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Abstract

In this survey paper we give a short account on characterizations for very classical

orthogonal polynomials via extremal problems and the corresponding inequalities.

Besides the basic properties of the classical orthogonal polynomials, we consider

polynomial inequalities of Landau and Kolmogoroff type, some weighted polynomial

inequalities in L2-norm of Markov–Bernstein type, as well as the corresponding con-
nections with the classical orthogonal polynomials. � 2002 Elsevier Science Inc. All
rights reserved.
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1. Introduction

Let Pn be the set of all algebraic polynomials of degree at most n and let P̂Pn

be its subset containing only monic polynomials of degree n, i.e.,

P̂Pn ¼ fzn þ qðzÞjqðzÞ 2 Pn�1g:
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A general result on orthogonal polynomials with respect to a given inner
product ð
; 
Þ defined by

ðf ; gÞ ¼
Z

f ðzÞgðzÞdlðzÞ ðf ; g 2 L2ðdlÞÞ;

where dl is a finite positive Borel measure in the complex plane C, with an
infinite set as its support, can be expressed as an extremal problem.
Let fpng be a system of orthonormal polynomials, i.e.,

pnðzÞ ¼ cnz
n þ lower degree terms; cn > 0;

ðpn; pmÞ ¼ dnm; n;mP 0;

and pnðzÞ ¼ pnðzÞ=cn ¼ zn þ lower degree terms ðn 2 N0Þ be the corresponding
monic orthogonal polynomials.

Theorem 1.1. The polynomial pnðzÞ ¼ pnðzÞ=cn ¼ zn þ 
 
 
 is the unique monic
polynomial of degree n of the minimal L2ðdlÞ-norm, i.e.,

min
p2P̂Pn

Z
jpðzÞj2 dlðzÞ ¼

Z
jpnðzÞj2 dlðzÞ ¼

1

c2n
:

This extremal property is completely equivalent to orthogonality, so that it
characterizes orthogonal polynomials. Many questions regarding orthogonal
polynomials can be answered by using only this extremal property (cf.
[36,40,47]). Notice also that the previous theorem gives the polynomial of the
best approximation to the monomial zn in the class Pn�1. It is evidently ex-
pressed in the form zn � pnðzÞ.
A survey on characterization theorems for orthogonal polynomials on the

real line was given by Al-Salam [3]. The most important orthogonal poly-
nomials on the real line are the so-called very classical orthogonal polynomials
(cf. [47]). An extension of the very classical orthogonal polynomials using
difference operators and q-difference operators is known nowadays as the
classical orthogonal polynomials (see [5–7]). Such a much larger class of or-
thogonal polynomials can be arranged in a table, which is known as the Askey
table and its q-extension (cf. [24]).
In this survey paper we give a short account on characterizations for very

classical orthogonal polynomials via extremal problems and the corresponding
inequalities. In the sequel we will omit the term ‘‘very’’ and call such poly-
nomials the classical orthogonal polynomials. The paper is organized as fol-
lows. In Section 2 we give the basic properties of the classical orthogonal
polynomials. Section 3 is devoted to polynomial inequalities of Landau and
Kolmogoroff type. Finally, some weighted polynomial inequalities in L2-norm
of Markov–Bernstein type and connections with the classical orthogonal
polynomials are studied in Section 4.
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2. The basic properties of the classical orthogonal polynomials

A very important class of orthogonal polynomials on an interval of or-
thogonality ða; bÞ 2 R, with respect to the inner product

ðf ; gÞw ¼
Z b

a
wðtÞf ðtÞgðtÞdt; ð2:1Þ

is constituted by the classical orthogonal polynomials. They are distinguished
by several particular properties.
Since every interval ða; bÞ can be transformed by a linear transformation to

one of the following intervals: ð�1; 1Þ, ð0;þ1Þ, ð�1;þ1Þ, it is enough to re-
strict our consideration (without loss of generality) only to these three intervals.

Definition 2.1. The orthogonal polynomials fQnðtÞg on ða; bÞ with respect to
the inner product (2.1) are called the classical orthogonal polynomials if their
weight functions t 7!wðtÞ satisfy the differential equation

d

dt
ðAðtÞwðtÞÞ ¼ BðtÞwðtÞ;

where

AðtÞ ¼
1� t2 if ða; bÞ ¼ ð�1; 1Þ;
t if ða; bÞ ¼ ð0;þ1Þ;
1 if ða; bÞ ¼ ð�1;þ1Þ;

8<
:

and BðtÞ is a polynomial of the first degree. For such classical weights we will
write w 2 CW .

We note that if w 2 CW , then w 2 C1ða; bÞ, and also the following property:

Theorem 2.2. If w 2 CW , then for each m ¼ 0; 1; . . ., we have

lim
t!aþ

tmAðtÞwðtÞ ¼ 0 and lim
t!b�

tmAðtÞwðtÞ ¼ 0:

Based on the above definition, the classical orthogonal polynomials fQnðtÞg
on ða; bÞ can be specificated as the Jacobi polynomials P ða;bÞ

n ðtÞða; b > �1Þ on
ð�1; 1Þ, the generalized Laguerre polynomials Ls

nðtÞðs > �1Þ on ð0;þ1Þ, and
finally as the Hermite polynomials HnðtÞ on ð�1;þ1Þ. Their weight functions
t 7!wðtÞ and the corresponding polynomials AðtÞ and BðtÞ are given in Table 1.
Special cases of the Jacobi polynomials are the Legendre polynomials PnðtÞ

for a ¼ b ¼ 0, the Chebyshev polynomials of the first kind TnðtÞ for
a ¼ b ¼ �ð1=2Þ and the second kind SnðtÞ for a ¼ b ¼ 1=2, etc.
There are many characterizations of the classical orthogonal polynomials. In

sequel we give the basic common properties of these polynomials (cf. [32,33]).
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Theorem 2.3. The mth derivatives fQðmÞ
n ðtÞg of the classical orthogonal poly-

nomials fQnðtÞg form also a sequence of the classical orthogonal polynomials on
ða; bÞ with respect to the weight function t 7!wmðtÞ ¼ AðtÞmwðtÞ. The differential
equation for this weight is ðAðtÞwmðtÞÞ0 ¼ BmðtÞwmðtÞ, where BmðtÞ ¼ mA0ðtÞþBðtÞ.

Theorem 2.4. The classical orthogonal polynomial QnðtÞ is a particular solution
of the second-order linear differential equation of hyphergeometric type

L½y� ¼ AðtÞy00 þ BðtÞy0 þ kny ¼ 0; ð2:2Þ

where

kn ¼ �n
1

2
ðn

�
� 1ÞA00ð0Þ þ B0ð0Þ

�
:

Eq. (2.2) can be written in the Sturm–Liouville form

d

dt
AðtÞwðtÞ dy

dt

� �
þ knwðtÞy ¼ 0: ð2:3Þ

The coefficients kn are also displayed in Table 1.
Similarly, the mth derivative of QnðtÞ satisfies the differential equation

d

dt
AðtÞwmðtÞ

dy
dt

� �
þ kn;mwmðtÞy ¼ 0;

where

kn;m ¼ �ðn� mÞ 1
2
ðn

�
þ m� 1ÞA00ð0Þ þ B0ð0Þ

�
: ð2:4Þ

We note that kn;0 ¼ kn.
The characterization of the classical orthogonal polynomials by differential

equation (2.2), i.e., (2.3), was proved by Lesky [28], and conjectured by Acz�eel
[1] (see also Bochner [11]). Such a differential equation appears in many
mathematical models in atomic physics, electrodynamics and acoustics. As an
example we mention the well-known Schr€oodinger equation.
The classical orthogonal polynomials possess a Rodrigues’ type formula (cf.

[8,43–45]):

Table 1

The classification of the classical orthogonal polynomials

ða; bÞ wðtÞ AðtÞ BðtÞ kn

ð�1; 1Þ ð1� tÞað1þ tÞb 1� t2 b � a � ða þ b þ 2Þt nðnþ a þ b þ 1Þ
ð0;þ1Þ tse�t t sþ 1� t n

ð�1;þ1Þ e�t2 1 �2t 2n
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QnðtÞ ¼
Cn

wðtÞ 

dn

dtn
AðtÞnwðtÞ½ �;

where Cn are constants different from zero. Its integral form is

QnðtÞ ¼
Cn

wðtÞ 

n!
2pi

I
C

AðzÞnwðzÞ
ðz� tÞnþ1

dz;

where C is a closed contour such that t 2 intC.
The constants Ck in the previous formulas can be chosen in different way

(for example, QnðtÞ to be monic, orthonormal, etc.). A historical reason leads to

Cn ¼
ð�1Þn
2nn! for P ða;bÞ

n ðtÞ;
1 for Ls

nðtÞ;
ð�1Þn for HnðtÞ:

8<
:

In addition, the Gegenbauer polynomials Ck
nðtÞ and the Chebyshev poly-

nomials TnðtÞ and SnðtÞ need

Ck
nðtÞ ¼

ð2kÞn
ðk þ ð1=2ÞÞn

P ða;aÞ
n ðtÞ ða ¼ k � 1=2Þ;

TnðtÞ ¼
n!

ð1=2Þn
P ð�1=2;�1=2Þ
n ðtÞ;

SnðtÞ ¼
ðnþ 1Þ!
ð3=2Þn

P ð1=2;1=2Þ
n ðtÞ;

where ðsÞk is the standard notation for Pochhammer’s symbol

ðsÞk ¼ sðsþ 1Þ 
 
 
 ðsþ k � 1Þ ¼ Cðsþ kÞ
CðsÞ ðC is the gamma functionÞ:

3. Landau and Kolmogoroff type polynomial inequalities

Consider now the inner product (2.1) with the weight wðtÞ ¼ expð�t2Þ on
ð�1;þ1Þ and put

kf k2 ¼ ðf ; f Þ ¼
Z þ1

�1
e�t2f ðtÞgðtÞdt: ð3:1Þ

Similarly to the well-known inequalities of Landau type [27] and Kolmo-
goroff type [25] for continuously differentiable functions, as well as their gen-
eralizations (see, for example, [16,17,22,25,29,39,41]), it is possible to consider
such kind of inequalities for algebraic polynomials of fixed degree.
For sufficiently smooth functions on R, Kolmogoroff [25] established an

inequality in the uniform norm
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kf ðkÞk1 6Cn;kkf ðnÞkk=n1 kf k1�k=n
1 ð0 < k < nÞ;

with the best possible constant Cn;k. Similar inequalities in integral norms have
been also considered (cf. [34, Chapter I]). For example, Kupcov [35] considered
the same inequality in L2-norm on the positive half-line and proved that it is
equivalent to

kf ðkÞk226
1

cn;k
kf ðnÞk22



þ kf k22
�
;

where

M2n;k ¼
1

cn;k

n� k
n

� �k=n
(

þ k
n� k

� �1�k=n
)
:

Similar inequalities in the norm (3.1)

kP ðkÞk26AkP ðmÞk2 þ BkPk2 ð0 < k < m6 nÞ; ð3:2Þ

for polynomials from Pn, were studied by Varma [48] for m ¼ 2; 3; 4. For ex-
ample, Varma [48] proved the following inequality:

kP 0k26 1

2ð2n� 1Þ kP
00k2 þ 2n2

2n� 1 kPk
2; ð3:3Þ

for all polynomials P ðtÞ 2 Pn, with equality case if and only if P ðtÞ ¼ cHnðtÞ,
where HnðtÞ is the Hermite polynomial of degree n and c is an arbitrary real
constant.
Bojanov and Varma [13] proved the following result.

Theorem 3.1. Let 0 < k < m6 n be integers. For every P ðtÞ 2 Pn and any A such
that

A6
k

m2m�k

 1

ðn� kÞ 
 
 
 ðn� mþ 1Þ ;

the inequality

kP ðkÞk26AkP ðmÞk2 þ 2k
n
k

� �
k!

�
� A2m

n
m

� �
m!
�
kPk2: ð3:4Þ

Moreover, by choosing P ðtÞ ¼ HnðtÞ we obtain equality in (3.4).

The proof was based on the following simple fact.

Lemma 3.2. Suppose that inequality (3.2) holds for P ðtÞ ¼ HkðtÞ, k ¼ 0; 1; . . . ; n.
Then it holds for every P ðtÞ 2 Pn.

Recently, Alves and Dimitrov [4] proved a more general result.
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Theorem 3.3. Let 0 < k < m6 n be integers and A and B positive constants.
(i) If

A
B
6 2�m ðn� mÞ!

n!
k

m� k
;

then

kP ðkÞk26 AkP ðmÞk2 þ BkPk2

A2m�kðn� kÞ!½ðn� mÞ!��1 þ B2�kðn� kÞ!ðn!Þ�1

for every P ðtÞ 2 Pn. Moreover, equality is attained if and only if P ðtÞ is a
constant multiple of HnðtÞ.

(ii) If

2�m

ðmþ 1Þ!
k

m� k
6

A
B
6 2�m k

m!ðm� kÞ ;

then

kP ðkÞk26 AkP ðmÞk2 þ BkPk2

A2m�kðm� kÞ!þ B2�kðm� kÞ!ðm!Þ�1
ð3:5Þ

for every P ðtÞ 2 Pn. Moreover, equality is attained if and only if P ðtÞ is a
constant multiple of HmðtÞ.

(iii) If

A
B
> 2�m k

m!ðm� kÞ ;

then

kP ðkÞk26 AkP ðmÞk2 þ BkPk2

B2�kðm� k � 1Þ!½ðm� 1Þ!��1
ð3:6Þ

for every P ðtÞ 2 Pn. Moreover, equality is attained if and only if P ðtÞ is a
constant multiple of Hm�1ðtÞ.

(iv) If A=B ¼ 2�mk=ððm� kÞm!Þ, then the inequalities (3.5) and (3.6) coincide and
they hold for every P ðtÞ 2 Pn. In this case equality is attained if and only if
PðtÞ is any linear combination of Hm�1ðtÞ and HmðtÞ.

Notice that Theorem 3.1 is an immediate consequence of the statement (i) in
the previous theorem. In the case k ¼ 1 and m ¼ 2, Alves and Dimitrov [4]
provided a complete characterization of the positive constants A and B, for
which the corresponding Landau type polynomial inequalities hold. For ex-
ample, if 0 < A=B < ð4nðn� 1ÞÞ�1, then
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kP 0k26 AkP 00k2 þ BkPk2

2Aðn� 1Þ þ Bð2nÞ�1
;

for every P ðtÞ 2 Pn. Setting B ¼ 4n2A this inequality reduces to Varma’s in-
equality (3.3).
In an unpublished manuscript from 1987, we ([31]) considered a general

extremal problem:
For fixed k;m and k ð16 k < m6 n; 06 k6 1Þ determine the best constant

Cn � Cnðk;m; kÞ such that

kP ðkÞk26Cn kkPk2



þ ð1� kÞkP ðmÞk2
�

ð3:7Þ

for each PðtÞ 2 Pn, where kf k2 ¼ ðf ; f Þ, ðf ; gÞ ¼
R
R
f ðtÞgðtÞdlðtÞ, and dlðtÞ is

a nonnegative measure on the real line, with compact or infinite support for
which all moments lk ¼

R
R
tkdlðtÞ, k ¼ 0; 1; . . ., exist and are finite, and l0 > 0.

At first, we can put a ¼ kCn and b ¼ ð1� kÞCn, so that inequality (3.7)
becomes

kP ðkÞk2 � bkP ðmÞk26 akPk2: ð3:8Þ

Let fpkðtÞg be a system of orthonormal polynomials with respect to the mea-
sure dlðtÞ. Then for an arbitrary polynomial PðtÞ 2 Pn, we have expressions

PðtÞ ¼
Xn
i¼0

cipiðtÞ and P ðkÞðtÞ ¼
Xn
i¼k

cip
ðkÞ
i ðtÞ:

Therefore

kPk2 ¼
Xn
i¼0

c2i

and

F ¼ kP ðkÞk2 � bkP ðmÞk2 ¼
Xn
i;j¼k

cicjb
ðkÞ
ij � b

Xn
i;j¼m

cicjb
ðmÞ
ij ;

where

bðsÞij ¼
Z
R

pðsÞi ðtÞpðsÞj ðtÞdlðtÞ ðs > 0Þ:

Let Q ¼ qij
� �

k6 i;j6 n
be the corresponding symmetric matrix of the quadratic

form F, i.e.,

F ¼ hQc; ci ¼ cTQc; c ¼ ½ck; ckþ1; . . . ; cn�T:

Then we have

F

kPk2
6

cTQc
cTc

6 kmax;
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where kmax � kmaxðbÞ is the maximal eigenvalue of the matrix Q. Regarding
(3.8) we have now a ¼ kmaxðbÞ, i.e.,

kCn ¼ kmax ð1ð � kÞCnÞ; ð3:9Þ
from which we conclude that the solution of Eq. (3.9) gives the best constant Cn.
Two special cases k ¼ 1 and k ¼ 0 are well known.
For k ¼ 1 the problem (3.7) reduces to the well-known Markov inequality in

L2-norm

kP ðkÞk26CnkPk2 ðP ðtÞ 2 PnÞ

(see [33, Chapter 6]).
The case k ¼ 0, i.e.,

kP ðkÞk26CnkP ðmÞk2 ðPðtÞ 2 PnÞ;
can be reduced to the L2-inequalities of Tur�aan type (cf. [33, Section 6.2.6]).
In the simplest case with the Hermite measure dlðtÞ ¼ e�t2 dt on ð�1;þ1Þ,

the matrix Q is diagonal

Q ¼ diag bðkÞk;k ; . . . ; b
ðkÞ
m�1;m�1; b

ðkÞ
m;m



� bbðmÞm;m; . . . ; b

ðkÞ
n;n � bbðmÞn;n

�
;

where bðsÞi;j ¼ 2ss! i
s

� �
.

Let uiðbÞ ¼ 2kk! i
k

� �
� b2mm! i

m

� �
, m6 i6 n. Then

kmaxðbÞ ¼ max 2kk!
m� 1
m

� �
; max

m6 i6 n
uiðbÞ

� �
: ð3:10Þ

In the case k ¼ 1, m ¼ 2, (3.10) reduces to

kmaxðbÞ ¼ max 2kk!
m� 1
m

� �
; max
26 i6 n

ð2i
�

� 4iði� 1ÞbÞ
�
:

We see that for b ¼ ð1� kÞCn 6
1
2
ð2n� 1Þ�1,

kmaxðbÞ ¼ 2n½1� 2ðn� 1Þb�;

and then

Cn ¼
2n

k þ 4nðn� 1Þð1� kÞ
4n2

1þ 4n2

�
6 k6 1

�
:

For example, if k ¼ 4n2=ð1þ 4n2Þ we get Varma’s inequality (3.3). For k ¼ 1
we have the classical Schmidt’s result [37].
The following characterization of the classical orthogonal polynomials was

given by Agarwal and Milovanovi�cc [2].

Theorem 3.4. For all P ðtÞ 2 Pn the inequality

ð2kn þ B0ð0ÞÞk
ffiffiffi
A

p
P 0k26 kAP 00k2 þ k2nkPk

2 ð3:11Þ
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holds, with equality if only if P ðtÞ ¼ cQnðtÞ, where QnðtÞ is the classical orthog-
onal polynomial of degree n orthogonal to all polynomials of degree 6 n� 1 with
respect to the weight function t 7!wðtÞ on ða; bÞ, and c is an arbitrary real con-
stant. The kn;AðtÞ and BðtÞ are given in Table 1.

In order to prove (3.11) we use the differential equation (2.2). So, we have

kL½P �k2 ¼ kAP 00k2 þ kBP 0k2 þ k2nkPk
2 þ 2ðAP 00;BP 0Þ þ 2knðAP 00; P Þ

þ 2knðBP 0; P Þ:

A simple application of integration by parts gives

2ðAP 00;BP 0Þ ¼ �B0ð0Þk
ffiffiffi
A

p
P 0k2 � kBP 0k2

and

k
ffiffiffi
A

p
P 0k2 ¼ �ðAP 00; P Þ � ðBP 0; P Þ:

Then we find

kL½P �k2 ¼ kAP 00k2 � B0ð0Þk
ffiffiffi
A

p
P 0k2 þ k2nkPk

2 � 2knk
ffiffiffi
A

p
P 0k2:

Since kL½Pn�kP 0, we obtain (3.11).
It is easy to see that the equality case is given by PnðtÞ ¼ cQnðtÞ. Namely, the

polynomial solution of Eq. (2.2) is only cQnðtÞ, where c is a constant.
We mention now some special cases.
First, for wðtÞ ¼ e�t2 on ð�1;þ1Þ, the inequality (3.11) reduces to Varma’s

inequality (3.3).
In the generalized Laguerre case, the inequality (3.11) becomes

k
ffiffi
t

p
P 0k26 n2

2n� 1 kPk
2 þ 1

2n� 1 ktP
00k2;

where wðtÞ ¼ tse�t ðs > �1Þ on ð0;þ1Þ.
In the Jacobi case we get the inequality

ð2n
�

� 1Þða þ bÞ þ 2ðn2 þ n� 1Þ
�
k
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p
P 0k26 n2ðnþ a þ b þ 1Þ2kPk2

þ kð1� t2ÞP 00k2;
where wðtÞ ¼ ð1� tÞað1þ tÞbða; b > �1Þ on ð�1; 1Þ.
In the simplest case, when a ¼ b ¼ 0 (Legendre case), we obtain

k
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p
P 0k26 n2ðnþ 1Þ2

2ðn2 þ n� 1Þ kPk
2 þ 1

2ðn2 þ n� 1Þ kð1� t2ÞP 00k2:

In Chebyshev case ða ¼ b ¼ �1=2Þ, we get

k
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p
P 0k26 n4

2n2 � 1 kPk
2 þ 1

2n2 � 1 kð1� t2ÞP 00k2;
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where wðtÞ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p
on ð�1; 1Þ. Similarly, for a ¼ b ¼ 1=2 we have

k
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p
P 0k26 n2ðnþ 2Þ2

2n2 þ 4n� 3 kPk
2 þ 1

2n2 þ 4n� 3 kð1� t2ÞP 00k2;

where wðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p
on ð�1; 1Þ.

4. Weighted polynomial inequalities in L2-norm and classical orthogonal

polynomials

Guessab and Milovanovi�cc [20] considered a weighted L2-analogue of the
Bernstein’s inequality [9,10], which can be stated in the following form:

k
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p
P 0ðtÞk1 6 nkPk1: ð4:1Þ

Let w be the weight of the classical orthogonal polynomials (w 2 CW ) and AðtÞ
be given as in Table 1. Using the norm kf k2w ¼ ðf ; f Þ, where the inner product
ðf ; gÞ is defined by (2.1), Guessab and Milovanovi�cc [20] solved the following
problem connected with the Bernstein’s inequality (4.1):

Determine the best constant Cn;mðwÞ ð16m6 nÞ such that the inequality
kAm=2P ðmÞkw 6Cn;mðwÞkPkw ð4:2Þ

holds for all P ðtÞ 2 Pn.

Theorem 4.1. For all P ðtÞ 2 Pn the inequality (4.2) holds, with the best constant

Cn;mðwÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kn;0kn;1 
 
 
 kn;m�1

p
;

where km;m is given by (2.4). The equality is attained in (4.2) if and only if P ðtÞ is a
constant multiple of the classical polynomial QnðtÞ orthogonal with respect to the
weight function w 2 CW .

Suppose that P ðtÞ 2 Pn and take the corresponding expansion in orthogonal
polynomials fQkðtÞg, P ðtÞ ¼

Pn
m¼0 amQmðtÞ. The main rule in proving this the-

orem plays the linear functional

Lm½P � ¼
d

dt
AðtÞwðtÞ dP ðtÞ

dt

� �
þ kmwðtÞP ðtÞ;

where km is defined as in Table 1. Since Lm½Qm� � 0, we get

Ln½P � ¼
Xn
m¼0

ðkn � kmÞamwðtÞQmðtÞ:

Using the inner product (2.1), we obtain

ðw�1Ln½P �; P Þ ¼
Xn
m¼0

ðkn � kmÞa2mkQmk2w: ð4:3Þ
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On integration by parts, we find that

ðw�1Ln½P �; P Þ ¼ �k
ffiffiffi
A

p
P 0k2w þ knkPk2w:

Since km 6 kn for m6 n, from the last equality and (4.3) we conclude that the
inequality

k
ffiffiffi
A

p
P 0kw 6

ffiffiffiffiffi
kn

p
kPkw

holds. Thus, Theorem 4.1 is true for m ¼ 1. Equality case follows from the fact
that ðw�1Ln½P �; P Þ ¼

Pn
m¼0ðkn � kmÞa2mkQmk2w ¼ 0 if and only if am ¼ 0 for

m ¼ 0; 1; . . . ; n� 1 and an is an arbitrary real constant. Therefore, P ðtÞ ¼
anQnðtÞ.
Using the corresponding differential equation for kth derivative of QnðtÞ, we

get the following inequality:

kAk=2P ðkÞkw 6
ffiffiffiffiffiffiffiffiffiffiffi
kn;k�1

p
kAðk�1Þ=2P ðk�1Þkw ðP ðtÞ 2 PnÞ

with equality if and only if P ðtÞ ¼ anQnðtÞ.
Finally, iterating this inequality for k ¼ 1; . . . ;m, we finish the proof.
In some special cases we have (see [20]):

(1) Let wðtÞ ¼ ð1� tÞað1þ tÞb ða; b > �1Þ on ð�1; 1Þ (Jacobi case). Then

kð1� t2Þm=2P ðmÞkw 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!Cðnþ a þ b þ mþ 1Þ
ðn� mÞ!Cðnþ a þ b þ 1Þ

s
kPkw; ð4:4Þ

with equality if and only if P ðtÞ ¼ cP ða;bÞ
n ðtÞ.

Daugavet and Rafal’son [12] and Konjagin [26] considered the extremal
problems of the form

kP ðmÞkp;m 6An;mðr; l; p; mÞkPkr;l ðP ðtÞ 2 PnÞ;
where

kf kr;m ¼
R 1
�1 jf ðtÞð1� t2Þljr dt


 �1=r
; 06 r < þ1;

ess sup
�16 t6 1

jf ðtÞjð1� t2Þl; r ¼ þ1:

8><
>:

The case when p ¼ rP 1, l ¼ m ¼ 0, and m ¼ 1, was considered by Hille
et al. [23]. The exact constant An;mðr; l; p; mÞ is known in a few cases, for
example, An;1ðþ1; 0; 1; 0Þ ¼ 2n and

An;mð2; l; 2; l þ m=2Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!Cðnþ 4l þ mþ 1Þ
ðn� mÞ!Cðnþ 4l þ 1Þ

s
:

The last case, in fact, is the previous result (4.4) with the Gegenbauer
weight ða ¼ b ¼ 2lÞ.

(2) Let wðtÞ ¼ tse�t ðs > �1Þ on ð0;þ1Þ (generalized Laguerre case). Then
ktm=2P ðmÞkw 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!=ðn� mÞ!

p
kPkw;

with equality if and only if P ðtÞ ¼ cLs
nðtÞ.
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(3) The Hermite case with the weight wðtÞ ¼ e�t2 on ð�1;þ1Þ is the simplest.
Then the best constant is Cn;mðwÞ ¼ 2m=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!=ðn� mÞ!

p
.

This result can be found in Ph.D. Thesis of Shampine [38] (see also [14,30]).
The case m ¼ 1 was investigated by Schmidt [37] and Tur�aan [46].
Recently, Guessab [18] obtained sharp Markov–Bernstein inequalities in L2

norms that are weighted with classical weights.

Theorem 4.2. Let PðtÞ 2 Pn and w 2 CW . Then

kw�1=2ðV ðtÞP Þ0k2w þ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðtÞCðtÞ

p
Pk2w 6 bnkPk

2
w; ð4:5Þ

where AðtÞ and kn are given in Table 1, and V ðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðtÞwðtÞ

p
,

CðtÞ ¼

1

4

a2 � 1
ð1� tÞ2

þ b2 � 1
ð1þ tÞ2

 !
; Jacobi case;

1

4

s2 � 1
t2

þ 1
� �

; generalized Laguerre case;

t2; Hermite case;

8>>>>>><
>>>>>>:

and

bn ¼ kn þ

1

2
ða þ 1Þðb þ 1Þ; Jacobi case;

1

2
ðsþ 1Þ; generalized Laguerre case;

1; Hermite case:

8>>>><
>>>>:

The equality is attained in (4.5) if and only if P ðtÞ is a constant multiple of the
classical polynomial QnðtÞ orthogonal with respect to the weight function t 7!wðtÞ.

This elegant result was established by using the second-order Sturm–Liou-
ville type differential equations satisfied by the classical orthogonal polynomials.
Using the method from [20], Guessab [19] has investigated the extremal

problem

max
PðtÞ2P1n

ffiffiffi
A

p
=wm


 �
ðwmP ðmÞÞ0

��� ���
wm

;

where w 2 CW , wm ¼ Amw, P1n ¼ P 2 PnjkPkwm
6 1

� �
, and

kf kwm
¼

Z b

a
wmðtÞjf ðtÞj2 dt

� �1=2
:

Theorem 4.3. Let PðtÞ 2 P1n and w 2 CW . Thenffiffiffi
A

p
=wm


 �
wmP ðmÞ� �0��� ���

wm

6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kn;0kn;1 
 
 
 kn;m�1bn;m

q
; ð4:6Þ
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where kn;m is given in Theorem 4.1, bn;m ¼ kn;m þ B0ð0Þ þ ðk � 1ÞA00ð0Þ, and AðtÞ
and BðtÞ are given in Table 1.
The equality is attained in (4.6) if and only if P ðtÞ is a constant multiple of the

classical polynomial QnðtÞ orthogonal with respect to the weight function t 7!wðtÞ.

At the end we mention the following extremal problem of Markov’s
type

Cn;mðwÞ ¼ sup
PðtÞ2Pn

kDmPkw
kAm=2Pkw

ðmP 1Þ

for the differential operator Dm defined by

DmP ¼ d
m

dtm
AmP½ � ðP ðtÞ 2 PnÞ:

The best constant Cn;mðwÞ was found in the following three cases (see [21]):
1. wðtÞ ¼ 1 on ½�1; 1� (the Legendre weight):

Cn;mðwÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 2mÞ!

n!

r
;

with the extremal polynomial P �ðtÞ ¼ cCmþ1=2
n ðtÞ, where Cl

n ðtÞ is the Ge-
genbauer polynomial of degree n;

2. wðtÞ ¼ e�t on ½0;þ1Þ (the Laguerre weight):

Cn;mðwÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ mÞ!

n!

r
;

with the extremal polynomial P �ðtÞ ¼ cLm
n ðtÞ, where Lm

n ðtÞ is the generalized
Laguerre polynomial of degree n;

3. wðtÞ ¼ e�t2 on ð�1;þ1Þ (the Hermite weight):

Cn;mðdkÞ ¼ 2m=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!=ðn� mÞ!

p
;

with the extremal polynomial P �ðtÞ ¼ cHnðtÞ, where HnðtÞ is the Hermite
polynomial of degree n.
Some extremal problems for differential operators were also investigated by
Stein [42] and D�zzafarov [15].
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