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The classical orthogonal polynomials (@,,) can be specificated as the Jacobi poly-

nomials P{*" (t) (o, 8 > —1), the generalized Laguerre polynomials L (t) (s >
—1), and finally as the Hermite polynomials H, (). Their weight functions ¢ — w(t)
on an interval of orthogonality (a,b) satisfy the differential equation

dt
where the functions ¢t — A(t) and ¢ — B(t) are defined as in Table 1.

TABLE 1. The Classification of the Classical Orthogonal Polynomials

(a,b) w(t) A(t) B(t) An Qn(t)
(-1,1) (1-021+8° 1-12 B-a—(a+B8+2t nin+a+pf+1) PP
(0, +00) tset t s+1—t n L5 (t)

(—00, +0) et 1 —2t 2n Hy(t)

The classical orthogonal polynomial ¢ — @, (t) is a particular solution of the
following differential equation of the second order
(1) Llyl = A(t)y" + Bt)y' + Any = 0,
where A, is given in the above table.

Let (f,g9) = f(f Ffgt)w(t)dt and ||f]|?> = (f, f), and let P, be the set of all
algebraic polynomials of degree at most n. Similarly to the well-known Landau in-
equality [5] for continuously—differentiable functions and other generalizations (see,
for example, [1-4] and [6-8]), in this short note we state the following characteriza-
tion of the classical orthogonal polynomials.
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Theorem. For all P, € P, the inequality
(2) (2An + B'(0)[IVAP, | < \2|| Po|* + [ AP

holds, with equality if only if Pn(t) = cQn(t), where Q,, is the classical orthogonal
polynomial of degree n orthogonal to all polynomials of degree < n — 1 with respect

to the weight function t — w(t) on (a,b), and c is an arbitrary real constant. The
An, A(t) and B(t) are given in Table 1.

Proof. Using (1) we have
ILIP]IP = IAP|? + | B, [I* + AL Pl
+2(AP),BP.) + 2\, (AP, P,) + 2\, (BP,, P,).
A simple application of integration by parts gives
2(AP;, BP,) = —B'(0)|VAF,|* - ||BP,|?
and
IVAP,|? = —(AP}, P,) — (BP,, Py).

Then, we find

ILIPAIII? = [ AP = B'(0)[VAPL|? + X} | Pal|* = 27ul VAP, |1

Since || L[P,]|| > 0, we obtain (2).

It is easy to see that the equality case is given by P, (t) = ¢Q,(t). Namely, the
polynomial solution of the equation (1) is only ¢@,(t), where ¢ is a constant. [

Now, we give the special cases.

First, for w(t) = e on (—00, +00), the inequality (2) reduces to Varma’s result

[9:

2n?
2n—1

1P * < 1211 + 1Pl

2(2n—1)
In the generalized Laguerre case, the inequality (2) becomes

1
2n—1

TL2

tPl|? <

1P ]I + (254 i

where w(t) = tfe~* on (0, +00).
In the Jacobi case (A(t) = 1—t2, w(t) = (1—t)*(1+t)” on (—1,1)) the inequality
(2) reduces to the following inequality

(2n—1)(a+B) +2(n® +n—1))|V/1—2P |
<n*(n+a+B+1)7|P* + (1= )P
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In the simplest case, when a = 8 = 0 (Legendre case), we obtain

2 2
+1) 1
Viceppe U p e L g eypre

In Chebyshev case (o = 8 = —1/2), we get
V1 =P < LHP (m—— R AT
SR R 2n? — 1 nh

1 _
where [|f]|* = [1,(1 —2)"V2f(t)? dt.
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