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Abstract. This paper propose a composite mapping strategy to reduce a num-
ber of processing elements (PE) and execution time in hexagonal systolic array
(SA) for rectangular matrix multiplication. We prove that sufficient number
of PEs in hexagonal SA for multiplication of matrices A = (a;i)n,xn, and
B = (bgj)Nyx N, 18 N3min{Ni, N2} and that this number achieves an execu-
tion time of Ny + N2 + 2N3 — 3 time units. The obtained results outperform
those obtained by the standard synthesis procedures. This is achieved without
increasing PE or array complexity.

1. Introduction

The ever-increasing demands for speed and performance in a wide range
of applications, including telecommunications, signal processing, scientific
computing, weather prediction, and real-time process control, clearly point
out to a large-scale computation requirement that may be satisfied only by
revolutionary supercomputing technology. A very promising trend is the
use of VLSI technology for building processor arrays on one chip. This
technology has inspired many innovative designs in processors architectures
[1-12]. Systolic arrays (SA) are suitable for VLSI implementation because
of simple and regular design, and nearest-neighbor interconnections. The
systolic array concept was invented by Kung and Leiserson [1]. A systolic
system is a network of processing elements (PE) that rhythmically compute
and pass data through the system. Once adata item is brought from memory
to systolic array, it can be used effectively in each cell as it passes while
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being “pumped” from cell to cell along the array. Even if communication
rate with the memory is slow compared to the processor rate, the data
is processed by several PEs and updated only once, so enhanced processing
power is achieved. Triangular, square, and hexagonal planar arrays with four
or six nearest-neighbor interconnections in vertical, horizontal, and diagonal
directions are the planar arrays usually used.

Most of the early systolic arrays were designed in ad hoc, case-by-case
manner. Nowadays, one of the most challenging problems in systolic pro-
cessing is the development of a methodology for mapping an algorithm into
systolic architecture. Many such methodologies have been proposed in the
last decade [11-29]. Most of these are based on concept of dependence vec-
tors to order in time and space the index points representing the algorithm.
The ordered index points are represented by nodes in a dependence graph.
The systolic array structure that includes PEs locations and communication
links between them, can be obtained simply by projecting the dependence
graph into lower dimensional processor space. If more than one valid direc-
tion of the projection exists, different designs are obtained.

The common characteristic of the methods based on the above approach
is that obtained SAs are not always optimal in the sense of number of PEs
and/or execution time. Thus, for example, two-dimensional hexagonal SA
for multiplication of two matrices A = (aix)n,xn, and B = (bgj)Nyx N,
has M(P) = N3Ns + (N1 — 1)(N2 + N3 — 1) PEs, and requires Tioy =
2N1 + Ny + 2N3 — 4 time units to perform the multiplication. Here the
duration of multiply-add operation is taken as a time unit. In the case of
square matrices the corresponding values are M(P) = 3n? — 3n + 1 and
Tios = 5n — 4, where n is a size of matrix. Compared with orthogonal arrays
these results are poor.

The objective of this paper is to provide an efficient mapping strategy
which will enable us to obtain space-time optimal 2D hexagonal SA for
multiplication of rectangular matrices. We will prove that sufficient number
of PEs in the 2D hexagonal array is M (P) = N3min{ Ny, No} (i.e., M(P) =
n?) and that this number achieves an execution time of T, = Ny + No +
2N3 — 3 (i.e., Tioy = 4n — 3) time units. We will prove that when N3 <
max{ Ny, No} is valid, hexagonal array obtained by the proposed composite

mapping has the same number of PEs as the best orthogonal array.

The rest of the paper is organized as follows. Section 2 contains the
problem definition. In Section 3 we present our mapping strategy which
enables us to obtain space-time optimal hexagonal SA without increasing PE
or array complexity. Section 4 contains discussion of the obtained results.



Designing Hexagonal Systolic Array by Composite Mappings 285

2. Background

Consider the multiplication of matrix A = (a;;) of order N3 x N3 by
matrix B = (bg;) of order N3 x N to give a resulting matrix C' = (¢;;) of
order Ny X N5, where

3
(2.1) cij = aixbr;, 1<i<N;, 1<j<N,

To compute ¢;; the following recurrence relation can be used:

(2.2) B =t fapby,  k=1,...,Ns, 2 =o.
In a fairly straightforward way, one can obtain regular iterative algorithm
that performs the computation (2.2):

ALGORITHM_1
for £ :=1 to N3 do
for j:=1 to Ny do
for i :=1 to N; do
olix,K) 1= (6§ =1,
C(i,j,k) = C(i,], )—I—a(z .77 ) *b(l,],k),
endfor;
endfor;
endfor;

with
a’(iaja k) = Qik, b(l,], k) = bkja c(iaja k) = c(k)

The ALGORITHM_1 enables representation of computation (2.2) in a three-
dimensional Euclidean space Z3. The ordering of computations in ALGO-
RITHM_1 can be described by a dependence graph I' = {Piy; E}, where
Pn = {(i,5,k) | 1 < i < N;,1 <35 < Ny, 1 <k < N3} is a space
of inner computations (or iteration space) of the ALGORITHM_1, and E =
{eb, e3, _'3} e = (1,0,0), € = (0,1,0), € = (0,0,1) are local depen-
dence vectors for elements of matrices B, A and C, respectively. The
graph I' can be mapped into the projection plane along some allowable di-
rection /i, using corresponding transformation matrix L(f). The well-known
2D hexagonal systolic array [1-11] is obtained by the direction 7 = (1,1,1).
The corresponding transformation matrix may have the following form

23 o=y ) )
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The position of each PE in 2D hexagonal SA is described by its (z,y) coor-
dinates which are obtained according to the following mapping

L(ji)

(2.4) Py — P,

where P is a set of integer points in the projection plane where PEs are

located. The (z,y) locations of PEs are determined from the following equa-
tion

S HE E ] || R Fd

for 1 <¢ < Nj, 1 <j <Ny 1<k < N3. The interconnections between
the PEs are implemented along the directions é',?, v € {a,b,c}, which are
projections of the data dependence vectors é'::’ in the projection plane, i.e.,

(26) &2 = L(@, ve{abcl.

Denote by D an arbitrary set of integer points, and by M (D) the number
of elements in D. According to (2.5) we have that the number of PEs in the
2D hexagonal SA is
(2.7) M(P) = NaN3 + (N1 — 1)(N2 + N3 — 1).

In the case of square matrices, i.e., when Ny = Ny = N3 = n, we have
that

(2.8) M(P) = 3n* —3n + 1.

The total execution time for the realization of ALGORITHM_1 on the ob-
tained SA is

(29) Ttot :2N]_ +N2+2N3—4,
ie.,
(2.10) Tiot =5n —4, Ny =Ny =N3=n.

An example of hexagonal SA for Ny = 3, Ny = 4, N3 = 2 is shown in
Fig. 1. During a clock cycle, each PE receives three data items from three
different pipes and executes a multiply-add operation. These data items
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Fic. 1: Hexagonal SA obtained by standard procedure when N; = 3,
N2:4,a,ndN3:2

advance into neighboring PEs along their own pipes synchronously in the
next clock cycle. the efficiency of the array is 1/2 (50%), since only half of
the PEs are active in every clock cycle.

If we recall that for square matrix multiplication optimal SA should have
n? PEs, it is obvious that the array size given by (2.8) is too large. Ref. [30]
describes a methodology to design a family of optimal SAs for square matrix
multiplication. The procedure given in [30] cannot be easily extended to
the case of rectangular matrices. In this paper we describe a new efficient
method to design optimal 2D hexagonal SA for multiplication of rectangular
matrices.

3. Composite Mapping

Before we formulate our optimal mapping strategy, let us point out to
the important feature of the standard procedure that gives hexagonal array
with great number of PEs. The graph I' = {Piy, E'}, i.e., the set Py, is
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not accommodated to the direction f = (1,1,1) before mapping (2.4) is
applied. Without the accommodation, the set P, is suitable for orthogonal
projections only. Namely, all projections, except orthogonal, will give the
image P with more than n? image pints. Therefore, we are looking for some
linear transformation 7', which maps set P, into a new set P/, such that
when mapping (2.4) is applied on P/ its image P, has fewer points than P.
The idea is pictorially presented in Fig. 2.

’
Pint . Pint
o

L(n)

P

Fic. 2: Illustration of composite mapping

We will show that there are two transformations of type 1" that are suit-
able for the direction g = (1,1,1). So, we will differ between composite
mapping (a) and (b).

3.1. Composite mapping (a). Let T} : Py — Pl, be a mapping, and
let ijk]T,1<i< N, 1<j< Ny 1<k< N;3bea point from P, and

[uvw]T its image in Pl,. The mapping T} is defined by

nt-

u 1 0 0] [q 0 i
(3.1) v|=|1 1 0f|j|l+]|-1|=]it+j-1
w 1 0 1| |k ~1 i+k—1

The mapping (3.1) is a bijection. This statement can easily be verified
from the following equivalence

Uq U i 12
v | = | v2 <~ Ji| = | J2
w1 wa k1 k2

Now, instead of ALGORITHM_1 we introduce a re-indexed algorithm for
rectangular matrix multiplication:
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ALGORITHM_2
for £ :=1 to N5 do
for j:=1 to Ny do
for i :=1 to N; do

u =1
vi=i+75—1;
w:=1+k—1;

a(u,v,w) := a(u,v — 1, w);
b(u,v,w) :=blu — 1,v,w);
c(u,v,w) := c(u,v,w — 1) + a(u, v, w) * b(u, v, w);
endfor;
endfor;
endfor;

with the following periodicity of data items

a(iaja k) = G(Z +N1,j, k) = G;(i,j + 17k) = a(iajak +N3) = Qik,

C(i,j, k) = C(Z + Nl,j, k) = C(iaj + N2,/€) = C(iajak + N3) = C@(?)a
for 1 < i < N;, 1 <35 < Ny 1<k < N3 Instead of graph I', we
have graph I'y = {PL,, E} which describes the ordering of computations in
ALGORITHM 2. If we now apply mapping L(i) : PL, — P, we will obtain
that (z,y) positions of image points are given by

U 1
oo (1)1 )]0 et
y w i1+k—1 J

for 1 <i < Ny, 1 <7< Ny, 1<k < N3. Note that (3.3) also deter-
mines the (z,y) positions of PEs in the 2D hexagonal SA for realization
of ALGORITHM_2. The communication links between neighboring PEs are
implemented along the directions defined by (2.6). From (3.3) we conclude
that, now, the array size is

(3.4) M(Py) = NyNs

processing elements. Required execution time for realization of ALGORITHM_2J}
is

(3.5) TL, = Ny + Ny +2N; — 3.
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In the case of square matrices, namely when Ny = Ny = N3 = n,
according to (3.4) and (3.5) we have that
(3.6) M(P)) = n?  T&, = 4n—3.

An example of the obtained array for Ny = 3, No = 4, N3 = 2, is shown
in Fig. 3. If we compare the values given by (3.4) and (3.5) with those given
by (2.7) and (2.9), the advantage of the proposed composite mapping over
existing synthesis methods is obvious. Note that the array efficiency is now

100%, since data streams enter the array in consecutive time moments. this
is achieved without increasing processor and/or communication complexity.

Y

0 0 ay axp ay ap 0 1_

0 0 ap @y ap ay 0

a=a

—» - > bV=b
c=c+ab
VN

FiG. 3: Hexagonal SA obtained by composite mapping (a) when Ny = 3,
N2:4,a,ndN3:2

3.2. Composite mapping (b). Another possible mapping Ty: Py — P2,
is defined by

u 1 1 0] i ~1 i+j—1
(3.7) vl =10 1 0||jl+]|0]= j
w 01 1| |k -1 j+k—1
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for 1 <i < Npj, 1 <5< Ny, 1< k< N;s. The mapping T3 is a bijection
also.

The appropriate re-indexed matrix multiplication algorithm has the fol-
lowing form:

ALGORITHM_3
for k:=1 to N3 do
for j:=1 to Ny do
for i :=1 to N; do

wi=i+j—1;
vi= g
w:=7+k—1;

a(u,v,w) := a(u,v — 1, w);
b(u,v,w) :=blu — 1,v,w);
c(u,v,w) := c(u,v,w — 1) + a(u, v, w) * b(u, v, w);
endfor;
endfor;
endfor;

with the data periodicity defined by (3.2). The 2D hexagonal SA for im-
plementation of ALGORITHM_3 is completely determined by set {P, E'}
where P, is obtained by composite mapping (L(ji) - Ty) : Py + P», and
E' = {&Z, &2, &2} being defined by (2.6). The (z,y) positions of image
points, i.e., PEs’ positions in the projection plane, are given by

58) [m]_[l 0 —1] v _[1 0 —1] ’+§._1 _[i—k]
72 CHE T B N B GRS A 1~k

for 1 <7 < Ny, 1 <75 < Ny, 1<k < N3. The communication links
between neighboring PEs are implemented along directions defined by (2.6).
According to (3.8) we have that array size is

(3.9) M(P,) = N1 Ns.

The execution time for realization of ALGORITHM_3 is given by (3.5),
i.e., it is the same as for ALGORITHM_2 implemented on the array obtained
by composite mapping (a). An example of the array obtained by composite
mapping (b) for Ny = 3, Ny = 4, N3 = 2 is shown in Fig. 4.

Before we discuss the obtained results we shall show that composite map-
pings (a) and (b) are directly influenced by the direction i = (1,1,1). Since
the proof is identical for both case (a) and (b), we will cite a proof for case
(a), only.
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0

0 a3 dy day

F1G. 4: Hexagonal SA obtained by composite mapping (b) when N1 = 3,
Nz =4, and N3 =2

According to the equation (3.1) we have that u =i, v =i+ j — 1, w =
1+ k — 1. If we take ¢ as a parameter, we can rewrite preceding equations as

On the other hand, the above equations define a set of N5- N3 parallel lines
with direction ;i = (1,1, 1). Mapping defined by (3.1) requires that each line
passes through exactly N; points of index set PL,. This fact enables us to
obtain considerably better results compared with those find in the literature.

4. Discussion

The main observation about obtained results is that composite mapping
gives two hexagonal arrays for multiplication of rectangular matrices. De-
pending on matrices dimensions N7 and N», we can chose the array with
fewer number of PEs. Recall that standard procedures give single hexagonal
array. According to composite mappings (a) and (b) we state the following
result:
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Theorem 1. The sufficient number of PEs in 2D hexzagonal array required
for multiplication of rectangular matrices A = (a;;) of order N1 X N3 and
B = (by;) of order N3 x Ny is

(4.1) M(P) = N3 -min{Ny, Ny}.
This number of PEs achieves an execution time of

(4:2) TtOt :N1+N2+2N3—3

Corollary 1. According to Theorem 1, for Ny = Ny = N3 = n we have that
required number of PEs in hexagonal array for square matriz multiplication
18

(4.3) M(P) =n?
with execution time
(4:4:) Ttot = 4’rL — 3

The result of Corollary 1 was proved in [30].

By comparing the number of PEs and execution time stated by Theorem 1
with values given by (2.7) and (2.9), and results stated by Corollary 1 with
(2.8) and (2.10), it is obvious that results obtained by composite mapping
are considerable better then those obtained by existing synthesis procedures.

Now, let us compare the number of PEs and execution time of hexago-
nal array obtained by composite mapping with the corresponding values for
orthogonal arrays obtained by standard procedures. Recall that by orthog-
onal projections three arrays can be obtained. The main feature of these
arrays is that some data variables are resident in the array, i.e., they are not
fully pipelined. This is the main drawback of these arrays. Namely, from the
fault-tolerance aspect it is desired that all data variables be propagated from
one PE to the other. In other words, all data variables should be accessible
and should not be stored in the PEs [24]. The main advantage of orthogonal
arrays over hexagonal, were less number of PEs and shorter execution time.

In the best case, the number of PEs in the orthogonal array is equal to
(4.5) M (P) = min{ N, Ny, Ny N3, NyNs}.
According to (4.1) and (4.5) it can be concluded that when

(4:6) N3 S max{Nl,Ng}
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is valid, hexagonal array obtained by composite mapping has the same num-
ber of PEs as the best orthogonal array. Note that when Ny = Ny, = N3 = n,
orthogonal arrays always have n? PEs, as well as hexagonal array obtained
by composite mapping.

When
(4:7) N3 > max{Nl,Nz}

is valid, the number of PEs in hexagonal array obtained by composite map-
ping is greater than that of the best orthogonal array. The case when in-
equality (4.7) is valid is recognized in the literature as problem size anomaly.
This problem was considered in [31] for the case of matrix-vector multiplica-
tion. The approach used in [31] increases the PE’s complexity. This problem
is beyond the scope of this paper.
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