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1. Introduction

A fairly wide range of important functions in applied sciences (which are popularly known as special functions) are
defined via improper integrals or infinite series (or infinite products). During last four decades or so, several special functions
(such as the gamma and beta functions, the Gauss hypergeometric function, and so on) becomes essential tools for scientists
and engineers due to their applications in mathematical physics, probability theory and other areas. The above-mentioned
applications have largely motivated their extensions and generalizations.

In the present paper, we consider the following special function and its related functions.

Definition 1.1. The extended beta function Bg“pﬁ/)(x, y) with Re(b) > 0 is defined by
1
By = [ -0 (oc;/f; tp(]b_t)) dr. (1)
where
p = 0,2 > 0,min{Re(«),Re(f)} >0, Re(x)>—Re(px), Re(y) > —Re(lax).
When b =0, (1) reduces to the ordinary beta function B(x,y) (min{Re(x),Re(y)} > 0).
Special cases of (1) are given below.

e When p = 1 =1, the function (1) becomes the one that has been discussed in [30].
e For o = f3, we get

% L. . b
Bpypi(x,y) = Bl(:;b,/?.(xv}’) :/0 11—ty exp <t”(1t)/> dt. (2)
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The case when p = 2 =m > 0 has been studied in [20].
e For p=4=1and a =g, we get

By(x,y) := B (x,y) = / FI(1 - 0 exp( (]b )>dt 3)
which has been considered in [9,23]. A complete description of (3) can be found in [8].

With the help of these new beta functions many extended hypergeometric functions (including multivariate cases) have
been created and considered (For univariate cases, see [10,24,26,30]; for multivariate cases, see [29,33]). Their applications
on fractional calculus and statistics are also given in [1,5,24]. In this paper, we focus on the following two definitions. For
convenience, we shall always use the notation:

Bili(x+ny) Byll(x+n,y)

B (x+ny = 4
b )= Byl (x.y) B(x.y) @
Definition 1.2. The extended Gauss hypergeometric function is defined by
opip.i X k] X, = Zn
QPO >{ 1 y2 ;z;b} = (%), B (%2 + n,y, —X) (5)
1 n=0

(p 20,4 >0; min{Re(x),Re(f)} >0; Re(y;)>Re(xz) >0, |z]<1).

Generally, we can define the following extended generalized hypergeometric function. In fact, function of this type has
been introduced and studied in [26].

Definition 1.3. The extended generalized hypergeometric function is defined by

B0 X155 X S 7
oFg -"“{ ”-.,z;b} > ump.g)% (6)

n=0

where p > 0,2 > 0,min{Re(x),Re(f)} > 0, and its coefficient is determined by

q
X[ [Bol (% + 1.y, = Xi1), (P =a+ 1;Re(y;) > Re(xi1) > 0; 2] < 1),
j=1
q /\
Anlp.q) = { [[Bra (% +n.y;—%), (p=a;Re(y;) >Re(x;) >0; z€ C),
j=1
i

y}nHBbp/ Xi+nYy,;—%), (r=q-p,p<qRe(y.;) >Re(x)>0; zeC).

i1
When the variable b amshes, function (6) reduces to the ordinary generalized hypergeometric function defined by

X1, > Zn
qu(le" yXpi Y1 yqv )PF(1|:y1 :| Z

n:O (yq) n! 7
where (x), denotes the Pochhammer symbol defined, in terms of the familiar gamma function, by
®) _l"(x+n)_{1 (n=0;xe C\{0})
"TOT(x) \x(x+1)---(x+n—1) (neN;xeC).

For conditions of convergence and other related details of this function, see [4,17,27].
We also need some other special functions such as Meijer’s G-function, Fox’s H-function and the Fox-Wright function, etc.
Their definitions will be given in the corresponding sections.

Definition 1.4 [31]. Let f(z) := Y, oax2" and g(z) := >, ,bnz" be two power series whose radii of convergence are denoted
by Ry and Ry, respectively. Then their Hadamard product is the power series defined by

o0
= Zanbnz”.
n=0

The radius of convergence R of the Hadamard product series (f * g)(z) satisfies Ry - Ry <R.
If, in particular, one of the power series defines an entire function, then the Hadamard product series defines an entire
function, too.
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The concept of the Hadamard product is very useful in our investigation. It can help us decompose a newly-emerged func-

tion into two known functions. Let us consider the function Fpﬁf #)[z; b]. Its decomposition is illustrative. That is

o | X1 X 1 onl XX
pF}(&/}P,A) p :z;b :]Fr|: ;Z:|*ngx’ﬁ'p‘/') p .z:b (I2] < ).
y17---7.yp+r Yoo e y1+r7---7yp+r

This paper is organized as follows. Section 2 establishes several new properties of the extended beta functions with dif-
ferent parameters, in particular some connections with the Laguerre polynomial and Fox’s H-function are found. In Section 3,
we first prove a very general Mellin—Barnes type contour integral representation for the extended generalized hypergeomet-
ric function, and then derive a few important results such as the extended Gauss summation formula, extended Kummer’s
first transformation and extended Nerlund’s expansion etc. In Section 4, results depending on some new extended fractional
integral operators are obtained. With the help of the extended Riemann-Liouville fractional integral, a decompositional for-
mula of the extended generalized hypergeometric function is formulated. Further, several Kober type fractional integral
operators are also considered.

2. New results of the extended beta functions

In this section, we present various properties for the extended beta function Bb . /(x y) defined by (1) and discuses their
(some) connections with the hypergeometric functions, Laguerre polynomials and Fox’s H-function.

Theorem 2.1. The function defined by integral (1) exists under the conditions
p>0,4>0, min{Re(B),Re(x)} >0, Re(b)>0

and
Re(x) > —Re(pa), Re(y) > —Re(Aa).

Further, if o = p, the integral also exists when x,y € C. If b = 0, the conditions of existence becomes min{Re(x),Re(y)} > 0.

Proof. For convenience, we write E(t) := - (Re(b) > 0). Observe that

t/’l t)*

e if p>0and />0, then |[E(t)] > occast—0(ort— 1)
e if p>0and 2=0, then |E(t)] > coast—0,and E(t) > bast—1;
e ifi>0and p=0,then |E(t)] - < ast—1,and E(t) = bast— 0.

We only need to consider the first case, and the other cases can be easily included. Let s; (s; > 0) and s, (52 < 1) be the num-
bers such that, for any t € [s1,s,] and b fixed, the following inequality
2] <T< oo

holds, where T is a positive number. Then, we rewrite integral (1) as

B (x,y) = (/ / /)r“ Y1 Fy (0 i —E(O)dE = + 1 + .

Since the asymptotic behavior of confluent hypergeometric function ;F;(x) as Re(x) — —oo is given by (see [12, p. 278])

Fa(0 i) = %(—xr“ [1+0(k )], Rew) — o,

it is easy to find that
S1
I </ (RO (1 — )%y Fy (o B3 —E(1)) | dt

< K/ tRex )RE y)— 1|E(t)‘*R9(0f)eIm(,<)arg(E( Ndt

—Re(a)

b dt

<K, /5] tRe(x)—l(-l _ t)Re(Y)—l _ 9
0 t"(1—t)

K

- |b|Re(oc)

< |b\1§;<“> B(Re(x) + Re(pa), Re(y) + Re(ix))

/Sl tRe(x)+Re(poz)—1 (1 _ t)Re(y)+Re(/21)—]dt
JOo
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(K,Ky >0, Re(x)+Re(px) >0, Re(y)+Re(ix)>0).

The boundedness of integral I can be obtained in the same manner.
Now, we estimate the integral I,. By the continuity of {F;(o; f;z) we have

[1F1(o; B —E() < M, t € [s1,82]

Then, by writing N := maXc, 5, %1 (1 — £)%7", we get
L] <M / tRe®-1(1 — £)RW-1d¢ < MN(s; — §1).
S1

This completes the proof. O

Remark 2.2. From the proof of Theorem 2.1, it is clear that there always exists a positive number € such that
B0 6.y)| < Bx.y),

if min{Re(x),Re(y)} > 0. Thus in most cases our extended definitions share most of the properties of the classical ones.

2.1. Relations between the extended beta functions and hypergeometric functions

We begin with the following theorem, which establishes a very useful integral representation of Bb“p/’/ x,¥).

Theorem 2.3. The following integral expression holds true:

1
B = Fgrip=gy J, <09 Bt )

(p 20,2>0; Re(f)>Re(x)>0; Re()>D0),
where the function By, ;(x,y) is defined by (2).

Proof. By using the integral representation of (1) and the Euler integral representation of confluent hypergeometric function
[13, p. 126, Theorem 7.1], we have

1
BID(x,y) = / £ (1 - 07 Fy (o s —E(0))de

—% / 11— gy [/0 e 75)/"“’]e7"<?_iﬂ"ds}dt

~rg 0= [ e -0 e as

7& ! o—1 _ f—o—1 )
( ) ( a)/ s (1 S) BbS;p,/V(X-,y)ds.

This completes the proof. O
Setting p = A =1 in (7) gets

1
B = = & (=9 By, ®)

which contains a simpler integrand. Since the generalized beta function B%b(x,y) have the following expansion (see [23, pp.
24-25], see also [8, pp. 234-235]):

ay  TEIY) 2%y 12y
By (x,y) = vm2'™Y S F, | 2 02 b
15(X,Y) VT 1"(’%)1"(”;‘”)2 212 1y
DT %) [ 2572 15
+ /21 b 2 2 i—b
Ve TENTE) 2 " 14x,1+x—y
L(-y)ix-y) zpx Lyx
vty S g, | T ),
VR e P 1y x

we can substitute this into (8) and integrate out s to get the following result.
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Corollary 2.4. The following hypergeometric series expression holds true:

2—x-y 1-x-y
x— F(X)F(y) 2 T 2 , 0
B (x,y) =vm2'Y S F ;—4b
b:l.l( ¥) VT r(x+y)r<1+x+y) 373 1-x1 —y,b’/

2 2
T(B)T (o +x) T(—x)T(y — x)b*
T)T(B+x) TGN 3F3

+ \/ﬁzwx—y

K

24x-y 14+x—
%7#’054'_)( 4b:|
T+x,1+x—-y,f+x

2+4y—x 1+y—x

7—7a+
5 y ;_44’
1+y,1+y-xp+y

where min{Re(x), Re(y),Re(),Re(B),Re(b)} > 0, and no two members of {0,x,y} differ by an integer.

12y TAT (2 +%) T(=y)T(x — )b’
YR e

Corollary 2.5. If b, p, 2 > 0, min{Re(x),Re(y)} > 0,Re(f) > Re(x) > 0, then we have the following inequality
By x.y)| < Q(b)B(Re(x). Re(y)), )
where, and in what follows, Y (p, 1) := (’);/”772#7 and
Re(a) I'(Re (o)) I"(Re () — Re(ar))
i —Y(p,A)b
re(p) ' T T @G- )

Q% (b) == 1F, [

Proof. Since the function Z(t) attains its minimum at t = p/(p + 1), we get

1
By (%,¥)] < / (eW=1(1 — )% exp (~E(1))dt < exp (—Y(p, 2)b)B(Re(x), Re(y)). (10)
0
By using (7) and (10) together we find that

|F EO{

’Bbp/ X y ’ \m R S
B(Re(x), Re(y))T(Re(B)) [ Re(a-11 _ qRe(h--1 gy (_

ST R -0 /O ) exp (—Y(p, 4)bs)ds

_ o [Re@), I (Re(o))(Ref() ~ Re(2)
1 ey O] g PR R,

Re(f—o)—

}Bbsp/ X y IdS

Remark 2.6. If we set p=1=0o= =1 and x,y,b > 0, inequality (10) reduces to

By(x,y) < e *B(x.y),
which has been proved in [8, p. 224, Theorem 5.5].
When all parameters in inequality (9) become real, it gives

o, i oA, o, X n
B ey) < Q3 bBY) = B+ ny) < plb)

where B” (x + n,y) is defined by (4) and
031(0) = £ [ V(o8]
Applying this inequality to (6) we have the following.

Corollary 2.7. If b,p, 2> 0,0, > 0,%,y; >0 (i=1,...,p;j =1,...,q) and x;,y; also satisfy the conditions given in Definition
1.3, we have

S Xp

[Q;/;(b)] oFq [yh Y,

;Z} p=q p=q+1;

o | X155 Xp
F(“-,/J’VPM-) |: ’ :Z; b:| <

b
NACRREEN/ yoe X

" [ztb)] qu{yj y";z} p<a.
sV
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2.2. Relations between the extended beta functions and Laguerre polynomials

Some nice representations of the extended beta function By(x,y) in terms of the Laguerre polynomials have been
established in [8,23]. Recently, the same method has also been used to find some useful series representation of the
extended Mittag—Lefﬂer function [28]. The following theorems focus on the connections between the extended beta

function Bbp/(x y) and the Laguerre polynomials L,(x) defined by the generating function [3, p. 176, Eq. (5.33)]

_u)! R . n
1-u exp( 1_u>7;Ln(x)u, ul <1, 0<x <.

Theorem 2.8. The extended beta function defined by (2) possesses the following series expression

By (6,y) = €S Li(b)Si(1) (p >0, 220, b>0; Re(x)>—p, Re(y) > —7),
n=0

where S, (z) is a polynomial defined by

(), Tx+(m+1)p)T(y+ (m+ 1))
5@ = S T Ty mE D)

m=0

For p=M,2=N (M,N € N), it reduces to

Bymn(x,y) = B(x, y)ﬁe ’
M+N
> ~n,AM;x +M),A(N;y +N)  MMN"
x Y Ly(b F TN |
; n( )M+N+1 M+N A(M+N;x+y+M+N) (M+N)M+N

where, and in what follows, A(M;x) abbreviates the array of M parameters

x x+1 x+M-1

Ma M R M 7M:1727""

Proof. In order to prove the theorem we need a useful variant of (11), that is,

o

Z Y1 —w)", |u<1,0<b < .

n=0

Observe that 0 < [t?(1 — £)| < Y™'(p, 4) < 1,Vt € [0,1]. We can set u = t*(1 — t)* in (15) to get

T —etr(1 -3 Lb)[1- (1 -ty
0

i
=

( n)m tpm(l _ f);'m

=ebtr(1 -t o

NgE

La(b)

Il
o

n =0

Then, by using definition (2) and interchanging the order of integration and summation, we may find that

00 n_/_ r1 L
Bopslxy) =y L)y o [ erm oy g
n=0 m=0 :

B N, Tx+(m+1)p)T'y+m+1)4)
—e”ZL > Ty + (m+1)(p+7)

)
m=0

which completes the proof of the first assertion.
The second assertion follows directly from the identity

ay (a+1 a+k—1\
(a)k"_<ﬁ>n( k )n< k )nk -0
Since the Laguerre polynomial L, (x) possesses the orthogonality property [14, p. 809]

/ h e *Liy(x)Ln(X)dx = Sy,
0

we easily deduce the following integral identity.

(11)

(12)

(13)

(15)
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Corollary 2.9. If m,M,N € N and min{Re(x),Re(y)} > 0, then the following integral identity

"~ X)Wy —m,A(M;x+M),A(N;y +N) ~ MMN"
L (b)Bp, ,y)db = B(x,y) —M 2N F — 17
/0 (b)Bhmn(X,y) (%,9) FESI M+N+1EM4N AM +N;x+y+M+N) (M+N)M+N (17)

holds true.

Remark 2.10. There is another way to derive this nice formula. Since the equation [14, p. 809]

/ h e MLy (x)dx = (p-1)" , Re(p)>0

0 ﬁmﬂ

holds, the integral on the left-hand side of (17) can be evaluated as

0 B 00 1 1 B ) B b
/0 Ln(b)Byan(x,y)db = /O Lm(b)[ /0 F11 — by exp< tM(]t)N>dt]db

_ ! x—1 _ -1 = _ b
,/ot (1 -ty {/o Lm(b)exp< 7tM(1t)N>db}dt

1 m
- / T (L 2

0

which, after a brief computation, is in fact the result (17). The justification of the interchange of the order of integration fol-
lows easily from the inequality [27, p. 450, Eq. (18.14.8)]:

ILm(b)| < €2 (b > 0).

It is also worth mentioning that we can consider (14) and (17) from another point of view. By a Laguerre series, we mean a
series of the form (see [3, p. 179, Theorem 5.2])

f(b) =3 cmln(b), 0<b <o, (18)
where the expansion coefficients c,, is determined by
e :/‘ ePf(b)Ln(b)db, m=0,1,2, .. (19)
0

If f is piecewise smooth in every finite interval by < b < b,,0 < by < b, < oo, and

/m e (b)db < o,

0

then the Laguerre series (18) with coefficients determined by (19) converges pointwise to f(b) at every continuity point of f.
At points of discontinuity, the series converges to the average value 1 [f(x) + f(x7)].

Now, we can set f(b) = eBy n(x,y). Then (17) gives the expression of c,. Substituting this c,, into the Laguerre series
(18) we can find (14).

Applying (16) to equation ([8, p. 238, Theorem 5.13])

By(x,y) =e % i B(x+m+1,y+n+1)Ly(b)L,(b), Re(x)> -1, Re(y)> -1, (20)

m,n=0

we can deduce the following theorem.

Theorem 2.11. Let min{Re(x),Re(y)} > —1. Then there holds the formula

1.x+1,y+1 1

|| emyidb =Bt 1y s sk S o

0

, (21)

where function By(x,y) is defined by (3).

Proof. We multiply both sides of (20) by e’ and integrate out b, then the orthogonality property (16) help us reduce the dou-
ble series involving in the right-hand side of (20) to a single series.
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There is also another way to prove (21) without using orthogonality. Express the extended beta function By (x,y) in its
integral representation, then we have

/OOO "By (x,y)db = /Ox e’ {/01 (1 -ty Texp (— ﬁ) dt} db
- /0] 11—t {/O%ebexp< (1b_t)>db}dt

It is straightforward to justify the interchange of the orders of integration. Write f(t) :=
for all t € (0,1). Exactly, f(t) > 3,Vt € [0,1]. Thus, the inner integral is evaluated as

X b, 1t
e = =

Now,

00 1 tx(]—t)y
b _
/OeBb(x,y)db_/0 ]—t(l—t)dt

M) Tx+1+C(y+1+k)
*ZT T(x+y+2+2k)

_ (D +1),(y+1)
,B(x+1,y+1)k§:% (’x+y+’2)2kk! k

k
. XD+ 1), (@)
X+1y+lk§x+y+1 x+y+1+1)< T

r(1 5 — 1. Then f(t) remains positive

The result follows from interpreting the final series as a generalized hypergeometric function. O
Employing the same method we give the following statement.
Theorem 2.12. Let p, 2 > 0, min{Re(x),Re(y)} > 0. Then there holds the formula

(L1),x+p,p), (¥ +4,4) (22)
xX+y+p+ip+2) |
where ,\¥,(2) is the Fox-Wright function defined by (see [17, pp. 56-58])

(i, ), [, T(a + k) 2¢
(bj: B), } ZHJ ; (b + pk) K (23)

| eBupteyids 2, H
0

2 Vq(2) =p¥, {z

q p
(z,ai,bjEC,ochﬁjeR(l’—l,-.-7p;j—1,---7q); A= B=> o> 1>.

Proof. The derivation of (22) is direct. However, the convergence of ;'¥';(1) needs more consideration. According to the con-
ditions given in [17, Theorem 1.5], the series in (23) is absolutely convergent for

P q
|z| < 0 := H'Ofir“i]:['ﬁj‘ﬁj:
i1 j=1
provided that A = —1. In our case, we have
A 2% ,
A=-1 and 6= (1—&-5) (1—1—;) >1 (p>0,2>0).

Thus, 54 (1) is convergent. O

Theorem 2.13. The extended beta function defined by (1) possesses the following series expression

: = n+1,a
Bé?‘f,i.(x,w:an(l)ze[ > ;—b],
n=0 )

where the polynomial S, (z) is defined by (13).
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Proof. We start by recalling the following useful identity [14, p. 810, Eq. (7.415)]

n+1,21

1
/O X711 - x)“’le’ﬁXLn(ﬁx)dX =B(Z k2 { 1,74+ u

] (Re() > 0. Re(s0) > 0) (24)

Then, using (12) in integral representation (7), we get

\ T [ oy e
B0 =m0 oY (bs)5,(1)ds

Interchanging the order of summation and integration shows that

1
Bbapﬁ/ ZB % ﬁ ) / s*1(1 =) e bL, (bs)ds.

Using (24) with suitable parameters, we get the result. O

2.3. H-function and G-function representations of B (x,y)

bip,A
For integers m,n,p,q such that 0 < m < ¢,0 < n < p, and for parameters a;, b; € C and for parameters o;, ; € R, = (0, oc)
(i=1,...,p;j=1,...,q), the H-function is deﬁned in terms of a Mellin-Barnes type integral in the following manner ([ 16, pp.

1-2]; see also [18, p. 343, Definition E.1.] and [22, p. 2, Definition 1.1]):
Hr 2 (@i, )5, ol (ar,04), ..., (ap, /@ —.
(bjzﬁ]) (blaﬂl) (

where
- T2 T (b + B)IT (1 - ai Ot‘S)
[T T+ o S)HJ mial (1 =D — B;s)

and the contour £ is suitably chosen, and an empty product, if it occurs, is taken to be unity.
Wheno; =;=1(=1,...,p;j=1,...,q), it reduces to the Meijer’s G-function, i.e.,,

T R I N OIS
o] o)

o(s)

Gmn|:

(b 1)q 4

More detailed information about Meijer’s G-function may be found in [3,21].

Theorem 2.14. Let

p >0, 1>0; min{Re(x),Re(p),Re(b)} >0; Re(x)> —Re(pa), Re(y)> —Re(ix).
Then the extended beta function (1) can be expressed as

wn T [ (- 1) x4y, p 4 2)
Bips (%) ‘W”l‘]‘{ ‘(o,1>7<x7p>,<y,i>,(1 fﬁ,n}‘

Let
p=0,2>0; min{Re(x),Re(p),Re(b),Re(x)} >0; Re(y)> —Re(1a).

Then we have

(0. rper ( =, 1),(X+y, )

e o LA | 2
Similarly, we have

s TETW) ar [ (-1, x4+, )

e e L PN (26)

where
p>0,7.=0; min{Re(a),Re(p),Re(b),Re(y)} > 0; Re(x) > —Re(pa).

Proof. For Kummer's confluent hypergeometric function ;F; (¢«; 8; z), the following contour integral representation holds true
(see [13, p. 127, Theorem 7.2]):
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1 T(p) [T T(a+5)T(-s)

Fi(o:2) = 5 ot e
R0 =i |, T

The path of integration separates all the poles s = —a — n(n € Np) to the left and all poles s = n € N to the right.
Then, from integral representation (1),

(~2)°ds, |arg (—2)| < g

1
Brflxy) = [0 e

110 [, L[ e T+ 5)T(=s) b\
“gmirin ), ° “]‘”“[/m T(G+3) <m1ty> dS}‘“

1T [ D@t STES) o [ g
=2t o TGS " U £ (1 - ldt}ds

_ 1 I /“w L@+ T(S)TX — ps)TY — 45) sy
2mi (o) Jiw  T(B+)TX+y—(p+2)s)
_ 1 I [+ ps)T(y+ 5T —s)
~ 2mi [(a) /m T(B—s)T(X+y+(p+4)s)
L(B) s M (1-0,1),x+y,p+2) }
(0.1),(x,p), (v, 2),(1 = B, 1) |

- F(oc) 24
Egs. (25) and (26) can be derived in the same way. O

b~*ds (s — —s)

By using the famous Gauss-Legendre multiplication formula [27, p. 138. Eq. (5.5.6)]:

_ Lm mz—lm j_] _l _E .
I'(mz)=(2n) 2 m 2}H1‘<Z+—m ) 2#0,——,——...; meN,

it is straightforward to find the following results.

Corollary 2.15. If m,n € N,min{Re(x),Re(f)} > 0, we have

1 1
(o,) _ m a2 F(ﬁ) m+n+1,0 [ ’ 1- a, A(m +n,x +Y)
Bomalicy) = vam "o Y mblo, agmix), Aniy) 1 - )

x+y—% (OC) m+n+1,m+n+2

Further, the extended beta function Béf‘;n/fil(x, y) (as a function of b) satisfies the following ordinary differential equation:

[-Y(m, n)b(y + o) Dy T — 9, DFF DY (Y — 1+ B)|w(b) =0,

where w(b) := B*P (x,y), the differential operators D"* and 9, are defined by

b:m,n
mx T X+j—1 d
D, = (191, — 7) and Yy = b—.
b g m db

Remark 2.16. When o = and p = 2 = 1 we can easily find:

x4y x+y+1
20’ 2 } (Re(b) > 0),

iR

By(x,y) = V2G5 [4b

which has been proved in [8, p. 232, Theorem 5.12].

2.4. A finite sum of By:P (x,y)

Theorem 2.17. The extended beta function defined by (1) have the following finite sum

N W (NN (B= ) ik (O pnpan)
;( 1) ( k) 0D By, (X,J’)f(ﬁ)NBbip‘;‘ x,y),

where

NeN, Re(b) >0, min{Re(x), Re(§)} >0; p=0,1>0
and

Re(x) > —Re(pa), Re(y) > —Re(Aa).
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Proof. For Kummer’s confluent hypergeometric function {F;(z) we have the following finite sum [6, p. 411, 5.14.1 (1)]

e () el e - en [ iw @)

k

Replacing z with —Z(t), and multiplying by ' (1 — t)~' on both sides of (27) we get

N N — N
> () Lo g% s = e R [ -Ee) (28)

k=0

Finally, we obtain Theorem 2.17 by integrating (28) with respect to t over (0,1). O
An application of Theorem 2.17 gives the following result.

Corollary 2.18. The extended Gauss hypergeometric function defined by (5) have the following finite sum with respect to
parameters o and f, that is,

N
F(1+N,/}+N;p./1) |:X1, X2 . Z; :| _ /;_ < ) ﬁ OC)k F (ot p+k:p,2) |:X1, X2 . Z; b:| A
o 2 eI (P ’

where
N e N, min{Re(a), Re(f)} >0; p =>0,2>0; Re(y;)>Re(x;)>0, |7 <1.

Remark 2.19. In fact, many finite sum formulas of Kummer’s confluent hypergeometric function listed in [6] can be used to
establish some useful finite sum formulas for the extended beta function, and further the finite sum formulas of the extended
Gauss hypergeometric function.

3. Contour integral representation of ,F****(z; b]
The Mellin transform of a function f(t), denoted by F(s), is defined by (see [22, p. 46]; see also [17])
Fis) =m0} = [ ¢'f0 (29)
provided that the integral converges. The inverse Mellin transform is given by the contour integral
£00 =90 RS} ) = o

P+oo
_ = ) —
o //7ioo F(s)x~°ds (y =Re(s)). (30)
If F(s) is analytic in the relevant strip then f(x) is uniquely determined by F(s) by using the formula (30). For a general theory
of the Mellin transform, we refer to [7].

In order to establish the main result of this section, we need the following well-known theorem which is widely used to
evaluate definite integrals and infinite series.

Theorem 3.1 (Ramanujan’s Master Theorem [2]). Assume f admits an expansion of the form
= @(n
=S P (g(0) #0)
n=0 :

Then the Mellin transform of f is given by

| ¥ ede =)

We are now ready to present a Mellin—-Barnes type contour integral representation of the extended generalized hypergeo-
metric function.

Theorem 3.2. For p = q + 1, the extended generalized hypergeometric functions prf"/’:p*") [z; b] possesses the following integral
representation:

X1, .., Xg1 1 Fq(ﬁ) P1+oo ~}rq+lr>o q r ,5)
sz/fw) YY) :__/ / ¢(X,y;8) !
a1 VieeonVg @ni) T9a) Jy, i e _iso ¥ H F /)’—s,

/q
X1,X2 + PS1,. .. Xq+1+psq
X g+1Fq

b 2i%ds, ...d 31
Vit (P4 DSt Yq + (P sy } TG Gl
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where

p,% >0, min{Re(x),Re(p),Re(b)} >0, Re(y;) >Re(x;1) >0, 7;:=Re(s;) >0,

Cq (x7 yv S)

4=~ and (Cy(x,y;
C,(X,y;0) X ¥iS

"Fx s L= X iS;
Hq(x,y;s) := =11 M+p] L0 =2 29)

j=1 (p + ;)SJ)

In the above contour integral, we require that each contour in the complex s;-plane starting at —ico and ending at +ico separates all
the poles of T (xj1 + ps;)T(y; — Xju1 + 25) L (5) (ie., 55 = —n;s; = =355 = B0 (n € No)) to the left and all the poles of
(o —s5) (ie, s;=0o+n (n € No)) to the right.

For p = q, we have

o X1, X 1 FQ(ﬂ) 71 +Ho0 yq+im~ q FS —S)
FBp.) q .z.b| = / . / (X, V: J j
Ty, 70 T ) T ) i IOV JiE r =)

j=1
X1+ PS1,...,Xg + PSq

F
F (0 DSt Y+ (P 2)Sg

] = 1fd51 -dsg, (32)

where

p,% >0, min{Re(x),Re(p), Re(b)} >0, Re(y;) >Re(x;)) >0, 7;:=Re(s;) >0,

I Cq(X,y;8) = LT+ ps) Ty — % + 7))
Hy(X,y;8) :==——2"2 and C4(X,y;s) .
! Cq(x,y;0) ! ,1_[ F( +(p+ ))s])
For p < q(r = q — p) we have
NI I PRERPY. 1 TP(p) [nix '»’p% PT(s)T (o — ;)
F(oc.ﬁ,p,u[ -z b] __ 1 / / LX,Y;S) (s) i
n 1o+~ 7yp+r (znl)p FP(O() 71— Yp—ioo i F — Sj)

X1+ PS1;- -, Xp + PSp

iz|b Xds, - ds,, (33)
YooV Vrn +(p+}“)51""7yp+r+(p+/“)sp

X pr‘H'|:

where

p,% >0, min{Re(x),Re(p),Re(b)} >0, Re(y,,;) >Re(xj1) >0, 7y :=Re(s;) >0,

: PT (% + p5i) T (Vi — Xj + 28
Dp(X,y;s) and D,(x.y:s): H }+p1 U (yjor =% +75))

K,(X,y;S) := -
p( y ) DP(xvaO) i .VJ+r (p+A)Sj)

Note that the description of the contours in (32) and (33) is similar to that of (31).

Proof. By applying Ramanujan’s Master Theorem to the series representation of the extended generalized hypergeometric
function g,1Fy##*[~z; b], we have

/Z” psed) | X0 XXt 4 Ps)u(-sig +1,g),
ylv”'qu

where
T(x1 — ) 4
A(-slg+1,q) = - =3 [1BED (%1 — 5,5, — %i21).
The use of the inverse Mellin transform (30) gives the following contour integral:

@ X1 X2y .05 X4 1 Voo s
gt EEP) 2| =g [ TOU(-sla+1.)(-2)"ds
ylv"“,yq 2mi P—ioo

1 /V+ioo ﬁBapﬁj Xjs1 —S, Y — Xj+1) T'(s)I'(x; — )

—z)7%ds. 34
—ico j27 Bx]+17y1 XJH) ['(x1) (=2 (34)
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Here y := Re(s) > 0, |arg (—z)| < = and the path of integration separates all the poles of I'(s) (i.e., s = —n € Np) to the left and

all the poles of A(—s|qg+ 1,q) to the right. The poles of I'(x; —s) are s = x; + n(n € Ng). However, the poles of function
Bﬁfp’}f (X41 — 5.¥; — X;11) do not always exist. If we choose o = g, the poles of By, (X1 —S,¥; — Xj.1) will disappear.
If we set b =0 in (34), the contour integral gives the standard expression of the classical generalized hypergeometric

function ¢.1F4(2) (see [17, p. 30, Eq. (1.6.29)]):
Fo| X Xan 2 1 IS ) 7 [ T —5)(
1 2 sy
T Ve 27 TTH T (x) Jyoioe THLT (- 9)

The derivation of (35) by applying Ramanujan’s Master Theorem is glven in [2].
In Theorem 2.14, we have proved that the extended beta function B * ﬁ) 2(x,y) can be regarded as a H-function. Thus, we can
write

—2)"°T(s)ds. (35)

(1—o,1),(y;—s,p+4)

(0,1), (X1 =5, p), (¥; — X1, 4), (1 = B, 1)
LT TIN5 g +45) Tl =475
21 T(2) /i T(f-s) Ly —s+(p+2)s)

where y; := Re(s;) > 0, the path of integration starts at y; — ico and terminates at y; + ico.
Substituting this into (34) and interchanging the orders of integration, we have

o0 | X1 X250 Xgi
q+lFéoc,/1.p‘/‘) ’ 1 Mq ;Z;b
yl*,"qu

1 T9p) /}’1+ir>c N /}'q+ioo q F(sj)r((x — sj)r(yj —Xj1 + ;sz)
. 7 Yg—ice G l"([i - sj)B(XjH i — Xj+1)

B;zapﬁj (X1 — S,y — Xji1) = %H {b‘

b de,

1 e d T —s+ps) TETH—s), - D
X |=— —2)7%ds|b Z«-17dsy - - - ds

27 Jy i }HF WV —s+(p+4s) Lx) (-2) 1 g
I S ()] /““* __/'“’“”ﬁr(sj)r(“*%)r(yj X1+1+Asj ﬁ I (X1 + ps))

( ) (OC) 71 —ico Jyg-ico i r(ﬁ - sj)B(Xf+1an _XJ+1 j=1 r(y ,D + ))SJ)

X1,X2 + pPS1, .. Xq+1 + PSq Z
b~ Zi-'id - dsg 36

CE Y (4 A1 Y (P 2)Sg } v (36)

In the above contour integral, each contour starting at y; —ico and ending at y; +ico separates all the poles of
(X1 4+ ps;)T(y; — X501 + 25;)T'(s5) to the left and all the poles of I' (o — s;) to the right. Since the validity of (35) requires that
y; ¢ Z;, wealsoneedy; + (p + 4)s; ¢ Z; such that the evaluation of (36) is allowed. Actually, for p, 2 > 0, and Re(y;) > 0 we
always have

where s} = o+ n(n € No) are the poles of I'(o — s5), and for other cases, this requirement can be easily satisfied.

The proof of (31) is now complete. The integral representations (32) and (33) can be proved in a similar manner. O

Remark 3.3. The Mellin transform of the extended Gauss hypergeometric function (with different parameters) have been
studied by many authors. For instance, Ozergin et al. [30, p. 4608, Corollary 3.6] show that

FlpiLD) {Xu X b} _ 1 /“H“ TOP($)B(x, +5,y1 +5 — X2) F {Xh X2+$ -z} bds (37)
2h VB T ), B(x2,y; — %) o 1 +25° ’

where I'™# (s) = T{*")(s) is a specific case of the extended gamma function defined by

P (s) = | /0 h 5 Fy (ac; B —t — ?) dt (min{Re(x),Re(B),Re(b)} > 0).

After simplification, (37) can be expressed in our notation.

Theorem 3.2 is very illuminating. To some degree, it provides an easy criteria for us to see which properties holden by a
classical generalized hypergeometric function ,F,(z) can be inherited by its extension prz“'”:”"') [z; b]. Several instructive appli-
cations of this theorem are given below.

Corollary 3.4 (Extended Gauss’ summation formula). For p, > 0,min{Re(x),Re(f)} > 0,Re(y;) > Re(x2) > 0,Re(b) > 0, we
have the following extended Gauss summation formula
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o | K10 X (AT ;) 31 (1 =),y =x2,p +7)
Fl&hp.2) :1;b| = . 38
2 { v } @) %) 2’4['(071)7(Xz,p)70’1—xl—sz~)7(1—ﬁ71) %
(o,8) _ _
_Bop 00l TXUTH) ey —x) > 0, (39)

B(x2,y1 — X2)

Proof. Let g = 1 in (31). By using Gauss’ summation formula, ,F;(1) can be summed as

F { X1,X2+ pS1 } _ 'y, +(p+2)s1)I'(y; —x1 — X2 + 281)
Pyt p+nsi ] TTO — %+ (p+As)L 0, — %2 +751)°
where Re(y; — X1 —x2) > 0, and Re(s;) =y, > 0.
Thus, we have
X, X V1tioo —
JFP { w2 1;4 e T T ey T, | 1} bds,
V1 P1-ioo T(B —s1) Yi+(p+ s
_ 1 I /Wi“ L(s)I' (%2 + ps)I(yy — X1 — X3 +s1) (20 = 51)
27 T'(a) /), i L(p—s1)T'(y; =%+ (p+ 24)s1)C1(X,y;0)
From the definition of H-function (38) follows. By interpreting this special H-function as the extended beta function (see The-
orem 2.14) we obtain (39). O

X1,X2 + PS1

~2mi T()

tfSl dS] .

Remark 3.5. Some special cases of (39) can be found in [10,20,30].

Corollary 3.6 (Extended Kummer's first transformation). For p,2 > 0,min{Re(c),Re(8)} > 0,Re(y;) > Re(x;) > 0,Re(b) > 0,
we have the following transformation

B [z e 1z,
N N

Proof. Letting g = 1 in (32) gives

1F(1“'ﬁ:'p";') |:X1 -z b} _ % Fggg /yﬁiOo 7 [(si)I (o0 —s1) F X1 + PS1 .z|b*ds,.

H : :
’ L ey Ty Ry s s

By using Kummer's first transformation [4, p. 191]
a c—a
1F1{ ;X} :eX1F1|: ;—X}
c c
we have

) "yytico _
]ng,/i:/)‘/.) |:X1 .z b:| - 1 F(ﬂ) /y H, (x,y; S) r(-gllzr(a 5]) JF, |: X1+ psi 'Z:| p dS]
)
(

1

v, T 2mi (o) Vi+(p+a)si

ez T(p) /')Jﬁri'x - I'(s))I'(at —s1) F [yl — X1 + 15
—T i

71 —ico

Hi(x,y;s) ; —z} b~1ds;

T2m (o) Yi+ (Gt p)si

Py —ioco

_ elegzx,/f:/;‘p) {Jﬁ - X 2, b} 0
Y1

Remark 3.7. Some special cases of this transformation can be found in [10,20,30].

Corollary 3.8 (Differentiation formula). If p, 2 > 0,min{Re(),Re(f)} > 0,Re(b) > 0, and x;, y; satisfies the conditions stated in
Definition 1.3, then we have the following formula

n NRSTREEREY. cee ,
% pF((IOt,/i;p‘/u) P .2:b _ (Xl)n (Xp)n pF((lat./i;/J,A)
VioeeVq O)n W),

Xi+n,...,X+n
'Z;b

ViHn. Y+
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Proof. For a classical hypergeometric function ,F4(z), we have [27, p.405, Eq. (16.3.1)]

' f [ TY o)
— < F iz y=—2 P/n p
dzn{p ! .y17"'7yq _} (yl)n"'(yq)np 1

X1+n,...,X +n
:Z|.

Yi+n,....y,+n
To apply Theorem 3.2, write

d" (X% ] _HM+MWTW+MTW&“FM)F
dzn |71 ylv"'qu7 Ly, +n)-- Ty, +n) T(x;)---T(x,) " *
For p = q + 1, we have
a4 X Xgn 1 TYp) [n+ie 7’4“* = T(sy) ,5)
Ry B (Y z;b| b = —— / / 4(X, ;) ) :
dz* {[H ! Yi:--5Yq (27‘Cl)q rq(a) V1—ioo Vq~ioo J= r - S]

Ty, +

X1 +n,....X+n
iZ|.
y1+n7'~-7yq+n

1P+ A)s)- r@rﬂp+@%)
x1)T(X2 + ps1) - T'(Xqe1 + psq)

X1"(;(1+n)1"(x2+n+ps1) T (Xge1 + 1+ psq)
Cyi+n+(p+4)s1) - T(yg+n+(p+2)s) Tx
X1 +N,X + N+ PSy, ..., Xge1 + 11+ pS

1+1,X psi q+1 PSq }bzﬁ‘sjdsl---dsq

X q+1F

q
Yi+n+(p+2)S1,..,Yg+n+ (0 +4)Sq
() (e —s;)

_ (), Cox+my+m;0) TIp) it gt .
T @2n) Cxy:0) IWW)/ Aﬂwf““+“”+“541 T(¢-s)

x1+n,x2+n+ps1,‘..,xq+1+n+psq

Pp—ico

z b"zlesfdsl - ds,

X gi1Fg

.Vl+n+(p+)~)517~~~7yq+”+(p+i)5q

. XN, Xg + 1
= (o), IR TR e " b, (40)
Cy(x,y;0) Yi+n,..y,+n
From the definition of C4(x,y;0), we have
q q
C(x+n y+n;0) HF I'(x.1 + 1) H Xm (1)
(an7 j= r y] + n XJ+1 j=1 n

Combining (40) with (41) gives the differentiation formula for ¢.1F{""#*[z; b].

Similarly, we can prove this result for oF*##% [z;b] and ,Fyst*”[z;b] (r=q-p). O
Remark 3.9. A similar result has been proved (by using series manipulation technique) in [26, Theorem 3.3].

Corollary 3.10. For p, 2> 0,min{Re(x),Re()} > 0,Re(y;) > Re(x,1) > 0(=1,...,q),Re(b) > 0, we have the following finite
sum

N N kX2 X
SO ) ka1 g e U
o K q YiseesYa ka +1

_ 2N ﬁ F(/})T(yj) il (1-0a,1), (y]- +N,p+7) “2)
Na+ 133 DT () D05 = %) > 7] (0,1, (51 +N.p). (4 — %1, 4). (1= . 1)
7N Bbapﬁ/ (X]+1 +N y] X}qr]) (43)
NaJrl B(X]+17.Vj_x]+1)

Proof. We first state the following identity [6, p. 423, Eq. (10)]

N N —k,Xz,...,X 1
Z(—l)k(, )(ka+1>”1q+1fq[ "
0 K

N H;'J:l (Xi11)y
k=l ylv“'qu ka+1

~Na+ T )




646 M.-J. Luo et al./Applied Mathematics and Computation 248 (2014) 631-651

For convenience, we rewrite it as

S () )ik 0 ary

k=0

kX2 +psi,... X1 +pSg z
Vit (P+2s1,. Y+ (p+A)sg ka+1
_ 2 AT s+ NI+ (0 + 2)s)

Na+1344T (X0 + ps;)T(y; + (p + 2)s; +N)

Now, we use (31) to get
N N —k,x3,..., X
Z(*l)k(k>(ka+1) q+1F(Y/ip/)|: » A2, ’ q+1; z

k=0
_ 1 Ty e T LT =5) g~ ¢ (N N-1
_ i ) /y . ”./},q,m Hq(x,y,S)EW;(*l) (k>(ka+1)

—k, Xy + PS1,..., X1 + PSq ‘
Vi+(E+As1,... Y+ (p+A)sq’ ka+1

b 2i9ds, - - ds,

X g+1lq

b ¥ds;. (44)

(@) g [ o s Ty T
Coxy:0) 127 T(@) J, i Ty, + (p+ 25+ N)T(5—s,)

Interpreting the last member of (44) in terms of H-function, we arrive at the result (42). A use of Theorem 2.14 may gives
(43). O

Corollary 3.11 (Extended Norlund’s expansion). For p,2>0,min{Re(c),Re(f)} >0,Re(y;) >Re(x;.1) >0(j=1,...,q),Re(b) >0,
we have the following expansion

e —k. Xy, ..., Xgs1 z
_ M (0, :0,7) )2y YA+l o
26 b} =(1-2 Zk:0 k! q+1F { Yis--2Yq ,Qb} (zfl) ’ (45)

X1, Xg41
Y- Yq

q+11:ga~/f:p-,/~) [

Proof. The expansion (45) follows directly from Ngrlund’s formula ([25, p. 294, Eq. (1.21)]; see also [27, p. 411,
Eq. (16.10.2)]):

X1, Xg41 . k.Xa,... Xq1 RN
F 2| =(1-2™ F, (). o 46
o q|:y17"'7yq } ( kz:% ki fau [ Vs Vg }(21) (46)

Remark 3.12. The derivation of (45) from (3) is obvious. So, it is worth mentioning a proof due to N.E. Narlund. Following
Nerlund [25, Section 5] we begin by recalling Euler’s transformation:

k=0 : k=0

k "
Aag=ay, A'ag=a; —ap, Aay=A"Taq —A"ay= Z(—l)’“(i‘)ai, k> 2.

If we put

o

a/f K
H b:p.2 XJ+1 + k’yj _xj+1)c<’

j=1

we get for the difference of order k the hypergeometric polynomial

k . o=k x X

k l (o k B, 1 A2+ Rq+l

Aao =3 (-1 ‘( >| [Bil) (1 + 1,55 = %0) = (=) a3 >[ Yoy, kbl
i=0 T

Euler’s transformation then gives the relation (45).
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4. Extended fractional integral operators

First, we establish the extended Riemann-Liouville type fractional integral operator in this section. Then with the help of
the extended Riemann-Liouville fractional integral operator, a decompositional formula of the extended generalized hyper-
geometric function pr;"/‘:p‘;') [z;b] is formulated. Next, we introduce four extended Kober type fractional integral operators
involving the extended Gauss hypergeometric functions, and then we establish their Mellin transform in the form of
Theorems.

4.1. Extended Riemann-Liouville fractional integral operator

The classical Riemann-Liouville (left-sided) fractional integral of order it € C (Re(w) > 0) is defined by [17]

I{f (0} = ﬁ / “a- 0 fde (o> a),

The corresponding Riemann-Liouville fractional derivatives of order it € C (Re(a) > 0) is defined by

DIy ()} f( )I" “y0) = ﬁ /ax<x—t>"*“*y<r>dt (n = Re()] + 1:x > a),

where [Re(u)] means the integral part of Re(u).
Now, by introducing new parameters, we consider the following extension of the classical Riemann-Liouville fractional
integral:

p+2h
I“b / ft”1 ; :fziA de,
Yo el tP(z—t)"

where p > 0,2 > 0, min{Re(x), Re(f), Re(1),Re(b)} > 0. It is clear that I** may become I* when b= 0. The case when
p =/4=1and a = g have been considered in [29]. Similar constructions are also used in [26,33].
From the definition of extended beta function (1), we have

1+H-1
Py =2
AR T

Repeated application of property (47) yields the following result.

v (n, 1), Re(n) > 0. (47)

Theorem 4.1 (Decompositional structure). For p, 2 > 0, min{Re(x),Re(B)} > 0,Re(b) > 0, we have

ulz’q’xwl{‘..ulzﬁfxz{(‘l _Z)”“}}, p:q_|_‘l7 (48)
e {X L b} e ween. pea, (49)
q ’ —q_
Y, ’yq UJZ/Hp*Xp{“_”}Z’r+1*X1{1Fr|: 1 ;Z:|}}7 r=q-p, (50)
Y- Vr b <q.
where
y—X N F(y) 1-ypy—x.b Zx—l 0
l]z {f(z)} T F(X)Z ]z { f(z)}7 Re(y) > Re(X) > ’

and I{”‘"’ is the extended Riemann-Liouville fractional integral operator.

Proof. In order to derive (48) we proceed as follows,

Ii’l—xz-,b{zxzfl(‘l *Xl} _ Z nIJ’1 X, b{zxz+" 1}
n=0

5] n

Z}’1 x/f Z
X -+ n, — X
*XZ nz bﬂ/ 2 yl z)n

(Re(y;) > Re(xy) > 0).
Rearranging the equation we have

r(yl) 1-y; 1—%2.b f %y —1 -x1\ _ _plapp.2) X1,
F(xz)z Bz (1—2)™ ) =,F

Performing I*’ again in a similar manner, we have
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l"(yz)z1,y2pZ/Tx3,b Zx3712F§1./i;p,/i) X1, XZ;Z;b
Flo) y

= U)o B0 ot v, 1y, — )2 {20

T'(x3) £ onl Thes
— JFBpD) X1,X2,X3. -b R Re(x; =12
=3F, oy ;z;b|, Re(y;) >Re(xj.1), j=1,2.
1,2

Continuing this process gives (48). Egs. (49) and (50) can be similarly proved. O

4.2. Extended Kober type fractional integral operators

Definition 4.2. Define

gz rA B
Tif@) = gy [ 2| gt e (51)
and
") 9} o A7 B s
@] ::% / ng“-"ﬂ-“{ C;atif;b}t f()dt, (52)

where A,B,C, 5, i, d,a € C(Re(C) > Re(B) > 0) and 2F(1“'ﬁ:p';’) [z; b] denotes the extended Gauss hypergeometric function.
The condition of the validity of the operators (51) and (52) are given below:

e1<pq<oo, 1+1=1, arg(l1-a) <7 p>0;
o Re(n) > —7, Re(d) > -1, Re(C-A—-B) > —1;

e f € L,(0,00), where L,(0,00) is a Lebesgue space of measurable real or complex valued functions.

Remark 4.3. It may be noted that, if we set, b= 01in (51) and (52), we obtain the known operators due to Kalla and Saxena
[15, p. 231, Eqgs. (1) and (2)]:

A,B,C —n-1 z A, B

L L e ) Y R VCES (53)
A,B,C i [A B azt

e =1 os@] =i [t S

Similarly, if we set C=B,a=1,b=01in(51) and (52), we get operators given by Erdélyi [11, p. 217]. In the sequel, if we
setC=B,u=1,a=1,b=01in(51) and (52), we have results due to Kober [19, p. 193].

Remark 4.4. It is necessary to point out that our new definitions are very close to their original definitions.
Let us consider the operator (53). We have, for f(z) € Ly(0, ),

S
V@ < i@ —ay; /o

From the results of Section 2, it will be not very difficult to see that

uRet |f (zu)|du.

A, B
zF(f’ﬁ'p‘/') { c saut b}

wppn) [As B ') > wp |ajurr
are | ]| < g @l ae .- p |4
B QLD C)] & () ['(Re(B) + n)['(Re(C — B)) |alut
SCB)I(C By~ " ['(Re(C) +n) n!
Al, Re(B
<L.oF {' b RZEC;” |u”},

where Q*#(b) is defined in Corollary 2.5 and

0,/
[T(C)| I'(Re(B))I'(Re(C —B))
['(Re(C))  [TBI(C-B)

L=0p"(b)
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If all parameters are real, the expression will be simple. Thus,

TF@ < / [ R ’2;|a|u*l}uf<e<'7>tf(zu>|du
Al, R Re(C
- 1-1[‘ Rt );v<z>|], f(@) € 1y(0, ).
where
e
L=Lrq gy ©O<A<D.

The above inequality illustrates that for some suitable parameters, our new integral operator can be well majorized by its
original form.

Theorem 4.5. Let f(z) € L,(0,00),1 < p < 2 [or f(z) € Mp(0,00) and p > 2], Re(C—A—B) > 0,1 > 0,
11y 1 1
Re(n) > max<—,—¢, —+—-=1, and |arg(l-a)| < m.
o >max {32k 2 jarg(1-a)
Then the following Mellin transform formula exist:
1 am=s+1)
o 14 (o, B:0.2) |:A B A :| ’
M{ZIf(2)]}(s) = 2F; :a;b| xoF

where Mi{f (z)} denotes the Mellin transform of f(z) defined by (29), and M, (0, oo) denotes the class of all functions f(z) of L, (0, c0)
with p > 2 which are inverse Mellin transforms of functions of Ly(—oco, ) (q =p/(p — 1)).

a| M{f(2)}(s),

Proof. From (51) we ea511y have by using (29)

wf @) = g [ 2 [ [t o) e

By changing the order of integration, we obtain

_ :u = 1 = —n—2_ papp.r) A B at'u
g — 1 s—1] adll
W @) = 57—y /0 tf(t){/t Z72F) { i ib|dzpdt (54)
For convenience, we denote the inner integral in (54) by J. Then
1
JI= ts’”’]/ TN A {A’ B:au‘“b} du
0 1 C 3
-1 F(l(nfs+l> (,,7_5+1)) R a
n

B (B+n,C - B)?

Ms%

K 1“(( —-s+1) +1)n:o< —s+1)+1) (55)

st TR —s+1) A B 1, L(-s+1)
:t H > F]xﬁﬂ/ |: a'b:|*2F]|: 1”‘ ’/’ .a
1 F(%(nfs+1)+1) c Tn-s+1)+1
The final step above is obtained by applying the Hadamard product. Substituting (55) into (54), the result follows. O
By following a similar procedure we obtain the following theorem.
Theorem 4.6. If f(z) € L,(0,00),1 < p < 2 [or f(z) € Mp(0,00) and p > 2], Re(C—A—B) >0,u >0,
Re(d) > max {1,1},14—1: 1 and |arg(1-a)|<m,
pajp ¢

then we have

on[A B 1L (0+s
WTFRE) = s 52F | C;a;b}*zﬂ[ ;(gisjm ]t{f( )

Definition 4.7. Define

RIf (2)] :Zm; /0 (72— 0 {A’ g;a<1 —E>;b}f(t)dt (56)
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and
_ ZC = —{=d(+ _ »\0-1_p(apip.2) A7 B . _E .
K@) =g [ =2, ia(1-2)b]roar, (57)
where A, B, C, ¢, 0,6,a € C(Re(C) > Re(B) > 0) and ,F***”) [z, b] denotes the extended Gauss hypergeometric function.
The condition of the validity of the operator (56) and (57) are given below:

e 1<pq<oo;+g=1/larg(l1-a)<mpu>0.
e Re(o )>—— Re(g)>—— Re(é) > 0,Re(C—A—B) > —1.

e f € L,(0,00), where L,(0,00) denotes the Lebesgue space.

Remark 4.8. If we set b =0 in (56) and (57), we get the known operators introduced by Saxena and Kumbhat [32].

Theorem 4.9. If f(z) € L,(0,),1 < p <2 [or f(z) € My(0,00) and p > 2], Re(C—A—-B) >0,u >0,
Re(o) > max{1 ]} 1+l: 1, and Jarg(1-a)| <,
pq) p q
then the following Mellin transform formula holds true:
Io-s+1) 1 (9)

A )
N _ Lo =s+1)  copen -a:bl «-F K
MRFDO) = o ey 2F? | ] o2 { Lo bo—s+1) 41

a| M{f(2)}(s),

where M, (0, 00) denotes the class of all functions f(z) of L,(0, o) with p > 2 which are inverse Mellin transforms of functions of

Lg(=00,00) (@ =p/(P - 1))

Proof. From (56) we easily get

M{RIf(2)]}(s) = ﬁ ' /O T o { A ‘ t7(z — t)" PP {A’ g; a (1 - E) ; b]f (t)dt}dz.

Changing the order of integration, which is permissible under the conditions stated in Theorem 4.9, we get

MYRIf (2)]}(5)

:ﬁ /O °" t“f(t){ [ wz“’*”'*l(z—r)‘“ng“J‘;”J {A g (1——) b}dz}dt. (58)

For convenience, we also denote the inner integral in (58) by J'. Then

- [A, B
=501 / w1 - u)0—5+1—12Fgoc.l3:ﬂm) { C;au; b} du
Jo

L0 —s+1)& p a

s—g—1 (o.8) hadl

=t Ié6+0-s+1) ; a+a—s+1) Bbp/(B+nC B) n!

_ o LOT@ =541 pappy[A B 1 p [T L (59)
Fo+o-s+1)7" c d+0—5+1

Finally by applying the Hadamard product and substituting (59) into (58), we get the desired result. [
The same method gives the following theorem.

Theorem 4.10. If f(z) € L,(0,00),1 < p < 2 [or f(z) € Mp(0,00) and p > 2], Re(C—A—B) >0,u >0,
11 1 1
Re({) > max{—,-p, —+-=1, Re(d) >0, and |arg(l-a)|<m,
CELUTHU NS ©) jarg(1-a)

then the following Mellin transform formula holds:

=
—
=2

o [A, B 1, ()
PRI @) = 1 G E 2F(1a'/'p“){ c¥ b} ' zFl{ 5;“5

(s+0) +9) ) ;a] M{f(2)}(s)-

==
—
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5. Concluding remarks and observations

As a conclusive remark we point out that the new special functions like By” (x,y),»F{*"**z;b] and ,F""**[z; b] intro-

duced in this paper should be regarded as a class of continuous analogues (with respect to parameter b) of the classical beta
function and hypergeometric functions.

The importance of these functions is that they inherit most of the properties of the original functions and provide new
relations between different functions. In addition, these new extensions are very compatible with the fractional calculus.
Therefore, results of this paper are general in character and give some contributions to the theory of the special function.
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