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Abstract: Polynomials {71"{5} orthogonal on a circular arc with respect to the complex inner product
(f,9) = f;_Lp f1(0)g1(0)w1(0) db, where ¢ € (0,7/2), and for f(z) the function f;(0) is defined

by f1(0) = f(—iR+€'?v/R2 + 1), R = tan ¢, have been introduced by M. G. de Bruin [1]. In this
paper the functions of the second kind, as well as the corresponding associated polynomials, are
introduced. Some recurrence relations and identities of Christoffel-Darboux type are proved. Also,
the corresponding Stieltjes’ polynomials which are orthogonal to all lower-degree polynomials with
respect to a complex measure on I'gr = {z € C:z=—iR+e®VR2 +1, p <0< m—p, tanp = R}
are investigated. A class of polynomials orthogonal on a symmetrical circular arc in the down half
plane is also introduced. Finally, in the Jacobi case w(z) = (1 — 2)*(1 4+ 2)?, «,8 > —1, a linear
second-order differential equation for 7/*(z) is obtained.
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1. Introduction

Polynomials orthogonal on the semicircle Iy = {z € C : z = ¢, 0 < 6 < 7}
have been introduced by Gautschi and Milovanovié [5], [6]. The inner product is
given by

(11) (f.9) = /F F(2)g(2)(i2) " dz,

where I is the semicircle I' = {z € C : z = ¢, 0 < 0 < 7}. Alternatively,

(1.2) (f.9) = / " F(e®)g(c®) db.

This inner product is not Hermitian, but the corresponding (monic) orthogonal
polynomials {7} exist uniquely and satisfy a three-term recurrence relation of the
form

(1.3) Tr+1(2) = (2 —iag)mr(2) — Brmr-1(2), k=0,1,2,...,
m-1(2) =0, m(z)=1.

* This work was supported in part by Science Fund of Serbia, grant number 0401.
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Notice that the inner product (1.1) possesses the property (zf,g) = (f, zg).

Later, Gautschi, Landau and Milovanovi¢ [7] considered a general case of complex
polynomials orthogonal with respect to a complex weight function. Namely, let
w:(—1,1) —» Ry be a weight function which can be extended to a function w(z)
holomorphic in the half disc Dy = {z € C : |2| < 1, Imz > 0}, and

(14)  (f.g) = /F F(2)g()w(2)(iz) "t dz = / " F(e®)g(e®)w(e?) db.

Under the assumption
(1.5) Re(1,1) = Re/ w(e?)df # 0,
0

the monic, complex polynomials {7} orthogonal with respect to the inner product
(1.4) exist and satisfy a recurrence relation like (1.3).

Several interesting properties of such polynomials and some applications in nu-
merical integration were given in [6] and [9]. Also, differentiation formulas for
higher derivatives of analytic functions, using quadratures on the semicircle, were
considered in [2].

Recently M. G. de Bruin [1] has given a generalization of such orthogonal poly-
nomials. Namely, he considered the polynomials {ﬂllj} orthogonal on a circular arc
with respect to the complex inner product

T
(1.6 (o) = [ 505 O)ui0) .

%)
where ¢ € (0,7/2), and for f(z) the function f;(0) is defined by

f1(9):f(—iR+ei0vR2+1)7 R = tan .

Alternatively, the inner product (1.6) can be expressed in the form
(1.7) (f,9)= [ f(2)g(x)w(z)(iz — R)™ dz,
I'r

where I'p ={2€C : z=—iR+e®VR2+ 1, p <0 <7 — ¢, tanp = R}.
For R = 0 the arc I'g reduces to the semicircle I'.

Another type of orthogonality of these polynomials, so-called Geronimus’ version
of orthogonality on a contour with respect to a complex weight, was investigated in
[10].

For polynomials {7?,?} orthogonal on a circular arc with respect to the complex

inner product (1.6), in this paper, we introduce the functions of the second kind, as
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well as the corresponding associated polynomials, and prove some recurrence rela-
tions and identities of Christoffel-Darboux type. Also, we study the corresponding
Stieltjes’ polynomials which are orthogonal on I'p to all lower-degree polynomials
with respect to a complex measure. In Section 3 we consider a class of polynomi-
als orthogonal on a symmetrical circular arc in the down half plane. Sometimes,
these dual polynomials can be used to shorten certain proofs for polynomials {77,?}
(see Theorem 3.6). Finally, in Section 4 we obtain a linear second-order differential
equation for 2(2), when w(z) = (1 — 2)*(1 + 2)?, a, 8 > —1,

2. Functions of the second kind, Stieltjes’ polynomials

and associated polynomials

Let the inner product (-,-) be given by (1.6), i.e., (1.7). Under suitable integra-
bility conditions on w and assuming the existence of an analytic continuation to the
moon-shaped region M = {z € C : |z +iR| < VR? + 1, Imz > 0}, where R > 0,
the orthogonal polynomials {7/} always exist, because (see [1, Lemma 2.2])

1 1
w(x) , xw(x)
=(1,1) = ———=d ———d .
po = (1,1) R/_1x2+R2 $+Z/_1902+R2 z70

In connection with polynomials {7} orthogonal with respect to (-,-) on I'g, we
can introduce the functions, so-called functions of the second kind,

T (¢)  w(C)
2.1 ng:/ AL dc, k=0,1,2,... .
(2.1) o= T iR
It is easily seen that they also satisfy the same recurrence relation as the poly-
nomials W,f. Indeed, from recurrence relation (1.3) for z = (, multiplying by
w(¢)/((i¢ — R)(z — ¢)) and integrating, we obtain
. w(()
() = (2 — i)l (2) — [ w0 d ~ Buf s (2).
I'r i — R

By orthogonality, the integral on the right side in the above equality vanishes if
k > 1, and equals jq if k = 0. If we define 9% (z) = 1 (and By = po), we have

(2.2) QkR_H(Z) = (z—iozk),gkR(z) —BkaR_l(z), k=0,1,2,....

Theorem 2.1. For |z| sufficiently large, we have

2
[l

(2.3) of(2) = g <1+O(%)>,

2
where [|mf " = (i, m).



Proof. Let ¢ € I'r and z € C, such that |z| > 1. Since

1 _1 B <n+1
e 1—C/z__z(> —gme EN

we have

1
szﬂ / LA ;duzmen(z),

where

z—C i — R
For |z| sufficiently large, there exists a constant C' > 0 such that |e,(z)] < C/|z]
and e, (z) — 0, when |z| — oc.
Because of orthogonality (¢¥,72(¢)) =0, k < n, we obtain

Y R

2
I=21° | 1
ofi(2) = T2+ ——en(2),

ie, (23). O

Based on an idea by Stieltjes (see Monegato [11], Gautschi [4]) we can consider
an expansion of 1/o(2) into descending powers of z. So, using (2.3) we have

1 Zn—l—l
of(2)  ||xR)?

=ER () +diz7t +doz P4

(1 + clz_l + 022_2 + - )

where

1
Ef (2) = —3 (2" 2™+ 4 )
[l
2
and di, = coqni1/||7E|7, E=1,2,... .

We call Efﬂ the Stieltjes polynomial associated with polynomials {7Tk } orthog-
onal with respect to (+,-) on I'r. By a residue calculation, this polynomial of exact
degree n + 1, can be expressed in the form

5 1 dg
(2.4) Bnin(2) = o5 740 (¢ —2)0f(Q)’

where C' is a sufficiently large contour with z in its interior.
Multiplying (2.4) by z¢7f(2)w(2)(iz — R)"'dz, k = 0,1,... ,n, and integrating
over I'r, we obtain

1 d¢ P w(z)
I .= ER k_R w(z) ds — — / R ) d
w= [ B T e = o f s [ Al e
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i.e,

LA [ g (=) w(e)
I = fc /FR . (2) . Rdz.

2 Jo oF(O) -2 -
Because of orthogonality

k_ k
/ 7rff(z)C S w(z) dz =0, k=0,1,...,n,
I'r

(—z 1z—R
we have
k R 1
k7 omi coR() Jr, C—2 iz—R 271 Jo

for k=0,1,... ., n
Thus, we have proved:

Theorem 2.2. Stieltjes’ polynomial E§+1 1s orthogonal to all lower-degree polyno-
mials with respect to the complex measure d\(z) = 2(2)w(z)(iz — R)"tdz, i.e.,

()
[ Bt S =0 weP,

where P, is the set of all polynomials of degree at most n.

The quantities pZ(z)/7E(2), |z| > 1, are important in getting error bounds for
Gaussian quadrature formulas over ['g, applied to analytic functions (cf. Gautschi
and Varga [8]). Stieltjes’ polynomials appear in quadrature formulas of Gauss-
Kronrod’s type (cf. Gautschi [4]).

We can also introduce the polynomials
R R
R . (2) — T (C) w(()
o (2) = dc¢, k=0,1,2,...,
(2) /rR z2—=C iC—R

which are called the polynomials associated with the orthogonal polynomials wit. Tt
is easy to see that

0i'(2) = m(2)eg (2) — 0y (2).
The polynomials {c}} satisfy the same three-term recurrence relation

(2.5) off1(2) = (z —iag)ofi(2) — Brof 1 (2), k=0,1,2,...,
05(2) =0, a1(2) = po.
If we define o*(2) = —1 and By = o, we can note that (2.5) also holds for

k =0 (see Gautschi [3]).

Using the recurrence relations for {7}, {o®}, and {of'} ((1.3), (2.2), and (2.5),
respectively), where

1° 78 (2) =0, 7nf(z)=1;

2° o (2) =1, of(2) = F(2) (defined by (2.1));

3° o' (2) =1, of(z)=0,

we can prove the following identity of Christoffel-Darboux type:
5
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Theorem 2.3. Let {fi} and {gr} satisfy the three-term recurrence relation of the
form (2.5), and

Sk(z,w) = frr1(2)gr(w) — gry1(w) fr(2).

Then the identity

_ Su(zw)
25051 Bk ~ BoBi Ba

(2.6) —S_1(z,w)

holds, where B (k = 0,1,2,...) are the recursion coefficients in (2.5). Under
conditions 1°-3°, we have the following special cases

(a) fr 'zﬁf, gk ::W,f, S_1=0;

(b) f :Ffa gk i=o0p, S-1=1;

(¢) fx=ml, gr:=0f, S_1=-1;

(d) fe:=o08, gr:=o0 S_.1=F()—-F(w);
(e) fr =08, gr:=0F, S_1=-F(2);

(f) fk =olt, gr:=0f, S_1=0.

Proof. Multiplying
fer1(2) = (2 —io) fi(2) = Brfr—1(2),  k=0,1,2,...,
by gx(w), and
gr+1(w) = (w — iag)gr(w) — Brgr—1(w), k=0,1,2,...,
by fr(z), and substracting we obtain
Sk(z,w) — BrSk—1(z,w) = (z — w) fr(2) g (w).

Dividing this equality by Sof1 - - - Bx and summing over k = 0,1,... ,n, we find

zn:( Sk(z,w)  Sp-i(z,w) ) Z
= \bBobr--- Bk Bobr--Pr— 5051

e., (2.6). The first term in the sum on the left-hand side of the above equality (for
k = 0) is equal to Sp(z,w)/Bo — S—1(z,w).

Since S_1(z,w) = fo(z)g_l(w) — go(w)f-1(2), using the conditions 1°-3°, we
prove the cases (a)—(f). O



3. Dual orthogonal polynomials

Let {7, } be the set of polynomials orthogonal on the circular arc I'g, with respect
to the inner product (1.6), i.e., (1.7) (The upper index R is omitted). In this section
we introduce the polynomials {7} orthogonal on the symmetric down circular arc
I';, with respect to the inner product defined by

(3.1) (f,9)" = . f(2)g()w(2)(iz + R)™" dz,

where I, = {2 € C : z=iR+e “VR2+1,p <0 <7 — ¢, tanp = R}. Such
polynomials we will call dual orthogonal polynomials with respect to polynomials

{Wn}-

Also, we use the inner product

1
(32) f.9)= | f@g@u() d.
—1
Let M be a lentil-shaped region with the boundary OM = I'r U I}, i.e.,

M={zeC: |z+iR| < VR*+1},

where R > 0.

We assume that w is a weight function, positive on (—1, 1), holomorphic in M,
and such that the integrals in (1.7), (3.1), and (3.2) exist for smooth functions f
and g (possibly) as improper integrals. Under the same additional conditions on w
and f, like in [7] and [1], we have

(3.3) Oz/rf(z)w(z) dz+/_1 f(z)w(zx)dz,

where I' = I'p or I'};. Then both systems of the orthogonal polynomials {r,,} and
{m}} exist uniquely.

The inner products in (1.7) and (3.1) define the moment functionals

(3.4) L2F =y, e = (25,1) = /F Mw(2)(iz — R) " dz

and

(3.5) L5 = ur, ph= (28, 1) = / Fw(z)(iz + R) ™! dz,
i

respectively.



Using the moment determinants, we can express the (monic) polynomials 7, and

T as
fo  H1 o Hn [ S T
1 B M2 Hn+1 1 Pl M3 1
7Tn(2) = A_n ) W:L(Z) = A:L ’
Hn—1  Hn H2an—1 Pr—1  Hn Kan—1
1 z z" 1 z z"
respectively, where
R R [ S TR
P 2 It Pl M3 L
An _ . n , A; _ .1 2 n
Hn—1  Hn Hon—2 Pr—1  Hn Hap—2

Lemma 3.1. For the moments j and pj, the following equality

holds.

Proof. Inserting f(z) = 2¥(iz & R)™! into (3.3), the integrals (3.4) and (3.5)
reduce to integrals on [—1, 1], implying (3.6). O

Theorem 3.2. We have

(3.7) o (Z) = mp(2).

Proof. Conjugating 7,(z) and using (3.6), we get

—po  —HI o~y
—p1 TS — Ao,
1 . ' ’ n (_1)n * %k [—
ﬂ-n(z) = Z_ : = Z Anﬂ-n(z)
n * * * n
“Hp—1 —Hp —Hon—1
1 z z"

Since A,, = (—1)"A%, we obtain (3.7). O

In the same way as in [1] we can prove a representation of the dual polynomials
in terms of the monic real polynomials {p,} orthogonal with respect to the inner
product (3.2).



Theorem 3.3. We have

(3.8) T (2) = pn(2) — 10} _1pn-1(2), n=0,1,2,...,
where (% )
Iy
0 | =—"-"— n=12..., 0. = uk.
L a1, o] 1= Ho

Theorem 3.4. We have
(3.9) 05 1 = —0n_1,
where 0,1 is the corresponding coefficient in the polynomial .

Proof. Conjugating (3.7) and using (3.8) we find

Tn(2) = m3(2) = pn(Z) — 05, _1pn-1(2),
ie., L
Tn(2) = pn(Z) + ié;—l Pn—1(Z) = pn(2) + Zﬁjz—lﬁ"?b—l(*’*/)-
Comparing with m,(2) = pn(2) — i0p—1Pn—1(2) we obtain (3.9). O
Also, we can prove:
Theorem 3.5. The dual (monic) orthogonal polynomials {n}} satisfy the three-
term recurence relation

*

Tot1(2) = (2 —iag)my(2) = Brmn_q(2), n=0,1,2,...,
™ (2) =0, m(z) =1,
with

a, = —a, and Br = Bn,

where a, and B, are the coefficients in the corresponding recurrence relation for the
polynomials {m,}.

At the end of this section we will give a short proof of Theorem 4.1 from [1] using
dual polynomials.
Theorem 3.6. Let w(z) = w(—=z). Then 0,1 >0, for n > 0.

Proof. Since (7, Tn) = Opn—_1[Pn—1,Pn—1] it is enough to prove inequality

(ﬂ-nyﬂ-n) > 0.
In this symmetric case, 0,1 is real and we have 6% |, = —0,,_; and
1
(T, T0n) = (0, ) = / G(z)w(z)(iz — R) ' dz = _/ G() _w(x) iz,
I'r _1 ir— R

where G(2) = pn(2)? + 602 _,pn_1(2)%. Then
! w(z) e w(x)
(7Tn,7Tn)—R/_1 G(x)R2——|—;L'2 d$+2/_1$G($)m dzx.

Since x — G(x) is an even positive function, the second integral on the right-hand
side vanishes and (7, m,) > 0. O



4. Differential equation

We consider the Jacobi weight function
wiz) =w™(z) = (1-2)"1+2)",  af>-1,

where fractional powers are understood in terms of their principal branches.

The corresponding (monic) polynomials {7%} orthogonal on the circular arc I'g,
with respect to the inner product (1.6), i.e., (1.7), where w(z) = w*?(z), can be
expressed (see [1, Thm. 2.1]) in the form

(4.1) Mo (2) = Tn(2) = pn(2) = i0p-1pn-1(2),
where py(2) = P¢ % () are the monic Jacobi polynomials and 6,,_; = 6%, is given
by

1 on(—iR)
A n Z 17
i on—1(—1R)

1
/ n( dx, n > 0.
12

The monic polynomials pg(z) satisfy Jacobi’s differential equation

en—l -

where

S

(4.2) A(2)u" + B(2)u' + Agu = 0,
and differentiation formula
(43)  AE)PL(2) = [(k+a+ B+ 1)z + oglpk(2) — 2k + o + B+ Dpps (2),
where

A(z)=1-2% BR)=B-a—(a+B+2)z, M =k(k+a+B+1),
and

k+a+p+1
2k +a+pB+2

vp = (a — )
Now, we consider the following problem: Find a function z — Q(z) such that
(4.4) G(2) = (2 = D[Q(2)u(2)] = Q2)v(2),

for w(z) = pp_1(z) and v(z) = v, m,(2), where 7y, is a constant.

We will suppose that (z) has the following form

O(z) = (2 = 1) (2 + 1),
10



where r,,, s,, and t,, are some real constants.

Putting this expression for €)(z) into (4.4) and using (4.3), for k = n — 1, we
obtain

G(z) = (2* — D{Y (2)u(z) + Q2)u/(2) }
=Q(2)(2* = Dp,_1(2) + {(Tn —itp)(z 4+ 1) + (sp + ity)(z — 1)}Q(z)pn_1(z),
G(z) = Q=) {[rn + sn — (n+a+ B)]zpp_1(2)
+ [(rn — 8 — 2ity) — Vp—1]pn—1(z) + Cn+a+ B — l)pn(z)}.

In order to make the coefficient of zp,_1(z) vanish on the right side in the last
equality, we put

(4.5) n+sp=n+a+p.

So we find

(4.6) G(2) = Q(2){(rn—sn —Vn—1)Pn-1(2) + (2n+a+B—1)p,(z) = 2it,pn-1(2)}.
Because of further reduction of G(z) to the form Q(z)v(z), we take

(4.7) Tn — Sp = Up—1-

Therefore, from (4.5) and (4.7) follows

1 1
(4.8) rn:§(n—|—a+ﬁ+vn_1) and snzﬁ(n—ka—kﬁ—vn_l).
Finally, if we take
1
(4.9) th==-2n+a+8—-1)0,_1,

2
(4.6) reduces to the form (4.4), where v, =2n + a+ 5 — 1, i.e.,
v(z) = 2n+a+ B — 1)m,(2).
Now, from (4.4) follows

1 Q
u—ﬁ 22_1vdz,
, (1 ’/ Q 1
u—(Q Z2_1vdz—i—z2_1v,
,,_l”9d+1’ﬂ+1’+1,
“ = \a 2 1'% Q) 2-1' 2-1) " 21"



Substituting u, u’, v” into Jacobi’s differential equation (4.2), for k =n — 1, we
obtain

(4.10) v+ a(z)v+b(z2) / 2 1vdz =0,
where
1 /
o) = 475 (02) + Bl - A 2),
(4.11)

and
g(z) =(n+a+B)z+ cp_1, Cne1=Un_1—i2n+a+5—1)0,_1.
The parameters r,, s,, and t, in the function z — (z) are given by (4.8) and
(4.9).
Theorem 4.1. The polynomial w1 (z) in (4.1) satisfies the differential equation

(4.12) P(2)y" + Q(2)y + R(z)y =0,

with polynomial coefficients

(4.13) Q(2) = A(2)*Q

where a(z) and b(z) are given by (4.11).

Proof. Differentiating (4.10) and eliminating the integral term, we get (4.12) and
(4.13) after some computation. [

Remark. All coefficients in (4.13) have the factor A(z)€2(z), but it is because of this
factor that the coefficients turn out to be polynomials.

Using (4.13) and (4.11) we find P(z) = (1 — 2?)C(z), where z — C(2) is the
following polynomial of the first degree

Ciz)=nn+a+B)+B—a+cy_1)eno1 —i(2n+a+B)2n+a+ B —1)0,_1z,

where
n+a+p

2n+a+ﬁ_
12

tn1 = (a—f) i(2n+a+B—1)0,-1.



After some calculation, C'(z) can be expressed in the form

(4.14) C(2) =0 + i710n—1 + 72051 — Nz,
where
In(n + a)(n + n+ a4+ 2n+a+6—-1
Yo = ( ) P 5 6); 712(52—042) ) )
(2n+ a+ fB) 2n+a+p

Y=-C2ntatf-1)% mm=C2n+a+p)2n+atpf—1)ibnh 1

We remark that the differential equation (4.12) has regular singular points at 1,
—1, 00, and an additional regular singular point (,, which depends on n and is given
by

Y1 —i(V20n—1 +Y0/0n-1)
2n+a+B)2n+a+6-1)

The polynomials P, @, and R in (4.13) can be expressed by the the coefficients
A(z), B(z), and Ay in differential equation (4.2). Namely,

P(z) = A(2)C(2),
(4.15) Q(2) = B(2)C(2) + A(2)n,
R(z) = A C(2) + A(2)a(2)1n,

Cn =

where

a(z) = Aiz) <nz + % —i2n+a+ 5 — 1)0n_1>

and C(z) is given by (4.14).

We can see that () and R are the complex polynomials of degree two and one,
respectively.

When a = = A —1/2 (A > —1/2) we obtain the Gegenbauer case, which is
considered for R =0 in [7].

It is interesting to consider a case when R — 400, i.e., when I'p reduces to the
interval [—1, 1]. Since

lim Qn_l == O,
R—+o00
we have
. B . B . 1 n(f —a)
G =0, i €)=, lim az) = s (ns 4 g R ).

Thus, the limit case of (4.15) gives

lim P(z) =74 li =B li = n-
i P(z) =7A(),  lim Q(x)=7B8(2),  lim R(z)=7A

In that case, dividing (4.12) by vy we obtain Jacobi’s differential equation, which
is, in fact, the result expected.
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