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MOMENT-PRESERVING SPLINE APPROXIMATION
ON FINITE INTERVALS AND TURAN QUADRATURES

Marco Frontini and Gradimir V. Milovanovié

Abstract. We discuss the problem of approximating a function f on the interval [0,1] by a
spline function of degree m and defect d, with n (variable) knots, matching as many of the
initial moments of f as possible. Additional constraints on the derivatives of the approximation
at one endpoint of [0,1] may also be imposed. We analyse the case when the defect d is an
odd integer (d = 2s + 1), and we show that, if the approximation exists, it can be represented
in terms of generalized Turan quadrature relative to a measure depending on f. The knots
are the zeros of the corresponding s-orthogonal polynomials (s > 1). A numerical example is
included.

1. Introduction

Continuing previous works [4-5], Milovanovi¢ and Kovacevié¢ [6] have considered
the problem of approximating a spherically symmetric function f(r), r = ||z||, 0 <
r < oo, in R, d > 1, by a spline function of degree m > 2 and defect d (1 <
d < m), with n knots. Under suitable assumptions on f and d = 2s + 1, it was
shown that the problem as a unique solution if and only if certain generalized
Turdn quadratures exist corresponding to a measure depending on f. Existence,
uniqueness and pointwise convergence of such approximation were analyzed.

In [1] Frontini, Gautschi and Milovanovié¢ considered the analogous of the problem
treated in [5] on an arbitrary finite interval. If the approximations exist, they can
be represented in terms of generalized Gauss-Lobatto and Gauss-Radau quadrature
formulas relative to appropriate measures depending on f. In this paper we discuss
the case of approximating a function f = f(¢) on some given finite interval [a, b],
which can be standardized to [a,b] = [0, 1], by a spline function of degree m > 2
and defect d (1 < d < m), with n knots. Under suitable assumptions on f and
d = 2s + 1 we will show that our problem has a unique solution if and only if
certain generalized Turdan-Radau and Turan-Lobatto quadratures formulas exist
corresponding to measures depending on f. Existence, uniqueness and pointwise
convergence is assured if f is completely monotonic on [0, 1]. One simple numerical
example is included.
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2. Spline approximation on [0, 1]

A spline function of degree m > 2 and defect d, with n (distinct) knots 71, 72,
.., Tp, in the interior of [0, 1], can be written in terms of truncated powers in the
form

(21) sn,m +Z Z azu v +7

v=1i=m—d+1

where a; ,, are real numbers and p,,(t) is a polynomial of degree < m.
Similarly as in [1] we will consider two related problems:
Problem I. Determine s,, ,,, in (2.1) such that

1 1
(2.2) /tﬂ‘sn,m(t)dt:/ tft)ydt, j=0,1,...,(d+1)n+m.
0 0

Problem I*. Determine sy, ,,, in (2.1) such that
2.3) S0, = pB (1) = FO),  k=01,...,m,

and such that (2.2) holds for j =0,1,...,(d+ 1)n — 1.

In this paper we will reduce our problems to the power-orthogonality (s-ort-
hogonality) and generalized Gauss-Turdn quadratures by restricting the class of
functions f (see [6]).

In order to reduce our problems (2.2) and (2.3) to the power-orthogonality, we
have to put d = 2s + 1, i.e., the defect of the spline function (2.1) should be odd.

Let

(=D* (=D* &
applying m + 1 integration by parts to the integrals in the moment equation (2.2)
we obtain (see [1])

+j5+ 1)
b DM ktm—i-l—i—J T j+Z+1 il (m
,; | k- 1+;1;25a ml(j + i + 1)
m+1 1
+ (_1) / tm—i—l—i—jf(m—i—l) (t) dt,

(2.5) = [Dmkgmttt]
> o] o+ |

j=0,1,...,2(s+ 1)n+m,

where D is the standard differentiation operator.
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For the second sum in (2.5) we may observe that
n m
i! (m + ] + i .
a;, 7_]+Z+1 a Dm ztm-i-J-i-l

changing indices (k = m — i), the second sum on the right becomes

2s

m—k)! el
(26) Z (’ITL')am_k’V [Dk(t +1tj)] t=1, "
k=0 )
hence defining the measure
(-1
(2.7) dA(t) = ——— U@ dt on  [0,1],

m!

equations (2.5) may be rewrite

m n 2s . | A
S by [kt 3OS B D)
k=0

|
v=1k=0 m

m 1
(2.8) = ¢y [DmRm ] +/0 tmEH AN (),
k=0

t=T,

j=0,1,...,2(s+ 1)n+m,

Now we can state the main result for Problem I:

Theorem 2.1. Let f € C™*1[0,1]. There exists a unique spline function (2.1) on
[0,1], with d = 2s + 1, satisfying (2.2) if and only if the measure dA(t) in (2.7)
admits a generalized Gauss-Lobatto-Turdn quadrature

/01 i [akg‘ 1(0) + Brg™ (1 )}

k=
(2.9) ’ i
+> ZAz LD (M) + RE L (g;dN),
v=11=0
where
(2.10) Rﬁ,m(g; d\) =0 forall g€ Po(sy1)ynt2m+1
with distinct real zeros Ty(n), v=1,2,...,n, all contained in the open interval (0,1).

The spline function in (2.1) is given by

m!

(m — k)!

211) 7, =7, m_py = AL, v=1,2,...,n; k=0,1,...,2s,
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where T,E") are the interior nodes of the generalized Gauss-Lobatto-Turdn quadrature
formula and Aéy are the corresponding weights, while the polynomial p,,(t) is given

by
(2.12) PP =P+ (-D)"mlBpp, k=0,1,...,m,

where By is the coefficient of g™~ (1) in (2.9).
Proof. Putting g(t) = t"'p(t), p € Pa(st1)ntm, in (2.9) and noting (2.10) yields

m n 2s
> Bk [P )], + Y AL DR )],
k=0 v=1 =0

1
_ / E () dA(E), YD € Passiimims
0

which is identical to (2.8), if we identify

bm—k—ém—k = Bk) k= 07 17 cee My

m! I

am_kﬂ/:mAk,V’ l/:1727...7n;k:O,l,...’QS. D

Remark. The case s = 0 of Theorem 2.1 has been obtained in [1].

If f is completely monotonic on [0, 1] then dA(¢) in (2.7) is a positive measure for

every m, then by virtue of the assumptions in Theorem 2.1 the generalized Gauss-
Lobatto-Turan quadrature formula exists uniquely, with n distinct real nodes T,S")
in (0,1).

The solution of Problem I* can be given in a similar way.
Theorem 2.2. Let f € C™TY0,1]. There exists a unique spline function on [0, 1],

n m

(2.13) Snm() =D+ D af, (=),

v=1i=m—2s

0<71, <1, 7, #71, forv#u,

satisfying (2.3) and (2.2), for j =0,1,...,2(s+ 1)n —1, if and only if the measure
dA(t) in (2.7) admits a generalized Gauss-Radau-Turdn quadrature

1 m n 2s
(2.14) / gt)dx(t) =D ajg™(0) + > Y AR gD (M) + RE, (g:dN),
0 k=0 v=1 i=0

where
RY,.(g:d\) =0 for all g € Paisstynsm,
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with distinct real zeros T,En)*, v =12,...,n, all contained in the open interval
(0,1). The knots T, in (2.13) are then precisely these zeros,

(2.15) =7 oy =1, n,

and

|
(2.16) a;_kV:%Aka v=1,2,....n; k=0,1,...,2s,
) m — | )

while the polynomial p?, (t) is given by

(k)
(217) pn =3 Wa 1y
k=0

3. Error analysis

Similarly as in [1], following [4], we can prove the following statement regarding
to the error of spline approximations:

Theorem 3.1. Define
pe(t) = (t — )7, 0<t<1.

Under conditions of Theorem 2.1 and Theorem 2.2, we have

(3.1) f(@) = snm(®) = R0 (p0; dV),  0<z <1,
and
(3.2) f(@) =55, () = R,}im(pw; d\), 0<z<1,

respectively, where R, (g; d\) and Rf, (g; d\) are the remainder terms in the
corresponding Gauss-Turdn formulas of Lobatto and Radau type.

Proof. We will prove (3.1). As in [1] we have

St

(3.3) /(@) A / pu(t) AA(1).

k=0

By (2.11)

(k) "N m! '
64 sn@=3 ey S Tl -0
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and changing indices (k = m — i), the third sum on the right becomes

m! i — m! I —_—
Z WAm—z,V@-V - .T)+ = Z (m — k)!Am—z,u(Tl/ - .Z')+
i=m—2s k=0
= Z Aﬁ,l/ [kax(t)] t=1,
k=0
Equation (3.4) may be rewrite
— pM(1) E NSNS 4L [k
(3.5) Smm(1) =) o=+ > AL D),
k=0 ) v=1 k=0

Subtracting (3.5) from (3.3) gives

1@) = sum@ = [ oo ax0)+ 3 55 (190 =pH(0) o= 1)

k=0
- ZAﬁ,l/ [kaﬂ?(t)]t:ﬂ/

which, by virtue of (2.12) and (2.4), yields

£0) = snn(@) = [ pa®dNO) = 3 T B~ )
0 k=0

=20 Ak [P )], -
v=1 k=0
But |
(k)Y (K)(qy _ M- L oym—k _
px (0) 07 px (1)_ (m—k)'(l LU) ’ k_071>"'7m7
so that

F(@) = snm(z) = / pe() ANE) = 3 B (1)
0 k=0

n m

- Z Z Aﬁ,u [kaw (t)} t=1,

v=1 k=0

as claimed in (3.1).

The proof of (3.2) is entirely analogous to the proof of (3.1) and it will be omitted.
O
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4. Construction of spline approximation

In [7] one of us considered the generalized Gauss-Turan quadrature formula

n 2s

(4.1) /Rg(t) do(t)=7 > Af,g% (") + R (g),

v=1 =0

where do(t) is a nonnegative measure on the real line R, with compact or infinite
support, for which all moments py = fR tFdo(t), k =0,1,..., exist and are finite,
and po > 0. The formula (4.1) is exact for all polynomials of degree at most
2(s+1)n—1, ie.,

Rg(g) =0 for g€ ,P2(s+1)n71'

The knots 7" (v =1,...,n) in (4.1) are zeros of a (monic) polynomial 7,(t),
which minimizes the following integral

/R (822 do(t),

where 7, (t) = t" + a,_1t""! + -+ + a1t + ap. In the other words, the polynomial
mp, satisfies the following generalized orthogonality conditions

(4.2) / i (OE T do(t), k=01, n—1.
R

This polynomial 7,, is known as s-orthogonal (or s-self associated) polynomial
with respect to the measure do(t). For s = 0, we have the standard case of orthog-
onal polynomials, and (4.1) then becomes well-known Gauss-Christoffel formula.

The “orthogonality condition” (4.1) can be interpreted as (see [7])

[y =0, k=01 -1,
R

where {75"} is a sequence of standard monic polynomials orthogonal on R with
respect to the new measure du(t) = du®"(t) = (75™(t))**do(t). The polynomials
{ms"}, v =10,1,..., are implicitly defined because the measure du(t) depends on
m5™(t) (= ma(t)). Of course, we are interested only in m5™(t). A stable algorithm
for constructing such (s-orthogonal) polynomials is given in [7].

In order to use this algorithm in construction of spline functions (2.1) and (2.13)
we need two auxiliary results. These results give a conection between the general-
ized Gauss-Turdn quadrature (4.1) and the corresponding formulas of Lobatto and
Radau type.
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Lemma 4.1. If the measure d\(t) in (2.7) admits the generalized Gauss-Lobatto-
Turdn quadrature (2.9), with distinct real zeros T, = Ty(”), v=1,...,n, all con-
tained in the open interval (0,1), there exists then a generalized Gauss-Turdn for-

mula

(43) [ a0 ) do(t) = 3737 AC,g0 (r) 1 BY(g),

v=11=0

where do(t) = [t(1 — t)]™ 1d\(t), the nodes 7™ are the zeros of s-orthogonal poly-

nomial T, (+; do)), while the weights AS,, are expressible in terms of those in (2.9)
by

2s k
14)  AG = (e - )™ af i =0,1,...,2s.
an ag =3 (S)[prea- o] ab im0

Proof. Let g(t) = (t(1 — t))mﬂp(t), P € Po(s41)n—1 and 7, = ™. We have by
(2.9)

n

| aaxe =33 4k, [pFea -0y )]

t=7,
v=1 k=0 g

and by (4.3)

/Olp( Zn:ZA Z t T

v=1 i=0
Thus, we obtain that

iiAiV{Dk(t(l—t))mH LTV zn:ZA Dp(t)],_, .

v=1k=0 v=11=0

Appling the Leibnitz formula to k-th derivative in the second sum, we find

2s
> Ak, [DF (1 - )™ p()]
k=0

t=7,

Il
o
Q
=
S
=
\1
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where

2s
k |
AL =) <) [DE )™ af,, =012 O

1 t=T,
k=i Y

Similarly we can prove:

Lemma 4.2. If the measure d\(t) in (2.7) admits the generalized Gauss-Radau-
Turdn quadrature (2.14), with distinct real zeros 1, = Tﬁn)*, v=1,...,n, all con-
tained in the open interval (0,1), there exists then a generalized Gauss-Turdn for-
mula (4.3), where do(t) = do*(t) = t™Trd\(t), the nodes 7S are the zeros of
s-orthogonal polynomial 7, (-; do*), while the weights AS  are expressible in terms

of those in (2.14) by 7

2s
(4.5) AG, =Y (f) [DF=fm+t] AR, i=0,1,...,2s.
k=1

Now, we can state a construction procedure of our spline approximations:

1° For a given t — f(t) and (n,m, s), we find the measure d\(¢) and the corre-
sponding Jacobi matrix Jy(d\), where N = (s + 1)n + 2m + 2 in the Lobatto case,
and N = (s+ 1)n +m + 1 in the Radau case. The latter can be computed by the
discretized Stieltjes procedure (see [2, §2.2]).

2° By repeated application of the algorithms in [3, §4.1] corresponding to mul-
tiplication of a measure by t(1 — ¢) and ¢, from the above Jacobi matrices, we
generate the Jacobi matrices J(s41),(do) and J(s41),(do*), respectively. Here,
do(t) = (t(1 — )™ LdA(t) and do*(t) = t™TrdA(t).

3° Using the algorithm for the construction of s-orthogonal polynomials, given
in [7], we obtain the Jacobi matrix J,, (du), where du(t) = (m,(t))?*do(t), or du(t) =
(mn())?*do (2).

4° From J,,(dp) we determine the Gaussian nodes s (resp. 75" in the Radau
case) and the corresponging weights Afy (v=1,...,n;i=0,1,...,2s).

5° From the triangular systems of linear equations (4.4) and (4.5), we find the
coefficients Aﬁ,u and Aﬁy, respectively.

6° Using (2.11) and (2.12), or (2.15), (2.16) and (2.17), we determine the spline
approximation s, ., (t), or s, ,,(t), respectively.

5. Numerical example

We consider the spline approximations of the exponential function f(t) = e,

0 <t <1, where ¢ > 0. All computations were done on the PC/AT in double
precision (machine precision ~ 8.88 x 10716).
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In this example the function f is completely monotonic and the associated mea-
sure (2.7) is positive. Thus

Cm+1

dA(t) = p_ e “dt on [0,1].

In the discretized Stieltjes algorithm (Step 1° in the procedure given in the
previous section), we use Fejér quadrature rule as the modus of discretization.

We analyzed the cases when n <10, 2 <m <5, s <2, ¢c=1,2,4. For example,
forn =m =3, s =1, ¢ = 1, the parameters of the spline function in the Lobatto

case,
n 2s

Smm() = w(L ="+ > ai(n —1b),
k=0

v=1i=m—2s
are given in Table 5.1 (to 10 decimals only, to save space). Numbers in parenthe-
sis idicate decimal exponents. The last row of this table contains the coefficients
Y0, V15 -0 5 Yme-

TABLE 5.1
The coefficients of spline function sn,m(t), forn=m=3, s=1, c=1

v Tv al,u a2 v asz,v

1 | 1.930368610(—1) | 3.448547172(—2) 5.226278048(—4) | 3.456311754(—4)
2 | 4.880999986(—1) | 3.217255538(—2) | —4.235816048(—4) | 4.941612712(—4)
3 7.907411411(-1) 2.039617915(—2) —6.985434349(—4) 2.256692493(—4)
Yk 3.678793085(—1) 3.678989078(—1) 1.833595896(—1) 6.681611249(—2)

Table 5.2 shows the accuracy of the spline approximation s, ., (Lobatto case),

ie.,
Cnm = 02X [$0,m () — €],

forn=1,3,5,10,m =2,3,4,5, s=1, and c =1, 2,4.

TABLE 5.2
Accuracy of the spline approximation sn,m
c n m =2 m =3 m =4 m=2>5
1 1 2.1(-3) 4.8(—5) 6.9(—7) 1.9(—8)
3 3.2(—4) 4.5(—6) 3.9(—8) 6.7(—10)
5 | 1.0(—4) | 1.1(=6) | 7.1(-9) 9.2(—11)
10 | 1.9(=5) | 1.2(=7) | 4.9(—10) | 4.2(—12)
2 1T | 1.1(=2) | 47(-4) | 1.4(—5) 7.5(=7)
3 1.7(-3) 4.5(—5) 8.1(=7) 2.6(—8)
5 5.3(—4) 1.1(-5) 1.5(=7) 3.6(—9)
10 1.0(—4) 1.2(—6) 1.9(—8) 1.7(-10)
4 T | 43(=2) | 3.0(=3) | 2.1(—4) 2.5(—5)
3 6.0(—3) 2.8(—4) 1.1(-5) 6.5(—7)
5 2.4(-3) 8.7(—5) 2.0(—6) 9.8(—8)
10 4.5(—4) 9.9(—6) 1.5(=7) 4.8(—9)
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The corresponding errors in Radau case,

* * —ct
e = max |S t)—e
o = g [57, (1)
are given in Table 5.3.
TABLE 5.3

Accuracy of the spline approximation sy, ,,

c n m =2 m =3 m =4 m=2>5
1 1 3.8(—3) 1.7(—4) 1.7(=5) 1.5(—6)
3 4.5(—4) 8.5(—6) 1.2(=7) 3.4(—9)

5 1.4(—4) 1.8(—6) 1.8(—8) 2.9(—10)

10 2.3(—5) 1.7(=7) 8.2(—10) 7.9(—12)
2 1 1.8(—2) 1.8(—3) 3.3(—4) 5.8(—5)
3 2.4(-3) 9.4(-5) 2.5(—6) 1.4(=7)
5 7.6(—4) 2.0(—5) 3.3(—7) 1.2(-8)

10 1.2(—4) 1.8(—6) 1.6(—8) 3.3(—10)
4 1 6.2(—2) 1.3(-2) 4.4(-3) 1.4(-3)
3 1.1(-2) 7.7(—4) 3.8(—5) 3.9(—6)
5 3.4(-3) 1.5(—4) 5.1(—6) 3.3(=T7)
10 5.0(—4) 1.4(-5) 2.6(=7) 9.7(—9)

We can see that the approximation error is more easily reduced by increasing m
rather than n. Also, the spline s, ,, is only slightly more accurate than the spline
Spm-
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SPLAJN APROKSIMACIJE NA KONACNIM INTERVALIMA
KOJE OCUVAVAJU MOMENTE I TURANOVE KVADRATURE

Marco Frontini and Gradimir V. Milovanovié

Razmatra se problem aproksimacije funkcije f na kona¢nom intervalu [0, 1] po-
mocu splajn funkcije reda m i defekta d, sa n (promenljivih) évorova, zadrzavajuéi
pritom §to je mogucéno viSe pocetnih momenata funkcije f. Dodatna ogranic¢enja
na izvode u jednoj od krajnjih tacaka intervala [0, 1] takode se mogu nametnuti. U
radu se analizira slu¢aj kada je defekt d neparan broj (d = 2s + 1), i pokazuje se
da u slucaju kada aproksimacija egzistira, tada se ona moze reprezentovati pomocu
parametara generalisane Turanove kvadrature u odnosu na meru koja zavisi od f.
Cvorovi splajna su nule odgovarajuéih s-ortogonalnih polinoma (s > 1). Kao ilus-
tracija aproksimacionog postupka ukljucen je jedan numericki primer.



