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1 INTRODUCTION AND PRELIMINARIES

In terms of a bounded multiple sequence {O(k1, . . . , kr)} of essentially arbitrary (real or

complex) parameters, let

Ym1,...,mr

n1,...,nr
(x1, . . . , xr) :¼

X[n1=m1]

k1¼0

� � �
X[nr=mr]

kr¼0

(�n1)m1k1
� � � (�nr)mrkr

O(k1, . . . , kr)
xk1

1

k1!
� � �

xkrr
kr!

(1:1)

(nj 2 N0 :¼ N [ {0}; mj 2 N; j ¼ 1, . . . , r),
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where [k] denotes the greatest integer in k 2 R and (l)k is the Pochhammer symbol (or, more

precisely, the shifted factorial, since (1)k ¼ k! (k 2 N0)) defined, in terms of Gamma

functions, by

(l)k :¼
G(lþ k)

G(l)
¼

1 (k ¼ 0; l 6¼ 0)

l(lþ 1) � � � (lþ k � 1) (k 2 N; l 2 C),

�
(1:2)

N being the set of positive integers.

For different choices of the multiple sequence {O(k1, . . . , kr)} and with

mj ¼ 1 ( j ¼ 1, . . . , r),

the multivariable polynomials [cf. Eq. (1.1)]

Ym1,...,mr

n1,...,nr
(x1, . . . , xr)

would readily yield, as special cases, various classes of orthogonal and biorthogonal polyno-

mials associated with hypergeometric functions of two and more variables [see, for details,

Refs. 1, 6, 7, 12–18].

Motivated essentially by these and sundry other occurrences of special multivariable

hypergeometric polynomials in the mathematical and physical sciences literature, we first

propose to derive here a family of finite summation formulas involving the polynomials

defined by (1.1) and then show how this general result can be applied in order to deduce

several functional relationships between various multivariable hypergeometric polynomials

and the Gauss hypergeometric function which corresponds to the familiar special case

p� 1 ¼ q ¼ 1

of the generalized hypergeometric pFq function with p numerator and q denominator para-

meters, defined by

pFq[(ap); (bq); z] ¼ pFq

(ap);
z

(bq);

2
4

3
5 :¼

X1
k¼0

(a1)k � � � (ap)k
(b1)k � � � (bq)k

zk

k!
(1:3)

( p, q 2 N0; p � qþ 1; p � q and jzj < 1; p ¼ qþ 1 and jzj < 1;

p ¼ qþ 1, jzj ¼ 1, and <(X) > 0);

where (and throughout this paper) we find it to be convenient to abbreviate the p-parameter

array:

a1, . . . , ap ( p 2 N)

by (ap), the array being empty when p ¼ 0, with similar interpretations for (bq), etc., and

X :¼
Xq
j¼1

bj �
Xq
j¼1

aj (bj =2Z�
0 :¼ {0, �1, �2, . . . }):
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2 FINITE SUMMATION FORMULAS

We begin by recalling the multinomial theorem in the form [cf., e.g., Ref. 3, p. 13,

Eq. 2.3(9)]:

X
n1þ���þnr¼n

n

n1, . . . , nr

� �
xn1

1 � � � xnrr ¼ (x1 þ � � � þ xr)
n (2:1)

(n, nj 2 N0; j ¼ 1, . . . , r; r 2 Nn{1}),

where, and in what follows,

n

n1, . . . , nr

� �
:¼

n!

n1! � � � nr!
: (2:2)

Since

(�nj)mjkj
¼ (�1)mjkj

nj!

(nj � mjkj)!
0 � kj �

nj

mj

� �
; j ¼ 1, . . . , r

� �
, (2:3)

by virtue of the definition (1.2), we can make use of the multinomial theorem (2.1) in con-

junction with the definition (1.1) to show that

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
Ym1,...,mr

n1,...,nr
(x1, . . . , xr)t

n1

1 � � � tnrr

¼ Tn
Xm1k1þ���þmrkr�n

k1,...,kr¼0

(�n)m1k1þ���þmrkr
O(k1, . . . , kr)

{x1(t1=T )m1 }k1

k1!
� � �

{xr(tr=T )mr}kr

kr!
(2:4)

(T :¼ t1 þ � � � þ tr; n, nj 2 N0; mj 2 N; j ¼ 1, . . . , r):

With a view to applying the general finite summation formula (2.4) to the following famil-

iar special case of the (Srivastava–Daoust) generalized Lauricella functions, defined by [cf.,

e.g., Ref. 9, p. 38, Eq. 1.4(24)]

Fp:p1;...;pr
q:q1;...;qr

(ap): (g0p1
); . . . ; (g(r)

pr
);

z1, . . . , zr

(bq): (d0q1
); . . . ; (d(r)

qr
);

2
664

3
775

:¼
X1

k1,...,kr¼0

Qp
j¼1 (aj)k1þ���þkr

Qp1

j¼1 (g0j)k1
� � �
Qpr

j¼1 (g(r)
j )krQq

j¼1 (bj)k1þ���þkr

Qq1

j¼1 (d0j)k1
� � �
Qqr

j¼1 (d(r)
j )kr

zk1

1

k1!
� � �

zkrr
kr!

, (2:5)

whenever the multiple hypergeometric series in (2.5) converges or terminates, we conveni-

ently set

m1 ¼ � � � ¼ mr ¼ 1,
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and we find from (2.4) that

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
F
p:p1þ1;...;prþ1
q:q1þ1;...;qrþ1

(ap):�n1, (g0p1
); . . . ;�nr,(g(r)

pr
);

x1, . . . , xr

(bq): (d0q1
); . . . ; (d(r)

qr
);

2
664

3
775tn1

1 � � � tnrr

¼ TnFpþ1:p1;...;pr
q:q1;...;qr

�n, (ap): (g0p1
); . . . ; (g(r)

pr
);

x1t1

T
, . . . ,

xrtr

T

(bq): (d0q1
); . . . ; (d(r)

qr
);

2
66664

3
77775 (2:6)

(T :¼ t1 þ � � � þ tr; n, nj 2 N; j ¼ 1, . . . , r):

Next, by appealing appropriately to the multiple series identity [cf. Ref. 8; see also

Ref. 9, p. 39]:

X1
n1,...,nr¼0

o(n1 þ � � � þ nr)(l1)n1
� � � (lr)nr

zn1

n1!
� � �

znr

nr!
¼
X1
n¼0

o(n)(l1 þ � � � þ lr)n
zn

n!
(2:7)

and its multivariable hypergeometric form:

F
p:1;...;1
q:0;...;0

(ap): l1; . . . ; lr;

z, . . . , z

(bq): —; . . . ; —;

2
64

3
75 ¼ pþ1Fq

(ap), l1 þ � � � þ lr;

z

(bq);

2
64

3
75, (2:8)

the second members of (2.4) and (2.6) can be simplified considerably in the special cases:

O(k1, . . . , kr) ¼ (l1)k1
� � � (lr)kr o(k1 þ � � � þ kr), mj ¼ m, and xj ¼

t
tj

� �m

(2:9)

(m 2 N; kj 2 N0; lj 2 C; j ¼ 1, . . . , r)

and

pj � 1 ¼ qj ¼ 0 (g( j)
pj

¼ lj) and xjtj ¼ t ( j ¼ 1, . . . , r), (2:10)
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respectively. We thus find from (2.4) that

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
Fl1,...,lr

n1,...,nr
m;

t
t1

, . . . ,
t
tr

� �
tn1

1 � � � tnrr

¼ Tn
X[n=m]

k¼0

(�n)mk(l1 þ � � � þ lr)k o(k)
(t=T )mk

k!
(2:11)

(T :¼ t1 þ � � � þ tr; m 2 N; n, nj 2 N0; lj 2 C; j ¼ 1, . . . , r),

where [cf. Eq. (1.1)]

Fl1,...,lr
n1,...,nr

(m; x1, . . . , xr) :¼
X[n1=m]

k1¼0

� � �
X[nr=m]

kr¼0

(�n1)mk1
(l1)k1

� � � (�nr)mkr (lr)kr

� o(k1 þ � � � þ kr)
xk1

1

k1!
� � �

xkrr
kr!

(2:12)

(nj 2 N0; lj 2 C; j ¼ 1, . . . , r; m 2 N)

in terms of a bounded sequence {o(n)}1n¼0 of essentially arbitrary (real or complex) para-

meters.

Furthermore, under the constraints given by (2.10), the finite summation formula (2.6)

similarly yields

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
F
p:2;...;2
q:0;...;0

(ap):�n1, l1; . . . ; �nr, lr;
t
t1

, . . . ,
t
tr

(bq): —; . . . ; —;

2
6664

3
7775tn1

1 � � � tnrr

¼ Tn
pþ2Fq

�n, l1 þ � � � þ lr, (ap);

t
T

(bq);

2
6664

3
7775 (2:13)

(T :¼ t1 þ � � � þ tr; n, nj 2 N0; lj 2 C; j ¼ 1, . . . , r):

3 APPLICATIONS TO LAURICELLA POLYNOMIALS IN SEVERAL

VARIABLES

The various finite summation formulas, which we presented in the preceding section, can

indeed be applied in order to derive the corresponding results for many of the orthogonal

and biorthogonal multivariable hypergeometric polynomials which were referred to in

Section 1. We leave the details involved in the derivations of these consequences of our

results as an exercise for the interested reader. We turn instead to some multivariable
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hypergeometric polynomials which are associated, in particular, with the Lauricella functions

F
(r)
A , F

(r)
B , F

(r)
C , and F

(r)
D of r variables, where [cf. Ref. 1, p. 114; see also Ref. 9, p. 33]

F
(r)
A [a, b1, . . . , br; c1, . . . , cr; z1, . . . , zr] ¼ F

1:1;...;1
0:1;...;1

a: b1; . . . ; br;

z1, . . . , zr

—: c1; . . . ; cr;

2
664

3
775

:¼
X1

k1,...,kr¼0

(a)k1þ���þkr
(b1)k1

� � � (br)kr
(c1)k1

� � � (cr)kr

zk1

1

k1!
� � �

zkrr
kr!

(3:1)

(jz1j þ � � � þ jzrj < 1; cj =2Z�
0 ; j ¼ 1, . . . , r),

F
(r)
B [a1, . . . , ar, b1, . . . , br; c; z1, . . . , zr] ¼ F

0:2;...;2
1:0;...;0

—: a1, b1; . . . ; ar, br;

z1, . . . , zr

c: ——; . . . ; ——;

2
664

3
775

:¼
X1

k1,...,kr¼0

(a1)k1
� � � (ar)kr (b1)k1

� � � (br)kr
(c)k1þ���þkr

zk1

1

k1!
� � �

zkrr
kr!

(3:2)

(max {jz1j, . . . , jzrj} < 1; c =2Z�
0 ),

F
(r)
C [a, b; c1, . . . , cr; z1, . . . , zr] ¼ F

2:0;...;0
0:1;...;1

a, b: —; . . . ; —;

z1, . . . , zr

——: c1; . . . ; cr;

2
664

3
775

:¼
X1

k1,...,kr¼0

(a)k1þ���þkr
(b)k1þ���þkr

(c1)k1
� � � (cr)kr

zk1

1

k1!
� � �

zkrr
kr!

(3:3)

(jz1j
1=2 þ � � � þ jzrj

1=2 < 1; cj =2Z�
0 ; j ¼ 1, . . . , r),

and

F
(r)
D [a, b1, . . . , br; c; z1, . . . , zr] ¼ F1:1;...;1

1:0;...;0

a: b1; . . . ; br;

z1, . . . , zr

c: —; . . . ; —;

2
664

3
775

:¼
X1

k1,...,kr¼0

(a)k1þ���þkr
(b1)k1

� � � (br)kr
(c)k1þ���þkr

zk1

1

k1!
� � �

zkrr
kr!

(3:4)

(max {jz1j, . . . , jzrj} < 1; c =2Z�
0 ):

First of all, in its special case when

p� 1 ¼ q ¼ 0 (a1 ¼ a) and pj ¼ qj � 1 ¼ 0 d( j)
j ¼ cj; j ¼ 1, . . . , r

� �
,
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our summation formula (2.6) yields

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
F

(r)
A [a, �n1, . . . , �nr; c1, . . . , cr; x1, . . . , xr]t

n1

1 � � � tnrr

¼ Tn F
(r)
C �n, a; c1, . . . , cr;

x1t1

T
, . . . ,

xrtr

T

h i
(3:5)

(T :¼ t1 þ � � � þ tr; n, nj 2 N0; cj =2Z�
0 ; j ¼ 1, . . . , r):

In the case of the Lauricella hypergeometric polynomials associated with F
(r)
B , (2.13) with

p ¼ q� 1 ¼ 0 (b1 ¼ c) and lj j! bj ( j ¼ 1, . . . , r)

leads us immediately to the functional relationship:

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
F

(r)
B �n1, . . . , �nr, b1, . . . , br; c;

t
t1

, . . . ,
t
tr

� �
tn1

1 � � � tnrr

¼ Tn
2F1 �n, b1 þ � � � þ br; c;

t
T

� �
(3:6)

(T :¼ t1 þ � � � þ tr; n, nj 2 N0; j ¼ 1, . . . , r; c =2Z�
0 ):

For the Lauricella hypergeometric polynomials associated with F
(r)
D , we similarly find from

(2.6) with

p ¼ q ¼ 1 (a1 ¼ a; b1 ¼ c) and pj ¼ qj ¼ 0 ( j ¼ 1, . . . , r)

that

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
F

(r)
D [a, �n1, . . . , �nr; c; x1, . . . , xr]t

n1

1 � � � tnrr

¼ Tn
2F1 �n, a; c;

x1t1 þ � � � þ xrtr

T

� �
(3:7)

(T :¼ t1 þ � � � þ tr; n, nj 2 N0; j ¼ 1, . . . , r; c =2Z�
0 ):

Since

F
(2)
A ¼ F2, F

(2)
B ¼ F3, F

(2)
C ¼ F4, and F

(2)
D ¼ F1, (3:8)

each of the functional relationships (3.5), (3.6), and (3.7) (with r ¼ 2) can immediately be

rewritten in terms of one or the other of Appell’s hypergeometric functions F1, F2, F3,

and F4 of two variables [cf. Ref. 1, p. 14; see also Ref. 9, pp. 22–23].
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Next, for the second set of the Carlitz–Srivastava polynomials defined by [2, Part II, p. 143,

Eq. (27)]

F
(r)
D [(a: Wj): (�nj, mj); (g: jj); x1, . . . , xr]

:¼
X[n1=m1]

k1¼0

� � �
X[nr=mr]

kr¼0

(�n1)m1k1
� � � (�nr)mrkr

(a)k1W1þ���þkrWr

(g)k1j1þ���þkrjr

xk1

1

k1!
� � �

xkrr
kr!

(3:9)

(nj 2 N0; mj 2 N; Wj, jj 2 Rþ; j ¼ 1, . . . , r; g =2Z�
0 ),

the general result (2.4) readily yields

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
F

(r)
D [(a: Wj): (�nj, mj); (g: jj); x1, . . . , xr]t

n1

1 � � � tnrr

¼ Tn
Xm1k1þ���þmrkr�n

k1,...,kr¼0

(�n)m1k1þ���þmrkr

(a)k1W1þ���þkrWr

(g)k1j1þ���þkrjr

�
{x1(t1=T )m1 }k1

k1!
� � �

{xr(tr=T )mr}kr

kr!
(3:10)

(T :¼ t1 þ � � � þ tr; n, nj 2 N0; mj 2 N; j ¼ 1, . . . , r; g =2Z�
0 ):

In the particular case when

mj ¼ m, Wj ¼ r, and jj ¼ s (m, r, s 2 N), (3:11)

(3.10) would reduce to the form:

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
F

(r)
D [(a: r): (�nj, m); (g: s); x1, . . . , xr]t

n1

1 � � � tnrr

¼ Tn
mþrFs

D(m;�n), D(r; a);

D(s; g);

mmrr

ss
x1

t1

T

� �m
þ � � � þ xr

tr

T

� �m� �2
664

3
775 (3:12)

(T :¼ t1 þ � � � þ tr; n, nj 2 N0; j ¼ 1, . . . , r; m, r, s 2 N; g =2Z�
0 ),

where D(m; l) abbreviates the array of m parameters:

l
m

,
lþ 1

m
, . . . ,

lþ m� 1

m
(m 2 N):

For m ¼ r ¼ s ¼ 1, (3.12) would obviously correspond to the functional relationship (3.7).
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Lastly, for Erdélyi’s multivariable extension of the classical Laguerre polynomials defined

by [cf., e:g:, Ref. 2, Part II, p. 144, Eq. (29)]

L(a)
n1,...,nr

(x1, . . . , xr) :¼
(aþ 1)n1þ���þnr

n1! � � � nr!

� F
0:1;...;1
1:0;...;0

——: �n1; . . . ; �nr;

x1, . . . , xr

aþ 1: ——; . . . ; ——;

2
664

3
775, (3:13)

it is easily seen from (2.6) with

p ¼ q� 1 ¼ 0 (b1 ¼ aþ 1) and pj ¼ qj ¼ 0 ( j ¼ 1, . . . , r)

that

X
n1þ���þnr¼n

L(a)
n1,...,nr

(x1, . . . , xr)t
n1

1 � � � tnrr

¼
aþ n

n

 !
Tn

1F1 �n; aþ 1;
x1t1 þ � � � þ xrtr

T

� �
(3:14)

(T :¼ t1 þ � � � þ tr; n, nj 2 N0; j ¼ 1, . . . , r; a 2 Z�:¼ Z�
0 n{0}):

Clearly, since [cf. Eqs. (3.4) and (3.13)]

L(a)
n1,...,nr

(x1, . . . , xr) ¼ lim
jlj!1

F
(r)
D l, �n1, . . . , �nr; aþ 1;

x1

l
, . . . ,

xr

l

h in o
, (3:15)

our last functional relationship (3.14) can be deduced as a limit case of (3.7) when

c ¼ aþ 1, xj j!
xj

a
( j ¼ 1, . . . , r), and jaj ! 1:

4 FURTHER EXTENSIONS AND CONSEQUENCES

The multinomial theorem (2.1), which provided one of the tools used in our present

investigation, is itself a limit case of the following well-known multiple sum [Ref. 3, p. 13,

Eq. 2.3(5)]:

X
n1þ���þnr¼n

n

n1, . . . , nr

� �
(l1)n1

� � � (lr)nr ¼ (l1 þ � � � þ lr)n (4:1)

(n, nj 2 N0; lj 2 C; j ¼ 1, . . . , r),
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which, for r ¼ 2, is equivalent to the Chu-Vandermonde summation theorem:

Xn
k¼0

l
n� k

� �
m
k

� �
¼

lþ m
n

� �
(n 2 N0; l, m 2 C): (4:2)

In fact, since

lim
jlj!1

(l)n
z

l

� �nn o
¼ zn ¼ lim

jmj!1

(mz)n

(m)n

� �
(n 2 N0; jzj < 1), (4:3)

upon setting lj ¼ lxj ( j ¼ 1, . . . , r), dividing both sides by ln, and letting jlj ! 1, (4.1)

yields the multinomial theorem (2.1).

If we apply the general result (4.1) in place of the multinomial theorem (2.1), we find from

the definition (1.1) that

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
(l1)n1

� � � (lr)nrY
m1,...,mr

n1,...,nr
(x1, . . . , xr)

¼ (l1 þ � � � þ lr)n
Xm1k1þ���þmrkr�n

k1,...,kr¼0

(�n)m1k1þ���þmrkr
(l1)m1k1

� � � (lr)mrkr

(l1 þ � � � þ lr)m1k1þ���þmrkr

� O(k1, . . . , kr)
xk1

1

k1!
� � �

xkrr
kr!

(n, nj 2 N0; mj 2 N; lj 2 C; j ¼ 1, . . . , r), (4:4)

which provides a seemingly interesting extension of (2.4).

Finally, in order to give a conveniently simple hypergeometric form of (4.4), we set

L :¼ l1 þ � � � þ lr and mj ¼ 1 ( j ¼ 1, . . . , r),

and choose the multiple sequence {O(k1, . . . , kr)} as in the definition (2.5). We thus obtain

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
(l1)n1

� � � (lr)nr

� Fp:p1þ1;...;prþ1
q: q1;...;qr

(ap):�n1, (g0p1
); . . . ; �nr, (g(r)

pr
);

(bq): (d0q1
); . . . ; (d(r)

qr
);

x1, . . . , xr

2
4

3
5

¼ (L)n F
pþ1:p1þ1;...;prþ1
qþ1: q1;...;qr

�n, (ap): l1, (g0p1
); . . . ; lr, (g(r)

pr
);

L, (bq): (d0q1
); . . . ; (d(r)

qr
);

x1, . . . , xr

2
4

3
5 (4:5)

(L :¼ l1 þ � � � þ lr; n, nj 2 N0; j ¼ 1, . . . , r),

provided that each side of (4.5) exists. In its special case when

p ¼ q ¼ 0 and pj ¼ qj ¼ 1 (g( j)
pj

¼ mj; d
( j)
pj

¼ nj; j ¼ 1, . . . , r),
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the hypergeometric summation formula (4.5) reduces immediately to the elegant form:

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
(l1)n1

� � � (lr)nr � 2F1(�n1,m1; n1; x1) � � � 2F1(�nr, mr; nr; xr)

¼ (L)n F
1:2;...;2
1:1;...;1

�n: l1, m1; . . . ; lr, mr;

L: n1; . . . ; nr;
x1, . . . , xr

" #
(4:6)

(L :¼ l1 þ � � � þ lr; n, nj 2 N0; L, nj =2Z�
0 ; j ¼ 1, . . . , r):

A further special case of (4.6) when

nj ¼ lj ( j ¼ 1, . . . , r)

was proven, in a markedly different way, by Toscano [11, p. 241, Eq. (11.4)]; indeed, in

this special case, the right-hand side of (4.6) would involve the Lauricella function F
(r)
D

defined by (3.4).

For the Lauricella hypergeometric function F
(r)
A defined by (3.1), our summation formula

(4.5) with

p� 1 ¼ q ¼ 0 (a1 ¼ a) and pj ¼ qj � 1 ¼ 0 (d( j)
qj

¼ mj; j ¼ 1, . . . , r)

would readily yield

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
(l1)n1

� � � (lr)nr � F
(r)
A [a, �n1, . . . , �nr; m1, . . . , mr; x1, . . . , xr]

¼ (L)n F
2:1;...;1
1:1;...;1

�n, a: l1; . . . ; lr;

L: m1; . . . ; mr;
x1, . . . , xr

" #
(4:7)

(L :¼ l1 þ � � � þ lr; n, nj 2 N0; L, lj =2Z�
0 ; j ¼ 1, . . . , r),

which, in the special case when

mj ¼ lj ( j ¼ 1, . . . , r),

reduces at once to the form:

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
(l1)n1

� � � (lr)nr � F
(r)
A [a, �n1, . . . , �nr; l1, . . . , lr; x1, . . . , xr]

¼ (L)n 2F1(�n, a; L; x1 þ � � � þ xr) (4:8)

ðL :¼ l1 þ � � � þ lr; n, nj 2 N0; L, lj =2Z�
0 ; j ¼ 1, . . . , r):

Lastly, we consider the basic multivariable Appell polynomials

En1,...,nr (a, b1, . . . , br; x1, . . . , xr)
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defined by [cf. Ref. 4, p. 26; see also Ref. 5]

En1,...,nr (a, b1, . . . , br; x1, . . . , xr) :¼ (�1)n
(b1)n1

� � � (br)nr
(aþ b1 þ � � � þ br þ n)n

� F
(r)
A [aþ b1 þ � � � þ br þ n, �n1, . . . , �nr; b1, . . . , br; x1, . . . , xr] (4:9)

(n :¼ n1 þ � � � þ nr; n, nj 2 N0; j ¼ 1, . . . , r)

or, equivalently, by

En1,...,nr (a, b1, . . . , br; x1, . . . , xr) :¼ xn1

1 � � � xnrr

� F
(r)
B

�
�n1, . . . , �nr,1 � b1 � n1, . . . , 1 � br � nr;

1 � a� b1 � � � � � br � 2n;
1

x1

, . . . ,
1

xr

�
(4:10)

(n :¼ n1 þ � � � þ nr; n, nj 2 N0; j ¼ 1, . . . , r):

Indeed these basic multivariable Appell polynomials are orthogonal over the simplex

T r :¼ {(x1, . . . , xr): x1 þ � � � þ xr � 1 (xj � 0; j ¼ 1, . . . , r)} (4:11)

with the weight function

w(x1, . . . , xr) :¼ xb1�1
1 � � � xbr�1

r (1 � x1 � � � � � xr)
a: (4:12)

Making use of the definition (4.10), it is not difficult to deduce the following summation

formula from the functional relationship (3.6):

X
n1þ���þnr¼n

n

n1, . . . , nr

 !
En1,...,nr aþ 1, b1 � n1 þ 1, . . . , br � nr þ 1;

t1

t
, . . . ,

tr

t

� �

¼
aþ Bþ r þ n

n

 !�1

P(aþr,B�n)
n

2T

t
� 1

� �
(4:13)

(n, nj 2 N0; j ¼ 1, . . . , r; B :¼ b1 þ � � � þ br; T :¼ t1 þ � � � þ tr),

where P(a,b)
n (x) denotes the classical Jacobi polynomials defined by [cf., e.g., Ref. 10, p. 68]

P(a,b)
n (x) :¼

Xn
k¼0

nþ a
n� k

� �
nþ b
k

� �
x� 1

2

� �k
xþ 1

2

� �n�k

(4:14)

or, in terms of the Gauss hypergeometric function, by

P(a,b)
n (x) :¼

aþ bþ 2n

n

� �
xþ 1

2

� �n

2F1 �n, �b� n; �a� b� 2n;
2

xþ 1

� �
: (4:15)

Many other interesting corollaries and consequences of our main summation formulas can

be deduced in a similar manner.
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References
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