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ABSTRACT. Let %, be the class of algebraic polynomials P(x) = 37 _,a,x"
of degree at most n and ||Plly, = (Jg |P(x)?da(x))!/?, where do(x) is a
nonnegative measure on R. We determine the best constant in the inequality
lay| £ Cn,v(do)||Pllge, for v = n and v = n -1, when P € &%, and
such that P(&,) =0, k=1,..., m. The case do(t) =dt on [-1, 1] and
P(1) = 0 was studied by Tariq. In particular, we consider the cases when the
measure do(x) corresponds to the classical orthogonal polynomials on the real
line R.

1. INTRODUCTION

Let &, be the class of algebraic polynomials P(x) =3/ _,a,x” of degree at
most 7. The first inequality of the form |a,| < C, ,||P|| was given by Markov
[3]. Namely, if ||P|| = ||Pllc = max_;<x<; |[P(x)| and Ty(x) = X7 _otn,u X"
denotes the nth Chebyshev polynomial of the first kind, Markov proved that

(1.1)

la,| < { ltn,v|*IPllc  if n—wviseven,
T “NPlloe  if n— v is odd.

For v =n, (1.1) reduces to the well-known Chebyshev inequality

|tn—1,u

(1.2) |an| < 2"7Y|P|co-

Using a restriction on the polynomial class like P(1) = 0 or P(-1) = 0,
Schur [6] found the following improvement of (1.2):

n—1 l 2n
lan] < 2" (cos 7-) " I1Plco-
This result was extended by Rahman and Schmeisser [5] for polynomials with
real coefficients, which have at most n» — 1 distinct zeros in (-1, 1).
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166 G. V. MILOVANOVIC AND ALLAL GUESSAB

Similarly in the L?-norm, Tariq [8] improved the following result of Labelle

[2):
1-3.5---2n—1) (2n+1 1/2 1 1/2
o 2 (2 (/ 1|P(X)|2dx) |

Under restriction P(1) = 0, Tariq [8] proved that

1/2

n @2n)! [2n+1\'?
lan| < PO 27(n!)? < ) / |P(x)]*dx »

with equality case

(1.3) P(x) = —LGi 2v + 1)P,

Also, he obtained that

(n2+2)12 (2n-2)! 2n—1\"?
(1'4) |an—1| .<_ n + 1 2n_]((n _ 1)!)2 2 “P“2a

with equality case

(1.5) P(x) = fl’z’—:;P,,(x) — P (x) + ;2—1;—2 > (v +1)P,(x)
v=0

In the absence of the hypothesis P(1) = 0, the factor (n2 + 2)!/2/(n + 1)
appearing in the right-hand side of (1.4) is to be dropped.

In this paper we give a short proof of a more general problem involving the
L?-norm of polynomials with respect to a nonnegative measure on the real line
R. The standard Jacobi, the generalized Laguerre, and the Hermite measures
are included.

2. MAIN RESULTS

Let da(x) be a given nonnegative measure on the real line R, with compact
or infinite support, for which all moments u; = [ xkda(x), k=0,1,
exist and are finite and yo > 0. In that case, there exists a unique set of

orthonormal polynomials n,(-) = n.(-; do), k=0,1, ..., defined by
T (x) = br(do)x* + c(da)x*~"! + lower degree terms, be(do) >0,
(nk$7tm)=6kIn7 kamZOa
where
2.1) (0= [ f@EGIdolx) (/. g€ L))

For P € &, , we define

(22) IPlas =V P = ([ 1PCx |2da<x>)1/2.

Also, for &, €C, k=1, ..., m, we define a restricted polynomial class
Py, ... ) ={PEF|PE)=0,k=1,..., m} (0<m<n).
In the case m = 0, this class of polynomials reduces to &, . The case m = n is

trivial. If &, =-.. =&, =¢ (1 <k < m), then the restriction on polynomials
at the point x = ¢ becomes P(&) = P'(&) == Pk-1(E) =0
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Theorem 2.1. If P € %, (&, ..., &), then
(2.3) |an| < bn-m(d6)||Pllas

where the measure dé(x) is given by

m
(2.4) do(x) =[] Ix - &I*da(x)
k=1
and the norm ||P|| 4, is defined by (2.2). Inequality (2.3) is sharp and becomes
an equality if and only if P(x) is a constant multiple of the polynomial
m
(25) nn-—m(X; d&) H(X - ék)
k=1
Proof. At first we consider the inner product (2.1). Then the polynomial P(x) =
S _oavx” € P, can be represented in the form P(x) = Y _ja,m,(x; do),
where o, = (P, n,), v=0,1,...,n,and a, = a,b,(do). Since

n 12
1Pllao = (z w) > ol
v=0

we have a simple estimate

(2.6) an| < bn(do)||Pllas ,
with equality if and only if P(x) = Am,(x;do), where A is an arbitrary
constant.
Suppose now that P € %, (&), ..., &n). Then we can write
m
(2.7) H x = &),

where Q € %,_,, . Applying the 1nequa11ty (2.6) with the measure dd(x) given
by (2.4) to the polynomial Q, we find

|anl < bn—m(da)”Q"da s
because the leading coefficient of the polynomial Q is equal to a,. Since

1012, = / 10(x) 2 dé(x / P2 do(x) = |IPI2,

we obtain inequality (2.3), with equality if and only if P(x) is a constant
multiple of the polynomial (2.5). O

Theorem 2.2. Let P € P&y, ..., ¢m), Sm = Yrey k. and let the measure
dé(x) and the norm ||P| 4, be given by (2.4) and (2.2), respectively. Then
(2.8) (@1 </ Crrm = Smbnom)? + B2_ 0 I1Pllae

where b, = b,(dé) and ¢, = c,(dG) are the coefficients in the orthonormal
polynomial #,(-) =mn,(-;déd).
The extremal polynomial in (2.8) is a constant multiple of the polynomial

((én—m - SmBn—m)fzn—m(x) + Bn—m—lﬁn-—m—l(x)) H(x - ék)

k=1
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Proof. Similar to the proof of Theorem 2.1, we consider the inner product (2.1)
and any polynomial P € &%, . Then we have

an = anby(do) = (P, bp(do)my),

(2.9) an_ = apcy(do)+a,_1by_(do) = (P, cp(do)n, + by_ (do)m,—y),

where 7,(-) = n,(-; do).

Using now (2.7), where Q(x) = aj,_,x""" +a,_, _x""™ 1 +... we find
that
(2.10) a;,_m =ay, a;,_m_l =dan—) + Sman ,

where s, = Y ;. & . Now, the corresponding equalities (2.9) for polynomial
Q in the measure dé , defined by (2.5), become

a;x—m = (Qa bn——mﬁn—m) s

a;:—m—l = (Q’ én-—mﬁn—m + bn—m—lftn—m—l)>

where we put ,(-) =n,(-, dd).
According to (2.10), we obtain a,_; = a,_,,_; — Sman_p, = (Q, Wa_m),
where

~

Waom(x) = (Cnem = Smbn—m)ftn—m(x) + Bn—m—lﬁ'n—m—l(x)~
Then, using the Cauchy inequality, we get

Ian-—ll < Cn,n«-l“Q“d& = n,n—l”P“da’

where

Conat = Waemllas = \/Eén—m = smBn—m)z + 53;-»;—1'
The extremal polynomial is x — W, _,(x) [, (x = &). O

In the next section we consider examples with the measures of the classical
orthogonal polynomials (Jacobi, generalized Laguerre, and Hermite polynomi-
als).

3. SPECIAL CASES

At first we observe the following Jacobi case: da(x) = (1 - x)*(1 + x)#dx,

a, f>—1. Let {P,(,"”ﬂ )} be the sequence of the Jacobi polynomials orthogonal
with respect to the measure do(x) on (-1, 1). For such polynomials we have
(cf. Szego [7])

(1= (14082 ) = SO (L) (=t 4 m9)

Their leading coefficients are given by

o) _ (ntrat B+
(a.8) =

X (PP (x) = ki*Px" + lower degree terms).
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The leading coefficients in the corresponding orthonormal polynomials are given
by

bu(da) = o) = {

n+a+pf+1), (n!(2n+a+,5’+ DI(n+a+pB+ 1))‘/2
2np! 2248+1I0(n+ a+ DI(n+ B+ 1)

Also, we need the coefficients

(. 5) W R, B
cn(do)=cy" = r'(lav bfla, )’ vna,ﬂ — b?a-,ﬂ) , Tﬁla,ﬂ) - kr('a,ﬂ) (’U,(,a‘ﬂ))z,
n n—1

where

fap) _ _(a=B)n ,,<a,ﬂ>=< 4n(n+a+ B)(n +a)(n+ p) )"2
" 2n+a+ g’ " Ru+a+p2((2n+a+p)2-1) ’

and
0B _ 2(n+a)(n+ B)
" 2n+a+B)R2n+a+p+1)

Corollary 3.1. Under restrictions P)(1)=0 (i=0,...,k—1) and PO(-1) =
0 (i=0,...,m—k—1), we have that

k 2m—2k
(3.1) |an| < b PH2m=20) Py

-m
with equality if and only if P(x) is a constant multiple of the polynomial

(x — l)k(x + l)'"'kP,E‘i‘:,fk"g”'”‘zk)(x),

Proof. Since the restrictions on polynomials are given only in the points x = 1
and x = —1, the new measure dé(x) is again the Jacobi measure

dé(x) = (1 - x)**2(1 + x)f2m=2k dx |
so the result follows immediately from Theorem 2.1. O
Similarly, from Theorem 2.2 follows

Corollary 3.2. Under the same restrictions as in Corollary 3.1, we have that

(3.2) (an-1] < b/ Gam — )% + 92_ 1 Plldo »

where

7 2%, —2k R k, - N 2%k, B+2m—2k
by = Otk Br2m=2) Ptk paam=2k) o g (ardk, fr2m=2k)
The equality is attained in (3.2) if and only if P(x) is a constant multiple of
the polynomial

(X = DK+ D) (Pam = $m) PR P22 () 4 2, PP ()

A -2k
where T Tﬁlaj’ik,ﬂ+2m )

The case when « = f = 0 and m = kK = 1 (ie., only with restriction

P(1) = 0) was investigated by Tariq [8]. In that case, the best constant in (3.1)

is b,(,z_’?) , and the extremal polynomial is given by x — (x — 1)P,$2_’l°) (x), which
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170 G. V. MILOVANOVIC AND ALLAL GUESSAB

is equivalent to (1.3). Since

2
2,0 1 . 2.0 nc—1
r,,_1=rf,_])=l—;, Onet = 0,2 an? — 1
2
N (2,0 nc—1
R S BTy Py

inequality (3.2) reduces then to (1.4), with an extremal polynomial

n? -1
X (x—1) (P,Ez_']"’(x) ~ T 1P,§2_’20)(x)> :

which is equivalent to (1.5) up to a constant factor.
In a general case for polynomials P € %, (¢, ..., &x), the problem reduces
to the generalized Jacobi measure

m
dé(x) = (1 -x)°(1+x)f [] Ix - &2
k=1
Consider now the generalized Laguerre measure do(x) = x*e *dx, a >
—1, on (0, +o0). With L® (x) we denote the generalized Laguerre polyno-

mial. The leading coefficient b,(do) = 5% in the corresponding orthonormal

polynomial is given by 5 = 1/\/n'T(n +a + 1).

As a direct corollary of Theorem 2.1 we have
Corollary 3.3. Under restriction PY(0)=0 (i=0,...,m—1), we have that

[IPllao
Vin-mT(n+a+m+1)’

lan| <

with equality if and only if P(x) = Ax'"L(‘”z'")(x) where A is an arbitrary
constant.

Similar to the above, in the Hermite case do(x) = e~ dx on (=00, +00),
the problem reduces to the generalized Hermite measure

m
dé(x)=e™ IT1x — &2 dx.
k=1
Some considerations on polynomials under the restriction LP = 0, where L
is a given functional from %, to C, was given by Milovanovi¢ and Marinkovi¢
[4] using a method of Giroux and Rahman [1].
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