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TWO CONJECTURES FOR INTEGRALS WITH OSCILLATORY
INTEGRANDS*

Gradimir V. Milovanovié, Aleksandar S. Cvetkovié
and Marija P. Stanié

Abstract. We present two conjectures connected with highly oscillatory integrals. A
connection of validity of these conjectures with the existence of certain quadrature rules
is also presented.

1. Introduction

In [4] we considered the following quadrature rule

(L.1) [ f@de =3 o)+ Ra(1)
-1 k=1

where the nodes x; and the weights ok, kK = 1,...,n, are chosen such that this
quadrature rule is exact on the linear span Fa,, (¢) of the following functions z* cos (z,
zFsinCx, k=0,1,...,n — 1, ¢ € R. Such quadrature rules were considered firstly
by Ixaru [2] and Ixaru and Paternoster [3], but they have not proved the existence
of such quadrature rules. Numerical method for constructing such quadrature rules
is presented only with antisymmetric nodes in (—1,1) and symmetric weights for
n <6 and 0 < ¢ < 50.

In [4] the existence question was solved partially. Namely, we proved existence of
such a quadrature rule with all positive (all negative) nodes. The existence question
for the quadrature rule (1.1) which have the both positive and negative nodes is
not solved, yet.
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We give a brief survey of results presented in [4]. For a given n € N and the
set of nodes {z1,...,2,} we put x = (z1,...,2,) and define the node polynomial
w(z) = w™(2) by w(z) = [[F_,(z — ). For the brevity we introduce, for v,y =
1,...,n, the following notation

o) = 2 [T, ) = 20— = [ o)

iy r—ay)(@—zu) o

and £, (z) = w,(x)/w,(z,), as well as

(1.2) D, (x) :[Iwu(x) sin((x —z,)dz, v=1,...,n.

Suppose we are given mutually different nodes xx, k = 1,...,n, of the quadra-
ture rule (1.1). Then the weights can be expressed in the following form (see [4,
Theorem 2.1))

1
(1.3) Ok :/ li(x)cosC(x —ag)de, k=1,...,n.
—1

Let xi, k = 1,...,n, be the nodes of the quadrature rule (1.1). Then they
satisfy the following system of equations (see [4, Theorem 2.2])

1
(1.4) /wl,(x)sing(x—ml,)d:t:Q v=1,...,n.

-1

Suppose that x = (z1,...,2,) is a solution of the system of equations (1.4).
Under the assumption z # x;, k # j, k,j = 1,...,n, we have that x;, k =1,...,n,
are the nodes of the quadrature rule (1.1).

Let z,, v =1,...,n, be the nodes of the quadrature rule (1.1). Then, provided
o, #0, v=1,...,n, the Jacobian at the solution z,, v = 1,...,n, of the system
(1.4) is non-singular (see [4, Theorem 2.3]).

The system of nonlinear equations (1.4) was the main topic in [4]. In the cases
sin2¢ > 0 and sin2¢ < 0 we rewrote the system of equations (1.4) in the following
forms

1 .
1 wy () sin Cxdx
z, =99 (x) = - arctanfz1 (@)sing +k7), v=1,...,n, k, € Z,
¢ _, wy(7) cos (wdxw
and
1
1 wy (x) cos Cxdx
xV:\Ilf(x)zf alrccotf;1 () cos¢ +ko|, v=1,...,n, k, €Z,
¢ _, wy () sin (wdx

respectively.
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Using these transformed systems of nonlinear equations the existence of men-
tioned quadrature rule (1.1) which has the both positive and negative nodes can
be given under two conjectures, one for the case sin2¢ < 0 and the second one for

sin2¢ > 0 (more details can be found in [6]). These two conjectures are given in
Section 2.

2. Conjectures

Firstly, we consider the case sin 2¢ < 0. Let introduce the following notation
b, = (N—y+1)%, v=1,...,N, N=[¢/x]

where [t] denotes integer part of ¢.

We consider the integrals
(2.1) I,, = sgn(sin() / tH —b2)sin(tdt, n=0,1,...,N.

For ¢ > 0 and sin2¢ < 0 it is easy to see that

1 —(sin2¢ + 2sin?¢
| sin | ¢?

1
Iy = sgn(sin ()/ tsin(t dt = > 0.
—1

Based on numerous numerical experiments we can state the following conjecture:

Conjecture 2.1. Suppose that {( > 0 and sin2{ < 0. Then I, > 0 for each
n=1,...,N.

Using the well known formula (cf. [1, 1.431, p. 43])

(2.2) sinz =z H ( kw)

for z = ¢ we obtain a product where the first IV factors are negative and all others
are positive. Because of that, we have

sgn(sin() = (—1)N7

and then

(2.3) I, = (—1)N/ [[# = t))tsin¢tdt, n=1,...,N.
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Replacing (2.2) for x = (t in (2.3) we obtain

N “+o0
I, = 2¢(—1 N+”/ tQHtQ —b2)? H ¢ (6222—152) 11 (I—Zf;>dt

{=N+1

(empty product is equal to 1). From the previous formula it is easy to see that
In > 0.
In these integrals for n = 1,..., N — 1, all factors are positive except for the

42
in the interval (0,1). Let denote integrand by f,(¢; (), i.e

. _t2 n t2 b2 ) N <-2 N—n 022 t2 Feo 1 t2C2
fn(yC)— ,;I;Il( _V) e—l_[1€2772£—1_‘[1(42 - ) H (_f27T2>'

{=N+1

N—n
product [] (é  _ t2) This means that integrand changes its sign N — n times
(=1

In Figure 2.1 the graph of function f,(¢;¢), t € (0,1), for ( = 100 and n = 1 (left)
and n = 2 (right) is given.

J\/\o/.\ | OMQQV 1
A

F1G. 2.1: Graph of function f,(¢;¢), t € (0,1), for ¢ = 100, n =1 (left) and n = 2
(right)

In the numerous numerical experiments we saw that I,, has the same sign as the
function f,(¢; ) after the last sign change, i.e., that I, >0, n=1,...,N — 1.

Under condition that Conjecture 2.1 is true it is possible to prove that in the
case when ¢ > 0 and sin2¢ < 0 for all x = (x1,...,22,11) € Bp, where

(2.4) B, = gl([—by,o] % [0,b,]) X [~bns1,bns1], n <N,

the following inequality

1 2n+1

(2.5) sgn(sin ¢) / H (t —z,)sinCtdt >0

holds. This inequality is of great importance for solving the existence of the quadra-
ture rule (1.1) in general for the case sin 2¢ < 0.
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In order to prove the inequality (2.5) we need some auxiliary results.

Let A : P — R be linear functional on P (P— set of all polynomials). Denote
with oy, elementary symmetric functions

Onie = (— E Tiy---Tiy, k=0,1,...,n,
(i1,-%k)

where summation is performed over all combinations, without repetition, of length
k of numbers 1,...,n (see [5]). Every polynomial p of degree n with real zeros
Z1,...,T, can be represented in the following form

n
2 k

= Onn—kd .
k=0

We denote the vector of zeros of a polynomial p with x = (x1,...,2,) and
consider the following problem: Find

mln Ap = mln Z Onon— p Az,

for a given compact and connected set C € R™. For that purpose we define the
function @ in the following way

o(x) =Ap, xeC.

Now, our problem is to determine mig d(x).
xE

Lemma 2.1. The function ® is harmonic on C'\ 0C.

Proof. Every elementary symmetric function is obviously harmonic, i.e., satis-
fies the Laplace’s equation

Aopr=0, k=0,1,...,n,

where A is the Laplacian. Because ® is a linear combination of harmonic functions
it is also harmonic. [

According to the strong maximum (minimum) principle for the harmonic func-
tions we have the following lemma.

Lemma 2.2. The mazimum (minimum) value of ® on C must occur on 9C, i.e.,

in)®(x) = in )®(x).
RGP = ey P

Because of that, our problem is to determine mgé B (x).
x€
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Lemma 2.3. If the set B,, is defined with (2.4) then

max ( min )P (x)

xEB, x€B,
n
(2.6) — max(min) A (.2? + by)l—kQu—lkuV—l(x _ by)l—kguxkzu X
ki€{0,1},i=1,...2n+1 4

% (1. + bn+1)1*k2n+1 (LE _ bn+1)k2n+1 )

Proof. According to Lemma 2.2 we have that

in )® = in )P
max (min )@(x) = max ( min )®(x),

and all we need to do is to describe dB,,. Every point x = (x1,...,22,41), which
satisfies the following conditions

—b, < x9y,_1 < 0, 0<x9, < b,, v= 1,...,n, —bn+1 < Top41 < bn+1,

is an interior point for the set B,,.

The point x = (x1,...,Tant+1) € OBy, if exists an index v (€ {1,...,n}) such
that x9,_1 = —b, or 29,1 = 0 or if exists v (€ {1,...,n}) such that xzo, = b, or
x9, = 0 or if x9,4+1 = £b,41. Therefore, our max(min) must occur in some of such
boundary point. The function ® is harmonic. We can choose x1 = —b; or x1 = 0,
and define the following two functions

O, (22, ... wans1) = O(=b1, 22, ..., Tans1),
@g(xg, e ,l‘gn+1) = (I)(O, Loy ... 7$2n+1)-

Obviously, the function ®; b1 as well as the function ®9, is also harmonic on

B! =10,b1] x X (=00, 0] x [0,6]) X [=bng1, b
Thus, any of these two functions must achieve max(min) on dB}. Now, we fix
x9 = 0 or x2 = by. Continuing in this manner we get the equation (2.6). O
We rewrite the equation (2.6) in the following way

2.7 in )®(x) = in )@
.7 ne (mip ) 200 = Juoge (g )60,

where Qn C 8Bn, such that x = (JL‘l,. . ~,172n+1) S Qn if 29,1 € {—by,O}, Toy €
{0,b,}, v=1,...,n, and xo,11 € {—bpt1,bnt1}

In the sequel we consider only polynomials po, 11 with zeros x € @,, for some
nonnegative integer n and we will not explicitly mark that.

According to Lemma 2.3 we have

1 2n+1 1
sgn(sin () H (t — xz,)sin(tdt > Ig(lgn sgn(sin C)/ Don+1 () sin (t dt.
-1 y=1 xetn -1
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Therefore, the inequality (2.5) will be true if

1
(2.8) min sgn(sin C)/ Daont1(t)sin(tdt > 0.

XeQn -1

Under the condition that Conjecture 2.1 is true, we can prove the following
result.

Theorem 2.1. Let ¢ > 0, sin2¢ < 0, N = [(/n], and let all integrals I,, in (2.1)
be positive. Then, forn < N,

1
mgl sgn(sin C)/ Pont1(t)sin(tdt = I,.
xeQn -1

Proof. First of all we note the following trivial fact
1 n
sgn(sin () / H(t2 —02)(t £byy1)sinCtdt = 1,,.
—1y=1

At the beginning, we prove the assertion for n = 1. Since

1

I, = sgn(sin () / (t? — b?)tsin (t dt,
-1

we consider all other possible cases with respect to values of zeros x1,x2,x3 as
follows. At first

1 1

(t + b1)t(t £ ba) sin (t dt = sgn(sin () / (t3 £ bybyt) sin Ct dt,

-1

111’2 = sgn(sin C)/

1
and it is easy to see that 111’2 — 11 = by(by £bo)Iy > 0 since by > by > 0 and Iy > 0.
On a similar way, for

1

1
I* = sgn(sin ¢) / (t — b1)t(t £ be) sin (t dt = sgn(sin () / (t3 F bybyt) sin Ct dt,
-1

-1

we have I2% — I} = by (by T ba) Iy > 0.
Finally,

1 1
I9% = sgn(sin ¢) / t2(t & by) sin Ct dt = sgnsin (/ t3 sin (t dt,
—1 —1
and I)°° — I} = b215 > 0.

Therefore, we have already proved that

1
Helbn sgn(sin ¢) / p3(t)sintdt = I.

-1
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Next, we prove that if

1
min sgn(sing)/ Pon—1(t)sintdt = I,,_q

XEQn—1 —1

for some integer 2 < n < N — 1, then

1
min sgn(sin () / Pont1(t)sintdt = I,.
XEQn 1
We have three crucial steps in proof. First one is to prove that in case when
we change one symmetric factor 2 — b7, 1 < ¢ < n, in [][_,(t*> — b2) with any
possible nonsymmetric case, as well as the another symmetric case (#2), the obtained
integrals are greater than I,,. According to possible values of zeros xos_1, 29 and
Ton+1 it is easy to see that there are six such cases. Let denote the corresponding
integrals with I¢, i = 1,...,6, and consider all of them. So, we have

1 n

I} = sgn(sin() / H (t2 — b2)(t + bp)t(t & bpy1)sin Ctdt
T
1 n
= sgn(sin() / H(t2 — b2)(t3 £ byb,, 1 1t) sin Ct dt,
—1 v—1

v#L

and
1

(t? — b2)tsin Ctdt > 0,

=

IrIL)Q I, = bl(bl =+ anrl) Sgn(sin C)/
—1

TR
Wl
e

because by > b, 11 > 0 and

1 n
sgn(sin()/ H(t2 —b2)tsinCtdt > I, >0
T
(the equality in previous inequality holds for £ = n).
Similarly, one has

1 n

P4 — sgn(sing) / T (# — B2)t(t — be) (¢ + by sin Ct dt

-1 ,=1
)
1 n

= sgn(sin() / [T = 02)(#® F bebnyat) sin Gt at,

-1 .=
)
and, again,

1
(t? — b2)tsin Ctdt > 0.

B

I3 — I, = by(be F bpy1) sgn(sin €) /
-1

TR
Wl
N
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Finally,

1 n

JE- Sgn(smc)/ H(t2—blz,)t2(t:|:bn+1)singtdt

-1 ,=1
v#L

n

1
= sgn(sin()/ H(tszz)t?’ sin (t dt

1=
v#L

and
1

[ = b2)tsinctdt > b71, 1 > 0.

Z

I35 — I, = b7 sgn(sin () /

-1

NN
AN

The second step in this proof is to prove the following assertion: If payn+1,k(t),
1 < k <mn, is a polynomial with k pairs of nonsymmetric zeros and

1
Iz(ﬁ)ﬂ = Sgn(siné)/ Pant1,k(t) sin(t dt

-1

then there exists papy1,k—1 Such that Iéfz)-u > 12(’::&)
Let (i1,42,...,i,) be an arbitrary permutation without repetition of the follow-
ing set {1,2,...,n}. The possible values of 12(];)-5-1 are
1 k—j k n
1P = sgn(sin¢) / [T+o) I -vi)t* T (2—7)(tLbnsr)sin(tadt,
1y v=k—j+1 p=k+1

for 0 < j <k (empty product equals to 1 by definition).

Let suppose that 0 < j < k, choose arbitrary indices is, 1 < s < k — j and 4,,
k—j+1<r <k and consider the following integrals:

1 k—Jj k

0 = sgnieing) [ Tl ] (=00 —12) x
—1em v=k—j+1
O#s
x ] (% =07 )(t + byya)sintdt
pn=k+1
and
1 k—j k
1512111)72 = sgn(sin C)/ H(t +b;,) H (t — b (% — bfr) %
-1, u:k;{+1

<[] (% =02 )(t +bnya)sinCtt.

pn=k+1
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Our aim is to prove that one of the differences 12(n)+1 Iéf;i)’l or IQ(?_H — I;Zﬁ) 2 s

positive. It is easy to see that these differences are equal to the following expressions

1 k—j k

B~ 10t = saning) [ Tle+b) [ (-t
1= v=k—j+1
I#s
2 2 2472
X H 2= 07 )(t £ b)) (7 + thy, — 2 + b7 ) sin Gt dt
p=k+1
1 k—j k
= b, sgn( smC/ Ht—l—b” H (t — by )tF=1 x
Ly=1 v=k—j+1
X H (£ =07 )(t & byya) sinCtdt
pw=k+1
and
1 k—j k
Iéfz)—ﬁ-l 15514—1)2 = Sgn SIHC/ Ht+b21’ H (t_biu)tk_lx
1yo=1 A

Since the obtained integrals on the right hand sides of these differences are the
same and b;_,b;. > 0, we can conclude that one of considered differences is positive.

In the cases j = 0 and j = k we have the following integrals

n

597 = sgn(sin () / H t+bi )t T (8 = b3 )(t £ bpya) sin Gt dt

Ly=1 p=k+1
and
n
187 = sgn(sin ¢) —bi)t* T (2 =2 )(t £ boyr)sintdt.
1e 1 p=k+1

Changing variable ¢ with —t in IQ( /1 we obtain

1 k n
I5):7 = sgn(sin ) / ) [T¢+vi)t" T (8 =07 )(tF busa)sintdt.
T l=1

p=k+1
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Therefore, we need to prove our assertion for I. én)_;{ Now, we prove that obtained

integral Iz(n)+1 for j = 0 is greater than the corresponding integral 12(71)_’_1 for j = 1.

For this purpose we consider the following difference

n

sgn(sin ¢) /11_[ t+ by, )t H (£ 7bfu)(t:tbn+1)sin(tdt
=1 p=k+1

n

—sgn(sin¢) / 1 H(t +bi, ) (= bi )t ] (82 = b7)(t £ bpya) sin Gt dt
T 4=2

p=k+1
1 k n
= 2b;, sgn(sin ¢) / [T +b:i)t 000" T] (% —87)sinctdt.
—1ly—o p=k+1

All we need to prove is that for all 1 < k < n the following inequality

n

Jr, = sgn(sin ¢) / Ht"‘bw )(t £ byyr)tF H (t2—b?“)singtdt>0

Ly=2 p=k+1
holds.
Firstly, we prove that Js > 0, and then that Jg;1 > Ji holds for all £ < n.
Since
1 n
Jy = sgn(sin() / (t + iy ) (t £ by 1)t H (t? — b?ﬂ) sin (tdt
-1 =3

1
— sgn(sing)/ (12 + (biy £ bpy1)t £ biybyi1)t? H — b7 )sin(tdt

—1
1 n
= (bi, + bpy1)sgn(sing) / [ =02 )t*sinctdt > o,
_1#:3
because of b;, = b,41 > 0 and

1 n
sgn(sin C)/ 1_[(252 - b?ﬂ)t‘"5 sintdt > I,,_1 >0,
-1,

we get
1 k+1 n
Jys1 — Ji, = sgn(sin ) / H t by, )(t % by )tF T H (t* — b7 )sin Gt dt
Ly—2 p=k42

— sgn(sin () / Ht‘f'bw R H (tg—bi)singtdt
Ly=2 p=k+1
1 k+1 n
= b;,.,, sgn(sin ) / [T+ bt £bu)t® T (2 —07)sinctdt >0,

1y=2 u=k+2
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because of b;, ., > 0 and
1 k+1 n
sgn(sin () / H t+bi,)(t £ byp)th H (t* — b?ﬂ)sin Ctdt > I,_1 > 0.
1y—2 p=k-+2

Therefore, our assertion has been proved completely.

The third step is to prove that the integrals obtained when some of k symmetric
factors, 2 < k < n, in the product []_,(¢* — b2) are changed with the another
symmetric factors (i.e., with t?), and some of them are changed with nonsymmetric
factors, are greater than I,,. So, we have to consider the following integrals

k n
k),0 —p—
Ién)ﬂ = sgn(sin () B t+b;,) H (t— biy)tk P—q H (t2 _ b?“) <
Z—p+1 v=k—j+q+1 n=k+1

xt?(P+a) (¢ £ b, 1) sin Ctdt

forall0<j<kandforall0<p<k—jand 0 <q < jsuch that p> + ¢ # 0.

Let s be an arbitrary number satisfying 1 <s<pork—j+1<s<k—j+gq.
If we change t2 in the previous integrals with ¢ — bf we get

k—j k
k—1),
IQ(n-&-l = sgn(sin () /1 H (t+bi,) H (t — by, )th—P=a H —1)2
l=p+1 v=k—j+q+1 pn=k+1

xt2PFD=2(42 — b2 )(t £ byyq) sin CEdt.

It is easy to see that

k—j k
12(:)+1 - Iz(iﬁ) 0 _ = b7, sgn(sin () / H (t+bs,) H (t — by )tE=P=0 x
Le=pt1 v=k—j+q+1

X H (7 = b ) PTD=2(t 4+ by, ) sin Gt dt > 0,
pn=k+1

because the integral on the right hand side is greater than I,,_;. According to the

first step (integrals I for k = 1) the inequality Ién)+01 > I, holds.

With these three steps the statement of this theorem is proved. [J

Thus, the inequality (2.5) is a direct corollary of Theorem 2.1 and Conjecture 2.1.

Now, we can consider the case sin 2¢ > 0. Introducing the notation

1
a, = <N—V—i—2) g v=1,...,N, N=I[¢/q],
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and L on
I¢ = sgn(sinC)/ H(t2 —a?)cosCtdt, n=0,1,...,N,
—ly=1
it is easy to see that
1 .
2
I¢ = sgn(sin()/ cos(tdt = |SICHC| > 0.
-1

According to the numerous numerical experiments we can state the second con-
jecture.

Conjecture 2.2. Suppose that ¢ > 0 and sin2( > 0. Then IS > 0 for each
n=1,...,N.

Analogously as in the case sin2¢ < 0, under condition that Conjecture 2.2
is true it is possible to prove that in case when ¢ > 0 and sin2( > 0 for all
x = (x1,...,22,) € A, where

A, = % ([~a,0] x [0,a,]), n=1,...,N,
v=1

the following inequality

1 2n

sgn(sin () H(t —x,)cosCtdt >0

—ly=1

holds.
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