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Abstract

In this paper we give an account of L" inequalities of Turdn type
for algebraic polynomials, mainly initiated and studied by the late
Professor Arun K. Varma. This paper could be comprehended as a
continuation of our previous survey paper [8].

1 Introduction

Let P, be the set of all algebraic polynomials of degree at most n and let

W, be some of its subsets. For a given norm ||.|| we consider extremal
problems
Bu = it P <
nm = nf 7l (1 <m<n).

In comparing with inequalities of Markov’s type (cf. Milovanovié¢, Mitri-
novié, Rassias [9, Chap. 6]), here we have opposite inequalities which are
known as inequalities of Turdn type.

Turén [11] proved the following inequality for polynomials P € P,, hav-
ing all their zeros in [—1,1],

NG
1Plloe > L 1 Pllc (1)

taking the uniform norm || f]le = max |7 (t)]. The constant /n/6 is not

the best possible.
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Turdn’s inequality (1) has been generalized and extended in several
different ways.

Firstly, inequality (1) was sharpened by Eréd [6], who obtained
1P Moo = BullPllso » (2)
where By =1, B3 = 3/2, and

k—1
2k 1
Boj, = 1-
2k \/21@—1( 2k‘—1> ’

k—1 k
Byy, — Ck+1)’ (1_\/2k:+2) <1+ 1 )
+ 2kv2k + 2 2k V2k+2)
fork=2,3,....

Exactly, equality in (2) is attained for P(¢t) = (1—t)",if n = 1,2,3, and
for P(t) = (1 —t)"~["/2(1 4+ )[*/2] if n > 4.

Let W,, be the set of all algebraic polynomials of degree n whose zeros
are all real and lie inside [—1,1]. The corresponding inequality for the
second derivative of such polynomials was investigated by Babenko and
Pichugov [2].

If P e W,, n> 2, they proved that

1P lloc > Bn2[| Plloo » (3)

where By, o = min{n, (n— 1)n/4}.

If n=2,3,4,5, then B, 2 = (n — 1)n/4, and equality in (3) is attained
only for polynomials of the form P(t) = C(1£t)"™, where C' is an arbitrary
real constant different from zero.

In the case n > 6, they found that B, 5 = n, and for n = 2m equality
in (3) holds only for polynomials of the form P(t) = C(1 — ¢*)™, where C
is an arbitrary real constant different from zero.

An analogue in L? norm for algebraic polynomials was considered firstly
by Professor A. K. Varma [15]. Taking ||fH§ = fil f(t)? dt he proved:

Theorem 1 If P € W,, we have
n
177115 = 5 1175 (4)
This result is best posible in the sense that there exists a polynomial P,
of degree n having all zeros inside [—1, 1] and for which
3 3

Big=(2+ 2 L YimiE nst
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The proof of this theorem was based on the following inequality
2. n
|VI—2P 32 2IPIE (Pew,),

which becomes an equality only for P(t) = C(1+t)?(1 — )%, p+ ¢ = n,
where C' is an arbitrary non-zero constant.

In this survey we give an account of L" (r > 1) inequalities of Turan
type.

2 Turan Type Inequalities in L? Norm

In [16] Professor Varma gave a more precise form of (4).

Theorem 2 Let |f||3 = [', f(t)*dt, P € W, and P(1) = P(~1) = 0.

Then we have 3 3
P2 > (ﬁ 2 7) P|2

with equality for P(t) = (1 —t2)™, n = 2m.

Taking the norm || f||3 = f_ll(l —t2)f(t)? dt, in 1979 Varma [17] proved
the following result:

Theorem 3 For P € W,, and n > 2 we have

1 1
P’2><E 7—7) P|2

with equality for P(t) = (1 —t2)™, n = 2m.
Later Varma [18] proved an improvement of one of his earlier results.

Theorem 4 Let || f||3 = f_ll f@#)?dt. If P € W,, and n = 2m; then

3 3
P8z (5+5+ ——)IPl3 6

where equality holds if and only if P(t) = (1—t2)™. Moreover, if n = 2m—1,

then 5 5
P’ 2>(E = 7) P2 >
1P 2 (5+ 7+ gy IPIB n 23 7)

where equality holds if and only if P(t) = (1 —t)™ (1 + )™ or P(t) =
1—t)m™1+t)m L.
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This result is an improvement of Theorem 2 in two respects. First, the
condition P(1) = P(—1) = 0 is not necessary for (5) to hold. Secondly,
here there exist precise bounds for n even and also for n odd as mentioned
in (6) and (7).

In the same norm, Varma [18] also proved:

Theorem 5 Let P € W, subject to the condition P(1) = 1; then

1 1
PR>"y sy >1

where equality holds for P(t) = ((1+1t)/2)™.

This inequality is an improvement over || P’||3 > n/4, given by Szabados
and Varma [10].

The corresponding inequality for polynomials P € W, in L" norm,

1/r
defined on (—1,1) by [|f], = (f_ll [f@)|" dt) , was considered by Zhou
[20].

Theorem 6 If P € W,, then for 1 <r < +o0,
P[> CVnllP|,
where C' is a positive absolute constant.

A similar result for 0 < r < 1 was obtained also by Zhou [21]. Recently,
Zhou [22] proved the following results:

Theorem 7 If P € W, then for 1 <r <s < +o00,
HP/”T > Cvnl/271/(2r)+1/(2s)”_P”S7
where C' is a positive absolute constant.

The example P(t) = (1 — t?)[*/? in the previous theorem shows that
the order n'/2=1/(21)+1/(25) cannot be improved.

Theorem 8 Let1 <r < s < +oo and P be an polynomial of degree n with
only real zeros. If at most k zeros of P lie outside the interval [—1,1], then

”P/Hr > Cknl/Q—l/(Qr)—i-l/(Qs) ||P||57
where C is a positive constant depending only upon k.

After Professor Varma’s death, the following result [14] has appeared:
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Theorem 9 Let || f||*> = f_ll(l —t)f(t)?dt, Pe W, (n>2) and a > 1
real. Then we have (n = 2m)

n%(2n + 2a + 1)
> I1P]%,
dn+a-1)(n+a)

with equality if and only if P(t) = c(1 —t?)™. If P(£1) = 0, then the
previous inequality remains valid for a > —1.

[Pl

This result was proved earlier by Varma for the cases « =0 and a = 1.
In the same paper [14], Underhill and Varma invesigated the corresponding
inequality in L* norm for o = 3:
Theorem 10 Let || f||} = f_ll(l —t2)3f(t)*dt and P € W,,. Then we have
(n=2m)

3n®(4n + 7)(4n + 5)

(An +6)(4n +4)(4n + 2)
with equality if and only if P(t) = c(1 —t?)™.

P73 > 4 1213,

Also, they considered the cases when @ = 1 and o = 2, as well as an
inequality in L” norm, when r > 2 is even. In [19] Varma proved:

Theorem 11 Let P € W,,, subject to the condition P(1) = 0. Then, for
r > 1, we have

1 ,nr
/JP@W&zQW%m_”T+U,

wuth equality if and only if P(t) = ((1+1t)/2)".

3 Bojanov’s Solution

More general results on Turan type inequalities were obtained by Bojanov
[3]. Introducing the notations

n’l’L

T LR

P(t) = (=1)" 7

for k=0,1,...,n (n € N), Bojanov [3] proved the following results:

Theorem 12 Let x — ¢(x) be any continuously differentiable, strictly in-
creasing convex function in [0,400). Then for every n € N and m €
{1,...,n}, there exists a constant A, , > 0 such that

/’wwWWWﬁzAmmmu (P e W,).

-1
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Moreover,

A= o [ o ar

0<k<n

and this is the exact constant.

Theorem 13 For any given n and m, there exists a constant B,, ,, such
that
1P oo > BumllPlly (P € Wh).

Moreover,

o (m)
Bym = Oglklgn{”p”’k ||<>0}

Using this theorem one could get the exact previous result of Er6d
[6] and Babenko and Pichugov [2], treating the case m = 1 and m = 2,
respectively. In the first case we have that

n
Bua = Pnlle for k= [5} '

Combining an idea of Babenko and Pichugov [2] with Theorem 13, Bojanov
[3] obtained an explicit value of B,, 2.

Following Bojanov [3], let P € W, and t; < t3 < --- < ¢, be the zeros
of t — P(t). Then we have
P'(t) = P(t)o(t), P"(t)=P'(t)o(t)+Pt)o'(t) (PeW,),
where
n 1
v=1 t=ty
Suppose that ||Pllc = |P(7)] and 7 € (—1,1). Then P'(r) = 0 and
therefore o(7) = 0. Thus, |P”(7)| = |o'(7)|. Choose P = p, 1, where
k=1,...,n—1. Then 7 = b, = (2k —n)/n and
__k _n-k
Ct+1l o t—17

o(t) =

o(t)

Therefore,

n? /1 1

" > |p i = — (= — ).
9o 2 0 =l ()] = 2 (L)

n —

But the last expression attains its minimal value for k¥ = [n/2] and this
minimal value is n for even n, respectively n(1 + 1/(n? — 1)), for odd n.
Adding the obvious fact that

1
IPralloc = IPanlloe = gn(n—1) =n  (for n>4),
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we get B, o =n for even n > 6, and
1
Bpao > n(l + 27> for odd n > 5.
n?—1

Bojanov [3] also proved:

Theorem 14 Let x — ¢(x) be any continuously differentiable, strictly in-
creasing convex function in [0,400). Then for every n € N and m €

{1,...,n}, X X
/ S(P™ (1)) dt > / S (0)) d
-1

-1
for every polynomial P € W, such that P(1) = 1.
If p(z) = 2" (1 < r < +00) this theorem reduces to the following result:
Corollary 15 Let P € P,, P(1) =1, and 1 <r < +oo. Then

n! 2 1/r
(nfm)!((n—m)rJrl) ’

1P|, >
2m

Notice that for m = 1 this corollary gives Theorem 11.

Inequalities of Turdn type for trigonometric polynomials were investi-
gated by Babenko and Pichugov [1]-[2], Zhou [20], Tyrygin [12]-[13], and
Bojanov [3]-[4].

4 A Result of Chen

In this section we mention a recent result of Chen [5], which can be ex-
pressed in the same way as the Markov’s inequality in [7] (see also [9]).

We consider a general case with a given non-negative measure do(t) on
the real line R, with compact or infinite support, for which all moments

ul,:/t”dcr(t), vr=0,1,...,
R

exist and are finite, and pug > 0. Then there exists a unique set of orthonor-
mal polynomials 7,(-) = 7, (-;do), v = 0,1, ..., defined by

7, (t) = a,t” + lower degree terms, a, > 0,

and
/R o (Oma(t) do(t) = Sups vop > 0. (8)
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For each polynomial P € P,,, with complex coefficients, we take

IP] = (/R|P(t)|2 da(t))1/2.

As a restricted subset of P,, Chen [5] took
Wy, = Pum(do) ={P Py | P LPn_1},
ie, PeW,if P€ P, and (P,m,) =0 for each v =0,1,...,m — 1.

Consider now the extremal problem

_ 1P
Apm =Ap m(do) = Plen{/{‘/n I

(1<m<n). (9)
Theorem 16 The best constant Ay, , defined in (9) is given by
Ann = nin(Bu))'?, (10)
where Amin(Bn,m) s the minimal eigenvalue of the matriz
Bnm = [bl(j?)]mgi,jgn’

whose elements are given by

by = /RWE”)W}”” (t)do(t), m<ij<n. (11)

An extremal polynomial is
Pr(t) =Y cm(t),
v=m

T . . .
where [ck, Chtly-- s cn] is an eigenvector of the matrix By, n, correspond-
ing to the eigenvalue Amin(Bn,m)-

Proof. Let P € W,. Then we can write P(t) = Y ¢,m,(t) and

n

P (1) = Z ™ (1), m < n,

v=m

where the coefficients ¢, are uniquely determined. Hence, by (8) and (11),
we have

HPH2 _ Z |Cu|2 and ||P(m)H2 — Z Ciéjbl(?;?).
v=m

i,j=m
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Then

n

= p(m)
()2 Z ci€;bi ;
||P || —_ i,j=m _ <Bn,mc’ C> (12)
1P ’

Shep
)
=m

where (-, -) denotes the standard inner product in an (n—m+1)-dimensional
space.

The matrix By, ., is evidently positive definite. Since the right side in
(12) is not smaller than the minimal eigenvalue of this matrix, we obtain

||P(m)||2 > )‘min(Bn,m)HP||2~ (13)

In order to show that A, ., given by (10), is the best possible, we note that
(13) reduces to an equality if we put P(t) = P*(t) = > cim,(t), where
v=m

T . . . .
[cjj17 Cralre s c;‘l] is an eigenvector of the matrix B, ,,, corresponding to
Amin(Bn,m)-  Q.E.D.

An alternative result like Theorem 16 is the following theorem:

Theorem 17 Let Qp m = [q%m be an upper triangular matrixz of

]mﬁi,jﬁn
the order n — m + 1, whose elements qgn)

product

are given by the following inner

¢ = (@™ mii)  (m<ij<n).

Then the best constant Ay, ., defined in (9) is given by

An,m - (Amin(Qn,mQZ,m))l/Q' (14)
Alternatively, (14) can be expressed in the form

An,m = ()\max(cnﬁm))il/zv (15)

where C, m = (Qn,mQZ,m)_l'

Proof. It is enough to consider only a real polynomial set P,,. Let P € W,,

and W](m)(t) = Z ql(;”)m,m(t), where qg.”) = (7r](-m)77ri,m). Then

n 7 n

PO =3 ¢ > a mem®) = D (X el ) miom(®)

j=m i=m i=m j=m
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and n n
1P = 3 () = 32
i=m j=i i=m
where .
yi:zchg‘n)v i=m,...,n. (16)
=i
Let ¢ = [em,--scnlty Y= [WUms- -, un]?, and Qpm = [qz(;”)]mgi,jg

Since y = Qn,mc, it follows that

P2 (y,y) (y,y)

P2 {e,e) (@Qum@F ) 'y y)

Thus (14) and (15) hold. Q.E.D.

Now, we will consider a few special measures.

1° do(t) = e~ dt, —0o0 < t < +00. Here we have
m(t) = ]:L,(t) = (\/EQDV!)_lmHV(t%
where H,, is a Hermite polynomial of degree v. Since

H'(t)=2vH,_1(t) and  H.(t) = V2wH,_1(t),

we have
H™ () = Vou/2(v —1) -+ /2(v — m + 1) Hy_ (1),
{0 0) = [t (1) )
and

b = Qmm!<l>5ij, m<i,j<n.
m

Thus, we find Ayin(Bn,m) = 2"m! and A, ,, = 2m/2\/m).

2° do(t) = t°e~tdt, 0 < t < +oo. Here we have the generalized Laguerre
case with

m(t) = Ly (t) = VT +s+1) Y (-1)"~" (v + s) t

, v—1i)il’
=0
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where I' is the gamma function.

First, we consider the simplest case where m = 1. Since

13 a 4! F(i—i—s)
L .
dt Li( qu b= \/F(j+s+1) \/(il)!’

from the equalities (16), it follows that

1+ s .
Ci = Yiy1 — i Yi,s Z:]-v"'vna

where we put y,1+1 = 0. The elements p ) of the matrix P,1= Q;,11 are
s ‘
pgjl) ]‘+;7 i=1...,m Pgll)_‘_l 1, +=1,...,n—1;

pg;) =0, otherwise,

so that C;, 1 = P;;’:an’l = —J,, where

_ o \/E o .
\/E aq \/E
Jn = \/ﬂ; (6%}
B ﬁnfl
O ﬁnfl [e77s}

and

a=—(+s), ay=—(24—"2) B =1+ v=1. .01
14

v+1

We see that J,, is the Jacobi matrix for monic orthogonal polynomials
{Q.}, which satisfy the following three-term recurrence relation

Qu1(t) = (T — )Qu(t) = B,Qu-1(t), v=0,1,...,

with Q_1(t) = 0 and Qo(¢f) = 1. The eigenvalues of C, 1 are A\, = —t,,
where Q,(t,) =0forv=1,...,n

The standard Laguerre case (s = 0) can be exactly solved. In fact, for
t=2(z—1) with —1 < z < 1, we have

0 0
Q. (t) = cos(2v + 1)5 / cos o, z = cosb.
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The eigenvalues of the matrix C), ; are

2v—1
)\,,:—t,,:élsinzM, v=1,...,n.
2(2n + 1)
Since Amax(Cn,1) = An, we obtain
- -1
Apy = (2cos Gy 1) .

Now, we consider the case when m = 2 and s = 0. First, we note that
am . s —itm—1) .
@ =0 (17 T

The formulae (16), for m = 2, become

n

yi=Y (G—i+e, i=2...,n

g=i

Since &A%y; = ¢; (Yns1 = Yni2 = 0), we find a five-diagonal symmetric
matrix of order n — 1

r 1 -2 1 O 7

C’77,,2 =

1 —4 6 —4
(0) 1 -4 6

Thus, using the maximal eigenvalue of this matrix, we obtain the best
constant A, o = ()\max(C’nyg))fl/z. In the simplest case when n = 2 and
n =3 we have Ay = 1 and Az = (3 — 21/2)'/2, respectively.

We conclude this paper with a remark that Varma [17] also studied an

extremal problem on (0,+00) with respect to the Laguerre measure, i.e.,
when [[f[3 =[5~ e"f(t)dt.
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Theorem 18 Let P be an algebraic polynomial of degree n whose zeros T,
(v=1,...,n) all lie in the interval [0,00). If P(0) =0 or

v=1
then n
1P 2 s 1713
The equality holds for P(t) = t™.
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