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1. Introduction

In this paper, we are concerned with the numerical approximation of the integrals with a highly oscillatory Hankel kernel of
the form

hif] = / FOHO@odx and L{f] = / " FeOHD @rdx, (11

where H\(,l)(x) = J,(x) + 1Y, (x) is Hankel function of the first kind of order v, w > 1 and b > a > 0. The integrals (1.1) play an
important role in many areas of science and engineering, such as astronomy, optics, quantum mechanics, seismology image
processing, electromagnetic scattering, such as [3,4,11,17].

For large values of w, the integrands become highly oscillatory, and the efficient and reliable numerical evaluation of the
integrals is problematic. Moreover, a prohibitively number of quadrature nodes are needed to obtain satisfied accuracy if one uses
classical numerical methods like Simpson rule, Gaussian quadrature, etc. In the last few years, many efficient methods have been
devised for the integral j'ab f (x)Hl(,l)(wx)dx, such as Levin method [20,21], Levin-type method [25], modified Clenshaw-Curtis
method [26], generalized quadrature rule [12,13], Filon-type method [30], Clenshaw-Curtis-Filon-type method [31], Gauss—
Laguerre quadrature [5,6]. However, only a few methods to evaluate the integral /;* f (x)Hl()])(a)x)dx have been proposed. For the
latest references, we refer the readers to [7,8] for a more general review.

All above-mentioned methods share the property that the larger the w, the higher the accuracy. The goal of this paper
is to explore efficient and high order methods for the integrals (1.1) based on the idea of complex integration method (see
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Milovanovi¢ [23], Huybrechs and Vandewalle [16] and Chen [5,6]), which can also be applied to the computation of highly
oscillatory Cauchy principal value integrals and highly oscillatory integrals with algebraic singularities [18,19,27,28,32].

An outline of this paper is as follows. In Section 2, we present the details of the proposed methods for computing the integrals
(1.1). Meanwhile, error analysis for the presented methods is discussed. In Section 3, several numerical examples are given to
show the efficiency and accuracy of presented methods.

2. Numerical schemes for the integrals

Thanks to the identity [15, p. 915]

2 ei(wx—%v—%) +00 it \v-1 .
HV(@x) =,/ ——— — 1+ — t'=re7tdt, x>0, 2.1
v (@x) Twx Tw+1) Jo ( + 2a)x> = (2.1)

we can rewrite the integrals (1.1) in the following form

1

. \/Te—in(2v+l)/4 b 1 o +oo ’ it \V"2 b deld
= 3 _— t'—zetdt
17] Tw T+1) /a feoxze [/o ( + 2a)x) € ] X

\/Te—in(2v+l)/4 b L ind
= %W/Hf(x)x 2g(x)e'“*dx, (2.2)

2 e—in(2u+l)/4 +o0 L +o0 it v_% ;
Lifl= ——— ~2el¥ / 14+ — t"~ze tdt|d
21/ Tw F(V—l-%) a Jlpze [ 0 ( +2a)x> e X

2 e—in(2v+1)/4 +oo ( ) ] ( ) ind 53
=/ —— X)X 2g8(x)e X, .
Ve oD o f g (23)

and

where
e it \v-2 v—1 -t
gkx) = /0 (1+—2wx) t'-setde. (2.4)

From Egs. (2.2) and (2.3), we can see that the integrals (1.1) are transformed into the integrals of Fourier form, which can
be evaluated by complex integration method and quadrature rules of Gaussian type. In what follows, we will focus on the fast
computation of the integrals (1.1) and error analysis for the presented methods.

2.1. The evaluation of the integral 1;[f]

For the calculation of the integral I1] f], we first assume that fis an analytic function in the half-strip of the complex plane,
a < Re(z) < b, Im(z) > 0, and there exists two constants C and wy, such that |[f(x + iR)| < Ce®R, a < x < b, with 0 < wg < w.
Following the ideas of [5,16,23], consider the contour as shown in Fig. 1 for the integral (2.2), and let D denote the region

D={zeCla<Re() <b, 0<Im() <R}
Since the integrand

F@) =f@z 8@ (2.5)
is analytic in the region D, by the Cauchy Residue Theorem [1], we have

/ F(z)e'“?dz = 0, (2.6)
Tulhulisuly

with all the contours taken in the counterclockwise direction.
For the integral over the contour I";, we have

R . .
F)e“?dz = i / F(b + ip)ei®®+P dp
Ty 0

R
= jel®b / F(b +ip)e~“Pdp
0

ieiwb wR

o ). F(b—i—g)e”]dp. 2.7)
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Fig. 1. The integration paths for the integral (2.2).

Similarly, for the integral over the contour I'4, there holds

. 0 . )
F(z)el“*dz = i/ Fla+ ip)elw(a+lp)dp
Iy R

. 0
= ie“"”/ F(a +ip)e “Pdp
R

ialwa wR H
= Jew A F(a+ g>e*pdp. (2.8)

For the integral over the contour I"3, we evaluate fr3 F(z)el®zdz by letting z = x + iR, x € [a, b], then it yields that

. a . .
F(z)e'*dz = / F(x + iR)ei®+R dx
I b

a .
= e“"R/ F(x + iR)e'*dx. (2.9)
b

It follows from the analytic continuation of (2.4) to D, there exists some constant M, such that IZ*%g(z)| <M, sothatforz € I's,
[F@)e?| = |f@)| - 1z7"%g@)| - [€| < [f(x +iR)| - M - e=F < CMe~(@~=o)k,
Thus, from (2.9) it follows

F(z)e“?dz

‘ < / IF2)e“?| . |dz| < CMe~@-“R(p _ q).
I3 I3

Since wy < w, we conclude that

F(z)e’dz — 0 as R— +oo. (2.10)
I3

Now, according to (2.6), we have

| b HO d 2 e imQv+1)/4 F oz
1= [ reon i = [0S [ Feesaz

2 e—iﬂ(2v+1)/4 X
= / F(z)e'*?dz.
Tw T(v+3) Jrurur,

Taking R — +o0 and using (2.7), (2.8), and (2.9), the previous equality reduces to

; _irQu+1)/4
WA= g\ s g g) €@~ 60D 1)
2
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where
. +00 1
G(c) = el¢ F(c+ —t)e 'dt.
@=c [ (e 50)
According to (2.4) and using (2.5), we get

i 1,2
+oo f(c ‘t v
G(c) = ““C/ / fle+ 1+ 5 sV=1/2e-t=sdsdt,
(c+ in)" 2w(c + 5t)

ie.,
+00 p+oo C + i l' ; i v-1/2
G@c) = “”C/ f f (c + 1y —s) sV=12e-t=5dsdt. (2.12)
(c+ 1t ® 2w
In order to calculate G(c) (for c = a and ¢ = b), we can apply two Gaussian quadratures
/ hOw, (X)dx = ZA“) () + RO £=1.2, (213)
where x(e) and Afﬂ k=1, ...,n,are the nodes and the Christoffel numbers, respectively.

Itis known that the nodes xr(ﬂ{ are eigenvalues of the following symmetric tridiagonal Jacobi matrix

o D 0
\/@ afz) IBZ(z)
In(wy) = Y : (2.14)
\/,B(T
Lo B ey

and the weight coefficients Aff}{ are given by
¢ ¢
Az(i,;cz (())Vkp k=1,....n,

where vy 1 is the first component of the eigenvector vj ( = [vy 1 ... Vi ,]T) corresponding to the eigenvalue x® and normalized

n,k
such that vgvk =1 (cf. [22, p. 100]). Here, ozli‘) and ,BIE“) are recursive coefficients in the three-term recurrence relation for monic
orthogonal polynomials with respect to the weight function w, on (ay, by),

0@ = x- o) rP®) - BT, 0. k=0.1..... (2.15)

with néz) ®)=1, nf‘? (x) =0, and the coefficient ﬂ( ) is taken so that Bo © = wl (x)dx. The most popular method for solving
the eigenvalue problem for (2.14) is the Golub-Welsch procedure, obtamed by a simplification of QR algorithm [14]. Thus, when
recursive coefficients in (2.15) are known, then the construction of a Gaussian formula is a very easy task.

The quadrature formulas (2.13), with respect to the weight functions wy, ¢ = 1, 2, provide an approximation Q,, i[t] for double
integrals of the form

bi b ey~ S0 A9 Y (xD, XD 2.16
U(X,y)Wl(X)Wz(V) X y"’in.ﬂz[u] ZZ ny,k nz] nl k’xnz,j)' ( ' )
a; Jay

k=1 j=1

For calculating (2.12), we can take a; = ay = 0, by = by = 400, wy(t) = e~ (Laguerre weight), and w,(s) =s” ~ 1/2e~S (generalized
Laguerre weights), with the recursion coefficients

a =2k+1, V=1, BV =¥k

1 1 1
2) @) @)
ot,E _2k+v+2, o =1 <v+2>, K k<k+v 2).

According to (2.12), we can introduce the function ¢(-, -; ¢) by

. C+ Lt : v—1/2
o(t,s;c)= emf(i."’g ( + —t+ Ls) , (2.17)
(c+ Lt 2w
then the numerical method for the evaluation of the integral (2.2) can be denoted by
i [2 efm@ua I 2 o a Q). ORI
Curlll= V7o Tor ) g 5 A i (8 O X0 5 @) = € (X o X, 53 D))- (218)
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where x , and A(U denote the nodes and weights of the n;-point Gauss-Laguerre quadrature rule, and x(z) and A(Z) denote
the nodes and welghts of the n,-point generalized Gauss-Laguerre quadrature rule with the weight function Wz(S) s" —12e-s,

Theorem 2.1. Suppose that fis an analytic function in the half-strip of the complex plane, a < Re(z) < b, Im(z) > 0, and there exist
two constants C and wy, such that |f(x + iR)| < Ce®oR a < x < b, with 0 < wy < w. Then the error bound of the method (2.18) for the
integral (2.2) is given by

W= Quulfl= 0@ 7%), w1, (2.19)
where T = min{nq, ny}.

Proof. The error of the n-point generalized Gauss-Laguerre quadrature rule applied to the integral f0+°° h(x)x¥e~*dx, o > —11is

given by the following formula (cf. [10, p. 223])

nn+o+1)
2n)!

According to this formula, we have

Eq[h] = heM(E), 0 < £ < +o0.

n ny
1) 4@ (1) (0]
G(a) ZZAFH kA ](p ni, k’xnzj' )
k=1 j=1

400 p4oo m +oo
=/0 \ @(t,s; a)s”~12e~5dsdt — ZASl)k/O o(xV.s:a)s""12e5ds
k=1

AD 1/2 a0 AD 4@ (1) @
+ ( ni, k/ S (1) v / Sds ZZ np, kAnzj(p ni, k’xn j'a)>

k=1 j=1
(> dPmo e CY—1/2ps v (M2l (n2 + v + 3) d? O .
= Gni o { ; o(t,s;a)s"%e ds} » ;A @ny) D {go( ”lk’s'a)}sz&
m? o T (M +v+3) & 1) o2
= (2n1)' O((,() " ) (21’12)' ’Z;Anl ko(a) ﬂz)
= 0(w™2Y), (2.20)
where T = min{ny,ny}and &1, £, € (0, +).
By the same argument, we can easily get
G(b) — ZZ"‘(” @) x5 a) = 0(@). (2.21)

k=1 j=1
A combination of Egs. (2.11), (2.18), (2.20), (2.21) leads to desired result. O

Remark 1. An alternative expression for G(c) can be done by a transformation of the first quadrant of the (¢, s)-plane to the
half-strip

S={(r,0):0<1<1,0<0 < +o0}, (2.22)
by takingt=071,s=0(1 - 1),i.e,
t
=——, Oo=t+S.
t+s
The corresponding Jacobian determinant is D(t, s)/D(t, o) = o, so that
+oo pl c O"L' i v-1/2
G(c) = “"C/ / fe+501) <c+ La(l + 1:)> oVt12e=0(1 — 1)'"2drdo. (2.23)
(c+ 4 or 2w
Similarly, by introduce the function
o fle+iot i v=1/2
e, T;0) = e*“’CM (c + L(7(1 + ‘L’)) , (2.24)
(c+ Lo7) 2w

we present another method for the integral (2.2) by the following formula

- i [2 em@ud I o @ G @ . G @
Qu.n,[f] = EN/EWZ A A i (@ (X ko X 13@) = QX4 X3 b)) (2.25)
2) k=1 j=1
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a+iR

a

a—+R

Fig. 2. The integration paths for the integral (2.3).

where x,(fl) cand Ar(131) « denote the nodes and weights of the n;-point generalized Gauss-Laguerre quadrature rule with the weight

4)

function 0¥ + /2= on (0, +), and Xps

i and Afg) i denote the nodes and weights of the n,-point Gaussian quadrature rule with

shifted Jacobi weight, (1 — 7)” = /2 on (0, 1). The corresponding recursion coefficients are

3 3
o) =2k +v+ 3, 53>=F<v+§), ,f3>=k<k+v+f

1);

kT @k+2v—3)@k+2v - 1)2@k+2v+1)

o® _ 2[4k? +2Qv + Dk +2v — 1] @ 2

ko™ (@4k+2v-1)@k+2v+3) "~ "0 T 2041

2.2. The evaluation of the integral 15[f].

4k2(2k +2v — 1)?

In this section, we suppose that fis an analytic function in the complex plane {0 < arg(z) < %}, and there exists some constant

Cq, such that |[f(z)| < C; as |z]| — +oo.

According to the idea of [23], we adopt the integration paths as shown in Fig. 2 to derive the desired result. Noting that
F(z) :f(z)z*%g(z) is analytic in the complex plane {0 < arg(z) < %}, from Cauchy Residue Theorem [1], we have

/ F(z)e!“*dz = 0,
ulrults

For the integral over the contour I3, it is easy to show that

i jplwa  pwR i
/ f@)z 2 g(z)e”*dz = — lew / F (a + g) ePdp.
I 0

For the integral over the contour I',, setting
i T
z—a=Reé’, 0<6<7Z,
2
derives

. /2 ) ) i
F(z)e'“*dz = iR/ e?F(a + Re'® )elw(a+Re9)d9.
Iy 0

Using the well-known inequality [1]

260 . b4
T <sin@), 0=<0 < 5

and the fact that |[f(z)| < C1, |g(z)| < G, for some constat C,, yields

RC1C, /n/Z e @mRd gy _ 7CiG
0 2w|R — a|1/2

F(z)e“%dz
I

< =
= R—al'?

(2.26)

(2.27)

(2.28)

(1-e*f -0, (2.29)
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when R — +co. By means of Eqs. (2.26)-(2.27) and (2.29), when R — +co, we obtain
2 e—in(2v+1)/4

= - lim F(z)el?dz
Tw F(U-}—%) R—+o0 J1, ()

2 e—in(2v+l)/4 .
== —=— lim / F(z)e'*dz
Tw F(\)+§) R—+00 JT,ur;
i —imrv+1)/4
_1/2e (). (2.30)
oV 7o T

where G(a) is denoted by (2.12).
Then, the numerical method for the evaluation of the integral (2.3) can be denoted by

= i [2 e @A BE 1) 4@ 1) L
Qi f1= =y — For ) DAY AY p(x) XD a). (231)

k=1 j=1

I " FOHD @x)dx =

where xf}ll)  and A,(.lll) « denote the nodes and weights of the n;-point Gauss-Laguerre quadrature rule, and Xr(122) i Affz) i denote the

nodes and weights of the n,-point generalized Gauss-Laguerre quadrature rule with the weight function s ~ 1/2e~5,

Theorem 2.2. Suppose that fis an analytic function in the complex plane {0 < arg(z) < 5.}, and there exists some constant Cy, such
that |f(z)| < Cq as |z| — +co. Then the error bound of the method (2.31) for the integral (2.3) is given by

LU= Qo f1=0@ 372, @>1, (2.32)
where T = min{nq, ny}.
Proof. The proof of this result is quite similar to Theorem 2.1 and so is omitted. O

Remark 2. We can also obtain (2.30) by letting b — +oo in I{[f]. In order to do it, we use the expression for G(b) given
by (2.23) and a simple crude estimate of (2.24) on the half-strip S, defined by (2.22). Under conditions for a function f given in
Theorem 2.1, we note that |f(b +i(0 T /)| < Ce@0/®)? with 0 < wy < w. Then

bigt)| (14 (22 @14 ~(w/w)o 2\m
PR NG 25 = A
(1+(55))
where m is a nonnegative number which depends on v. For example, for v > 1/2 we can take m = [(2v — 1)/4] + 1 (|x] denotes
the integer part of x),and m=0for0 < v < 1/2.
Since

|G|

IA

+oo pl
/ / lp(o, T;b)|lov*12e=0(1 - )" 2drdo
0 0

2C +oo o \2\"
e 14 (= ) O.v+1/ze—(w—wg)a/wdo—
b (2v+1)ﬁ./0 < (a)b)

<m>r(2k+v+§) N

k) (@ — wo)?kb?

2C < ) )"*3/2’”
Qv +1)Vb \@—wo =

when b — +o0, we conclude that (2.30) holds.

0

Remark 3. In [29], Xiang considered the convergence rate of Gauss-Laguerre-type quadrature for the integral I[f] =
o Cx%e~*f(x)dx, @ > —1. Suppose that f, f, ..., fk=1 are absolutely continuous in [0, +) and satisfy for j =0, 1, ..., k
for some k > 1 that

. . +oo 1/2
xliIP ex/2X1+]+af(/)(x) =0, and V= (/ X1+k+ae—x[f(k+1)(x)lzdx> < 400,
— 400 0

then the convergence rate of Gauss-Laguerre-type quadrature satisfies

11— Q§Hf] = O~ 1-1ehr2),
From this formula, we can see that the presented methods in this paper are uniformly convergent in ny and n; for fixed w.
Remark 4. Based on the asymptotic series of Whittaker functions [2], Chen [6] presented two methods for the evaluation of

the integrals (1.1) by using the complex integration method. For convenience, let n; denote the number of the nodes of Gauss-
Laguerre quadrature rule, and n, denote the number of terms truncated of the series in Whittaker functions. Then the method for

the first integral in [6] can be denoted by Q: o 1D [ f], and method for the second integralin (1.1) can be denoted by Q; ny. HED [f].
1.12,Hy ety
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Table 1
Relative errors for the integral (3.3) by the presented method Q,, »,[f] and the method

Qﬁ.,nz.mv [f]in [6] with n; =ny =1, 2, 3, 4 for different w.

w=25 =50 =100 =200 =400

Qialf] 322(-3) 806(-4)  202(-4)  504(-5)  1.26(-5)
Quawlfl  123(=2) 390(-3)  7.75(-4)  194(-4)  485(-5)
Q2 f] 635(—6) 326(-7)  1.90(-8)  1.16(-8)  7.24(-11)
Qouolfl  208(-4) 268(-5) 337(-6)  423(-7)  529(-8)
Qsslf] 929(-8) 1.05(-9)  127(-11) 2.05(-13) 3.88(-15)
Qspolfl  348(=6) 219(-7)  137(-8)  859(-10) 537(-11)
Qaalf] 232(-9) 631(-12) 146(-12) 4.10(-15) 2.77(-16)
Quuwlfl  152(=7) 489(-9)  154(-10) 483(-12) 151(-13)

Table 2
Relative errors for the integral (3.4) by the presented method Q,, »,[f] and the method
Q5 Lolflin[6]withn =n; =1,2,3,4 for different .

1,12,y

=25 =50 ® =100 ® =200 ® = 400
Qi.11f] 9.29 (—4) 413 (—4) 441 (-5) 1.45 (-5) 4.85(—6)
Qf‘]ng)[f] 2.78(-4) 2.64(-4) 2.10(-5) 9.21(-6) 3.29(—6)
Q2,2[f] 2.63(-6) 1.87 (=7) 6.11(-9) 3.54(-10) 2.58(—11)
Q25_2_Hw[f] 1.47 (-5) 4.10(—6) 1.85(=7) 3.48 (—8) 6.11(=9)
Qs3,3(f] 5.03 (-9) 899(—11)  7.24(-13) 3.19(-13) 6.60(—16)
QZS‘SVHg,[f] 9.94(-8) 1.59 (-8) 3.79(-10) 359(-11) 3.11(-12)
Qa.4lf] 7.67(-12) 4.13(-14) 884(—14) 3.19(-13) 549(-16)
QjAHIp[f] 2.31(-9) 1.79(-10)  215(-12) 3.19(-13) 4.29(-15)

Both methods have the same error bound O(w’%’mi“{znl’”ﬁ”). For more details, one can refer to [6]. From Theorems 2.1-2.2,
we can see that the presented methods in this paper are of higher order error bounds than the methods in [6]. In Section 3,
we also present two examples to show that the methods in this paper are more efficient than the methods in [6] (see Tables 1
and 2).

3. Numerical examples

In what follows, we will test several examples to illustrate the qualities of the approximation provided by (2.18) and (2.31).
All computations were performed in MATHEMATICA, Ver. 10.0.1, on MacBook Pro Retina, OS X 10.9.5, and alternatively using the
R2012a version of the MATLAB system on a 2.50 GHz PC with 4 GB of RAM. In construction of Gaussian quadrature rules with
high precision, we use the MATHEMATICA package OrthogonalPolynomials (cf. [9] and [24]), which is freely downloadable from
the web site http://www.mi.sanu.ac.rs/~gvm/.

In order to conduct the experiments, we require knowledge on the exact values of all the considered integrals I[f] (precisely,
I1[f] and I,[f]). The values that we assumed to be exact are computed in the MATHEMATICA using the high precision arithmetic. In
order to show the asymptotic order on w for the presented method, in some experiments we consider the scaled absolute errors

w%+2min{n1,n2} |][f] — anZ[f”

Example 3.1. Let us consider the integrals

10 2
1
(1)
/1 cos(x)H; ' (wx)dx and /1 o

by the method Qn, n,[f] with @ from 5 to 200.

The scaled absolute errors for the first integral in (3.1) are displayed in Fig. 3 (left) for certain selected number of nodes
(nq, ny) = (1, 2) (solid line), (2, 3) (dotted line), and (3, 4) (dashed line). Scaled absolute errors for inverted number of nodes
(nq,ny)=(2,1),(3,2),and (4, 3) are given in the same figure (right).

The corresponding graphics for the second integral in (3.1) are displayed in Fig. 4.

(3.1)

Example 3.2. Let us consider the integrals over (1, +),
+00 1
[

by the method @11 ., [fTwith @ from 5 to 200, Figs. 5-6 show the asymptotic order on w for the presented method.

* Ccosx

H“>( x)dx (3.2)
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Fig. 3. Scaled absolute errors for the first integral in (3.1), obtained with (ny, nz) = (1, 2), (2, 3), (3, 4) (left) and with (ny, ny) = (2, 1), (3, 2), (4, 3) (right), when w
runs over [5, 200].
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Fig.4. Scaled absolute errors for the second integral in (3.1), obtained with (ny, ny) = (1, 2), (2, 3), (3, 4) (left) and with (ny, ny) = (2, 1), (3, 2), (4, 3) (right), when
 runs over [5, 200].
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Fig. 5. Scaled absolute errors for the first integral in (3.2), obtained with (nq, nz) = (1, 3), (2, 3), (3, 4) (left) and with (ny, ny) = (3, 1), (3, 2), (4, 3) (right), when @
runs over [5, 200].

Example 3.3. Let us consider the integral

+o00
/ e *(x* + DH (x)dx (3.3)
1

by the presented method Qnmz [f]and the method Qﬁl g HD [flin[6] withn; =ny =1, 2, 3,4 (Table 1, numbers in parentheses
indicate decimal exponents).
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Table 3
Relative errors in calculating I(w) for @ = 50, 100, 1000.
=50 w =100 w = 1000
n (2.18) (2.25) (2.18) (2.25) (2.18) (2.25)
1 413 (—4) 413 (-4) 4.41(-5) 4.41(-5) 1.16 (-6) 1.16 (—6)
2 1.87 (-7) 1.28(-7) 6.11(-9) 3.47(-9) 478(-13)  5.86(—13)
3 899 (-11)  1.17(-10)  6.82(-13)  8.69(-13)  539(-19)  1.96(-18)
4 7.18(-14)  1.04(-13)  3.88(-17) 145(-16)  3.09(-24)  5.45(-24)
5 146 (-16)  1.61(-16)  591(-20)  6.16(-20)  1.72(-29)  2.03(-29)
6 8.19(-19)  3.19(-19)  835(-23)  3.20(-23) 2.89(-34)  1.10(-34)
7 6.87(-21)  9.83(-22) 1.82(-25)  2.71(-26)  6.33(=39)  9.56 (—40)
8 759(-23)  5.86(-24)  524(— 28) 4.40 (—29)
9 1.05(-24)  6.63(—26) 1.90 (-30) 1.30 (-31)
10 1.75(-26)  1.05(-27) 842(-33)  545(-—34)
11 343(-28)  2.04(-29)  443(-35)  2.85(-36)
12 7.76(-30)  4.56(-31)  2.72(-37) 1.75 (—38)
13 200(-31) 1.16(-32) 1.92(-39) 1.24 (—40)
14 579(-33)  3.34(-34)
Example 3.4. Let us consider the integral
12 eX (]) d
I = ——————— + 6co0s(2x) |H x)dx 34
@) /2 <1+100(x—1/2)2+ ( )) 3 (@x) (34

by the presented method Qy, n,[f] and the method Q’f . H(U[f] in [6] withny =ny =1, 2, 3,4 (Table 2).
1.2,y

From Figs. 3-6 and Tables 1-2, we can see that the presented methods (2.18) and (2.31) are efficient for the evaluation of the
integrals (1.1) and the error bounds for both methods are attainable. Particularly, Tables 1-2 also show that the methods (2.18)
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and (2.31) are more efficient than the methods presented in [6]. In addition, more accurate approximations can be obtained as
w increases for fixed nq, n,. For fixed w, adding additional quadrature nodes can also result in more accurate approximations.

In the following we also consider the efficiency of the method (2.25) in calculating the integral I(w) given by (3.4). For
w =50, 100, 1000, the exact value of this integral (rounded to 41 decimal digits) are

(—5.2606540619478132888162873836227788326071 + i0.8714309117651169287615634081029444029520) x 1073,
(1.6334254404141130052256106886480207660342 — i4.6946054645754247713765147952435215400185) x 1073,

(1.7173769379846547903397290523767095071656 — i4.4010850898305029428016414358209690900748) x 107>,

respectively. Real and imaginary parts of the integrand in (3.4) are presented in Fig. 7.

In numerical calculation of I(50) we apply the methods (2.18) and (2.25), taking n; =n, =n=1, ..., 14. The corresponding
relative errors are given in Table 3. Numbers in parentheses indicate decimal exponents. The convergence in both methods is
very fast. Precisely, it is slightly faster for the second method. In the same table we also present results for « = 100 and w = 1000.

4. Concluding remarks

In this paper, we present efficient methods for the integrals in (1.1). By transforming these integrals into the Fourier-type, we
evaluate the integrals using complex integration method and Gauss-Laguerre quadrature rules. Error analysis for the presented
methods is given, and the presented methods are uniformly convergent in n; and n, for fixed w. In addition, the method can be
extended to the computation of integral fcf’ FOO)x—a)* (b —x)B Hf})(a)x)dx, o, > —1,b > a> 0.Theoretical results and numerical
examples show that the methods are very efficient in obtaining very high precision approximations if w is sufficiently large.
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