P(z) = €oag + €112 + - - + €pap 2",
where
z=gze? (>0, 0<0<27), ar>0, |ex|]=1 (k=0,1,...,n),

and let 9 be the corresponding set of all the zeros of P(z) when ay are fixed and
€0,€1,--- ,En vary independently, but |ex| =1 (k=0,1,... ,n).
Applying the previous theorem to (2.14) Steckhin obtained the following result:

Corollary 2.21. In order that z € 9, the necessary and sufficient conditions are
given by
Pi(z) =ag+ - +ar_12¥ ' —apz® + -+ anz™ >0,

where k =0,1,... ,n.

Let aga, # 0. Then

and for k=1,... ,n—1,
P(z) >0 (0<z <7k, or £z < +00), Pe(z) <0 (re <z <o),

which yields the result of Walsh [79] and Ostrowski [51].

Select now some subset S C {0,1,...,n} and denote by Mg the set of zeros of
all polynomials P(z) for fixed values of ax (k =0,1,...,n) and ¢, (p € S), when
other &5 independently take values so that |ex| = 1. Steckhin [68] also proved:

Theorem 2.22. Set

Qz,0) = ) epa,8°e®, R(z) =Y ara®,

pES kgS

—— k —
r(z) = max {O, 2r1£1€a§cakm R(:c)} :
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For z € Mg it is necessary and sufficient that inequalities

r(z) < |Q(z, ¢)| < R(z)

hold.

The special case when S = {p,q} (0 < p < ¢ < n) was considered by Lipka [37]
and Marden [38] (see also Marden [39, pp. 130-133]). A complete description of
the set M, = Mg can be given by Theorem 2.22 (see Steckhin [68]).

Riddell [59] considered the problem of the zeros of the complex polynomial
P(z)=2"4+a1z" '+ +an_12 + oy

under the assumption that some |ai| is large in comparison with the other |a;/,
and he proved that then P(z) has n — k zeros near 0 and one zero near each of
the k values of (—ay)!/*. He established certain conditions under which precise
estimates can be given. The results obtained rest on the following observation.
Let k denote an integer in the range 1 < k < n, chosen and fixed in the sequel.
Given a polynomial P(z) as above, suppose that P(z) = 0 and z # 0. It follows

that |
25 + o] < Jall2|F
ik
Define
a:lakl, b:|011|+-.-+|01k_1|, c:lak+1|+...+|an|
and

br + crk—n 0<r<1),
g(r) = k—1 -1
br*=' +cr (r>1),

where it is understood that b = 0 in case k = 1, and ¢ = 0 in case k = n.

It is an immediate consequence that if P(z) = 0 and |z| > 0, then

2% + x| < g(2]).
In the following, we will consider two cases, where the quantities P(2), k, a, b, c,
and ¢(r) will continue to have the meanings given above.
Case 1. Annuli which contain no zero. Riddell [59] proved the following estimate
which asserts the existence of a zero-free annulus

m_ < |z| < my.

Estimate A. The polynomial P(z) has n — k zeros in the disk |z| < m_ and k
zeros in the region |z| > my, where m_ < m, < a'/* (zeros are being counted
with their multiplicities).

The proof of this result depends on the following lemma:
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Lemma 2.23. Estimate A holds if r = m_ and r = m, are two solutions of an
equation of the form a = h(r), where

h(r) > ¥ + g(r).

Lemma 2.23 is essentially the result of Pellet [53, p. 393] (see also Dieudonne [16,
p. 10]) in our context.

The first application of Riddell’s lemma is to the existence of m4 to the right of
r = 1. For this, Riddell [59] proved the following result:

Theorem 2.24. Let1 <a<14+b+c, and D > 0, where

1 al/k — 1
D=-=- 1/k 2 _ )
L@ - (b +)
Then Estimate A holds with
1
(2.15) my = §(a1/k —b) + D'/,

If m_ and my lie on opposite sides of r = 1, Riddell [59] proved:
Theorem 2.25. Let 1 +b+c <a. Then Estimate A holds with

(2.16) m. = (ﬁ)l/(n—k), m, = (Z;;)l/k,

and also with m_ given by (2.16) and my by (2.15).

The case b = 0 of Theorem 2.25 strengthens a result of Parodi [52, pp. 139-140].
When both m4 are to the left of r = 1, Riddell [59] obtained:

Theorem 2.26. Letc<a<1+b+c and b+ 2d'/? < a, where

i { a(c/a)k/(n=k) if k<n/2,
= | min{1,a?>""*}¢, if k>n/2.

Then Estimate A holds with

my = {%(a—b) 4 E(a—b)z _ ]1/2}1/k.

Case 2. Disks which contain a single zero. In the following we will present Riddell’s
Estimate B, which under stronger conditions implies the existence of k disks

|Z - (_ak)l/kl < Ra

each one of which isolates a single zero of P(z).
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Estimate B. The polynomial P(z) has n — k zeros in the disk |z| < m_ and one
zero in each of the k disjoint disks

|Z - (—ak)l/kl < R’

where m_ + R < a'/* (a = |ax|).
For the proof of this estimate the following lemma is essential.
Lemma 2.27. Suppose that Estimate A holds with m4 given as in Lemma 2.23.
Suppose that, for some upper bound M on the moduli of the zeros of P(z),

g(M) <a—-mj.
Then Estimate B holds with the given m_ and with R = a'/* —m_., provided also
that, in case k > 3, R < a'/*sin(n /k).

The first result derived from this lemma applies, in case k£ > 2, only to lacunary
polynomials P(z).

Theorem 2.28. Leta >1,b=0, and D > 0, where

1 at’k —1
D=k -2 _—¢
4a a—1 ¢
Then Estimate B holds, with
L1k 1/2 :
20 /k—D if a<l+eg,

R:%al/k_Dlﬂ’ . —

provided also that, in case k > 3, R < a'/*sin(n/k).
The case k = 1 of the above theorem simplifies an estimate due to Parodi [52, pp.
76-77).

With some slight loss in precision for small values of k, the next theorem does not
require the restriction P(z) to be a lacunary polynomial. Riddell [59] proved the
following results:

Theorem 2.29. Let 1+ 2b < min{a'/* a+b—c}. Then Estimate B holds, with

c 1/(n—k) ) ab + ¢\ 1/k
_(_¢ _ M_< _
m- (a—b—l) , HR=a @ 1+b) )

provided also that, in case k > 3, R < a'/*sin(w/k).
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Theorem 2.30. Let ¢ < a™* < 1 and b+ 2d'/? < a, and suppose b*> < d if
a+b+c>1, where

Qe { a(c/a)¥/ ("R if k< n/2,
e if k>n/2.

Then Estimate B holds, with

1/k
og \/* 1 1 1/2
_ vk _ I T YAy B
R=a (a b a—b) , Mm_ {Q(G b) L(a b) ] :

provided also that, in case k > 3, R < a'/*sin(n/k).

If k=n and a+ b > 1, the previous theorem does not apply, because of the fact
d = ¢ = 0 and the additional hypothesis ? < d is not satisfied. If b < a/2, then
Estimate A is satisfied with

my =a—ab/(a—b) > 0.

Therefore in the case £k = n, a +b > 1, we can replace the hypotheses of the
previous theorem by 2b < @ < 1 and preserve the result with

1/n

R=a'" - (a—ab/(a—-Db))

At the end of this section we consider numerical radii of some companion matrices

and bounds for the zeros of polynomials. Let P(z) be a monic polynomial of degree
n > 3 given by

(2.17) Plz)=z"—a12" ' - —a,_1z—a, (an # 0; ax, € C).

Some bounds for the zeros of P(z) can be obtained using results on the numerical
range and the numerical radius of the Frobenius companion matrix of P(z). Some
other companion matrices of P(z) can be obtained by a similarity transformation
of the Frobenius companion matrix of P(z). Recently Linden [36] (see also [35])
used some types of generalized companion matrices, which are based on special
multiplicative decompositions of the coefficients of the polynomial, in order to
obtain estimates for the zeros of P(z) mainly by the application of Gersgorin’s
theorem to the companion matrices or by computing the singular values of the
companion matrices and using majorizations relations of H. Weyl between the
eigenvalues and singular values of a matrix.

Proposition 2.31. Let P(z) is given by (2.17) and let there exist complex numbers
€1,C2y---,cn €C, 0# by, ba,... ,by_1 € C such that

(218) a = ¢, ag = Cgbl, e, Ap = Cnbn—l . "bzbl.
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If the matriz A € C**™ is given by

[0 b1 O 0]
0 0  bpoo 0
(2.19) A= | :
0 0 0 b
[ th Cpo1 ... C2 1
then

P(z) = det(zI, — A),
where I, is the n-by-n identity matriz.
Thus, the eigenvalues of A are equal to the zeros of P(z). A discussion of the
normality condition for A is given in [35].

Decompositions of type (2.18) of the polynomial coefficients are always possible.
The simplest one is ¢y, = a (k=1,...,n) and by =--- = b,_1 = 1, when we get
the Frobenius companion matrix.

Let ¢,y € C*, (z,y) = y*z, and ||z|| = \/(z,z). For a given M € C™™", we
define the numerical range F'(M) by

F(M)={(Mz,y) : z € C", |lz|| = 1}
and the numerical radius r(M) by
r(M) =max{|z| : z € F(M)}.

Let o(M) denotes the spectrum of M. Since o(M) C F(M), we see that estimates
for r(M) give estimates for the eigenvalues of M.

Theorem 2.32. Let M = [a;x] € C" and m € {1,...,n}. If the matriz
M,, € Cn=1x(n=1) 45 obtained from M by omitting the m-th row and the m-th
column and d,,, > r(Mp,) is an arbitrary constant, then

r(M) < = (|amm| + dm)

DO | =

1/2 1/2\ 2 1/2

1
+ 5 (|amm| - dm)2 + Z |amk|2 + Z |akm|2

k#m k#m

The following propositions were proved in [36].
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Proposition 2.33. Let A € C"*" be given by (2.19) and

: 1
B = mm{cos 1 1<k<n 1| bi|, = 15rlglax (|bk| + |bk+1|)}
, T
By = mm{cos; 25%127)1( . |bx | = rl?<ax (|bx| + |bk+1|)}.
Then
'I'(A) S min(Ul,Ug),
where
1 n
Ur=0+ 3 le1] + Z |ck|?
k=1
and

o\ 1/2

1 1
Uy = §(|Cl| + B2) + 5 (le| = B2)* + | Iba] +

Y lexl?
k=2
Proposition 2.34. Let A € C**™ be given by (2.19) and

B ) T . 1 1 . 1 + 1
= Imins4 CoS max -——, = max —_— —_— y
! n+1 1<k<n-1 |bk| 2 1<k<n-2 |bk| |bk+1|

1 1
62 min cosE max L max — + ! )
n 1<k<n—2 |bg|’ 2 1<k<n—3\ |bg|  |brs]

Then
r(A™") < min(W, V2),
where
ot 1 n 1
B +
L 20l
and
1 |Cn—1| Pt
Vo = =
272 <|Cnbn—1| +62>
2\ 1/2
1 leac1] 5 )2 1 1 o)
+ 2 —Bo) + |+ |1+ =
2 (Icnbn—1| 2 |bn—1| |Cn| kzz:l bk
For by =by =+ = b,_1 = b, the constants 3; and Bl (i = 1,2) reduce to
T T ~ 1 T ~ 1 T
b1 ||cosn+1, ||cosn, b1 |b|COSn+1’ By = |b|COS

From Propositions 2.33 and 2.34 Linden [36] determined annuli for the zeros of
P(z2).
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Theorem 2.35. Let P(z) be a monic polynomial as in Proposition 2.31 and let
Ui, Vi (i = 1,2) be defined as in Propositions 2.33 and 2.34, respectively. Then, all
the zeros of P(2) lie in the annuli

max (V" V; 1) < |z| < min(Uy, Us).

Another cases were also considered in [36]. Some other interesting papers in this
direction are [12], [17], [30]. For example, Kittaneh [30] computed the singular
values of the companion matrix of a monic polynomial, and then applying some
basic eigenvalue-singular value majorization relations, he obtained several sharp
estimates for the zeros of P(z) in terms of its coefficients. These estimates improve
some classical bounds on zeros of polynomials.

3. Zeros in a Strip and Related Inequalities

Turan [74] outlined reasons why it is important to extend some classical ques-
tions of the theory of the algebraic equations to the case of other representations,
different from the standard polynomial form

(3.1) P(z)=ap+a1z+ -+ az".

He considered in this respect the role of the Hermite expansion
(3.2) P(z) = Zaka(z),
k=0

where the k-th Hermite polynomial Hy(z) of degree k. He showed that one can
obtain results for strips containing all zeros using the representation (2.2) as for
circles containing all the zeros using representation (2.1) (cf. Theorems 2.2 and
2.12). Precisely, Turan [74] proved the following analogs of Cauchy’s and Walsh’s
estimates for complex zeros.

Theorem 3.1. If the polynomial P(2) is given by (3.2) and

(3.3) Osrglsa%(_] log| = M*,

then all the zeros of P(z) lie in the strip

1 M*
3.4 Imz| < ={14 —].
( ) | |—2< |an|>

Theorem 3.2. Let P(z) be a polynomial of degree n given by (3.2). Then all the
zeros of P(z) lie in the strip

1/(n—k)

ln—l o
. < = _—
(3.5) |Imz|_2k220’an
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For the proof of the above estimates an inequality for Hermite polynomials is
needed.

Using the identity H; (z) = 2kH—_1(z), we can write

He(z) 2k Hi(z)

He_1(z) 1 H.(2) _ii
2k 12:—2,,;c

where 2,5 denote the zeros of Hy(z). Therefore we have
H
(3.6) 1 k-1 (2)

oy
Hi(2) 2k 1z—z,,k|

By the fact that all the z,,-zeros of Hy are real, it follows that

1
3.7 < — z2=x+1y).
G0 el Sl )
From (3.6) and (3.7) it follows that
’ Hk_l(Z) ‘( 1
Hi(z) 17 2ly|

For all kK <n — 1 and arbitrary non-real z it follows that

n

- 10

v=k+1

H,,_l(z)
H,(2)

1
<

Hk(z)
(38) | )

H,(z)

This inequality is very important for the proof of Theorems 3.1 and 3.2. Using
(3.8), Turan [74] provided the following proofs.

Proof of Theorem 3.1. We obtain

n n—1
(2)
(3.9) =" arHi(2) |> |an| [Ha( {1— 3 ‘ 5 ' }
k=0 k=0
From (3.3) and (3.8) we get for
1 M
(310) |y| > 5 (1 + | |)

the inequality

n

PG 2 el a1~ ) ()

M* 1
> el @1 - 25—
anl IHa(@)I{ 1= 1 =
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Because of the fact that H,(z) does not vanish in the domain given in (3.10), it
follows that for such z-values, P(z) # 0. O

To prove that the strip in Theorem 3.1 cannot be replaced by a strip of the form

6 M*
a1 — (1
(3-11) 'Imz'<2( +|an|>

with a fixed 0 < 8 < 1, we consider the polynomial
(3.12) z+ Pi(2) = Hy(2) —iaH,—1(2),

where a denotes a sufficiently large positive number. Therefore M* = a. The
equation Pj(z) = 0 can take the form

(3.13) Hnolz) 1

From (3.12) and (3.13) we obtain

Assume for example that n is even, i.e., n = 2m, then (3.13) reads as follows

ik 1 2
= s

2 _ 2 -
-z,

If z = iy where y is a real number, then

2my

i 1
,,2:3 I+ (zn/y)? a

(3.14)

However m is fixed, therefore we can choose a sufficiently large, such that

i 1 1446
Z 3 > m
021 1+ [2un/ (M a)] 2
or 146 ¢
+
1 a > 5(1‘}'&)

Therefore the equation (3.14) has a real root with y > i(l + @)a. This implies
that the polynomial z — P;(z), defined by (3.12), has a zero iyo such that

1 0 0
ol > 7(1 +8)a> (1 +a) = 5(1+ M),
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implying that inequality (3.11) is not valid.
Proof of Theorem 8.2. From (3.8) and (3.9) we have

PO 2 ol 1 1- 5 Z—:\(fyﬁ)n-k}

(1))

n—1
> |an| |[Hn( { (
|anl | Ml

Therefore if z is not a point in the strip ( 5), then all the following inequalities
hold

an

1/(n—k)

o2
lLe.,

L L/(n=k) 1 }>0 o
2|y| '

IP(:)| > laal | Haz {1—2\

Let € be a small positive number and define
P(Z) = Hn(Z) + €Hn_1(Z) + €2Hn_2(2) + -4+ EnHo(Z).

Then by (3.5) all the zeros lie in the strip |Im z| < (n/2)e, which shrinks to the
real axis if € & 0. Therefore the strip (3.5) is best possible in that sense.

Turan [75] also considered the case of even polynomials and proved the following
results:

Theorem 3.3. If P(z Z cor Hak (2) with arbitrary coefficients and
k=0

max |cok| = M,
0<k<n-—1

then all zeros of P(z) lie in the strip

|Imz|§l<1+ °__. M)
2 V2n =1 |conl

Theorem 3.4. If z =z + iy and P(z) = ) copHox(2) with [, Jnax lcok| = M,
k=0 Sksn—
then all zeros of P(z) lie in the hyperbole

5 M
lzy| < - <1 + )
4 |Czn|

Denoting by 1 > z3 > -+ > x,— the zeros of H,_;(z) and using the well-known
Christoffel-Darboux formula, Turan [75] obtained the formula
n—2

Y e L )

= 2w 27(n — 1)!

An application of this simple formula gives the following result:
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Theorem 3.5. If the coefficients of
n
P(z) = chHk(z)
k=0

are real and

n—2
(3.15) > 2l < 2%(n - 1)l

k=0

is fulfilled, then all zeros of P(z) are real and simple.

The condition (3.15) is obviously fulfilled if the coefficients c; do not decrease
“too quickly”. As a counterpart of the previous theorem, Turan [75] proved that
the same conclusion holds if the coefficients decrease sufficiently quickly. More
precisely, he proved:

Theorem 3.6. If P(z) has the form

n

P(z) =) (~1)*corHa(2)

k=0
with positive coefficients cor and for k =1,2,... ,n— 1 we have
(3.16) C%k > 4cok—2C2k+2,
then all zeros of P(z) are real.
Changing (3.16) by
Co 1 Cyq4 1 Cok 1
= >, —> =, ..., > - (k<n),
Co 4 Co 4 Cok—2 4 ( —n)

then P(z) has at least 2k real zeros with odd multiplicities (see Turdn [75]).

In 1966 Vermes [76] considered the location of the zeros of a complex polynomial
P(z) expressed in the form

(3.17) P(z) =) arqe(2),
k=0

where {qx(z)} is a given sequence of monic polynomials (degqx(z) = k) whose
zeros lie in a prescribed region E. His principal theorem states that the zeros of
P(z) are in the interior of a Jordan curve S = {z € C : |F(z)| = max(l,R)},
where F' maps the complement of E onto |z| > 1 and R is the positive root of the
equation

n—1
> Aklaglth = Anlanlt™ =0,
k=0

with A\ > 0 depending on E only. In a special case he obtained the following
result:
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Theorem 3.7. If all the zeros of the monic polynomials qr(z) (k € N) lie in
[—1,1] and the zeros of qx(z) and qr+1(z) separate each other, then all the zeros
of (3.17) are in the ellipse

1132 y2 B 1 3 .
BrRE  (R-RTp 4 FTeTW

where R = max(2 + V3, 0) and o is the only positive root of the equation
lao] + |aa|t + [ag[t? + - + [an—1[t" ™" = |an]t™ = 0.

In particular, if the sequence {gx(z)} in Theorem 3.7 is a sequence of monic or-
thogonal polynomials then the zeros of qx(z) and gx+1(2) separate each other and
we have that all the zeros of P(z) are in the ellipse as given in this theorem.

We mention now a problem from the graph theory. Namely, it has been conjectured
that the fg-polynomials of all graphs has only real zeros. Recently, Li, Gutman
and Milovanovi¢ [34] showed that the conjecture is true for complete graphs. In
fact, they obtained a more general result for polynomials given by

(3.18) B(n,m,t,z) = Hep(z) + t Hep_m(x),

where He, is one of the forms of the Hermite polynomials [2, p. 778]. Such
(monic) Hermite polynomials are orthogonal on (—o0,+00) with respect to the

weight function x — e=%/2 and their connection with the “standard” Hermite
polynomials Hy(z) can be expressed by Hey(z) = 27%/2Hy(z/v/2). Here, 1 <
m < n and t is a real number. Clearly, for n > 3, |t| = 2 and 3 < m < n, the
previous formula represents the S-polynomial of the complete graph on n vertices,
pertaining to a circuit with m vertices.

Theorem 3.8. For all (positive integer) values of n, for allm =1,2,... ;n and
for |t| <n —1 the polynomial (n,m,t,x), given by (3.18), has only real zeros.
Proof. We use here the following facts for the Hermite polynomials He,(x):

(a) The three-term recurrence relation
He,(z) =zHep_1(z) — (n — 1)Hep_o(x);
(b) All zeros of He,(z) are real and distinct;

d
(c) EHen(a:) =nHe,_1(x).
and conclude that He,(z) has a local extreme z; if and only if He,_1(z;) = 0.
So, the extremes of He,(z) are distinct.

Let x1,9,... ,zn—1 denote the distinct zeros of He,_(z). If for alli =1,2 ...,
n — 1, the sign of f(n,m,t,z;) = Hen(x;) + tHepn—m(x;) is the same as that of



189

He,(x;), we can prove that 3(n,m,t,x) has only real zeros. Indeed, from (c) we
have that z; (i = 1,2,... ,n — 1) are the extremes of He,(z). Since He,(z) does
not have multiple zeros, we know that He,(z;) #0foralli=1,2,... ;n—1, and
that He,(z;) and He,(z;+1) have different signs (i = 1,2,...,n — 2). Thus, we
can deduce that §(n,m,t,z) has at least as many real zeros as He,(z), that is at
least n real zeros. On the other hand the degree of 3(n,m,t,z) is n.

Then, if |Hep(z;)| > (n — 1)|Hep—m(z;)| for all i = 1,2,... ,n — 1, we prove that
B(n,m,t,x) has only real zeros for |t| <n — 1.

Define now the auxiliary quantities a, n, as

Henom(x;)
(3.19) Anm = lsr%a;(_l “Heu@))
Because of the previous fact, if
(3.20) Gy <
' T =n -1

then B(n,m,t, ) has only real zeros for |t| < n—1. Therefore, in order to complete
the proof of Theorem 3.8 we only need to verify the inequality (3.20).

Using the well-known three-term recurrence relation (a) for the Hermite polyno-
mials He,(z), (3.19) reduces to

1 Hen_m(l'i) 1 I; Hen—m(mi)
An,m = —3 = max
’ n~1 1<i<n—1 | Hey—o(x;) (n—1)(n—2) 1<i<n-1| He,_3(z;)
and we conclude immediately that
an,1 =0 ano = ! (n>2)
n,1 — Y, n,2 — n—1 el )
and
1
an3 = max x;
’ n—1)(n—2) 1<i<n-1 2 —3 1
(=D -2 __2/iT3 s

<
n-1)n-2) — n-1 -
The upper bound for a, 3 follows from the inequality |z;| < 24/n — 3, which holds

foralli=1,2,...,n—1and n > 4 (see Godsil and Gutman [25, Theorem 7).

Note that the relation a,; = 0 provides a proof that the polynomial 8(n,1,t,z)
has only real zeros for n > 1 and any real value of the parameter ¢.

The case when n > m > 4 can be verified using the condition (3.15), rewritten in
the form

n—2
Y Kl <(n-1)ck.
k=0
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n

Then, according to Theorem 3.5, the polynomial P(z) = ) ¢, Heg(z) has n
k=0

distinct real zeros. Considering the f-polynomial given by (3.18), we conclude

that it has all real zeros if |t| < /(n — 1)!/(n —m)!. On the other hand, it is

easily verified that for n > m > 4 the expression 1/(n — 1)!/(n — m)! is greater

than n — 1. Notice that as 4 = 1/3.

By this, the proof of Theorem 3.8 has been completed. [

Taking other orthogonal polynomials instead of Hermite polynomials, Specht [64]
— [67] obtained several results which are analogous to results of Turdn. For details
on orthogonal polynomials see, for example, Szegé [69].

Let du be a positive Borel measure on the real line, for which all the moments
Ly = fR t* du(t), k = 0,1,..., are finite. We suppose also that supp(dy) contains
infinitely many points, i.e., that the distribution function u:R — R is a non-
decreasing function with infinitely many points of increase. It is well known that
then there exists an infinite sequence of orthogonal polynomials with respect to
the inner product (., .) defined by

(f,9) = / 7 ()3 du(t).

The corresponding orthonormal and monic orthogonal polynomials will be denoted
by pn(t) and m,(t), respectively. Thus, we have

Pr(t) = Yut™ + 6,t" 1 + lower degree terms, 7, > 0,
(PrsPm) = Onm, n,m 20,

and

=t" 4+ lower degree terms.

If p is an absolutely continuous function, then we say that p'(t) = w(t) is a weight
function. In that case, the measure du can be express as du(t) = w(t) dt, where
the weight function ¢ — w(t) is a non-negative and measurable in Lebesgue’s
sense for which all moments exists and pp > 0. If supp(w) = [a,b], where
—00 < a < b < 400, we say that {p,} is a system of orthonormal polynomials in
a finite interval [a, b]. For (a,b) we say that it is an interval of orthogonality.

The system of orthonormal polynomials {p,(t)}, associated with the measure
du(t), satisfy a three-term recurrence relation

tpn(t) = Unt1Pnt1(t) + Vapn(t) + unpr-1(t) (n >0),

where p_;(t) = 0 and the coefficients u, = un(du) and v, = v, (du) are given by

Un = / ot (Opn®) du(t) = 222 and v, = / tpn ()2 du(t).
R R
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Since po(t) = 70 = 1/y/to and yn—1 = upyn we have that v, = yo/(urus - - - up).
Notice that u,, > 0 for each n.

The corresponding monic orthogonal polynomials {m,(t)} satisfy the following
three-term recurrence relation

(321) Tn+1 (t) = (t - an)’”n(t) - ﬁnﬂ-n—l(t)a n= 0> 1, 2a SRR

where a, = v, and 8, = u2 > 0.

Because of orthogonality, we have that

(tmn, mh)

(Tny T0)

(T, Tn)

(7Tn—1 ) 7rn—1)

(n>0), Bn= (n>1).

Ap =

The coefficient fp, which multiplies 7_;(¢) = 0 in three-term recurrence relation
(3.21) may be arbitrary. Sometimes, it is convenient to define it by Sy = po =
Jg du(t). Then the norm of m; can be express in the form ||m|| = v/hi, where

(3.22) hi, = (T, m) = BoBr -+ B -
Consider now an arbitrary polynomial P(z) of degree n, given by
(3.23) P(z) = A+ A1z + -+ Ap2™.

Then, it can be expanded, for example, in terms of the orthonormal polynomials
pr(2) (k=0,1,...,n) in the form

(3.24) P(2) = copo(2) + c1p1(2) + -+ - + cppn(2).
Specht [64] proved the following result:

Theorem 3.9. All the zeros of a complex polynomial P(z) expanded in the form
(3.24) lie in the strip
2) 1/2

where 7y, is the leading coefficient in the orthonormal polynomial pi(z).

Ck
Cn

n—1
|ImZ| S Tn—1 (Z

T\ o

In the case of the Legendre polynomials Py (z), i.e., when
P(z) = coPy(2) + c1Pi(2) + -+ + cnPu(2),

Specht obtained the following estimate

el < - L[ |ck|2>”2
SVl \ & 2%k-1)

Giroux [24] proved a sharper result than Theorem 3.9.
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Theorem 3.10. Let zy,. .. , z, be the zeros of the polynomial P(z) given by (3.24).
Then

n n—1 1/2
Tn-1 Ck |2
(3.25) > e < 2 (2% & ) ,

with equality if and only if

co=--=chg=0 and Re(ch_1/cn)=0.

Proof. Following Giroux [24] we start with the identity

O lecl? = [ 1POE dutt) = |1PIP-
I;) Ck /R M

In particular, we have |c,_1|2 + |en|? < ||P||*. Since

P = e [[ =20 = e (7= () )

and

= Z ckPk(2) = cnYnz™ + (cnbp + Cac1Yn—1)2" "1 4 -+,

we have

Cn(Sn + Cn_lvn_l = —'Cn’)/n Z Zk.
k=1

It is sufficient to prove the theorem when ¢, = 1. In that case, since d,, is real, we

have Imcp—1 = —(Vn/Yn-1) Y. Im zx. Hence
k=1

1/2
= [Tmeni] < et < (I1PIP-1)

Zlmzk

Yn—1

so that

< I1PI”.

1+(% 1)

Applying this result to the polynomial

Q(z) = P(z) H(z - 2,)/(2 = 2),

14
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where the zeros z, appearing in the product are precisely those for which Im 2z, < 0,

we get
n 2 - 2 2 2
L (22) (S i) < i =PI
k=1

i
Tn-1
This is the statement of the theorem (when ¢, = 1). Equality in (3.25) is attained
if only if g = -+ = ¢cp—2 = 0, ¢p—1/cy is purely imaginary and the zeros zj
(k=1,...,n) are either all above or all below the real axis. 0O

Remark. For every real number ¢, the zeros of p,(z) + icpn—1(2) are either all
above or all below the real axis.

Using an inequality of de Bruijn [6] (see also [45, p. 114]), Giroux [24] also proved:
Corollary 3.11. Let P(z) be a polynomial of degree n > 1 given by (3.24) and

let wy,... ,w,_1 be the zeros of P'(z). Then we have
n—1 n—1 1/2
1. 2
> Il < 2= (Y )
k=1 n Tn k=0 Cn

with equality if and only if P(z) is a multiple of the polynomial p,(2) + icpn—1(2)
with ¢ real.

Another consequence of Theorem 3.10 is the following result:
Corollary 3.12. There is at least one zero of the polynomial (3.24) in the strip

-1 1/2
- n ’Yn :

Ck
Cn

Giroux [24] also proved:
Theorem 3.13. Let

fl@)=(z—z)(z—x2) - (& — ),
9(z) = (z —y1)(@ = y2) - (& — Yn—1),
with 7 < y1 < Tg < -+ < Yn—1 < Zn. Then, for any real number c, the

zeros of the polynomial h(z) = f(z) + icg(z) are all in the half strip Imz > 0,
z1 < Rez < z,, or all are in the conjugate half strip.

Using the system of monic orthogonal polynomials {my(2)}{25, defined by the
three-term recurrence relation (3.21), Gol’berg and Malozemov [26] considered
estimates for zeros of polynomials of the type

(3.26) Q(2) = mn(2) + bimn_1(2) + - + bpmo(2).
Setting Bx =u; >0, ¢; = by = a + 18,
bs bs bn
Cy = y 3= ———, ..., Cp =
Up-—1 Up—1Un—-2 Up—1Up—2° - U]

and C' = Y |ck|?, Gol’berg and Malozemov [26] proved:
k=2
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Theorem 3.14. Let x1 and z, be the minimal and the mazimal zero of the poly-
nomial 7, (2), respectively, and let & be an arbitrary zero of the polynomial Q(z),
defined by (3.26). Then

1
zl—l(a+ a2+C’) SRefgmn——(a—\/a2+C’)
2 2
and ] ]
-5 (B+VF+C) <me<—3 (8- VF+C).
Suppose now that an arbitrary polynomial P(z) of degree n is given by (3.23). Let
(3.27) P(z) = agmo(2) + a1m1(2) + -+ - + apmp(2) (an #0)

be its representation in terms of monic orthogonal polynomials {7 (z)}. Compar-
ing (2.24) and (3.27) we see that cxyx, = ax (k =0,1,...,n), so that the Specht’s
estimate given in Theorem 3.9 can be expressed in the form

n—1 hk a 9 1/2
3.28 Im 2| < il ,
(3.29) | l_(ghn_l =[)

where hy, is given by (3.22).

An interesting property of (3.28) is that its right hand side may be expressed in
terms of a norm (see Schmeisser [62]). Namely, since for the L?-norm of P(z) we
have

2 2
I1PI" = / IPOP du(t) = Y laxPllmell” = D hlarf?,
R k=0 k=0
the inequality (3.28) can be rewritten as

1
(3.29) |Im z| < |P — anmy|| = \

1
|(1n| V h’n—l hn—l
This may be interpreted as a perturbation theorem. Namely, since 7, (z) has all its
zeros on the real line, (3.29) tells us that, apart from a constant, the deviation of
P(z)/ay, from m,(2), measured by the norm, is an upper bound for the distances of
the zeros of P(z) from the real line. Several refinements of (3.28) or its equivalent
form (3.29) were derived in [62]. We mention some of them.

Theorem 3.15. Denote by &1, ... ,&, the zeros of m,(z). Then every polynomial
P(z) of the form (3.27) has all its zeros in the union U of the disks

Di={2z€Clz—-¢&|<r} (k=1,...,n),

where

n—1
he |ak |2

k=0 hn-l an

Moreover, if m of these disks constitute a connected component of U, then their
union contains exactly m zeros of P(z).
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Theorem 3.16. Let z, (v = 1,...,n) be an arbitrary zero of the polynomial
(3.27). Then

2

in(ev+ 5 22) < 5 (o

an-1
ap,

2 n—2 h a
k k
+ —
) ,; hn—l ap

Theorem 3.17. Let zy,... 2z, be the zeros of the polynomial (3.27). Then

n 2 n—2
_ 1
)2 < (1m dt
Z(Imz )* < (m - + o kz_ohk

v=1

2

Qg
an

Theorem 3.17 improves upon (3.28) but it does not imply Theorem 3.16. As a
consequence, Schmeisser [62] obtained the following individual bounds.

Corollary 3.18. Let z1,... ,2, be the zeros of the polynomial (3.27) ordered as
Imz| < |[Imzo| <+ < |Imzy,| .

Then

1 a 2 1 n—2
Imz,|<,| ——— [ (Im 2= h
Imz,| < n_y+1((m an) +2hn_1§k
forv=12,... n.
Notice that the estimate for z,, is not as good as that of Theorem 3.16.

In the case of real polynomials Schmeisser [62] proved the following result:

Theorem 3.19. Let the polynomial (3.27) have real coefficients. Then each zero
z, (v=1,...,n) of P(2) satisfies the inequality

1/2
2) hn—l A
- hn—2 n—1

provided that the radicand is non-negative, else P(z) has n distinct real zeros which
separate those of mp_1. Here, A, is defined by

_ . 7T'm—l(flx)
Am = B0 i)

where &1, ..., &n are zeros of my(2).

Schmeisser [62] considered also some estimates involving the distance function

dn(z) = min |z — ¢ (2 €C),



196

where J, is the smallest compact interval that contains the zeros of the monic
orthogonal polynomial 7, (z). It is easy to see that

di(2) 2 da(z) 2 -+ 2 dn(2) 2 -+ 2 |Imz],

which means that any upper bound for d,(z) is also an upper bound for |Im z|.

Let P(z) be given by (3.23) or by its equivalent form (3.27). Taking the Cauchy
bound of P(z) as the unique positive zero of the associated polynomial (see The-
orem 2.1)

n—1
F(2) =) |Aklz* — | 4n) 2,
k=0

Schmeisser [62] gave a short proof of the following result:

Theorem 3.20. Let P(z) be a polynomial given in the form (3.27). Then each
zero z, (v =1,...,n) of P(z) satisfies the inequality d,(z,) < r, where r = r[P]
is the Cauchy bound of P(z).

Using this fact and upper bounds for r[P], he obtained several estimates for d,,(z,):

a
d(z,) <1+ max |=|,
0<k<n—1 |ay

n—1
du(z,) < max{l, Y= } ,
an

k=0

2) 1/2
. 1/(n—k)

an

ak

Qn

dn(z,) < (

k=0

d <92
n(ev) 2 max

1/(n-1)

Ay —
o4 |2 1

Qn

I

Qa

k > 1/(n—k)

an

dn(z,) < max (n
0<k<n-1

Notice that in these estimates the parameters which determine the system of or-
thogonal polynomials, do not appear explicitly. The reason is that Theorem 3.20
holds for a much wider class of expansions.

Now we mention a few results which also were given in [62].
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Theorem 3.21. Let zy,...,z, be the zeros of the polynomial (3.27) in an arbi-
trary order. Then

n n—1 2
(3.30) Y hy1dn(2)? - dn(z)® <Y by
v=1 k=0

Qg
an

In this theorem, we can order the zeros as
(3.31) dn(z1) < dnp(z2) <+ <dp(zn).

The left hand side of (3.30) is a sum of non-negative terms and h,,_1d,,(2,)? is one
of them. Hence dividing both sides by h,_;, we see that (3.30) is a refinement of
(3.28). Furthermore, if (3.31) holds, then we may estimate the left hand side of
(3.30) from below by

Zhl/—ldn(zy)2 R dn(zn)2 > Zhy_ldn(zk)2("—l/+1) > hk_ldn(zk)Z(n—k+1),
v=k

v=k

where 1 < k < n. This allows the following individual bounds for the zeros of
P(z).

Corollary 3.22. Let z1,...,2, be the zeros of the polynomial (3.27) ordered as
in (3.31). Then

n—1
hy

dn(2,) < (Z o

k=0

ag

o\ 1/(2n—2v+2)
) (v=12,...,n).

an

Gautschi and Milovanovié¢ [21] considered special linear combinations of the form

(3.32) Pn(2) = mp(2) — i0p_17n-1(2),

where {m(2)}}25 is a system of monic polynomials orthogonal with respect to
an even weight function z — w(z) on (—a,a), 0 < a < +00, and 6, is a real
constant. Then these monic polynomials satisfy a three-term recurrence relation of
the form (3.21) with ax = 0 and B¢ > 0. Since mx(—2z) = (=1)*m(2), k= 0,1,...,

the polynomial p,(z), defined by (3.32), can be expanded in the form

pn(z) = 2" — Op_12™

n
so that > 2, = 16,1, hence
k=1

(3.33) Y Imz = 6,1,
k=1
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where 21, 29, ..., 2z are the zeros of the polynomial p,(z).

By Theorem 3.13 and (3.33) all zeros of the polynomial p,(z) lie in the half strip

(3.34) Imz>0, —-a<Rez<a if 6,-1>0,
or
(3.35) Imz<0, —-a<Rez<a if 0,_1 <0,

strict inequality holding in the imaginary part, since p,(z) for 8,_; # 0 cannot
have real zeros. Of course, if 6,_; = 0, all zeros lie in (—a, a).

Let D, be the disk D, = {z € C : |z| < a} and 8D, its boundary. Gautschi and
Milovanovié [21] first proved the following auxiliary result:

Lemma 3.23. For each z € 0D, one has

(3.36) ™:(2) () (k=1,2,...).
1 1

‘ Tk—1(2) ‘ ~ mg—1(a)

Their main result can be stated in the form:

Theorem 3.24. If the constant 0,_1 satisfies
0<8ph-1 < mp(a)/mn-1(a),
then all zeros of the polynomial p,(z) lie in the upper half disk
|z| <a A Imz > 0.
If —mn(a)/mn-1(a) < On—1 < 0, then all zeros of the polynomial p,(z) are in the

lower half disk
|zl <a A Imz <O0.

Proof. By (3.36) we have

hence, if m,(a)/mn-1(a) > |0n-1],
|70 (2)] > |On-17n-1(2)| (2 € OD,).
Applying Rouché’s theorem to p,(z), we conclude that all zeros of p,(z) lie in the

open disk D,. Combining this with (3.34) or (3.35), we obtain the assertions of
the theorem. O
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Remark. A class of orthogonal polynomials on the semicircle
F={zeC:z=¢% 0<6<7}

with respect to the complex-valued inner product

(f.0) = /F (i2) " f(2)g(z) dz = /0 " F(e)g(e) do

was introduced and studied by Gautschi and Milovanovi¢ [22]-[23]. Such polyno-
mials can be expressed in the form (3.32), where 7 (z) should be replaced by the
monic Legendre polynomial P (z). Generalizing previous work, Gautschi, Lan-
dau, and Milovanovi¢ [20] studied a more general case of complex polynomials
orthogonal with respect to the complex-valued inner product

(f.g) = / " 1 ()9 (™) db,

under suitable assumptions on the complex “weight function” w(z). Some further
results in this direction and applications of such polynomials were obtained by
Gautschi [19], Milovanovi¢ [41]-[42], [44], de Bruin [7], Milovanovi¢ and Rajkovié
[46]-[47], and Calio’, Frontini, and Milovanovié¢ [9].
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