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Abstract: We present a case study in which we examine in detail the behavior of the Bee Colony
Optimization (BCO) metaheuristic when applied to the p-center problem. On a number of benchmark
problems, we perform a fine-tuning of several parameters of the BCO algorithm, yielding insights into
the behavior of the algorithm, its robustness and efficiency, and reach siz new best-known solutions.
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1. Introduction

Bee Colony Optimization (BCO) is a biologically-inspired, population-based, stochastic random-search
technique. It is based on an analogy between the foraging behavior of bees and the manner in which
algorithms for combinatorial optimization attempt to find the optimum of a given problem. BCO was first
presented in [Luci¢ and Teodorovié, 2001, Luci¢ and Teodorovié, 2002, Luci¢ and Teodorovié, 2003a],
where it was considered for the Traveling Salesman Problem, and has been, since then, successfully
applied to a variety of real-life optimization problems, such as, but not limited to, the Vehicle Routing
Problem [Luci¢ and Teodorovi¢, 2003b], the Routing and Wavelength Assignment in All-Optical Net-
works [Markovié¢ et al., 2007], the Ride-Matching Problem [Teodorovi¢ and Dell’Orco, 2008], the Traffic
Sensors Locations Problem on Highways [Edara et al., 2008], Static Scheduling of Independent Tasks on
Homogeneous Multiprocessor Systems [Davidovié¢ et al., 2009, Davidovi¢ et al., 2012], and the p-center
problem [Davidovi¢ et al., 2011].

The p-center problem is the well-known location problem of establishing p facilities on a network of n
vertices, so that the maximal distance between a vertex and its associated facility, when considering all
vertices, is minimized. It addresses the location of emergency-type facilities (such as ambulances, fire
brigades, and police stations) in transportation networks, contexts in which critical situations could be life-
threatening, and optimal reachability is essential. Hence, the p-center problem is considered to be of high
practical importance and, as such, it has been extensively studied in the relevant literature [Hakimi, 1964,
Hakimi, 1965, Minieka, 1977, Drezner, 1984, Beasley, 1985, Hassin et al., 2003, Mladenovi¢ et al., 2003,
Caruso et al., 2003, Pacheco and Casado, 2005, ReVelle and Eiselt, 2005, Chen and Chen, 2009).

In this paper, we proceed along the path presented in [Davidovié¢ et al., 2011], where a novel version of
the BCO algorithm was developed to target the p-center problem. The novelty of that approach amounts
to the fact that the standard pure constructive concept of BCO was substituted with a problem-specific
improvement strategy. Here, we re-implement the solution of [Davidovi¢ et al., 2011] considerably more
efficiently and fine-tune the parameters of the BCO algorithm, using benchmark test examples, originally
designed for testing the p-median problem (OR-Lib Test Problems [Beasley, 1985], available on-line
at http://people.brunel.ac.uk/~mastjjb/jeb/orlib/pmedinfo.html). Not only do the obtained
results match those currently known in literature in terms of quality and speed, but we have also
generated six new best known solutions.

The remainder of this paper is organized as follows: in Section 2. we summarize the BCO algorithm
and elaborate on how it has been applied to the p-center problem. Next, in Section 3. we discuss the
setup for the experiments and the methodology of the evaluation. In Section 4. we present the results of
the experiments related to the influence of BCO parameters on solution quality and algorithm speed.
Finally, in Section 5. we give conclusions and outline directions for future work.

2.  Tackling the p-center problem with BCO

In this Section, we show how the BCO meta-heuristic has been applied to the p-center problem. After a
short description of the BCO algorithm, we present the Solution Improvement Strategy specific to this
setting and the data pre-processing required for its efficient implementation.
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2.1. A Brief Overview of the BCO algorithm

As we have mentioned before, the BCO algorithm is inspired by the foraging behavior of honey bees
in nature. Here, due to lack of space, we present only the outline of the algorithm, while we kindly re-
fer the reader to [Luci¢ and Teodorovié, 2001, Luc¢i¢ and Teodorovié¢, 2002, Luci¢ and Teodorovié¢, 2003a,
Luci¢ and Teodorovié¢, 2003b, Markovi¢ et al., 2007, Teodorovi¢ and Dell’Orco, 2008, Edara et al., 2008,
Davidovi¢ et al., 2011, Davidovié¢ et al., 2012] for a much more detailed background.

In the BCO algorithm, there are B agents (we will refer to these agents as "bees’), who collaboratively
search for an optimal solution of a given problem. One iteration of the algorithm consists of NC' steps,
while each of these steps comprises two phases: a forward pass and a backward pass. Within the first
forward pass, each of the bees constructs its initial solution, while in all of the other forward passes it
attempts to improve it. The construction and improvement mechanisms are problem-specific. In each
backward pass, the bees collectively assess their current solutions, and based on a loyalty criterion LC,
each of the bees decides to either stay loyal to its own solution and continue improving it, or to discard it
and become an uncommitted follower. Then, each uncommitted follower has to adopt the solution of one
of the loyal bees as its own, and use it in the next step. In the final step, the best among all B obtained
solutions is identified after the forward pass, and no backward pass is performed. This solution is then
used to update the global best solution, all B solutions are deleted, and a new iteration can begin. BCO
runs iteration-by-iteration, until the fulfillment of a given stopping condition. Stopping condition can
include a maximum number of iterations, maximum number of iterations without improvement of the
current global best solution, maximum allowed CPU time, etc.

2.2. Notation

Let us assume to have n distinct locations, and let us assume that we know the distances between each
two of them. Our task is to, out of all of these locations, choose p < n to act as centers, so that the
maximal distance between a location and its closest center, when considering all locations, is minimized.

For a given set of n locations, we will denote the locations themselves by [;, their corresponding centers
by ¢;, and the distance between [; and ¢; by d;, with 1 <7 < n. We define the critical pair (I.,c.) as the
pair consisting of a location and its corresponding center, for which it holds that d. = maxjeq1, .} di-
Also, we refer to d. as critical distance, and it is precisely d. that we wish to minimize. In the rest of this
Section, we outline the BCO implementation from [Davidovié¢ et al., 2011], while pointing out several of
our observations and improvements.

2.3. Pre-processing

Let the matrix D = [d;j]nxn be the full distance matrix between locations, obtained by applying the
Floyd-Warshall algorithm to the input data. So as to gain significant computational speed, we can
perform several pre-processing tasks, which we will illustrate on a running example of the following
distance matrix

0 04 09 02 0.3
04 0 12 06 0.7
D=109 12 0 0.1 02
02 06 01 0 04
0.3 07 02 04 0

1. We form two auxiliary matrices, Dy and D.. D; is obtained from D by sorting all of its rows in
non-descending order, while D, contains the ordering of the corresponding indices:

0 02 03 04 09 145 2 3
0 04 06 07 1.2 21 4 5 3
D.=1{0 0.1 02 09 1.2{, Ds=13 4 5 1 2
0 01 02 04 06 4 3 1 5 2
0 02 03 04 0.7 5 3 1 4 2

By using these two matrices we are able to obtain, for a given location I;, its k-th closest node
(1 <k <n) and the corresponding distance with complexity O(1).



2. Further, we construct a matrix D,., where the element in the ¢-th row and the j-th column represents
the total number of locations which are closer to l; than [; is. Therefore, in our running example,
we have that:

0 3 41 2
104 2 3
D=3 4 01 2
2410 3
24130

Using this matrix, we can obtain, again with complexity O(1), how many locations are closer to
location /; than location /; is, and from there, using the matrices Ds and D, we can obtain which
are the locations in question and what their distances are. This will play a crucial role in the
construction and modification of the solutions.

2.4. Generating the initial solution

In the first forward pass of every iteration, each of the bees needs to generate its own initial solution,
i.e. it needs to choose some p locations to be the initial centers. The first center is chosen at random, and
the critical pair (I, c.) is determined. Then, we consider the set of locations that are closer to [. than c,
is, and one element from this set is chosen at random to be the next center. The next critical pair is
determined, and this procedure continues until p centers have been chosen. By choosing centers in this
way, we ensure that the critical pair is different each time, thus attempting to directly reduce the critical
distance, i.e. improve the quality of the solution. Here, choosing the next center at random is favored
over a greedy selection because we would like different bees to end up with different initial solutions.
Let us briefly discuss the advantages of using the pre-processed matrices with respect to the pre-
sented algorithm. The number of locations closer to [, than ¢, can be obtained instantly as D, (I, c.).
Furthermore, the centers in question can be found at D.(l.,7), where 1 < ¢ < D,(l.,c.). Finally, the
random choice of the new center amounts to calculating D.(l.,rand(1, D, (I, c.))), which is of complexity
O(1). Had we not performed the pre-processing, this selection would have had the complexity of O(n?).

2.5. Solution Improvement Strategy

In each subsequent forward pass, each of the bees attempts to improve on its current solution in the
following manner:

1. It chooses a random number ¢ between 1 and min(p, n/10).

2. It adds another ¢ centers to its solution in the same manner as when constructing the initial
solution, by finding the critical pair and attempting to reduce the critical distance. This step
results in having a non-feasible solution, containing p + ¢ centers.

3. It removes ¢ centers, one by one, in a greedy fashion, i.e. in each step it removes the center whose
removal causes the smallest increase in critical distance.

Here, it has to be noted that, even though this algorithm has yielded very good results, both in
[Davidovi¢ et al., 2011] and in this paper, contrary to the claims of [Davidovi¢ et al., 2011], it does not
always lead to a solution of at least the same quality than the one the bee had originally started from.
This can be approached in two ways:

1. We allow the modification regardless of the outcome. This can be justified by the fact that the
selection process is inherently random, and a worse result at one point could lead to an even better
one in the next step. This is effectively the approach implemented in [Davidovié et al., 2011].

2. We do not allow the modification if it worsens the solution. Having conducted a number of
preliminary experiments, we have noticed that the time to obtain the solution is invariably longer
when using the first approach, and, therefore, opted to use this one instead.



2.6. Deciding on Loyalty

In each backward pass, each bee b, with 1 < b < B, decides whether it will stay loyal to its current
solution or not. To this end, the obtained objective function values s, are first normalized:

Smax — Sb .
) if Smax ?’é Smin
Ny = Smax — Smin (]_)

1 otherwise.

where spin and spax respectively denote the minimum and the maximum of the obtained solutions.
Next, the loyalty probability P, is calculated using a loyalty criterion LC', described in detail in the next
section. Next, for each bee, a random number 7 is chosen from the real unit interval, and if r, < P,, the
b-th bee is declared to be loyal to its solution. Otherwise, it becomes an uncommitted follower. In the
end, each of the uncommitted followers adopts a solution of one of the loyal bees as its own, using the
roulette wheel approach.

3. Experimental Setup and Evaluation Methodology

The parameters which we will be fine-tuning, and on which the quality of the experimental results
depends significantly, are the number of bees B, the number of steps per iteration NC, and the loyalty
criterion LC. We denote by Npax the maximum of the normalized values obtained by (1). So far, the
loyalty criterion has been a general one, whereas in this paper we investigate four alternatives:
1. LC, (Expyy,) @ Pt = o= TR
This is the standard methodology for determining the loyalty of a bee to its solution in the
BCO algorithm, and is present in both the first literature on BCO [Lu¢i¢ and Teodorovi¢, 2001,
Luci¢ and Teodorovié, 2002, Luci¢ and Teodorovi¢, 2003a], as well as in the subsequent research
endeavors [Luci¢ and Teodorovié¢, 2003b, Markovié et al., 2007, Teodorovié¢ and Dell’Orco, 2008,
Edara et al., 2008, Davidovi¢ et al., 2011, Davidovi¢ et al., 2012]. It stems from the original con-
structive approach, where the bee is more loyal to its solution the longer it is being constructed,
i.e. as the number of performed forward passes increases.
Nmax—Np,
2. LCy (Expgyy) : Pt =TT
We have noticed that, for small values of B and NC, loyalty probabilities from the first method
very quickly become very close to one, thus almost certainly making the bee permanently loyal to
its solution. In order to weaken this dependency on the number of forward/backward passes, we
have applied the square root to the denominator.

3. LC3 (EXpSolo) : Pl? = ¢~ (Nmax—Np)

We have also investigated how the BCO algorithm behaves when the loyalty of the bee is not
dependent on the number of forward /backward passes at all.

4. LC4 (Nv) : Pgl = Nb.

Finally, we have investigated the possibility of dropping the exponentiation altogether, and directly
treating normalized values as loyalty probabilities.

As for the number of bees and the number of steps per iteration, extensive preliminary experiments have
shown that, for each test example and each loyalty criterion, it is sufficient to consider B € {1,...,10}
and NC € {10,15,...,100}.

Let us assume to have a given test example ¢, number of bees B, number of steps per iteration NC,
and loyalty criterion LC};. Then, one algorithm run for the given parameters consists of running the
BCO algorithm with the test example ¢ as input, and with parameters B, NC, and LC;. One ezperiment
run, for the given parameters, consists of repeatedly running the corresponding algorithm run, until the
currently best known solution in literature is reached. Finally, to obtain statistical significance, one
experiment, for the given parameters, consists of executing 1000 corresponding experiment runs.

For each experiment run, we measure the time needed to find the solution. For each experiment, we
report the average over the times obtained in the 1000 experiment runs, as well as the corresponding
standard deviation. We have opted for this methodology because we feel that the results obtained in



this way provide better insights into the behavior of the BCO algorithm than, for instance, imposing a
time-limit on the experiment runs. We also take into account, for each B, NC and LC, the sum of average
best times obtained across all experiments, which we take as the overall quality assessment criterion.
All of the experiments were performed on a single core of a machine equipped with an Intel Core
i7-2600 processor, with 8 Gb of DDR3 RAM running at 1333MHz, and a 1Tb SATA III hard drive.

4. Experimental Results

Thus far, out of the 40 test examples [Beasley, 1985, we have been able to run the full experiments
on test examples from 1 to 12, 14 to 17, 21, 26, 27, 31, 35 and 38, with the best obtained results per
experiment presented in Table 1, and the best overall obtained results presented in Table 2.

Table 1. Best results obtained for the fully performed experiments

Example n D Best-known LC B NC Avg. time (s) St. dev (s)
1 100 5 127 4 1 15 0.000595406 0.000585464
2 100 10 98 4 2 15 0.030971790 0.032620809
3 100 10 93 4 2 30 0.367946010 0.367294711
4 100 20 74 3 3 15 0.012104291 0.011663945
5 100 33 48 3 1 10 0.000454851 0.000387997
6 200 5 84 2 1 55 0.048833944 0.047556002
7 200 10 64 3 1 65 0.008490737 0.008497499
8 200 20 55 4 4 35 0.111264099 0.113067074
9 200 40 37 3 4 20 0.020121393 0.018888634
10 200 67 20 1 1 10 0.025953049 0.026987125
11 300 5 59 4 2 55 0.036946726 0.036267730
12 300 10 51 1 5 85 0.145222598 0.139168805
14 300 60 26 3 3 100 0.360333774 0.361781028
15 300 | 100 18 3 1 10 0.004810655 0.004638123
16 400 ) 47 4 2 25 0.002725710 0.002426084
17 400 10 39 3 2 95 0.021034696 0.018498344

21 500 5 40 4 1 100 0.007731410 0.006425355
26 600 5 38 1 1 90 0.024119023 0.022054725
27 600 10 32 2 1 100 0.041140207 0.035992213
31 700 5 30 3 1 85 0.012955429 0.010569439
35 800 ) 30 4 1 90 0.114130097 0.113215234
38 900 5 29 2 2 30 0.014014507 0.013029383

Table 2. Best overall results for each LC across all fully performed experiments

LC ‘ B ‘ NC ‘ Time (s)
1 1 80 1.718853077
2 1 75 1.693554724
3 2 65 1.677097522
4 2 50 1.657951070

As can be seen from Table 1, for each of the individual examples, the number of bees required
to obtain the best known solution in the shortest possible time was very small (did not exceed 5),
and there were even experiments where one bee was sufficiently powerful (thus reducing BCO to a
single-solution-based algorithm). Another thing which we can notice is that the standard deviation is
consistently almost equal to the average time obtained, suggesting an exponential-like distribution of the
time required to find the best solution. Also, we can notice that the loyalty criterion which was most
frequently the best performing were Expg,, and Ny, indicating that, locally, the best loyalty criterion
for the BCO algorithm in this setting is not Expy;,, as was originally considered. Finally, we can notice
that the overall best performing loyalty criterion is Ny, which is again indicative of a need for a more
thorough examination of the manner in which loyalty is calculated in future applications of BCO, even
though the times obtained here also depend on the pre-processing and the improvement strategy. More
detailed insights are presented in Section 4.2.



4.1. New Best Known Solutions

Apart from these results, in the preliminary phase of our experiments we have obtained six new best-
known solutions for the problems listed in Table 3. Since the new best-known results were found sparsely,
the running of full experiments on these problems was extremely demanding in terms of time and had to
be relegated to future work.

Table 3. New best-known solutions found

Test example n P Previous best-known | New best-known
20 400 | 133 14 13
23 500 | 50 23 22
24 500 | 100 16 15
28 600 | 60 19 18
30 600 | 200 10 9
37 800 | 80 16 15

These results show the power of the BCO combined with the Solution Improvement Strategy when
it comes to problems with a large number of centers (from 10% to 33% of the overall number of
locations). For all of the six experiments, the previously best known results have been consistently
reached in fractions of a second, while the new best known results have appeared intermittently. In
particular, we would like to single out test example 30, in which an improvement has been made in
[Davidovi¢ et al., 2011] (from 11 to 10), and again now (from 10 to 9), with the use of a similar, but
more efficiently implemented method.

4.2. A More Detailed Look into the Obtained Results

Here, we will provide more detailed insights into the behavior of the BCO algorithm, with respect to
the performed experiments. So far, we have observed in the results several different patterns which we
present in the form of graphs, showing the nature of the four loyalty criteria and the sensitivity of the
solution to the choice of B and NC.

1. The first type of graphs is are like the one shown in Figure 1. This type of graph was obtained for
test problems 1, 5 and 10, for all four loyalty criteria, with the average finding time of the best
known solution being 9.3 - 1073s. The best known solution is found immediately for only one bee
and very small NC, and the more B and NC' grow, the more time it takes to find it. The increase
in time is more evident with the increase of NC than with the increase of B. This is a consequence
of the fact that, in these experiments, the Solution Improvement Strategy is sufficiently powerful
on its own to handle the p-center problem, rendering multiple bees unnecessary and a high NC
time-consuming.

Figure 1. Expy;, strategy for pmed01



2. The second type of graphs is like the one shown in Figure 2. This type of graph was obtained for
test problems 2, 3, 4, 6, and 9, with the average finding time of the best known solution being
1.2-107%s. Here, between one and four bees are required, while NC' is somewhat higher than
for the first graphs, taking the average value of 27. The nature of the loyalty criterion Expy;,
becomes apparent as, for a fixed B, as we increase NC' from 10 to 100 the obtained values first
drop significantly and then rise steadily. This behavior will be even more emphasized in the fifth
type, shown further below. In this case, the collaborative nature of the BCO algorithm obviously
contributes to the quality of the solution.

0025
t(s) o2
ons

001
10

Figure 2. Expy;, strategy for pmed04

3. The third type of graphs are like the one shown in Figure 3. This type has been obtained only
for test problem 15, and for all four loyalty criteria. Here, the Solution Improvement Strategy is
sufficient on its own, the choice of NC' is not relevant, and we can notice a linear increase in time
as the number of bees increases.

Figure 3. Expg,, strategy for pmed15

4. The fourth type of graphs has been obtained for test problems 16 and 38, and is shown in Figure 4.
It lends itself to a similar interpretation as the second type, with at most two bees and a relatively
small NC required to obtain the best known solution in the least amount of time. However, this
type is more sensitive to the increase of B for a fixed NC than the second type. The Solution
Improvement Strategy again proves to be very powerful, but BCO does manage to provide a slight
speedup in some of the experiments.



Figure 4. Expg,, strategy for pmed15

5. The fifth and final type of graphs has been the most dominant one, appearing for test problems 7,
8, 11, 12, 14, 17, 21, 26, 27, 31, and 35. Graphs for all four strategies have been shown in Figure 5,
and there we can see both similarities and differences in the functioning of the loyalty criteria. The
main difference between the loyalty criteria is exhibited for small values of NC' (10 < NC < 30), as
the times obtained in that region tend to be up to ten times slower than the best ones, depending
on the selection of the loyalty criterion, with the Exp;;, strategy being arguably the worst one,

followed by Expg,t, Expgolo, and finally Ny as the best one. With the increase in NC| the obtained
times drop significantly and tend to stabilize.

(a) Expy, strategy for pmed14 (b) Expg,, strategy for pmed14

(c) Expg,, strategy for pmed14 (d) Ny strategy for pmed14

Figure 5. Graphs obtained for the pmedl4 test problem



Also, as the value of NC increases, the time required to reach the best known solution decreases,
regardless of the number of bees. In Table 4, we can see that the best results are obtained for only
two or three bees.

‘ Biin ‘ NCmin ‘ tavg(s) ‘ o ‘ Tter

FExprin 2 95 0.367088515 | 0.347066375 | 3.414
Ezpsqrt 2 85 0.369687042 | 0.365915785 | 3.757
Expsoto 3 100 0.360333774 | 0.361781028 | 2.344
N, 3 80 0.383342763 | 0.397298755 | 2.918

Table 4. Best obtained results for the pmed14 test problem

To better illustrate the difference that the number of bees makes for a fixed NC, we provide,
in Figure 6, a zoomed portion of the graph (for NC > 50) for the Expg,, strategy for the test
problem 35. There, we can see that the best obtained times rise with the increase of B, but not
as dramatically as for small values of NC. More generally, problems of this type require at most
three bees, but a very high NC.

1(s)

Figure 6. Zoom of the Expg,, strategy graph for pmed35

5. Conclusions and Future Work

In this paper, we have presented an initial, yet detailed investigation of the behavior of the BCO algorithm
with respect to its main parameters, on the case study of the p-center problem. We have offered three new
criteria for determining the loyalty of the bees during the backward pass phase of the algorithm, and have
shown that in this setting all of them outperform, both on a local and global level, the approach currently
advocated in the literature. Also, we have lent further credence to the notion that the optimal number of
bees is generally small, as was conjectured in [Luci¢ and Teodorovié¢, 2001, Luc¢i¢ and Teodorovié¢, 2002,
Luci¢ and Teodorovié, 2003a]. Next, we have shown that the overall optimal value of the NC parameter
is considerably greater than 10, contrary to the hypothesis of [Davidovié¢ et al., 2011]. In addition, we
have discovered six new best-known solutions for the benchmark examples.

As for future work, we feel that two main directions exist: on the one side we plan to perform further
analysis on the remaining benchmark examples for the p-center problem, with expectations of additional
insights into the behavior of the BCO algorithm, while on the other side we anticipate similar analyses
to be done for various different applications of BCO, such as the Vehicle Routing Problem or various
scheduling problems.
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