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POLYNOMIALS RELATED TO THE GENERALIZED
HERMITE POLYNOMIALS

Gospava B. Pordevi¢ and Gradimir V. Milovanovié

Abstract. A class of polynomials H; (z) (A > 0) which are related to the generalized
Hermite polynomials h},}m (2) (see [2]) is introduced and considered. Some characteristic
properties for the polynomials Hé(z) and some special cases of these polynomials are
given. Also, some observations about the distribution of zeros of Hj}(z) are included.

1. Introduction

In [1] K. Dilcher considered the expansion
+oo
GV (zt)= (1= (L+z+22)t+222) " =) v ()t
n=0

where v > 1/2 and A is a real parameter. Comparing this with the generating
function for the Gegenbauer polynomials C¥(z), he obtained

T)L\,u(z) — /\n/2zn0u

n

2
(S

In this paper we consider the corresponding generalized Hermite case and study
some characteristic properties for polynomials obtained in this way. In Section
2 we introduce the polynomials H;)(z) and derive a recurrence relation for their
coefficients Cé\,k' Some expressions for C), are given in Section 3. Finally, in
Section 4 we deal with some special cases of the polynomials H)(z) and give the
distribution of zeros for the polynomial H}(z).

Received November 17, 1992.
1991 Mathematics Subject Classification. Primary 33C45.
This work was supported in part by the Science Fund of Serbia under grant 0401F.

35



36 G.B. Dordevi¢ and G.V. Milovanovié¢

2. Polynomials H)(z)
At first, we introduce the polynomials H(2):

Definition 2.1. The polynomials H,)(z) (A > 0) are given by the following gen-
erating function

(2-1) F(Z,t) — e(1+z+22)t—>\zmtm _ Z H::(Z)tn
n=0

Comparing (2.1) with the generating function (see [2])

0o
B SR
n=0

we get the following representation

1 2
(2.2) H)Mz) = 2"\l (”“)

22/ m
From the recurrence relation (cf. [2])

nh,lhm(a:) = 2zh} (x) —mh} (), n>m,

n—1m n—m,m
with initial values: h;, ,,(z) = (22)"/n!, n=10,1,...,m — 1, and (2.2), we obtain
(2.3) nH)z) = (1424 2)H)_(2) —mA2"H)_, (2), n>m,
with starting polynomials: H(z) = (1+ 2+ z%)"/n!, n=0,1,...,m — L.
Now, from (2.2) we find that the polynomials H)(z) are self-inverse, i.e.,
H)z) = 2"H)(1/2).
Then, the polynomials H)(z) have the following form

(24) Hpy(2)=Cp,+Cpp 124 +Cpo2" +Cp12" T+ -+ Cp 2%,

where dg H,' = 2n. From (2.3) and (2.4), we get

1 m
(2.5) Chy = I [Cfi\—l,k—l + Cf)z\—l,k + Cﬁ:—l,k-&-l] - E/\Cr)n\—m,kv
where C;)k = C’;)_k.
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Hence, we obtain the following triangle

Coo
Cly Chy Ciy
(2.6) C2>\,2 02)\,1 C’2)‘,0 02)\,1 C2)\,2
For m = 2 the triangle (2.6) becomes
1
1 1

o=
NI= N
N|—= N
o=

3. Coefficients C;

The main purpose in this section is to study the coefficients C’%" - First, we derive
the following result:

Theorem 3.1. We have

' mk — sln—ms)! = 2i+k J\k+3j)

where [x] denotes the greatest integer function.

Proof. From the explicit representation (see [2])

fn/m)
Iy m(@) = > (=1)°

s=0

(2x)n—7ns

sl(n — ms)!

and (2.2), we get

[n/m] ms 2\n—ms
Ny g2t 2427

Using the expansion

(3.3) (142422 = zjjf
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where r is a positive integer, and (3.2) for r = n — ms, we find

H2<z>=[n/ZM<—A>S =) Zm)[f( (7))

5=0 p—2j
n [(n—k)/m]
_ n—k (_A)S
k=—n s=0
(n—k—ms)/2]

n—ms n—k—j—ms
8 j; (n—k—j—ms)(n—k‘—Qj—ms)’

where (Z) =0 for k<O.

Sice
n—ms n—k—j-—ms\ (n—ms\(2j+k
n—k—j—ms)\n—k—-2j—ms) \2j+k k+j)’

the theorem follows from (3.4). O
Now, we prove another representation of C;) ,:

Theorem 3.2. We have

[(n—Fk)/m] (n—k—ms)
N fn—k—(m-1)s By,
D OV -

pors s (n—k—(m—1)s)!

where

-G

Proof. Equalities (3.5) and (3.6) give

[(n—k)/m] ;
(=A)*(n—k—(m—1)s)!
Z (nfk—ms)!k!(mfk—(mfl)s)!x

s=0

(=t ome) /2] (25)1(n — k — ms)!jk!

X .
= UD22)Nn =k = 2j —ms)l(k + j)!
B [(n—Xfe):/mJ (—)" [(n—kiw)/m n—ms\ (k42
N —  sl(n—ms)! = k+2j)\k+j)

Comparing the last equality with (3.1), we conclude that this statement holds.
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Similarly, one can prove the following result:

Theorem 3.3. We have

[(n—k)/m]

. /2 o
A <_)\) X 27 _z 1-r

where r = n — k —ms.

4. Special Cases and Distribution of Zeros

For m = 2 the polynomials H,)(z) can be expressed by the classical Hermite
polynomials H,(z) (see [3], [5]), i.e.,

1 1 2
(4.1) H)(z) = —2"\"?H, (W)
n:

2A1/22

In that case, (3.1) reduces to

o _[(nzk:)/z] (=) [(nkis)/m 28\ (2 + K
mk o slln-29) = 2+ k)\k+j)

On the other hand, (2.4) for z =1 gives

= 3
A / 1

Z Cn,k? =" mhn,m (2)\1/771) ’

k=—n

Also, for m = 2, (4.1) reduces to

- 1 3
A~ yn/2
S = XA, (WQ).

k=—n

Using relation (2.2) and the expression (see [2])

[n/m]

(2z)" 1
n > yhvlz—mk,m(l‘), m>2,
’ k=0
we can find
[n/m] |k
(1+2z+2%)" AR

k=0
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Similarly, from the relation
[n/m]
u” 1 l‘ _ (1 —n )
k=0
derived in [2], and equality (2.2), we get the following relation

[n/m]
nn/m 1+24+2 1—um m
(s, () - > A (o)

At the end of this section, we consider the monic polynomials fI}L(z), obtained
for m =2 and A = 1. For n = 1(1)5 we have the following explicit expressions

T (z) =142+ 7,

Agl(z):1+2z+z2+2,z3+z4,

13(2) = 1432+ 2° +32° + 25,

14 (2) = 144z — 22 — 82° — 52t =825 — 220 4427 4 28,

Hi(z) =1+ 52 —522 —302° — 152" —202° — 152% — 3027 — 52° + 527 + 210

We note that H}(0) =1 and dg H! = 2n.

Theorem 4.1. All zeros of H}(2), n > 2, defined by (4.1), are simple and located
on the unit circle |z| = 1 and the real line. For n = 1 the zeros are given by

= (1232,

Proof. Let H ={z, | Hy(x,), v =1,... ,n} be the set of all zeros of the Hermite
polynomial H,,(z). It is known that these zeros are simple and that non-zero zeros
are irrational (cf. Subramanian [4]). Divide H into two sets

1 3
HC:{xU —5 <w < 5} and Hp=H\ He.
Let z,, v = 1,...,2n, be the zeros of ﬁ}l(z) For them we can introduce the
notation zF, v = 1,... ,n. According to (4.1) these zeros can be expressed in the

form

v

1
zi:§[2xy—1j: 4x3f4:cy—3}, v=1,...,n

We note that 2z, = 1. If 422 — 4z, — 3 < 0, i.e., —1/2 < z,, < 3/2, the zeros zF
are complex and lie on the unit circle. Otherwise, they are real and have the same
sign.

For n =1 the result is clear (z; = 0).
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Let n > 2. With C' and R we denote the sets of those zeros of H}!(z) which lie
on the unit circle and on the real line R, respectively. Evidently, if z, € Ho then
zf € C, and z, € Hp then z- € R.

To finish the proof it is enough to prove that the sets Ho and Hg (or equivalently,
C and R) are not empty.

Since for n > 2 (see Szegd [5, §6.31]),

5/2 \1/2
<2n+1> o Toevelh

()" o

min |z, | <
v

we conclude that min |z, | < 3/2 for any n > 2, i.e., at least one of zeros x,, belongs
v
to C.

Similarly, using the following very rough estimate for the largest zero (cf. [5,

§6.2])

n—1>1/2
2 )

we conclude that there is one zero, say x,, such that

_ n—1_ \/T< 1
s\ =" s Ty

This means that z, € R. 0O

Remark. It would be interested to determine numbers of complex zeros, and positive
and negative real zeros (resp. No(n), Nr_(n), and Ng, (n)). Numerical experiments for
2 < n < 50 show that

n>2

- )

max |z, | > (
1%

Ngo(n) =2, for n=1,2,4;

Ne(n) =4, for n=3,5,7;

Ng(n) =6, for n=6,8-13, 15, 17, 19;

No(n) =8, for n =14, 16, 18, 20, 22, 24, 26;

Ng(n) =10, for n =21, 23, 25, 27-34, 36, 38, 40, 42;

Neo(n) =12, for n = 35, 37, 39, 41, 43-45, 47, 49, ... ;
)

Ne(n) =14, for n = 46, 48, 50, ...
Also, for the number of negative zeros we obtained:
Nir_(n)=Ngr_(n+1)=n, for n=2;

Nr_(n)=Ngr_(n+1)=Ng_(n+2)=n, for n=4;
Nr_(n)=Ngp_(n+1)=n—-1, for n="7(2)17,
Nr_(n)=Nr_(n+1)=Nr_(n+2)=n-—1, for n=19;
Nr_(n)=Ngr_(n+1)=n-—2, for n=22(2)40;
Nr_(n)=Ngr_(n+1)=Ngr_(n+2)=n—2, for n=42;
Ngr_(n)=Np_(n+1)=n-—3, for n =45, 47, 49, etc.
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Notice that Nc(n) + Nr_(n)+ Ng, (n) = 2n. All numbers Ng(n), Ng_(n), and Ng, (n)
are even. Also, Ng_(n) > Ng_ (n), for n > 2.
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POLINOMI POVEZANI SA GENERALISANIM
HERMITEOVIM POLINOMIMA

Gospava B. Pordevi¢ i Gradimir V. Milovanovié

U radu se uvodi i proucava klasa polinoma Hj (z) (A > 0), koja je u vezi sa generalisanim
Hermiteovim polinomima hj, ,,(z) (videti [2]). Daju se neke karakteristicne osobine za
polinome Hf[(z) i razmatraju neki specijalni slucajevi ovih polinoma. Takodje, data je i
distribucija nula polinoma H}(z).



